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ABSTRACT

The algorithms based on binary trees can be used for the applications involving regression prediction and clas-
sification. Decision trees, boosted trees, and bagged trees are among the algorithms examined were this study.
The study analyzed the algorithmic structure and developed a procedure for analyzing and predicting a hydraulic
parameter using these algorithms. The Buckingham Pi theorem was applied to define the objective function, there-
by identifying the input data fields required for the machine learning models and determining the experimental data
to be collected. The proposed machine learning models were subsequently applied to predict the hydraulic jump
characteristics in a trapezoidal channel. The results indicate that machine learning-based modeling is highly suit-
able for predicting hydraulic parameters. Evaluation using statistical performance indicators showed strong to very
strong predictive performance, with the coefficient of determination R? ranging from 0.95 to 1.00. Other statistical
indicators, including RMSE, MSE, and MAE, were all very close to their ideal value of zero. The study further
showed that the proposed Boosted Tree 7 model (with “minimum leaf size” equal to 1 and “number of learners”
equal to 800) achieved the best predictive performance. For the training dataset, the model produced an R? value
approximately equal to 1, while the other statistical indicators were nearly zero. For the testing dataset, the model
also achieved a very strong coefficient of determination, with R? approximately equal to 0.98. The maximum pre-
diction error for hydraulic jump length was 5.2%. These findings demonstrate that machine learning algorithms are
highly suitable and effective for predicting hydraulic characteristics in hydraulic engineering applications.

Keywords: machine learning, binary-tree, boosted tree, bagged tree, Pi theory, hydraulic jump, length jump, se-
quent depth.

INTRODUCTION

Machine learning (ML) is a subset of artifi-
cial intelligence (AI). ML is a branch of computer
science that was created in the 1980s. Without
the need for particular programming procedures
for the research object, it can self-learn based on
the input database. ML is “trained” using vast
amounts of data and algorithms, which enable it to
understand how to accomplish tasks, as opposed
to manually generating software commands with

a specific set of instructions to complete a certain
task [1]. ML has a very close relationship with the
field of statistics [2]. ML uses statistical models
to “memorize” the distribution of data, simulate
generalization and inference. From there, provide
forecast results based on optimal statistical crite-
ria (R?, MSE, RMSE, etc.) [3].

ML is considered to be well applied in the
fields of analytical research for fluids, provid-
ing good support in analyzing experimental data
of physical models and facilitating data sharing
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[4]. ML algorithms are very rich with system
structures from simple to complex, including
algorithms such as DT, RF, SVM (Suoport Vec-
tor Machine), KNN (k-nearest neighbors), etc.
[5]. DT and RF applications have been applied in
many fields, such as analyzing hydrological and
hydraulic factors of river basins, thereby predict-
ing water levels and flow of the Garonne River
(France) [6]. Analyzing water prices, forecasting
the possibility of water price growth (predicted
efficiency reaches (R-squared ) R? > 0.8), thereby
helping to adjust water prices appropriately and
quickly [7]. In hydraulic calculations, the analysis
for dirty drainage networks also gives good per-
formance (R? = 0.994) [8], or flood analysis also
helps reduce calculation time and costs [9]. The
analysis for the water supply network has shown
an effective reduction in water loss compared to
the conventional plan by up to 40% [10].

For the study of the hydraulic jump on a rect-
angular channel with a roughness bed, the deci-
sion tree classifier (J48) algorithms and a multi-
layer neural network (NN) in ML have shown high
performance in classifying jumping water [11], or
applying Gene Expression Programming (GEP),
ANN and SVM algorithms also bring high effi-
ciency in predicting water hydraulic characteris-
tics (y2/yl and Lj/y1) [12], or good performance
in predicting the jump length using expression
programming (GEP), adaptive-neuro-fuzzy infer-
ence system with grid partition (ANFIS-GP), and
neural networks (ANNs) algorithms [13]. In addi-
tion, when predicting the jump length using the
GEP algorithm in the slop channel [14] or apply-
ing ANN in smooth bed [15], the results of evalu-
ation of the suitability are also very high.

The application of ML algorithms to predict-
ing hydraulic jump length has been widely inves-
tigated in recent years. Previous studies have
mainly focused on predicting hydraulic jump
length in rectangular channels with smooth,
rough, sloping, or gradually expanding beds,
among other configurations [16—18]. Existing
studies have primarily relied on comparing dif-
ferent algorithms to identify the most suitable
model for each specific case. However, the deter-
mination of optimal hyperparameters for each
algorithm has not yet been sufficiently investi-
gated. For example, in a study predicting hydrau-
lic jump length over a rough channel bed using
seven ML algorithms, the results after param-
eter optimization showed that XGBoost and
CatBoost achieved the best performance [19].
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Another study applied six ML algorithms to pre-
dict hydraulic jump length in a stilling basin and
found that ANN and CatBoost provided better
predictive performance. The study also indicated
that binary tree-based algorithms do not automat-
ically optimize their hyperparameters [20].

Based on a review of previous studies on
the application of machine learning to hydraulic
engineering problems, most existing research has
focused primarily on using ML algorithms to pre-
dict various hydraulic characteristics, while com-
paratively little attention has been given to opti-
mizing the predictive accuracy of each algorithm.
Even when the same algorithm is employed,
different hyperparameter settings can produce
substantially different levels of predictive perfor-
mance. Therefore, evaluating and tuning ML algo-
rithms under different parameter configurations is
essential for identifying the models with higher
accuracy and better generalization capability. In
practice, in the field of hydraulics and structural
hydraulics, there are very few studies analyzing
the optimization of binary tree algorithms, which
limit their applicability and the potential for
expanding research capabilities. Binary tree algo-
rithms have a wide range of applications and do
not require overly stringent input data, ensuring
accurate results for regression prediction studies.

Therefore, this study focuses on the evalua-
tion and analysis of the Binary tree algorithms.
The research includes theory, data characteris-
tics in ML, determining data fields in ML from
Buckingham’s Pi theory, and analytical exam-
ples of geometric characteristics (the length of
the jump) of the jump in the smooth horizontal
trapezoidal channel.

METHODOLOGY

Decision tree algorithm

Decision tree (DT) [21] is a type of predic-
tion model, it is used in statistics, data mining and
ML. Using a decision tree (as a prediction model)
to go from observations of a target value (repre-
sented in the branches) to the predicted outcome
(represented in the leaves). DT is the most pow-
erful algorithm of the supervised algorithm type.
The main entities of the decision tree are “nodes”
and “leaves”, this is where the data is divided
and left, where the prediction results appear. The
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decision to divide the strategy greatly affects the
accuracy of the “tree” (Figure 1).

Considering the binary tree algorithms, the
algorithm first selects a value and divides the data
into two subsets. For each subset, a separate mean
square error (MSE) value is calculated.

Expanding algorithms from binary trees

Expanding the application of binary tree algo-
rithms, which is the process of combining and
reconstructing binary trees. It is described as the
Random Forest algorithm. It can be seen that the
Random forest (RF) [21] is a supervised learning
method, so it can handle problems of classifica-
tion and prediction of values. RF is a set of many
“trees”, in which each “tree” is randomly created
from resampling (randomly selecting a part of the
data to build the tree model) and randomly select-
ing variables from all variables in the data. With
such a mechanism, RF yields very high accuracy,
but it will be impossible to grasp the operating
mechanism of this algorithm (due to the too com-
plex structure of the model). This algorithm can

Figure 1. Algorithmic structure of binary decision
tree [21]
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be considered as one of the “black box” model-
ing methods and can only draw results, but cannot
explain the operating mechanism of the model.

Random Forest is employed as a bagged
tree-based ML model for predicting the hydrau-
lic characteristics of hydraulic jump (the sequent
depth and jump length). The model performance
is optimized by tuning key hyperparameters, par-
ticularly the number of “learners” and the num-
ber of “leaves”, which control the ensemble size
and the complexity of individual decision trees.
For comparison, boosted tree models may also be
considered, as they differ from Random Forest by
constructing trees sequentially and adjusting the
contribution of each “learner” based on predic-
tion errors from previous iterations[15,21].

The Boosted Tree model determines the
weights of “trees” by iteratively adjusting these
weights according to each analysis step (Figure
2a). The Bagged Tree model (Figure 2b) deter-
mines the weight for each “tree” set up in the
model, and selecting a sufficient learning class
will ensure the analysis results [22].

These algorithms were proposed by Fried-
man in 1996 and improved with the contributions
of scientists [25,26]. Determining the minimum
number of “leaves” and the number of “learners”
plays an important role in building regression fore-
casts. For the Bagged Tree model, determining the
number of “learners” is limited for effective pre-
diction; the research shows that the effectiveness
of the number of classes is about 100 [27].

Dimensional analysis and study method

Dimensional analysis is a means used to solve
a physical problem, which it does by homogeniz-
ing parameters to provide an indication of the

Tree 1 Tree 1 Treen

f1 f2 eeo fn

Figure 2. Structure of models in the Random Forest algorithms: a) structure of the Boosted Tree model[22],
b) structure of the Bagged Tree model [23,24]
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factors influencing the phenomenon under study
[24,28]. Letq,, q,, q; ... q, be n-dimensional vari-
ables, it is determined in a given problem, and
it is related by a basic theoretical equation, then
they are expressed in the form of related function-
al equations as follows:

Fq,,qy --9,)=0 (D

Choosing k main variables and Equation 1
will be decomposed into (n — k) dimensionless
and independent variables, called “Pi group” (IT).
Applying Buckingham’s Pi theory, Equation 1 is
transformed into the following relationship:

I, =¥(IL,, I, .. 11, ) )

Equation 2 is used to analyze and evaluate the
factors affecting the quantity to be studied (IT)). At
the same time, point out the data characteristics
that need to be collected in experimental research
on physical models. In ML problems, Equation
2 is the basis for determining the target variables
(IT)) and influencing variables in the regression
problem (I'T,IL,...IT ,). The analysis of ML mod-
els is based on Equation 2, showing a complete
view of the influencing factors in the problem of
prediction using ML models [15, 24, 29].

Determining the predictive value of the ML
model, the value and influencing factors must first
be determined. Therefore, determining the objec-
tive function as content plays an important role
in obtaining accurate forecasts. Ensuring accurate
predictions of the ML models, this research pro-
posed a method to apply Buckingham’s Pi theo-
ry to establish the objective function, as well as
determine the influencing factors and data collec-
tion from the physical experiment model.

Figure 3 simulates the method of applying
ML models in research, especially suitable for
predicting with regression models in studying
hydraulic construction problems. In this study,
the research structure in Figure 3 was applied to
illustrate the suitability of ML algorithms in pre-
dicting hydraulic problems, and ML models were
set up in MATLAB software.

The predictive performance of the optimized
ML models was evaluated using statistical indica-
tors that quantify the agreement between measured
and predicted values. In MATLAB, ML models
such as Decision Tree, Boosted Tree, and Bagged
Tree models provide built-in statistical metrics
for assessing prediction accuracy. Similar evalu-
ation approaches have also been widely reported
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in previous studies [29]. The commonly used per-
formance indicators include the root mean square
error (RMSE), mean square error (MSE), coeffi-
cient of determination (R?), mean absolute error
(MAE), and percentage error (%) [2,29].

ILLUSTRATING THE MACHINE
LEARNING PROBLEM VIA THE STUDY
ON PREDICTING THE HYDRAULIC
CHARACTERISTICS OF THE JUMP

Theoretical equation of geometric
characteristics of the jump

The hydraulic jump is a phenomenon when
the flow depth changes suddenly from low (y, <
y,) to high depths (y, >y ). In other words, the
flow state changes from a supercritical flow to a
subcritical flow. Geometric characteristics of the
jump include the jump length (Lj) and the sequent
depth of the jump (y,; y,). Studies on the jump
(Figure 4), the equations of momentum and mass
are applied and meet the changing characteristics
of the hydraulic factors.

The study analyzed the structure of the jump in
the smooth trapezoidal channel (stilling basin, bed
width - b, side slope - m), the momentum equation
for the zone of the hydraulic jump [24, 29]:

b, -P, -F, =pQa,,V, -pQa,,V, 3)

Descriptive equations of motion
Objective function le
Influencing variables
Data Collection
from

Experimental model

Pi theory

Bed statistical indicators

|

Training Data
| Machince Learning Models }—

Good statistical indicators

model

Figure 3. Simulation structure on applying ML
models in this study
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Figure 4. The Jump structure on a horizontal trapezoidal channel

where: P, P, — pressure force at sections 1 and 2,
respectively (N); £ — friction loss (N); O
— discharge (m?/s or I/s); 6,,, 6, — kinetic
coefficient at sections 1 and 2, respective-
ly; V|, V,— mean velocity of flow at sec-
tions 1 and 2, respectively (m/s).

Equation 3 is encountered in many different
studies. Depending on the research objective (the
jump length or the sequent depths), the friction
force component (F ) is determined accordingly.
The study considered two analytical cases for
Equation 3, the analyses are shown in Table 1.

Based on the objective function, the target
data system (y,/y, or L /y,) and data of influencing
factors in training the ML model were determined.
Equations 9 and 10 help determine the training
data system, thereby serving as a basis for collect-
ing input data. This is similar to the study of deter-
mining empirical or semi-empirical equations.
However, in equations, the distribution law does
not change, but in ML, data is divided into groups,
and determining the optimal rules for forming
output data will be based on the optimization of
statistical indicators (MSE, RMSE, R?, etc.) [29].

Experimental model and research data

The physical experiments were conducted
using symmetric trapezoidal channels with bot-
tom widths of 33.5 cm and 55 cm at the Key Lab-
oratory of River and Coastal Engineering, Viet-
nam Academy for Water Resources. The experi-
mental models were designed to represent the
geometry of practical hydraulic structures, with
a symmetric trapezoidal cross-section adopted
for the stilling basin downstream of a spillway.
The data obtained from channels with different
bottom widths were included to minimize the
influence of model-scale effects on the experi-
mental results. In addition, datasets reported by
other researchers were incorporated to broaden
the range and diversity of the database used in
the analysis. Since the design parameters of the
stilling basin were determined based on the char-
acteristics of a stable hydraulic jump, the present
study was limited to Froude numbers, Fr, ranging
from 4.5 to 9.0.

The study used 3 physical models (with bed
width b is 20 cm, 33.5 cm, and 55 cm) with
the same conditions (the horizontal trapezoidal

Table 1. Objective function analysis for geometric characteristics of the jump according to Buckingham theorem

a. Study on the sequent depths

b. Study on the jump length

+ Friction force
Equation 3 only considers hydrostatic pressure (P1, P2), average velocity (V4, V2), discharge (Q), momentum coefficient (o),
density (p), and viscosity ().

The friction force from turbulent flow has little effect on the
depth characteristics, so the friction force component (Fps)
can be ignored, and this factor may be hidden in the
experimental coefficients of Froude number in the study.

Using a frictional shear stress theory (z0) to analyze the
friction force components according to the length (L;) and

average wetted circumference ( P ) [24], there are:
F, =t,L,P (@)

+ The equation to determine the influencing factors is as follows [15]:

f(y2, y1, V1, V2, m,b, a, p, 11, 9)= 0 (5)

f(L,,y,y,,V,, Vo,mppgba )=0 (6

+ Applying dimensional analysis theory to determine the equation of influencing factors [22],[23]:

B(yz/}’pb/yl,m,Frl):() @

B(L,/y,»y,/y,»-m,b/y,,Fr,)=0 ®)

+ According to Buckingham's Pi theory to determine the objective function in studies

y,/y, =¥ (M,,Fr,) ©)

L,/y, =®(y,/y,.Fr,M,) (10)
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channel; a side slope of the channel is m, it is 1,
and smooth bed and the channel made of organic
glass) to collect data in Table 2 [24,29,30].

About 10% of research data (Table 2, 3) were
separated to create test data; random sampling
and ensuring test data were spread evenly within
the research data range (the study used the Index
function in Excel to separate data objectively).
Thus, with a total of 109 datasets, 12 datasets
(11% of the total data) were separated for testing.
The test data is shown in Table 4.

Figure 5 represents the research data col-
lected from 3 experimental models (Tables 2, 3).
Each relationship between hydraulic factors tends
to converge. Although the coefficient of determi-
nation (R? » 0.94) is large, on the chart the values
still have a large dispersion around the average
line. Similarly, the test values (Table 4 and Fig-
ure 60) also have a strong correlation and have a
relatively clear change rule. The experimental
data show a relatively uniform distribution of the
hydraulic characteristics over the investigated
Froude-number range of Fr = 4.5-9.0. In par-
ticular, both the training and testing datasets ade-
quately cover the range of hydraulic conditions
considered in this study, ensuring that their distri-
butions are consistent with the intended scope of
the predictive analysis.

The experimental data were obtained from
independent tests. Each of the 121 data records
corresponds to a separate experimental run con-
ducted under a distinct set of input conditions.
This experimental design provides an appropriate
degree of independence among the observations

Table 2. Experimental data from physical models

and ensures that the dataset is representative of the
investigated hydraulic conditions. Consequently,
the dataset provides a reliable basis for develop-
ing, training, and evaluating predictive models
using different machine-learning algorithms. This
shows that regression studies on prediction are
highly feasible. ML models in MATLAB will use
these data to set up training models and run test
data to evaluate the suitability of the ML model in
studying hydraulic construction.
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Lyfy; | [ % Liv2s1 Re=o00137 1 Frp
60 | | Fry2yl R=09381 K 15
[ p ]
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20 ¢ s

0 } ; 0
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Figure 5. Relationships among hydraulic parameters
in the experimental dataset
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Figure 6. Relationships among hydraulic parameters
in the testing dataset

Ref. Bed width (cm) Lengt?r:)f plum Q (’s) y, (m) y, (m) Lj (m)
24] 55 4 60 + 201 0.033 - 0.081 0.182 +0.488 1.0+2.87
33.5 65 + 167 0.041 +0.092 0.258 + 0.490 1.5+3.18
[30] 20 6 20.1 + 98 0.0405+0.0812 | 0.142 + 0.441 0.55+3.0
Table 3. Research data
Values b (cm) % Fr=V./(g.y,)* M,=my./b Ly,
Min 20 2.347 2.125 0.060 9.091
Max 55 9.926 10.570 0.406 62.50
Table 4. Testing data for ML models
Values b (cm) Fr, M, Y,lY, Ly,
Min 20 4.587 4.062 0.087 28.125
Max 55 7.879 7.776 0.406 48.966
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RESULTS AND DISCUSSION

Machine learning models applied
in the study

A decision tree algorithm is represented by
nodes and leaves. In this study, the decision tree
model was initially simulated using three default
configurations: fine tree, medium tree, and coarse
tree. However, the model can be further refined
by pruning the leaves and adjusting the decision
nodes. Therefore, several decision tree models with
different pruning settings were analyzed.

In addition, the Random Forest model also
provides default ensemble-based configurations,
such as boosted and bagged tree approaches. For
the Random Forest model, the splitting process
and tree reconstruction can be tuned to generate
multiple decision trees and combine them into an
ensemble forest. In this study, several splitting
criteria and combinations of decision trees within
the Random Forest framework were analyzed, as
presented in Table 5.

Table 5 presents the configuration of the tree-
based the ML models used in this study. For the
Tree model, the model structure was defined by
specifying the number of leaves and decision
nodes. For the Boosted Tree and Bagged Tree

Table 5. Selection of model parameters used in the study

models, the number of leaves and learners was
determined. All model configurations were tested
and analyzed to identify the optimal structure for
each model type. Based on these results, suit-
able ML models were proposed for predicting the
hydraulic characteristics of hydraulic jumps in
symmetric trapezoidal channels.

Analyzing the problem of predicting
the sequent depth

Analysis using the tree model

For the binary decision tree model, the model
configurations were defined by adjusting the num-
ber of leaves and decision nodes. Six tree models
were investigated in this study. After the training
process, the basic dataset was used to analyze
the predictive performance of each model and to
compare the measured values with the predicted
values. Based on this comparison, statistical indi-
cators were determined to evaluate the prediction
accuracy and overall performance of the models.
The analysis results are presented in Table 6.

Based on Table 6 and Figure 7, the statistical
indicators show that the Tree 5 model achieved
the best predictive performance, with a very
strong coefficient of determination R* (R? > 0.9),

Models Nodes Minimum leaf size Number of learners

Fine tree 10 4

Default decision tree model Medium tree 10 12

Coarse tree 10 36

Tree 4 9 3

Decision tree model with tuned Tree 5 10 1
nodes and leaves

Tree 6 30 10
Boosted Tree 2 8 30
Boosted Tree 3 1 30
Boosted Tree 4 5 30

Boosted Tree
Boosted Tree 5 1 100
Boosted Tree 6 1 500
Boosted Tree 7 1 800
Bagged Tree 2 8 30
Bagged Tree 3 5 30
Bagged Tree 4 1 30
Bagged Tree 5 1 100
Bagged Tree

Bagged Tree 6 1 150
Bagged Tree 7 1 200
Bagged Tree 8 1 250
Bagged Tree 9 1 300
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Table 6. Results of the binary decision tree models

Algorithms RMSE MSE R? MAE
Fine tree 0.21392 0.04576 0.97412 0.1552
Medium tree 0.38838 0.15084 0.91469 0.29449
Coarse tree 0.78435 0.61521 0.65206 0.63829
Tree 4 0.20832 0.043396 0.97547 0.15101
Tree 5 0.2083 0.04339 0.97548 0.15053
Tree 6 0.35134 0.12344 0.93019 0.26462

0.930
0.975
0.975

R2

0.915
0.974

MAE W Tree 6

W Tree5
Tree 4
u Coarse Tree

MSE ® Medium Tree

M Fine Tree

RMSE 0.784

Figure 7. Statistical performance indicators of the
tree models

while the other error indicators were close to their
ideal values, namely the zero point. The tree 5
model, with 10 decision nodes and a minimum
leaf size of 1 per node, was therefore identified as
the most effective model for prediction using the
decision tree algorithm.

The tree 5 model was then applied to evalu-
ate the testing dataset. The analysis results for the
testing data presented in Table 3 are shown in Fig-
ures 7 and 8 as well as Table 6.

As shown in Figures 7 and 8, the tree 5 model
selected the Froude number variable (Column_1)
as the main predictor for splitting the decision
nodes. The model structure was defined with a
minimum leaf size of 1 and a maximum of 10
decision nodes. This configuration was selected
based on the RMSE optimization results, which
indicated the best predictive performance for the
decision tree model.

The prediction of the sequent depth of hydrau-
lic jumps using the tree model indicates that the
proposed ML approach is suitable for predicting
the geometric characteristics of hydraulic jumps.
The tree model classified and predicted the data
into separate classes (Figure 9), with each classi-
fied data class represented by one row of predic-
tions from Model 5. For the tree 5 model, the sta-
tistical indicators approached their ideal values,
with (R? = 0.97), which is very close to 1, while
the other error indicators were close to 0, includ-
ing RMSE = 0.208, MSE = 0.043, and MAE =
0.15. The maximum error range was approxi-
mately 0.82, as shown in Figure 5.

In addition, the input data order was reversed
compared with the initial analysis (In MATLAB
software, the information includes: Column_ 1
represented the value of M, and Column_2

Click to display: denity | Magnification: | 100%

~  Pruning level: |00f16 E

column_1<5.12Z2 column_1>=5.122

column_1<7.2FTA column_1>=7.241

colurmn_16.342 /A columregers6.3427.868 XA column_1>

3883} (uBrED e,
Hed G435 R mm“%ié%w 7.7&5

20,1078,

Figure 8. Structure of the tree 5 decision tree model for sequent depth prediction
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Figure 9. Training results of the tree 5 model

represented the value of Fr). The analysis was
then performed again using the tree 5 model.
However, the results showed no significant differ-
ence. Verification through the decision tree model
indicated that the tree model automatically select-
ed the appropriate data column as the basis for
splitting the decision nodes. The Froude number
data column was used for node splitting, regard-
less of the order of the input variables used in the
training process (Figure 9).

This study reused the testing dataset from
[29] to analyze the tree 5 model. The results
showed that the maximum prediction error
was 17%, which is considerably smaller than
that obtained using the “decision tree” model
with the LS Boost algorithm proposed by [31],
where the maximum error reached 32.4%. This
improvement can be attributed to the fact that
the Tree model developed in the present study
was pruned and optimized by adjusting the
minimum number of leaves and the number of
nodes to obtain the optimal model structure.
In contrast, the study by [29] did not adjust
the leaf and node parameters, whereas the spe-
cific node and leaf structure were not clearly

identified during the model analysis using the
source code. In addition, the training dataset
used for the tree 5 model in the present study
was expanded, with approximately 15% more
data than that used in [29].

Analysis using the Boosted Tree model

The Boosted Tree model was investigated
using different configurations of the minimum
leaf size and the number of learners, as pre-
sented in Table 5. The training process was per-
formed using the same dataset as that used for
the Binary Tree model, based on the LS Boost
algorithm [31]. The training results were evalu-
ated using statistical performance indicators
analyzed in MATLAB.

Based on the results presented in Table 7 and
Figure 10, the Boosted Tree 7 model (Figure 11)
achieved the best predictive performance accord-
ing to the statistical indicators. The analysis showed
that, for the Boosted Tree models, when the number
of learners was 500 or higher, the statistical indi-
cators approached their ideal values. Therefore,
the Boosted Tree 7 model, with 800 learners, was
selected for model validation in this study.

Table 7. Performance analysis of the Boosted Tree ML model

Algorithms RMSE MSE R? MAE
Boosted Tree 2 0.31667 0.10028 0.94328 0.27017
Boosted Tree 3 0.27647 0.076436 0.95677 0.25416
Boosted Tree 4 0.28913 0.083597 0.95272 0.25508
Boosted Tree 5 0.02724 0.000742 0.99958 0.021641
Boosted Tree 6 0.000154 2.37E-08 1 0.00013
Boosted Tree 7 3.84E-06 1.47E-11 1 3.21E-06
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Figure 10. Statistical performance indicators of the
Boosted Tree models

Analysis using the Bagged Tree model

Based on Table 5, the sequent depth of the
hydraulic jump was analyzed using the Bagged
Tree algorithm with different adjustments of the
“leaf” and “learner” parameters. The analytical

results are presented in Table 8. As shown in Table
8 and Figure 12, the Bagged Tree model provided
the best prediction performance when the number
of learners was set to 250. However, the Bagged
Tree 5 model, with 100 learners, also produced
satisfactory prediction results, with statistical
indicators that were nearly equivalent to those
of the Bagged Tree 8 model using 250 learners.
This result is consistent with recommendations
on selecting an appropriate number of learners in
several studies [27].

As shown in Tables 6, 7, and 8, the Tree 5
model, after hyperparameter adjustment, pro-
vides more accurate predictions than the base-
line Bagged Tree and Boosted Tree models.
This improvement is reflected in the statisti-
cal agreement between the predicted and mea-
sured values, as indicated by the R?, MSE, and
RMSE metrics. However, when the optimized
versions of all three algorithms are considered
collectively, the Bagged Tree algorithm demon-
strates superior predictive performance. This is
particularly evident from the prediction results
of the Bagged Tree 8 model, which achieves
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Minimum leaf size: 1
4 5 6 T 8 Number of learners: 800 4 5 6 7 8 9
True response Learning rate: 0.1 True response
Figure 11. Model training results for the Boosted Tree model
Table 8. Analysis of the Bagged Tree ML model
Algorithms RMSE MSE R? MAE
Bagged Tree 2 0.3714 0.1379 0.9220 0.2414
Bagged Tree 3 0.3183 0.1013 0.9427 0.2218
Bagged Tree 4 0.2414 0.0583 0.9671 0.1553
Bagged Tree 5 0.2213 0.0490 0.9723 0.1594
Bagged Tree 6 0.2509 0.0629 0.9644 0.1736
Bagged Tree 7 0.2360 0.0557 0.9685 0.1620
Bagged Tree 8 0.2193 0.0481 0.9728 0.1520
Bagged Tree 9 0.2345 0.0550 0.9689 0.1632
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Figure 12. Comparison of statistical performance
indicators among the Bagged Tree models

the best overall agreement with the experimen-
tal data and the most favorable evaluation met-
rics among the investigated models. Figure 13
indicates that the model performs well when the
sequent depth ratio of the hydraulic jump (y,/y,)
ranges from 4 to 8. When (y,/y, > 8), the pre-
dicted values tend to be underestimated, where-
as when (y,/y, < 4), the predicted values tend to
be overestimated. Compared with the empirical
formulation proposed in the previous study [32],
the Bagged Tree 8 model demonstrates higher
predictive accuracy. Specifically, the empirical
equation reported in [32] achieved a coefficient
of determination of R? =0.94 and an RMSE =
0.327, whereas Bagged Tree 8 yielded more
favorable performance metrics, indicating clos-
er agreement between the predicted and experi-
mental values. This improvement is particularly

meaningful because empirical equations are gen-
erally derived by assuming a predefined func-
tional relationship and may therefore have lim-
ited ability to represent the nonlinear behavior
and complex interactions among the hydraulic
parameters governing hydraulic-jump character-
istics. This analysis shows that the model with
250 learners, namely the Bagged Tree 8 model,
provides better predictive performance. There-
fore, this model is proposed for further testing
and evaluation of its effectiveness in predicting
the hydraulic characteristics of hydraulic jumps
in symmetric trapezoidal channels.

Analyzing the problem of predicting
the jump length

The proposed ML models, namely Tree 5,
Boosted Tree 7, and Bagged Tree 8, were applied
to the above case to establish ML training models
for predicting hydraulic jump length. The input
variables consisted of Fr, y,/y,, and M,, while the
output variable was Lj/yl, as presented in Tables 2
and 3. After training the three proposed ML mod-
els, the statistical performance indicators used to
evaluate the agreement between the predicted and
experimental data are presented in Table 9.

Based on the results presented in Table 9, all
proposed models exhibited strong predictive per-
formance, with the coefficient R? of determination
ranging from 0.97 to 1. In particular, the Boosted
Tree 7 model exhibits outstanding predictive
accuracy, as reflected by its statistical perfor-
mance indicators, particularly the high R? value
and the low MSE and RMSE values, with all
performance metrics approaching their ideal val-
ues. The model achieved a very high coefficient
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Figure 13. Model training results for the Bagged Tree 8 model
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Figure 14. Analysis of the hydraulic jump length using the Boosted Tree 7

of determination (R? » 1), while other statistical
indicators were nearly zero.

The training results obtained using the Boosted
Tree 7 model were analyzed as follows: As shown
in Figure 14, the Boosted Tree 7 model exhibits
superior predictive performance compared with
the other models, as evidenced by stronger agree-
ment between predicted and measured values and
more favorable statistical performance indicators.
The predicted results were in very good agreement
with the experimental data, with all analyzed points
located close to the optimal line. The residual errors
were less than 3.107%. Compared with the empirical
formulation reported in [24], the Boosted Tree 7
model demonstrates higher predictive accuracy.
The empirical equation yielded a coefficient of
determination of R?= 0.89 and an RMSE = 0.113,
whereas the Boosted Tree 7 model achieved more
favorable statistical performance. This improve-
ment indicates that the optimized Boosted Tree
model is more capable of capturing the nonlinear
relationships and complex interactions among the
hydraulic parameters governing the investigated
phenomenon. Unlike an empirical equation, which
is generally constrained by a predefined functional
form, the Boosted Tree approach iteratively com-
bines multiple weak learners to reduce prediction
errors and progressively improve model perfor-
mance. Therefore, the superior performance of
Boosted Tree 7 suggests that hyperparameter opti-
mization enhances the model’s ability to represent
the underlying hydraulic behavior and provides a
more accurate data-driven alternative for predic-
tion within the investigated range.

Therefore, all ML models achieved good pre-
dictive performance; however, the Boosted Tree
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7 model provided the best prediction accuracy for
both hydraulic jump length and sequent depth.

VALIDATION OF THE PROPOSED
BINARY TREE-BASED ALGORITHMS

Based on the proposed trained models, name-
ly Tree 5, Boosted Tree 7, and Bagged Tree 8, the
determination of the minimum leaf size and the
limits of the number of nodes or learners plays
an important role in the analysis results. When
the minimum leaf size was set to 2 or higher, the
predictive performance decreased significantly,
as shown in Tables 6, 7, and 8. In contrast, the
models achieved the best performance when the
minimum leaf size was set to 1.

In this study, a common dataset was used
to analyze two hydraulic jump characteristics,
including sequent depth and hydraulic jump
length. The results indicate that the Boosted Tree
7 model provided the optimal performance in
analyzing hydraulic parameters, with a minimum
leaf size of 1 and 800 learners. The proposed ML
models were then validated using an independent
dataset, as presented in Table 4. The validation
performance of the trained models was evaluated
using statistical indicators.

The validation results of the prediction per-
formance of the ML models are presented in
Tables 10 and 11.

As shown in Table 10, the Boosted Tree 7
model achieved the best predictive performance,
with a prediction error of 3.6% for the testing
dataset. The other models produced larger errors,
with the maximum error reaching 8.1% for the
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Table 9. Analysis of the hydraulic jump length using the proposed ML models

Statistical indicators
Algorithms
RMSE MSE R? MAE
Tree 5 1.1479 1.3177 0.9807 0.85596
Boosted Tree 7 1.17E-06 1.36E-12 1 9.62E-07
Bagged Tree 8 1.3921 1.9379 0.97161 0.95977

Table 10. Prediction of the hydraulic jump sequent depth using different models

Measured values Predicted values
Tree 5 Boosted Tree 7 Bagged Tree 8
b (m) YA,
Y'Y, Error (%) Y.y, Error (%) Y,/Y, Error (%)

0.20 6.518 7.045 6.15 6.562 0.7 6.568 0.7
0.20 5.377 5.722 6.03 5.502 23 5.025 7.0
0.20 4.587 4.741 3.24 4.550 0.8 4.394 4.4
0.335 7.621 7.045 8.17 7.353 3.6 7.311 4.2
0.335 7.879 7.860 0.25 7.876 0.0 7.702 23
0.335 7.388 7.045 4.87 7.266 1.7 7.315 1.0
0.335 6.625 6.777 2.24 6.862 3.4 6.826 3.0
0.335 6.426 6.320 1.67 6.491 1.0 6.486 0.9
0.55 6.113 5.886 3.85 6.021 1.5 5.953 2.7
0.55 6.000 5.722 4.85 5.936 1.1 5.932 1.1
0.55 4.708 4.494 4.76 4.669 0.9 4.959 5.1
0.55 5.357 5.067 5.74 5.185 3.3 5.117 47
Max 0.406 7.86 8.17 7.88 3.64 7.70 7.00
Min 0.087 4.49 0.25 4.55 0.05 4.39 0.67

Table 11. Prediction of the hydraulic jump length using the testing dataset

Measured values Predicted values
Tree 5 Boosted Tree 7 Bagged Tree 8
b (m) Ljiy1
Ljiy1 Error (%) Lj/iy1 Error (%) Ljiy1 Error (%)

0.20 42.904 42.764 0.33 43.020 0.3 41.162 7.9
0.20 32.787 32.482 0.94 32.314 1.5 30.694 6.8
0.20 29.593 27.977 5.78 28.828 2.7 27.057 9.4
0.335 43.103 44.926 4.06 45.495 53 45.875 6.0
0.335 48.966 47.821 2.39 48.950 0.0 48.375 1.2
0.335 45.306 44.926 0.85 45177 0.3 45.164 0.3
0.335 40.417 41.419 242 41.073 1.6 41.457 25
0.335 38.148 39.977 4.57 39.746 4.0 39.771 4.1
0.55 36.761 38.194 3.75 37.147 1.0 38.057 34
0.55 37.273 38.194 241 36.985 0.8 37.304 0.1
0.55 28.125 29.961 6.13 27.789 1.2 27.919 0.7
0.55 31.071 31.278 0.66 30.558 1.7 31.304 0.7
Max 48.966 47.82 6.13 48.95 5.26 48.38 9.4
Min 28.125 27.98 0.33 27.79 0.03 27.06 0.1
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Tree 5 model. Due to differences in model struc-
tures, the maximum errors did not occur at the
same analysis point. The three proposed models
were then applied to the testing dataset presented
in Table 3. The prediction results for the testing
series are shown in Table 11. Based on Table 11,
the error analysis shows that the Boosted Tree 7
model produced the best results, with the maxi-
mum difference between the predicted and mea-
sured values of hydraulic jump length being 5.2%.
The statistical indicators obtained from the
comparison between the predicted data and the
experimental data are presented in Table 12.

As shown in Table 12, the Boosted Tree 7
model produced the best statistical performance
in predicting the hydraulic characteristics of the
hydraulic jump.

As shown in Figures 15, 16, and 17, the
Boosted Tree 7 model provided the best predic-
tion performance for both the sequent depth and
the hydraulic jump length, with maximum errors
of 3.6% and 5.3%, respectively. The statistical
indicators were also close to their ideal values.
This can be attributed to the Boosted Tree algo-
rithm, which iteratively combines the data to con-
struct new trees and updates the weights of the
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Table 12. Statistical indicators for model validation using the testing dataset

Models | MAE | MSE | RMSE R?
Sequent depth

Tree 5 0.269 0.097 0.311 0.909
Boosted Tree 7 0.106 0.017 0.132 0.984
Bagged Tree 8 0.200 0.055 0.234 0.949

Hydraulic jump length

Tree 5 1.053 1.514 1.230 0.962
Boosted Tree 7 0.639 0.846 0.920 0.979
Bagged Tree 8 1.192 2.283 1.511 0.942

trees, thereby allowing the model to be progres-
sively optimized according to the statistical per-
formance indicators. For the Boosted Tree model,
when the number of learners was 500 or higher,
the prediction results showed no significant dif-
ference. Therefore, this study recommends using
a minimum leaf size of 1 and 800 learners to
achieve good prediction performance.

The application of ML algorithms in pre-
dicting hydraulic parameters proved to be effec-
tive, with the results showing good convergence
across the analyses. However, the determina-
tion of the objective function remains a complex
issue, requiring a scientific approach that is con-
sistent with the underlying physical laws. Previ-
ous studies have indicated that Buckingham’s Pi
theorem is a highly effective method for support-
ing the development of ML models. This theorem
helps identify and analyze all influential variables
involved in predicting the target variable.

CONCLUSIONS

This study demonstrated that ML models,
including Tree, Boosted Tree, and Bagged Tree
models, are suitable algorithms for predicting
hydraulic parameters in hydraulic engineering.
However, no single model can be considered opti-
mal for all types of prediction problems; rather,
each problem tends to have a model that is more
appropriate than the others. In this study, the
hydraulic characteristics of hydraulic jumps were
predicted, and the results showed good compu-
tational performance, with relatively small pre-
diction errors. The maximum prediction errors
ranged from 3.6% to 9.4%. The statistical indica-
tors were also close to their ideal values, namely
the zero-error benchmark, while the coefficient
of determination ranged from strong (R? > 0.9)
to very strong (R?> = 1). The results of this study

can be used to predict the downstream sequent
depth and hydraulic-jump length for Froude num-
bers ranging from Fr = 4.5 to 9.0, corresponding
to stable hydraulic-jump conditions. These two
parameters are essential for the hydraulic design
and sizing of trapezoidal stilling basins located
downstream of spillways, as they directly influ-
ence the required basin depth and length for effec-
tive energy dissipation. The main conclusions of
this study are as follows:

1. This study contributes to the development of an
automated approach for determining hydraulic-
jump characteristics in trapezoidal stilling ba-
sins, supporting downstream flow management
and the design of energy-dissipation structures.

2. The ML models demonstrated higher predictive
accuracy than conventional approaches based on
empirical equations, highlighting the potential of
ML to capture the complex nonlinear relation-
ships governing hydraulic characteristics..

3. The Buckingham Pi theorem provided a sys-
tematic basis for deriving dimensionless tar-
get and predictor variables for the hydraulic-
jump models.

4. The hyperparameter-tuning results indicate
that, within the scope of this study, a relatively
simple Tree model can achieve higher predic-
tive accuracy than more complex models such
as Bagged Tree or Boosted Tree when appropri-
ate hyperparameters are selected. This finding
suggests that predictive performance depends
not only on model complexity but also strongly
on the proper selection and optimization of hy-
perparameters. Therefore, hyperparameter tun-
ing plays a critical role in selecting suitable ma-
chine-learning models for predicting hydraulic
characteristics of engineering structures.

5. The determination of optimal parameters for
ML models is relatively complex. Each model
type has different characteristics in terms of
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parameter optimization; however, a common
basis identified in this study is that the mini-
mum leaf size should be set to 1. For the Boost-
ed Tree model, a larger number of learners
generally improves prediction performance.
In contrast, the Bagged Tree model showed
good performance when the number of learn-
ers ranged from 100 to 250.

6. The ML models implemented in MATLAB can
automatically select the appropriate input vari-
able for splitting the prediction regions at the
decision nodes. This process is not dependent
on the order of the input data columns during
model training.

7. For a ML problem to achieve good predictive
performance, it is necessary not only to iden-
tify all relevant influencing factors but also to
use a sufficiently rich dataset. This study repre-
sents an initial attempt to analyze, propose, and
test ML models for predicting hydraulic jump
characteristics using a dataset of limited size.
Therefore, for practical applications, the pre-
dicted results should be further compared with
empirical formulas in order to select the most
appropriate values.

8. Regression-based ML models have a wide
range of applications. When implemented in
computational environments such as MAT-
LAB, these models can provide high efficien-
cy, a convenient research workflow, and rapid
testing of different calculation scenarios, there-
by supporting the selection of the most suitable
model. These findings indicate that ML algo-
rithms are highly suitable for prediction stud-
ies in hydraulic engineering and have strong
potential for practical application.

In practice, hydraulic characteristics vary
from one study to another, and the suitability
of prediction algorithms is therefore problem-
dependent. Thus, no single algorithm can be con-
clusively regarded as universally applicable to the
prediction of hydraulic characteristics. Instead,
determining the optimal hyperparameters of each
algorithm is necessary to enhance the predictive
performance for specific hydraulic problems.
This study provided an overview of binary tree-
based algorithms and determined their optimal
hyperparameters for the considered prediction
task. Future research should extend the analysis to
other ML algorithms to identify the most suitable
modeling approach for predicting the hydraulic
characteristics of hydraulic jumps.
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