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ABSTRACT

Visual markers emitting pulsating light can act as reference points in camera-based localization systems. Their
identification is possible based on the frequency of changes in the intensity of the detected light. In the localiza-
tion system concept developed by the authors, frequency information is intended to facilitate the detection and
differentiation of markers whose spatial position is known. However, a significant problem that arises during
camera movement is the movement of the marker projection between successive frames. In such a situation, anal-
ysis of the signal from a single stationary pixel utilizes only a portion of the pulsation information and can lead
to degraded detection. This paper proposes a frequency-selective analysis of image-time trajectories, designated
FSTRT. The method samples the image intensity along candidate trajectories, and for each of them determines
the amplitude of the component corresponding to the known marker pulsation frequency. This allows for simul-
taneous detection of pulsation and estimation of the initial coordinate and slope of the apparent movement of the
marker projection within the analyzed window. A search across the entire adopted parameter range and a local
variant using trajectory prediction were considered. Simulation studies showed that for rotational and complex
motion, FSTRT recovers approximately 98—100% of the amplitude available for the reference trajectory, while
analysis of stationary pixels retains approximately 23—25%. Under high noise conditions, using the local variant
of FSTRT increased the detection probability from 0.218 (for the baseline STATIC/STF method) to 0.950 with a
comparable false alarm probability. The effects of exposure time, frequency mistuning, and trajectory prediction
errors were also analyzed.The presented results concern a single marker, one-dimensional motion of its projec-
tion, and block analysis of a single image window. They do not include continuous tracking or estimation of the
camera position. Instead, they represent a step towards developing a localization system based on pulsating mark-
ers capable of operating during camera motion.
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INTRODUCTION

Vision-based localization systems can use
markers with known geometry or position as
objects that facilitate scene element identification,
camera position estimation, or the integration of
semantic information with a map. Fiducial mark-
ers support the construction of maps and situ-
ational graphs, while mobile solutions use them
to link the user’s location with augmented reality
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content [1,2]. However, three functions must be
distinguished in this case: detecting the marker in
the collected image data, determining its image
coordinates, and determining the camera position
based on the geometric model and known refer-
ence points. The presence of a marker does not
necessarily mean solving the full localization task.

Active visual markers extend the above con-
cept because the emitted signal can carry an iden-
tifying feature in the time domain. Cameras used
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as receivers in optical camera communication
(OCC) and visible light positioning (VLP) sys-
tems record LED modulation between captured
frames or as stripes generated by a rolling shut-
ter mode. Depending on the system, various LED
signal modulation techniques are used, including
ON-OFF Keying (OOK), Manchester coding, and
variations of pulse position modulation (PPM)
[3—5]. Once a transmitter is recognized, its image
coordinates can be combined with a projection
model, visual odometry or additional sensors to
determine its position [5,6]. Therefore, modula-
tion information increases the discrimination of
the active tag, but its use still requires maintain-
ing a sufficiently consistent temporal observation.

In the earlier spatial-time—frequency (STF)
method proposed by the authors, a sequence of
N frames is transformed into a set of temporal
signals assigned to fixed image coordinates. For
each pixel, the intensity change is analyzed, and
the amplitude of the component corresponding to
the pulse frequency creates an amplitude image in
which a high response indicates the possible pres-
ence of a marker [7]. The authors’ further work
analyzed the influence of recording parameters,
in particular exposure time and the use of such a
representation in the concept of a positioning sys-
tem. [8,9]. The basic STF construction assumes
that the marker projection remains approximately
on the same group of pixels within the window
under consideration. This assumption becomes
weak when significant relative motion of the
camera and marker occurs during acquisition. If
the marker projection moves between frames, a
single stationary pixel records its pulsation only
through a portion of the window. The energy of
the marker frequency component is then distrib-
uted among signals corresponding to subsequent
image positions and the response of the classi-
cal STF decreases. This phenomenon should not
be associated solely with motion blur in a single
frame. Blurring depends on motion during the
exposure time, while loss of STF coherence also
occurs for sharp frames if the marker projection
passes through different pixels within the N imag-
es analyzed. From the STF perspective, what is
needed is not so much to restore the sharpness of
each frame, but to create a temporal signal along
the correct trajectory in the image-time space.

In the literature on dynamic OCC and active
beacons, several methods for mitigating the
effects of motion are used. X. Sun et al. [10]
combined LED array detection with learned

deblurring in vehicular OCC. Niarchou et al. [11]
used motion information to limit the searched
region of interest (ROI) for a wearable transmit-
ter. Song et al. [12] presented a system for mobile
IR LEDs in which OCC identification, marker
detection, optical flow determination, and posi-
tioning were organized into separate stages. After
identification, the LEDs remained continuously
on during tracking. Optical flow estimation was
implemented using the Lucas-Kanade algorithm,
while positioning was based on the Perspective-
n-point (PnP) algorithm.

Event cameras enable asynchronous process-
ing of rapid intensity changes and are often used
for OCC with moving markers. Wang et al. [13]
demonstrated high-frequency beacon communi-
cation under the assumption of low motion. Von
Arnim et al. [14] presented a combination of sparse
optical flow, clustering, Kalman filtering, and par-
allel decoding of a pulsating beacon. All this is
used to dynamically track a marker and estimate
its motion trajectory. In [15], the goal is similar,
but H. Su et al. applied periodicity detection, fast
feature tracking of a dynamic marker and discrete
Fourier transform (DFT) for the event signal in the
ROI. Ebmer et al. [16] used frequency-sensitive
active LEDs for fast 6-degrees-of-freedom (DoF)
pose estimation using an event camera. The cited
works confirm the validity of the marker motion
trajectory estimation problem, but they use a dif-
ferent data representation and separate motion
estimation from detection and decoding.

Motion compensation and optical flow cover
much broader areas than OCC. Classical methods
estimate a displacement field and then use it for
prediction, warping or temporal filtering along
motion paths. Their effectiveness depends on the
quality of the derived vectors [17]. Modern mod-
els can estimate flow from multiple frames and
propagate motion information over a longer time
scale [18]. Frequency information has also been
used to model the periodic evolution of the optical
flow field throughout the sequence [19]. For event
data, a continuous motion trajectory can also be
embedded in a Gaussian process model and opti-
mized for pattern consistency [20]. However,
these solutions estimate the full or local motion
field, a continuous pattern transformation or a
separate tracker state. The problem considered in
this paper is narrower: it concerns a single source
with a known frequency, a short window, and a
two-parameter model of the image trajectory. The
trace of a point moving with constant velocity has
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the form of a line in the space-time representa-
tion. The authors use the Radon transform in their
work because it has already been used to detect
such trajectories and estimate velocity [21]. In the
proposed method, the Radon transform is used to
parameterize motion hypotheses and the element
that distinguishes it from the presented solutions
is the use of the amplitude of the component with
a known modulation frequency as a criterion for
evaluating each trajectory.

However, the above groups of methods leave
a specific gap in terms of STF for a pulsating
marker captured with a frame-by-frame camera.
OCC solutions typically detect or decode the
transmitter in the ROI, after which the motion is
handled by a separate tracker, visual odometer,
or event sensor. General motion compensation
methods first estimate the flow or transforma-
tion and then filter the compensated data. Classic
Radon applications select the trajectory based on
the sum of intensity, energy or shape consistency
rather than the response to a known pulsation
frequency. Based on the literature reviewed, no
method for a classic frame-by-frame sequence
has been identified that selects the parameters of
the linear trajectory of a pulsating marker projec-
tion directly based on the amplitude of its known
modulation frequency in a single window.

This paper proposes a frequency-selective
trajectory radon transform (FSTRT) method,
interpreted as a frequency-selective trajectory
response function based on Radon parameteriza-
tion. It extends the STF from a stationary pixel to
a family of linear trajectories in the image-time
space. In a simplified one-dimensional version,
the hypothesis has the form:

x(k) =x,+ ak (1

where: x, — the horizontal initial position of the
projection, a — apparent displacement of
the projection per frame.

For each pair (xo, a) the intensity is interpolated
and sampled in subsequent frames along the appro-
priate line, and the response to the hypothesis is the
amplitude of the component with the marker pulse
frequency. For @ = 0 the construction reduces to
the analysis of a stationary pixel used in STF. The
Radon parameterization describes a family of linear
trajectories, while the frequency criterion is derived
from the earlier STF detector. The method does not
replace general optical flow, but uses strong a priori
information about one known source and a simple
model of its motion in a short window.
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The aim of this work is to verify whether
sampling along a hypothesized trajectory allows
for recovering the frequency response of a pul-
sating marker attenuated by its apparent motion
in the image. The proposed response function for
the parameters (xo, @) is compared with classical
fixed-pixel analysis, full and local hypothesis grid
search in the ROI, and a reference variant using a
real trajectory. The effects of exposure time, fre-
quency mistuning, prediction errors, and devia-
tions from the 1D motion model are assessed.
The study concerns a single synthetic marker and
a single window of N frames; it does not include
continuous tracking, recursive state estimation, or
camera pose determination.

Spatial-time-frequency analysis

A STF algorithm is used to detect pulsating
visual markers in images captured by a cam-
era. The visual markers should emit pulsed light
with a known pulsation frequency. The cam-
era captures a sequence of images, and the STF
algorithm identifies pixels whose intensity level
changes correspond to the pulsation frequency of
the visual marker.

The main idea of the discussed processing
method is to change the sequence of a two-dimen-
sional signal (which is a set of recorded frames)
into a set of one-dimensional signals of changes
in the intensity level of pixels over time and find
those pixels on which the pulsation frequency of
one of the markers was captured. The algorithm
reads the pixel’s intensity level value from one of
the three RGB recording layers for each frame.
Then a signal of the change in intensity level over
time for a single pixel is generated. The procedure
is repeated for each pixel of the image sequence.
Given an m-by-n image sequence consisting of &
consecutive frames, the algorithm translates the
generation of m*n intensity level change signals
over time. The number of signals in the set must
match the number of pixels in a single image
from the sequence.

In the next step, the algorithm performs a
spectral analysis for each generated signal to find
pixels with recorded traces of marker pulsations.
The amplitude value for the pulsation frequency
in each acquired spectrum is checked. This value
is saved in a new image. The location of the
stored value corresponds to the position of the
pixel whose spectrum is currently being analyzed.
By repeating the operation for each pixel, the
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algorithm generates an image in which high pixel
values indicate the detection of the desired marker
pulsation while low values indicate background.
It is assumed that the visual markers are sta-
tionary. The localization problem concerns the
camera position. The essence of the STF algorithm
is to appropriately process the image sequence
to produce an image of characteristic frequency
amplitudes, which is then subjected to known
image pattern search and localization techniques.

Marker blur problem in images

The time at which the marker was actually at
a given location in the image is crucial for STF
analysis. Particularly in the context of using the
vision-based localization system with moving
objects. In the basic approach, the temporal sig-
nal of light intensity for a specific point in the
matrix is generated by combining the intensity
values of the same pixel in subsequent image
frames. This approach is valid when the relative
motion between the camera and the visual marker
is insignificant within the analyzed time window.
The marker image is projected onto approximate-
ly the same group of pixels and its pulsation can
be detected through spectral analysis of the cor-
responding temporal signals.

Figure 1 shows a pixel matrix representing a
sequence of four consecutively recorded frames.
This matrix is located in the image-time space

Number of frame
(time)

where the image is associated with the (x, y) coor-
dinates of a given pixel and time is correlated
with the frame number. The green dots represent
pixels where the marker was captured, while
the small black cuboids represent the remaining
image pixels. The marker’s position changes and
its pulsations are captured on different pixels with
each subsequent frame. The STF algorithm must
process intensity level changes for several pixels
to detect the marker in the image in the standard
configuration. This is indicated by blue arrows.
The red dashed arrow represents the marker’s
motion trajectory in the image which could be
used for STF analysis and the detection of the
marker’s position in motion. The task is to cor-
rectly recognize this trajectory.

The position of the marker in the camera
system changes due to both camera translation
and rotation. Consequently, the marker’s projec-
tion position in the image changes in subsequent
frames and is captured over a larger pixel area
than in the stationary case. The marker appears to
move within the image and its position informa-
tion becomes blurred. As a result, a single image
pixel may contain information about the marker’s
pulsation only for a short portion of the analyzed
sequence. This reduces the amplitude of the com-
ponent corresponding to the marker’s pulsation
frequency and can lead to unstable or erroneous
detection. Therefore, the analyzed signal should
not generally be generated from the intensity

Positions of
visual marker

The process of time-
frequency analysis

N The estimation of the
W directional line

n frame
n+1 frame
n+2 frame

n+3 frame

Figure 1. The concept of sampling along a trajectory in image-time space: STF signals for stationary pixels are
shown in blue, and the marker trajectory used by FSTRT is shown in red dashed line
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values of a single fixed image point (blue lines in
Figure 1), but from values lying on the appropri-
ate trajectory in the image-time space (red dashed
line in Figure 1).

A simplifying assumption was made in this
work. The marker’s movement trajectory in sub-
sequent frames will be simplified to a straight
line. The Radon transform, combined with the
STF algorithm, will be used to assess whether the
intensity signal sampled along a given candidate
trajectory contains a component corresponding to
the known pulse frequency of the visual marker.
It is necessary to develop a geometric-kinemat-
ic model to use the presented tools. This model
takes into account camera motion and propose
equations for projecting the desired motion tra-
jectory onto the image.

GEOMETRIC-KINEMATIC MODEL
OF THE APPARENT MOTION OF THE
MARKER PROJECTION IN THE IMAGE

This chapter presents a simplified model
describing the change in the position of a station-
ary visual marker’s projection in the image of a
camera moving relative to that marker. The goal
of the model is to relate the physical position of
the marker and the camera’s motion to the trajec-
tory observed in the image sequence. This model
is necessary because the position of the marker’s
projection is not constant across successive image
frames in the case of relative motion between the
camera and the marker.

A visual marker with known coordinates in
the world frame is considered. The following
simplifying assumptions were made:

e the marker is stationary in the world frame,

e the camera is rigidly attached to the moving
object (e.g. a mobile robot),

e the relative motion of the camera-marker sys-
tem is planar,

e the center of the marker and the optical center
of the camera are at the same height,

e the marker is treated as a point,

e the camera is described by a pinhole model [22],

e lens distortion is ignored or a distortion-cor-
rected image is assumed,

e in a short time window, the marker’s projec-
tion trajectory can be linearly approximated.

Assumptions that the center of the marker
and the optical center of the camera are approxi-
mately at the same height, and that the relative
movement of the camera-marker system occurs in
the horizontal plane allows to ignore the vertical
component of the marker position in the camera
system. However, this is not a necessary assump-
tion for the general method, but a simplification
introduced to clearly derive the basic relationships
and facilitate analysis of the results obtained later.
In the general case, when the marker’s center and
the camera’s optical center are not at the same
height or when the camera performs a complex
motion involving roll or tilt, the vertical image
coordinate, and the full three-dimensional projec-
tion model must also be considered.

Let {W} denote the world coordinate sys-
tem and {C} the camera coordinate system. The

M

Fem

Figure 2. Schematic drawing of the world coordinate system,
camera coordinate system and marker position
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camera frame is defined so that the Z, axis is
aligned with the camera’s optical axis, the X . axis
corresponds to the horizontal image direction,
and the Y. axis corresponds to the vertical image
direction. The coordinates of a point in the image
are denoted as (u, v), where u is the horizontal and
v is the vertical coordinate. The described coordi-
nate systems are shown in Figure 2.

Robot motion

Motion in the horizontal plane is analyzed in
the simplified planar model. It is convenient to
assume that the X, and Y, describe the plane of
motion while Z,, describes the height. The posi-
tion of the center of the stationary visual marker
M in the world frame is written as:

Xy
pu =Y | )
zy

while the position of the camera’s optical center
is written as:

) ¢4
rd =Y 3)
zy

In the considered model, it is assumed that the
center of the marker and the optical center of the
camera are at the same height: Z "~ Z "= 0. This
allows further analysis to be limited to the motion
in the X, — Y, plane. First, the marker position
vector relative to the camera is analyzed, limited
to the horizontal plane:

X — Xt
Ty = . 4
v [YI&V - @
Let y denote the camera’s rotation angle rela-
tive to the world frame in the plane of motion
(the deviation angle of the camera’s optical axis).
The marker’s position vector relative to the cam-
era expressed in the camera frame is obtained
by applying the following planar coordinate
transformation:
X5 Xy —xY
c M M c
7 = =Tq_ ,
cM [ZAC/I] cew (@) [Yﬁ/ _yy (5)

where:

—sin Y
cosy

cosy

Toew@) = | ol ©

After expansion:

Xi

—sin Y(Xjf X&) + cos p(Vyy —Y¥),

Zf; = cos P(X3 —X¢') + sin p(¥Y —YY).

(7
The X, © describes the lateral position of the
marker relative to the camera’s optical axis, while
Z, ¢ describes the marker’s depth (its distance
along the optical axis). The marker can be regis-
tered by the camera only when it is in front of the
camera, when and when its projection is inside
the image area. The horizontal coordinate of the
marker’s projection on the image for a camera
described by the pinhole model is given by the
relationship:

_ . X
u—fo—C+cx, (8)

where: f — focal length expressed in pixels, ¢_—
horizontal coordinate of the image’s main
point.

The above model describes the instantaneous
position of the marker projection in the image.
The movement of the camera relative to the sta-
tionary marker must be considered in order to
describe the change in this position in an image
sequence. Let the camera move in the horizontal
plane with a translational velocity expressed in
the camera frame and with an angular velocity:

v 0
vé=10|, 0= [a)] 9)
v 0

where: @, — angular velocity of the camera
around the vertical axis of the camera
system.

The velocity vector of the marker relative to
the camera 7§y is:

vf wZ
Sy=—101-] 0o |, (10)
vi | |[—wX§

what can be represented as:

X4 =-vf—wzy,

(11)

75 = —vf + wX§.

These relations show that the position of
the marker in the camera system changes due to
both camera translation and camera rotation. In
the case of translational motion alone, the terms
dependent on disappear. In the case of camera
rotation alone, the projection of the marker also
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changes position in the image, even though the
camera’s optical center does not perform any
translational motion. The apparent velocity of the
marker projection in the image can be obtained by
differentiating the projection Equation 8:
XuZis — XaZi

(12)

After substituting Equations 11 and arranging
the components, Equation 12 can be reduced to
the form:

o v XGvf (x5)*
i=fi| =5+ ey —w<1+ Zoe ) [0

The resulting relationship has an impor-
tant interpretation. The apparent velocity of the
marker projection in the image is not equal to the
physical velocity of the camera. It depends on the
lateral component of the camera velocity v ©, the
component along the optical axis v, the angular
velocity w, the marker depth Z_, the marker’s lat-
eral position X ¢, and the camera’s focal length
/.. The same camera movement can therefore
cause different apparent velocities in the image
for markers located at different distances and at
different angles to the optical axis.

Linear trajectory of the marker movement

The marker projection position can be approx-
imated linearly in a short time window. For the
horizontal coordinate, this can be written as:

u(t) = ug + u(t —ty), (14)

where: u, = u(f,) — position of the marker projec-
tion at the initial moment of the analyzed
time window.

The resulting local trajectory of the marker
projection in the image can be written as:

x(t) = xo + a;(t —ty), (15)

where: x,=u — starting point of the local trajecto-
ry, a, = u—marker movement speed along
the local trajectory.

In a practical implementation, the image
sequence is discrete. If the camera records images
ata frequency f,, then the time interval A¢ between
successive frames is:

1

at =+ (16)
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For a window covering N consecutive frames,
the recording moments can be written as:

t, =ty + nAt, (17)

where: n =0, 1,..., N—1— the number of the next
frame of the sequence of recorded images.

Substituting Equations 16 and 17 into 15 gives
the discrete form of the linear trajectory model:

a
Xn = X + a;nAt = xg +7tn. (18)
S

This means that the offset of the marker pro-
jection between two consecutive frames is:
az
Ax =xp1 —Xp=—=aqa. (19)
fs
Based on (19), the parameter a, can be writ-
ten as:

ae

a; = f{Ax.a = 7 (20)

For the entire analyzed window, the total shift
of the marker projection D_between the first and
last frame is:

a
D, = xy_1 —Xxo = (N — 1)Ax = — (N — 1).
S

fs
1)

This relationship shows that the parameter a,
can be interpreted as the apparent velocity of the
marker projection in the image, expressed in pix-
els per second while a can be interpreted as the
corresponding inter-frame displacement between
successive frames, expressed in pixels per frame.

The presented model shows that the marker
projection trajectory in an image sequence results
from the physical movement of the camera rela-
tive to the stationary marker, but is not identical
to this movement. The trajectory parameters in
the image depend on camera translation, camera
rotation, marker distance, its position relative
to the optical axis, and internal camera param-
eters. In a short time window, this trajectory can
be approximated by a line in the image-time
space. This means that the intensity signal used
to detect marker pulsations should not be gen-
erated solely from the values of a single fixed
pixel, but from values sampled along the trajec-
tory corresponding to the apparent movement of
the marker projection.

Let the image sequence be represented by a
continuous intensity function:

I(x,y,t) (22)
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where: (x, y) — image coordinates, ¢ — time.

If the relative motion between the camera
and the marker can be approximated by uniform
motion over a short analysis window, then the
marker’s projection in (x, y, f) space approxi-
mates a linear trajectory. Instead of analyzing
intensity changes in fixed image coordinates,
a temporal signal can be created by sampling a
sequence of images along a candidate straight
line in the spatial-time space. Given Equation 15
and the assumption that the marker’s projection
motion can initially be analyzed primarily along
the horizontal image coordinate, the candidate
marker trajectory can be described by the follow-
ing relations:

x(t) = xo + ar(t —ty) (23)

where: x, — initial position of the marker projec-
tion in the image for the moment 7, a, —
slope of the trajectory in the x axis direc-

tion with respect to time.

The above parameters should be interpreted
as parameters of the apparent motion of the mark-
er projection in the image sequence. In the simpli-
fied one-dimensional case, when the analysis is
mainly focused on the motion along the horizon-
tal coordinate of the image, the description can be
reduced to a vector:

prr = [¥o @] (24)

The mathematical considerations presented
here show that camera motion cannot be directly
translated into marker motion in the image. In a
short time window, the marker position model
can be reduced to a sequence of images with the
marker’s position linearly changing in subse-
quent frames. The marker’s motion in the image
can be approximated by a straight-line trajectory,
which in the simplified planar case reduces to two
parameters: x, and a,. The FSTRT was used to
find these parameters for a trajectory containing a
component corresponding to the known pulsation
frequency of the visual marker.

FSTRT FORMULATION IN IMAGE-
TIME SPACE

The Radon transform is used to analyze spa-
tial structures by integrating functions along lines.

In the two-dimensional case, the Radon transform
of the function can be written as [23]:

Re(p,0) = [ [ f(x,y)8(xcos 6 + ysin 6 — p) dx dy
(25)

where: J — Dirac delta, (p,0) — parameters of the
line along which integration takes place.

The Dirac delta component selects points
lying on a line defined by the parameters (p,6)
and the integral sums the values of the analyzed
function along this line.

Using the Fourier kernel and the candidate
trajectory Equation 23, the proposed frequency-
selective projection based on the Radon trans-
form can be written as:

A(xo, ar, wo) = [f I(x, t)6(x — X9 —

—a,(t — tg))e ot dx dt | (26)
where: @, —known angular pulsation of the visu-
al marker.

The Dirac delta selects points satisfying con-
dition (23). In the two-dimensional case, a second
Dirac delta would need to be added to check the
linear approximation condition for the y direction.
The Fourier kernel e7* allows to check whether
the intensity signal sampled along this line con-
tains a component corresponding to the expected
marker pulsation frequency. The modulus of the
integral determines the response amplitude for a
given candidate trajectory.

The above notation can be interpreted as
a one-dimensional Fourier analysis performed
along the candidate trajectory:

A(XO' ag, (1)0) =| fI(XO + at(t - tO)r t)e‘j‘l)ot dt |
(27)

The proposed transform does not simply
search for a spatial line with a high intensity
value. Its goal is to find a trajectory in the image-
time space along which the intensity signal con-
tains a frequency component corresponding to
the known marker pulsation frequency. Optimal
trajectory parameters can be determined by maxi-
mizing the response amplitude:

(%o, @;) = arg max A(xg, a;, wg) (28)

X0,at
The maximum value A4(x;, a, ;) indicates
the trajectory for which the marker pulsation is

most strongly represented in the analyzed image
sequence. The proposed transform allows for

335



Advances in Science and Technology Research Journal 2026, 20(12), 328-353

simultaneous detection of marker pulsation and
estimation of its apparent motion direction in
the image. In the proposed approach, the FSTRT
should be interpreted as a response function defined
in the parameter space of the candidate trajectory.

Simulation research

The goal of the simulation study was to verify
whether sampling the signal along the estimated
trajectory of the apparent marker motion allows
for the recovery of the pulse-frequency compo-
nent, which in classical analysis of a stationary
pixel is attenuated by image motion. The scope
of the study was limited to five issues directly
related to the method’s essence: demonstration of
the compensation mechanism, evaluation of the
recovered amplitude relative to the ORACLE ref-
erence trajectory, the influence of acquisition time
parameters, statistical evaluation of detection, and
the robustness of local search to odometric errors.

Three repeated camera motion scenarios were
considered: translation, rotation, and complex
motion. The camera recorded sequences at a fre-
quency of 60 Hz and the marker pulse frequen-
cy was 20 Hz. The one-dimensional horizontal
motion of the marker projection was analyzed.
A full 2D model, multiple markers, and real-
world data remain the subject of further research.

The camera is rigidly attached to the robot
moving in the horizontal plane. The robot’s state
at time & can be described as:

xp=[Xe Y Wil”, (29)

where: (X, Y,) — the position of the robot or the
center of the camera in the world coor-
dinate system, y, — camera orientation
angle relative to this system.

If the robot has odometry in the form of path
increment As, and angle increment Ay,, a simple
prediction model can be written as:

Xk+1 = Xk + ASkCOS l/)k,
Yiyr = Vi + Aspsin )y, (30)
Vi1 = P + Ay,

In compact notation this model can be repre-
sented as:

s o

where: u, — odometric input vector, w, — motion
model disturbances and odometry uncertain-
ty (assumed w, =0, uncertainty introduced
solely by odometry and prediction errors).
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After making the prediction, the estimate and
the covariance matrix are equal:

KXklke—1
Pajer- (32)

The matrix Py,—4 contains information about
the uncertainty of the robot’s predicted position
and orientation. This uncertainty should influence
the range of parameters for which the FSTRT
response is calculated in future. The greater the
uncertainty in the odometry or motion model, the
larger the range of candidate trajectories should
be. Otherwise, there is a risk that the actual trajec-
tory of the marker projection will fall outside the
analyzed parameter space.

For a marker with a known position in the
P, world frame, the geometric-kinematic model
and the camera projection model allow to predict
the parameters of its projection trajectory in the
image. In general, this can be written as:

Prrk = h(Zkik-1, Py), (33)

where: /A(-) — a transition function from the pre-
dicted state of the robot and the known
position of the marker to the parameters
of the apparent trajectory of the marker
projection in the image.

In the full variant of movement in the vertical
and horizontal directions, it can be assumed that:
Prri =2 9o a bI' (34)

while in the one-dimensional variant:
Prrx = [Xo aJ’. (35)

Robot state estimation was not the subject
of the presented research. Each sequence of
N frames was analyzed independently with-
out recursive propagation or correction of the
robot’s position. In the FSTRT-ODOM variant,
the external prediction of trajectory parameters
(x,» @) was used solely to determine the center
of the local search area. No filter estimating the
robot’s position and orientation was implement-
ed, and the covariance matrix was not updated
based on the FSTRT response. The most impor-
tant simulation parameters and their assumed
values are presented in Table 1.

The robot’s motion is generated based on the
translational velocity V and the angular velocity
w. The simulator generates a ground-truth trajec-
tory, the marker’s projection onto the image, a
sequence of grayscale images, and a noisy odom-
etry. The marker is modeled as a Gaussian spot
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with sinusoidal intensity varying at a frequency
of f,= 20 Hz. In the current simulation variant, the
image model with the marker takes into account
the basic perspective effect. The simulator results
are presented in Figures 3 and 4.

Figure 3 shows an example robot trajectory in
the world frame and the successive positions of
the marker’s center in the camera coordinate sys-
tem. Figure 4 shows sample frames from gener-
ated grayscale images with the marker in motion.
The marker’s position in the world coordinate
system was constant at P, =[5.0; 0.75; 1.0].

In a short window of N frames, the horizontal
trajectory of the marker projection was approxi-
mated by a linear model:

U, =x9+ak,k=0,..,N—1 (36)

where: x — the initial position of the projection,
a — apparent velocity of the projection
expressed in pixels per frame.

The signal sampled along the trajectory has
the form after image interpolation:

S (xg, @) = I (%o + ay) (37)

Table 1. Key camera, marker, motion, noise, and evaluation parameters used in the simulations

Group Parameter Value used in the simulations Notes
Image and Image format and | 320 x 240 px; . = 60 Hz; T = Doubl_e-p_reC|S|on mtensme?s norma!lzc_ad to_[O, 1]. _Nomlnal
; s s quantization was disabled; the realistic-noise variant
camera sampling 16.667 ms . o
used 8-bit quantization.
Image and Intrinsic K =1[260, 0, 160.5; 0, 260, f= fy= 260 px, ¢, = 160.5 px, c, = 120.5 px, zero skew.
camera parameters 120.5; 0, 0, 1] Lens distortion was not modelled.
. _ The principal Monte Carlo tests used p = 0.5 (8.333 ms).
Image and | Shutter and \deal global shulter; T, = | The exposure sweep used p = {0, 0.1, 0.25, 0.5, 0.75, 1}
camera exposure 16.667 ms (p=1)
and 15 temporal samples per exposure.
Analysis-window | N = 30, 60, 90, and 120 W_lnd'ow durations were 0.5,_ 1.0, 1.5, and 2.0 s. The
Sequence principal Monte Carlo experiment used N = 60 and a
length frames ;
rectangular temporal window.
Position and PM? [5.0,0.75, 1.0] m The 1-D analysis used the horizontal cross-section.
Marker ) ) stationary 2-D Gaussian _ _ )
spatial profile r,,=0.03mand o_=f r/Z constrained to 0.8-12 px.
marker M px T x
Effective image FWHM approximately 3.65— For N = 60: 3.729 px (translation), 3.658 px (rotation),
Marker . . )
size 3.79 px and 3.712 px (combined motion).
_ A . I(t) = 0.45[1 + 0.70 sin(2rrf t + ¢ )]. The modulation
Marker I?:;Egteilclm C?/;vze?oan? @, = 0; sinusoidal amplitude was 0.315 and the marker-intensity range was
0.135-0.765 before background, noise, and clipping.
. — _ . The full 2-D background ranged from 0.06 to 0.10. The
Background aicélground me%r(?:;?d'e:t_‘olb&o =0.08; 1-D simulations used the horizontal gradient only, giving
g, =009, 9,=-0. 0.065-0.095.
Noise Nominal image Independent Gaussian read Shot noise and quantization were disabled in the nominal
noise noise N(0, 0.015"2) variant; samples were clipped to [0, 1].
Sensitivity and o,..,=10.005, 0.015, 0.25, The realistic variant used sqrt(/ ¢,  )N(0,1), clipping, and
Noise realistic-noise 0.50}; realistic: 0, = 0.02, 8-bit quantization. This was a Gaussian approximation,
variants ¢, = 0.002 not an exact Poisson model.
Translation: V =0.15 m/s; . ) _
. . . o . The translation-only and rotation-only cases used w =0
Motion Motion scenarios | rotation: w = 4 deg/s; _ A
: ; and V = 0, respectively.
combined: both
o, . s=0.0015 m/frame; R = diag(2.25e-6, 7.615e-7), with diagonal units m? and
Increment errors Delta—"= " ’ o . S
Odometry and biases Opee = 0.05 deg/frame; rad?. The ground-truth trajectory was deterministic; no
b_=0.002; b, =-0.001 separate process noise w, or covariance Q was generated.
Trajectory Prediction-error | [x,, a] follows a zero-mean o, =3 px, g, = 0.08 px/frame, corr(x,a) = -0.25, and
prediction distribution bivariate Gaussian distribution | o =9, -0.06; -0.06, 0.0064].
. . 3 L Tested Ax,, = {0.25, 0.5, 1, 2} px and endpoint displace-
l;"’;‘fccrfory Sr‘fgrc:i‘ drange ’j}'_ g“zth :;fr;&‘e’x’ a truth ment steps AD = {0.25, 0.5, 1, 2} px, where Aa = AD/(N-1).
9 <P This produced 132 - 7695 candidate trajectories for N = 60.
Trajectory Interpolation and | Linear interpolation; reject Candidate trajectories containing samples outside the
sampling boundaries boundary policy image domain were rejected.
True frequencies 20.0 and These tests addressed frequency mismatch, spectral
Robustness Frequency, phase . - o - : .
19.7 Hz; phase varied leakage, phase sensitivity, aliasing considerations, and
tests and exposure ) .
separately exposure-time averaging.
Principal Principal: 500 threshold H, Independent H, threshold and test sets were used. The
Monte Carlo and auxiliary +1000 test H, + 1000 H,; principal counts applied to nominal combined motion and
experiments auxiliary: 100 + 200 + 200 the high-noise condition.
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The amplitude of the response for frequency
fo was determined as:

N-1 =\, —J2Tfyt
|Zk=0 Wk(sk — S)e J2mfy kl
N-1
Zk=0 Wi
where: w, — the time window coefficient, 7, — the

timestamp of the k-frame, § — the weight-
ed average of the signal.

A(xO'a; fO) = (38)

In the basic research, a rectangular window
was used. Four processing variants were com-
pared, listed in Table 2.

The quotient of the amplitude of a given vari-
ant and the STATIC amplitude describes the gain
compared to the classic analysis of a stationary
pixel:

Am

- 39
Asraric (39

Gm/STATIC =

However, this value depends on the specific

motion, window length, marker image size, expo-

sure, and visibility within the camera field. There-

fore, it is not considered a fixed FSTRT character-

istic. The basic measure of compensation quality
is the relative efficiency of amplitude recovery:

a)

0.04

0.03}

Y [M]

-0.02-
-0.03 -
-0.04 -

1 L
0 0.02 0.04 0.08 008 0.1 0.12 0.14
X [m]

Am
NMm =

=_—m (40
AORACLE )

For a trajectory perfectly matching the actual
trajectory, 7, = 1 is expected. However, ORACLE
is not a strict maximum in a single noisy realiza-
tion: maximizing over multiple trajectories may,
due to noise, return a value slightly larger than
the amplitude for the actual trajectory. Therefore,
a small excess of unity does not necessarily mean
a physically better result than ORACLE. It is use-
ful to consider the total displacement of the pro-
jection in the window relative to the width of the
marker image in order to describe the magnitude
of the movement:

la|(N - 1)

Prorm = “pwim, @D
u

ForD  <«1,the signal remains approximate-
ly within the same pixel region and the advan-
tage of FSTRT over STATIC is small. Increasing
D, increases the importance of compensation,
but does not lead to a universal saturation gain
because the result also depends on field-of-view

constraints, exposure, and the trajectory model.

b)

' L L
184 186 188 190 192 194 196 198
ulpx]

Figure 3. a) Simulated trajectory of a robot with a camera moving in complex motion;
b) consecutive positions of the marker center in the camera system generated for the complex motion

Figure 4. Example frames with a recorded marker: a) beginning, b) middle, ¢) end of the image sequence.
The apparently increased graininess in panel (c) results from independent automatic scaling of
the intensity range used to display each frame and not from a change in the simulated noise
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Table 2. Definitions of the compared processing variants

Variant Trajectory Search area Role in the study
STATIC/STF a=0 Maximum after x, Classic reference point
ORACLE real u, One known trajectory Reference of recoverable amplitude
FSTRT-GLOBAL Estimated Global grid (xo,a) Variant without motion prior
FSTRT-ODOM Estimated Local grid around odometry Practical local variant

Linear interpolation was used to determine
intensity values for non-integer trajectory coordi-
nates: x(k) = x, + ak. This interpolation can cause
a slight smoothing of the sampled marker profile
and associated amplitude attenuation. However,
it was applied consistently across all variants
requiring subpixel sampling, and did not alter the
qualitative conclusions from the comparisons.
The trajectory moving outside the image was
not a separate subject of research. Therefore, the
motion scenarios and search ranges were selected
so that the analyzed trajectories remained in the
range 1< x <320 px. The implementation includ-
ed an additional safeguard: a candidate for which
at least one sample was outside the image was
rejected, given a value of —o and could not be
selected as a solution.

In the main Monte Carlo experiments,
the  FSTRT-GLOBAL  variant  searched
x, = x,, T [-20, 20] px with a step size of Ax; =
1 px and a € [-0.70, 0.70] px/frame with a step
size Aa = 0.05 px/frame, corresponding to N,,=
41-29 = 1189 trajectories. The symbol x; A denotes
the nominal starting position defined for a given
scenario. The term GLOBAL denotes a search
of the entire assumed region of interest without
using odometric prediction, rather than all image
columns. The FSTRT-ODOM variant used a
local grid around the prediction (x . a, . ): x|
=Xy 0om T [8, 8] px with a step size Ax; = 0.5 px
and a=aq, , .+ [-0.25, 0.25] px/frame with the
step size Aa = 0.025 px/frame. This grid encom-
passed ]Vtraj = 33-21 = 693 trajectories. In both
variants, a rectangular time window was used and
the amplitude of the Fourier component was cal-
culated for f, = 20 Hz.

Time measurements were performed for com-
plex motion and windows of N € {30, 60, 120}
frames. For FSTRT-GLOBAL, meshes covering
N, € {231, 861, 3321} trajectories were used,
while for FSTRT-ODOM - N, € {25, 50, 200}
trajectories. Each measurement was preceded by
two warm-up realizations, after which 12 itera-
tions were performed. The calculations were

performed in MATLAB R2025b Update 2, under
Windows 11 Pro, on a computer with an Intel
Core 17-8700 3.20 GHz processor, 15.8 GB of
RAM and Intel UHD Graphics 630. The code did
not use explicit GPU acceleration.

Marker projection linearity test

The first test examined whether the mark-
er projection in a short time window could be
described by a linear model. This test validates
the basic assumption of the single-dimensional
FSTRT variant. For the translation scenario,
a very small fit error was obtained because the
marker projection moved slowly. In the rotation
and complex motion scenarios, the fit error was
larger, but the linear model remained usable in
the short time window. The results of the linear
approximation check are presented in Table 3
along with an example in Figure 5.

The actual trajectory was approximated using
the least squares method using the linear model
u,= x,+ ak. the residual was defined as r, = u,
— 4,. The RMSE, the maximum absolute value
of the residual, and the coefficient of determina-
tion R? were used as measures of the quality of
fit. Errors were also related to the average FWHM
of the marker image within the analyzed window.

For all scenarios, the R? exceeded 0.99974.
The largest error occurred for complex motion
and a window of 120 frames: the RMSE was
0.048 px (1.28% of the marker’s FWHM), while
the maximum residual was 0.117 px (3.11% of the
marker’s FWHM). The results confirm that under
the conditions considered, the linear approxima-
tion is very accurate, even for the longest ana-
lyzed window.

The interpretation of this test is important.
If the linear approximation error increases, it
means that the analysis window is too long or
the camera motion is too nonlinear. In this case,
the time window should be shortened or the tra-
jectory model should be extended with a curva-
ture component.

339



Advances in Science and Technology Research Journal 2026, 20(12), 328-353

Table 3. Evaluation of the accuracy of linear approximation of the marker projection trajectory

Motion Max. |residual| | RMSE/FWHM | Max. |residuall 5
scenario N [frames] FWHM [px] RMSE [px] ox] (%] JFWHM [%] R
Translation 30 3.700 0.00067 0.00135 0.0180 0.0366 0.9999848
Translation 60 3.729 0.00273 0.00587 0.0733 0.1573 0.9999383
Translation 90 3.758 0.00630 0.01381 0.1676 0.3674 0.9998588
Translation 120 3.787 0.01147 0.02546 0.3027 0.6723 0.9997450
Rotation 30 3.665 0.00318 0.00660 0.0869 0.1801 0.9999986
Rotation 60 3.658 0.01103 0.02483 0.3015 0.6789 0.9999957
Rotation 90 3.652 0.02102 0.05012 0.5755 1.3725 0.9999930
Rotation 120 3.647 0.03077 0.07797 0.8437 21377 0.9999915
Complex 30 3.692 0.00166 0.00350 0.0448 0.0948 0.9999996
movement
Complex 60 3.712 0.00836 0.01915 0.2253 0.5158 0.9999973
movement
Complex 90 3.735 0.02284 0.05427 0.6116 1.4531 0.9999910
movement
Complex 120 3.759 0.04801 0.11678 1.2772 3.1068 0.9999778
movement
a) b)
2004 izon; jection ¢ i and Jinear fit i 003 L Local 1D linear,model residual |
) u linear fit| 0024 L

ufpd
g
}
i
!

T
0 10 20 30 40 50 60
frame k

0,014 r

u fit error [px]

-0.014 F

-0.02 T T T T
0 10 20 30 40 50 60
frame k

Figure 5. a) The reference trajectory of the marker’s horizontal projection coordinate for the complex motion
scenario. b) The linear least-squares approximation for the complex motion scenario

Fixed pixel and trajectory sampling
comparison test

In the next test, the intensity change signal
of a single stationary pixel, the signal sampled
along the correct trajectory and the signal cor-
responding to the mismatched trajectory were
compared. The time signals and spectra are
shown in Figure 6.

The results showed that the benefit of
FSTRT increases with increasing the appar-
ent marker velocity in the image. In the case
of translation, the marker projection moved
slowly, so classical analysis of a fixed pixel
did not lose a significant portion of the pulsa-
tion energy. For rotation and complex motion,
the marker moved faster across the image so
the fixed pixel contained pulsation information
only for a portion of the time window. Trajec-
tory sampling allowed for the recovery of the
strong frequency component.
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Amplitude recovery efficiency in relation to
ORACLE

Table 4 presents the results of individual,
deterministic executions of three traffic scenarios.
The gains relative to STATIC serve only to illus-
trate the scale of the effect under these conditions.
Conclusions regarding the quality of the compen-
sation itself are based on the 5 values relative to
ORACLE.

In the translation scenario, STATIC retained
94.2% of the ORACLE response. This means that
in this particular implementation the displacement
of the projection was too small for the motion
compensation to result in a significant increase
in amplitude. For rotational motion, STATIC’s
efficiency dropped to 23.3%, while FSTRT-
GLOBAL and FSTRT-ODOM recovered 98.5%
and 99.3% of the ORACLE amplitude, respec-
tively. For complex motion, STATIC achieved
24.8%, and both FSTRT variants achieved a
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Figure 6. Comparison of intensity signals sampled at a fixed pixel, along the correct FSTRT trajectory
and along the incorrect trajectory for three motion scenarios. The signal waveforms are on the left
and the amplitude spectra are on the right

response practically equal to the reference. Gains
of approximately 4.0-4.3 for rotation and com-
plex motion are not universal parameters of the
method. These are point scores for the assumed
apparent velocity, window length, marker image
size, and exposure time. The most important con-
clusion is that under conditions of significant
motion, the practical FSTRT variants retained
about 98—100% of the amplitude available for the
actual trajectory, while STATIC lost about three-
quarters of this response.

Motion-compensated amplitude map test

The next simulation compared amplitude
images as the apparent marker’s motion trajec-
tory moved further and further away from the ref-
erence trajectory. For this purpose, an amplitude

image was generated for the reference trajectory
(Xgp 4@, and two amplitude images were gen-
erated for the cases @ = 0 and @ = 0.5-a, . The
first variant corresponds to the classic fixed-pixel
analysis, while the second variant represents par-
tial motion compensation. For translation, the
amplitude images are shown in Figure 7, and the
corresponding horizontal cross-section for the
u coordinate is shown in Figure 8. For rotation,
similar results are presented in Figures 9 and 10.
Amplitude maps demonstrate the mechanism
of motion compensation. In the case of a = 0 cor-
responding to classical STF analysis performed
for stationary pixels, the marker response is spread
along the direction of its apparent motion. This
is due to the fact that in subsequent frames the
energy of the pulse signal reaches different image
pixels. Applying partial compensation, a = 0.5a,,
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Table 4. Amplitudes, efficiency relative to Oracle and sample gain relative to Static for representative scenarios

Scenario Agr Aok As A Ner Ns No Gy/ST G,/ST
Translation 0.118 0.126 0.119 0.126 0.942 0.950 1.006 1.008 1.068

Rotation 0.029 0.127 0.125 0.126 0.233 0.985 0.993 4.227 4.261

Complex 0.031 0.126 0.126 0.126 0.248 1.005 1.001 4.050 4.035
Movement

Note: ST — Static/STF, OR — Oracle, OD — ODOM, GL — Global, G — FSTRT-Global, O — FSTRT-ODOM.

reduces the spatial blurring of the response, while ~ would require separate analysis of signals from
sampling the intensity along a trajectory consis- multiple stationary pixels. The FSTRT method
tent with the reference motion, a = a,, results in accumulates information from successive tracer
coherent summation of the frequency component  positions along a single hypothetical trajectory.
and a concentration of the peak near the marker’s Therefore, compensation does not increase the

actual position. tracer energy, but limits its spatial dispersion
The cross-section of the amplitude maps  caused by image motion.
shown in Figure 10 confirms the gradual increase For the rotation scenario, the ratio of the max-

and narrowing of the response maximum with ~ imum map obtained for a = a, . 10 the maximum
improved fit of parameter a. Fora = 0, the tracer ~ fora =0 was G, = 4.176, whereas for the com-
pulse information is distributed across pixels plex motion Gmap = 3.921. In the case of transla-
with coordinates u ranging from approximately  tion, the gain remained close to unity because the
180 to 200. In the classical STF method, this displacement of the marker projection was small.

a) b) c)
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assumed a = 0.010 px/frame

motion compensated
assumed a = 0.020 px/frame

assumed a = 0.000 px/frame
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Figure 7. Amplitude images for the translation scenario: a) classic fixed-pixel analysis, b) partial motion
compensation, ¢) compensation consistent with the FSTRT trajectory
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Figure 8. Horizontal amplitude profiles corresponding to the variants casesa=0,a=0.5-a
and a = a__. for the translation scenario
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Figure 9. Amplitude images for the rotation scenario: a) classic fixed-pixel analysis, b) partial motion
compensation, ¢) compensation consistent with the FSTRT trajectory
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Figure 10. Horizontal amplitude profiles corresponding to the variants cases a=0,a=0.5-a
. for the rotation scenario
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These values refer to individual amplitude maps
and the definition of maximum adopted in this
study. For the comparison of the STATIC, ORA-
CLE, FSTRT-GLOBAL, and FSTRT-ODOM
variants, the raw amplitudes and relative ampli-
tude recovery efficiency presented in Table 4
were used in further analysis. The presented maps
illustrate the compensation mechanism, while the
statistical evaluation of the effectiveness was per-
formed in further Monte Carlo studies.

Maximum response shape analysis

In this study, the shape of the FSTRT peak
for translation, rotation and complex motion was
compared using statistical parameters. The test
results along with a description of each parameter
are presented in Table 5.

In the Table 5, denotes the coordinate cova-
riance matrix (4xo, 4a) determined from the
weighted local response map. The weights w;
were obtained after normalizing the map values.

f

The values 4 _and 4 . are the largest and small-
est eigenvalues of the matrix, respectively. The
parameter M denotes the number of map samples.
The values of the presented parameters for the
translation, rotation and complex motion scenari-
os are presented in Table 6.

For translation, the values were similar,
although the ridge anisotropy was the highest.
Therefore, the map shape metrics alone do not
allow for a clear distinction of the type of cam-
era movement in the current variant. However,
the response map is highly elongated, and the Axo
and Aa errors are correlated. This is important for
the subsequent use of the FSTRT response in the
recursive filter as the image observation should
not be treated as an independent measurement of
x, and a. An example response map in relative
axes is shown in Figure 11. Additionally, the nor-
malized FSTRT response maps were compared
between the motion scenarios. Figure 12 presents
the normalized amplitude maps for translation
and rotation, as well as their difference map.
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Table 5. Definition of parameters used for research

Parameter Equation Definition
AXxo Axy =Xy — Xppred Error of the map peak position in the x-axis
Aa Aa =3 - apred Error of the trajectory slope in the a-axis
Peak M Contrast of the peak relative to the background of the response map
median(Agpsrrr)

Onx, EAll

Width of the peak in the Ax, axis

Ona 2:A 22

Width of the peak in the Aa axis

)
COIMaxeAa iz Correlation of the Ax, and Aa errors
Opx0 * Opa
Ridge Amax . .
} Response ridge extension
anisotropy Toin P g
—Xiw;log (W) _ _AFSTRTI .
Entropy norm P e e— Normalized entropy of the response map

The differences between the maps for trans-
lation and rotation were found to be small. This
indicates that in the single-dimensional variant
under consideration, the response map itself pri-
marily describes the correspondence between the
image trajectory and the pulsation. Based on the
maps alone, it is impossible to clearly determine
the type of camera movement — whether it is trans-
lation, rotation or a combination of movements.

The influence of incorrect assumption of
parameter a

In the next test, for one camera movement
sequence, the assumed parameter @, was var-
ied relative to the reference value a,, The maxi-
mum amplitude was observed for the case a, .
=a,. For classic STF processing, the normalized
Ay e @amplitude was only 0.144. However, for
the correct assumption of the coefficienta, =
a,, the amplitude was equal to 1 on the normal-
ized scale. The curve of the dependence of the
amplitude on the error in the assumption of the

parameter a is shown in Figure 13.

This result shows that the FSTRT response is
strongly dependent on the correct choice of tra-
jectory slope. At the same time, the response does
not immediately disappear for values close to a,,
indicating that there is a certain tolerance for pre-
diction error.

Effect of marker apparent velocity and time
window length

In a separate test, the camera’s angular veloc-
ity was varied to obtain different values of |a|. For
each case, the FSTRT gain was calculated rela-
tive to a fixed pixel. This relationship is shown in
Figure 14. The gain increased monotonically with
the marker’s apparent velocity.

This is one of the most important simulation
results. It directly demonstrates that FSTRT is not
merely an alternative method for recording fre-
quency analysis, but provides a real advantage
in conditions of image motion. The greater the
marker displacement within the analyzed win-
dow, the more classical fixed-pixel analysis loses
pulsation information.

Table 6. Parameter values for simulation studies of the maximum response shape

Parameter Translation Rotation Complex
Peak 26.510 26.302 26.832
0, [PX] 2.367 2.320 2.320
0,, [px/frame] 0.076 0.072 0.073
corr, ., -0.947 -0.915 -0.915
Ridge anisotropy 96.528 79.731 79.217
Entropy norm 0.229 0.256 0.257
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Figure 11. Example of the FSTRT response map in the relative coordinate system (4xo, 4a)
for the complex motion scenario
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Figure 12. Comparison of normalized FSTRT response maps for: a) translation, b) rotation,
¢) the difference map

For the window length, values of 30, 60, 90
and 120 frames were tested which for a 60 Hz
camera corresponds to times of 0.5s,1.0s, 1.5 s
and 2.0 s. The results of this test are shown in Fig-
ure 15. The FSTRT gain relative to a fixed pixel
increased with the window length.

A longer window increases the number of
signal samples and allows for a more pronounced
processing advantage along the trajectory. At the
same time, the width of the response peak in the
Axo axis increases for longer windows. This means

that a longer window does not always improve all
aspects of the estimation. In the case of nonlinear
motions, a trade-off between frequency selectiv-
ity and the accuracy of the linear trajectory model
may arise.

The influence of recording time parameters

The amplitude recovered by FSTRT is
influenced by three distinct temporal mecha-
nisms: signal averaging during exposure, loss of
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Figure 13. The effect of an incorrect assumption of apparent velocity a on the amplitude of the FSTRT response

coherence due to analysis frequency mistuning,
and trajectory fitting error. Separating these fac-
tors is important because only the last of these
can be constrained by the search for the xo and a
parameters.

Exposure time

Exposure time integrates the signal within
each frame. A dimensionless exposure factor is
introduced:

For a sinusoidal signal with frequency fo, the
expected amplitude attenuation due to rectangular
time integration is described by the relationship:

sin(nfOTexp)
TTf oTexp

exp —

(43)

The simulation results are presented in the
Table 7 and in the Figure 16.

For p = 0.5 the measured relative ORACLE
amplitude was approximately 0.955, consis-
tent with the theoretical value of 0.955. For an

p= Texp T, = i (42) exposure equal to the sampling period (p = 1,
’ .
T fs T = 16.67 ms) the obtained values were 0.827
11 1 s - 1 L l 1
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Figure 14. Dependence of the FSTRT gain relative to the classical fixed pixel analysis
on the apparent velocity of the marker in the image
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Figure 15. The effect of window length N on: a) gain relative to STATIC/STF,
b) width of the maximum response in the Axo direction

for rotation and 0.824 for complex motion, while
the Sinc model predicted 0.827. Simultaneously,
the FSTRT-GLOBAL/ORACLE ratio remained
close to unity. This indicates that the observed
decrease was due to temporal integration within
the camera, not trajectory retrieval error.

Spatial motion compensation cannot recov-
er the frequency component suppressed during
exposure. Therefore, exposure time is a limita-
tion independent of the accuracy of the xo and a
estimates. This result was obtained for the global
shutter model. In a rolling shutter camera, the
sampling time also depends on the image row
number, which requires extending the FSTRT
kernel to include the readout time of a given row.

Frequency misalignment and phase
sensitivity

The previous test assumed a known pulse fre-
quency. In practice, the LED generator frequency,
frame rate, and time stamps may be inaccurate.
To a first approximation, the relative amplitude
measured relative to the ORACLE response with-
out time losses can be written as the product:

Ameas

= nexp nf r]traj (44)

AORACLE,O

where: n,, — exposure attenuation, n,— frequen-
cy coherence loss, Mgy = A _FSTRT/A
ORACLE - loss resulting from trajectory
mismatch.

For N samples and a rectangular window, the
dependence of 7 ,on the error Af=f —f .18
described by the Dirichlet kernel modulus:

sin (n I;SAf )

In the controlled study, N = 60 frames were
used at f, = 60 Hz. The DFT fringe width was
Af,r = f/N =1 Hz. Table 8 and Figure 17 sum-
marize the amplitude and its value normalized to
the case 4= 0.

For a rectangular window, an error of half a
DFT fringe limited the amplitude to 0.629-0.652
of the maximum value, while a single fringe
shift almost zeroed the response. The Hann win-
dow retained amplitudes of 0.850-0.863 and

(45)

Table 7. Relative Oracle amplitude for selected exposure times and additional trajectory search loss

p Texp [ms] Sinc - theoretical | ORACLE - rotation cogEIAe StnEo'Eon CichaiﬁlLéSﬁqf;ﬁoL:
0.00 0.00 1.000 1.000 1.000 1.000
0.25 417 0.989 0.990 0.989 1.000
0.50 8.33 0.955 0.957 0.954 1.000
0.75 12.50 0.900 0.902 0.899 1.000
1.00 16.67 0.827 0.827 0.824 1.001
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Figure 16. Effect of normalized exposure time: a) relative ORACLE amplitude compared to theoretical sinc
attenuation, b) quotient of FSTRT-GLOBAL and ORACLE amplitude

0.510-0.535, respectively. It provides greater
robustness to mistuning at the expense of a wider
fringe and lower frequency resolution. Sensitiv-
ity to initial phase was secondary: the amplitude
range was approximately 1.2% at a fine tuning of
20 Hz and approximately 3.7% at 19.7 Hz. This
result indicates that with a finite window, fre-
quency estimation or search is required, whereas
a separate phase search is not essential under the
analyzed conditions.

Exposure and frequency losses occur before
trajectory consistency assessment. To a first
approximation, their influence is multiplicative,
so a high value of Moy does not guarantee a large
absolute amplitude if 7, or 5, are small.

For a sampling frequency of f,= 60 Hz, the
applied marker frequency of f = 20 Hz does
not lead to aliasing in an ideal sampling model.
However, this does not eliminate the mistun-
ing resulting from the difference between the

actual and nominal frequency of the generator
or camera clock.

Perturbed prediction correction test

A test of local correction of the prediction
of x, and a was also performed. The prediction
was shifted relative to the reference value and
it was checked whether the local maximum of
FSTRT returned to the correct trajectory. The
correction vectors are shown in Figure 18.

This test should be considered an analysis
of the local search capture range, not a full test
of robot state correction. The results showed
that the correction effectiveness depends on
the relationship between the prediction error
and the size of the local search window. If the
correct maximum is located within the ana-
lyzed region, FSTRT can correct the predic-
tion. However, if the prediction error shifts the

Table 8. Effect of frequency mistuning on the FSTRT amplitude for N = 60

AflAfDFT rect Hann r]Hann
-1.0 0.002 0.016 0.082 0.535
-0.5 0.095 0.629 0.132 0.863

0 0.151 1.000 0.153 1.000
+0.5 0.099 0.652 0.130 0.850
+1.0 0.001 0.007 0.078 0.510

Note: rect — rectangular window, Hann — Hann window.
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Figure 17. Normalized amplitude recovered by FSTRT as a function of frequency mistuning, expressed in DFT
fringe widths, for rectangular and Hann windows (N = 60)

correct maximum outside the local region, the
method selects a local or random maximum.

Detection with controlled false alarm
probability

Amplitude alone does not determine detec-
tion efficiency. Therefore, a Monte Carlo study

its presence. For the detection statistic 4 and
threshold y, the detection and false alarm prob-
ability were defined as:

Pp = P(A >y |Hy),Ppa = P(A >y | Ho) (46)

Their estimates were determined as shares of
realizations exceeding the threshold:

. . . N ~ N
was performed for the hypothesis Ho, meaning ) = detH1 Py = det,HO (47)
the absence of a pulsating tracer, and H:, meaning Ny Nyo
0.8 1 1 | i L
x  failure
O success
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Figure 18. FSTRT correction vectors in the space (4xo, 4a) for disturbed initial predictions
in the complex motion scenario
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The threshold for each variant was indepen-
dently set from 500 realizations of Ho for a target
P, of 0.05 and then evaluated on independent
sets of 1000 realizations of Ho and 1000 realiza-
tions of Hi. For each realization of Ho, the statis-
tic was the maximum in the entire search area of
the given variant, which accounts for the effect
of multiple comparisons. Additional measures
included the area under the ROC curve (AUC)

and the trajectory error:

5 _ Ndet,Hl p _ Ndet,HO
H1 HO

(48)

Table 9 shows the complex motion condition
with high read noise level ¢, = 0.5. This corre-
sponds to an amplitude index SNR = 0.63 (this is
not a signal-to-noise ratio). ROC curves are pre-
sented in Figure 19.

With an empirical P, close to 0.05, the STAT-
IC method achieved P, = 0.218. FSTRT-GLOB-
AL increased P, to 0.817, while the FSTRT-
ODOM variant increased P, to 0.950, very
close to the ORACLE value of 0.959. A similar

order of results was obtained for AUC: 0.736 for
STATIC, 0.955 for FSTRT-GLOBAL, 0.988 for
FSTRT-ODOM, and 0.991 for ORACLE. The
results confirm that amplitude recovery through
motion compensation translates into an increase
in detectability and limiting the search area using
odometry reduces the statistical cost of maximi-
zation over multiple trajectories.

The influence of odometry errors and
search range

The FSTRT-ODOM variant limits the search
range based on the predicted odometry trajectory.
This reduces computational cost and the num-
ber of noise candidates, but is dependent on the
quality of the motion model. A distinction must
be made between the search range covering the
actual trajectory, the correct maximum detection
and the actual marker detection:

= P((xo,true'atrue) € -Qsearch‘ (49)

CCO'U

Table 9. Trajectory detection and estimation results for complex motion and high noise conditions. Wilson’s 95%

confidence intervals are given in parentheses

Method Pea Py AUC F, RMSE, [px] Test size
STATIC/STF 0.053 (0.041-0.069) | 0.218 (0.194-0.245) | 0.736 | 0.343 9.550 1000 H, + 1000 H,
ORACLE 0.043 (0.032-0.057) | 0.959 (0.945-0.970) | 0.991 | 0.958 0.000 1000 H, + 1000 Hy
FSTRT-GLOBAL 0.052 (0.040-0.068) | 0.817 (0.792-0.840) | 0.955 | 0.874 2.193 1000 H, + 1000 Hy
FSTRT-ODOM 0.062 (0.049-0.079) | 0.950 (0.935-0.962) | 0.988 | 0.944 1.168 1000 H, + 1000 H,
1 T T T
0.8 i
_ o7} E
D>" 06} 4
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Figure 19. ROC curves for STATIC/STF, ORACLE, FSTRT-GLOBAL,
and FSTRT-ODOM in the complex traffic and high noise scenario
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Peorr = P((P?o

— Qryel| < Sa))

- xO,trueI < gx) A

A (la (50)

The C, measure determines the probability
that the true pair of parameters is located in the
Q. region, while P additionally requires that
the estimates x, and 4 fall within the assumed tol-
erances ¢_and ¢ . In the Monte Carlo study, 200
realizations were performed for both the fixed
and adaptive search ranges. The case presented in
Table 10 corresponds to an odometry error scale
of 8. Additionally, the impact of trajectory and
odometry model errors is presented in Figure 20.

The fixed search range covered the true tra-
jectory in only 7.5% of the executions, which
reduced P, to 0.695 and increased RMSE to
21.42 px. The adaptive range, expanded based on
odometry uncertainty, provided C, =1.000, P, =
1.000 i RMSE = 1.38 px with an increase in the
average computation time from 1.75 to 2.30 ms.
Simultaneously P, was only 0.220. This means

that covering the true trajectory is a necessary,
but not sufficient condition for its unambiguous
estimation. A larger area increases the number of
competing peaks and the effect of multiple com-
parisons. The results support selecting the range
based on odometry covariance and multiresolu-
tion or coarse-to-fine search. Time values for
individual frame series are presented in Table 11.

The influence of violating the one-
dimensional motion assumption

The 1D variant assumes no significant vertical
motion of the marker projection. In an additional
test, this assumption was violated by introduc-
ing a vertical shift Dy, normalized by the FWHM
width of the marker image. A 3 dB amplitude
decrease occurred at Dy/F WHM, = 1.312. For
a shift of 4 FWHM , PD = 0.605 was obtained
with PFA = 0.049. This result does not validate
the 1D method for vertical motion, but quantita-
tively defines its applicability range and justifies
extending the parameter space to (x,, y,, @, ay).

Table 10. The influence of search range on the robustness of FSTRT-ODOM (200 realizations, odometry error

scale 8)
Range C.. P P, Pea RMSE, [px] Time [ms]
Fixed 0.075 0.100 0.695 0.055 21.42 1.75
Adaptive 1.000 0.220 1.000 0.025 1.38 2.30
a) b)
Relative response amplitude 1 Local-search outcomes (n=200 per level)
2 10
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1.5 08
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Figure 20. Influence of trajectory and odometry model errors: a) relative response amplitude
for systematic errors xo and a, b) probability of covering the actual trajectory and indicating
the correct maximum for fixed and adaptive search ranges
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Table 11. Average computation time for a given number of frames N

N STATIC/STF FSTRT-ODOM FSTRT-GLOBAL
30 0.53 ms 0.75ms 3.85ms

60 1.00 ms 1.35ms 6.35 ms
120 1.95ms 2.34 ms 11.36 ms

CONCLUSIONS

This paper addresses the problem of dimin-
ished marker pulsation information that occurs
during camera movement. In classical STF analy-
sis, the signal is generated based on the intensity
values of the same pixel in successive frames. If
the marker projection moves within the image, its
pulsation information is distributed across multiple
pixels. The proposed FSTRT method mitigates this
effect by sampling the intensity along candidate
trajectories in the image-time space and assessing
the content of the known pulsation frequency.

Simulation results confirmed that, under the
studied conditions, the importance of compensa-
tion increases with marker projection displace-
ment within the analyzed window. In rotational
and complex motion scenarios, the FSTRT vari-
ants recovered approximately 98—100% of the
amplitude obtained for the reference trajectory,
while the STATIC/STF analysis retained approxi-
mately 23-25%. In a Monte Carlo study for com-
plex motion and high noise, the local variant of
FSTRT increased detection probability from
0.218 to 0.950 with a similar false alarm prob-
ability. This confirms that motion compensation
improves not only the response amplitude but
also the practical detectability of the marker.

The conducted studies also showed that the
effectiveness of the method depends on the acqui-
sition parameters and the quality of the trajec-
tory prediction. Exposure time causes amplitude
attenuation that cannot be removed by spatial
compensation, while frequency mistuning leads
to a loss of coherence dependent on the length
and type of the time window. Increasing the
prediction uncertainty showed that a fixed local
search area quickly loses the true trajectory, while
an adaptive range can maintain its coverage and
high detection probability.

However, this does not guarantee accurate
trajectory parameter prediction, because expand-
ing the range with a fixed number of candidates
reduces the grid resolution and increases the num-
ber of competing maxima. The results indicate
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the need for propagating the full covariance of
the parameters (x,, @), using multiresolution or
coarse-to-fine search and subsequently integrat-
ing FSTRT with a recursive state estimator. The
presented test applies to independent windows
and does not include the time-dependent odom-
etry error growth.

The presented research involves block-based
analysis of a single image window, a single pul-
sating marker, and a one-dimensional model of
its image trajectory. The method does not current-
ly support continuous tracking or estimation of
camera or robot position. However, the obtained
results represent an important step in the devel-
opment of a pulsating marker-based localization
system, as they address the problem of preserv-
ing frequency information during camera motion.
Further work should address two-dimensional
motion, multiple markers, subsequent time win-
dows, integration with a position estimator, and
validation using a real camera.
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