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INTRODUCTION

Military hostilities taking place on the terri-
tory of Ukraine have had a significant impact on 
agricultural production and the export of grain 

and leguminous crops, as prior to 2022 Ukraine 
was one of the leading global producers of agri-
cultural commodities [1]. This impact is associ-
ated with substantial losses of cultivated areas, 
logistical disruptions, and the destruction of 
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agricultural and transport infrastructure [2]. In 
addition, countries of the European Union are 
also affected by political and economic factors, as 
well as pronounced climatic variability, including 
droughts and excessive precipitation. Since 2024, 
signs of recovery in agricultural production have 
begun to emerge, which can be attributed partly 
to improved climatic conditions and partly to the 
adaptation of agricultural producers to new oper-
ating environments [3].

According to USDA/WASDE reports [4], 
wheat, maize, and barley production declined sig-
nificantly during the period from 2022 to 2023, 
as crops were severely affected by droughts, par-
ticularly in Southeastern Europe. A stabilization 
of production was expected for the 2023–2024 
period; however, moisture deficits continued to 
negatively affect yields. USDA estimates indi-
cate that grain production in European Union 
countries will increase by approximately 4–5%. 
According to Eurostat data [5], soybean produc-
tion increased by about 14% between 2022 and 
2024. At the same time, chickpea production in 
the 2025–2026 season is projected to increase by 
1.4%, reaching 17.8 million tons.

The analysis shows that the consumption 
of grain and leguminous crops demonstrates a 
steady upward trend, which in turn necessitates 
an increase in production volumes. However, 
limited land resources, ongoing military actions 
in Ukraine, and political and economic instabil-
ity encourage the search for approaches aimed at 
intensifying the production processes of grain and 
leguminous crops.

One effective approach to addressing this 
challenge is the use of high-quality seed material, 
which, according to [6], significantly increases 
crop yields. Despite the fact that yield improve-
ments resulting from high-quality seed material 
depend on a complex set of factors (crop type, 
soil and climatic conditions, and agricultural 
technologies) [7], the use of certified seeds with 
high germination energy and vigor reduces the 
risk of viral diseases and ensures a consistently 
higher yield increase – ranging from 50% to 80% 
compared to uncertified seeds [8]. The production 
of high-quality seed material is a complex pro-
cess that integrates genetic, agrotechnological, 
biological, and engineering stages.

According to studies reported in [9], the engi-
neering stage involves the efficient separation of 
high-quality seed material from bulk grain using 
machine-based technologies. The separation 

process enables the formation of seed batches 
with the required purity and uniformity. Methods 
such as optical separation [10], magnetic separa-
tion [11], and separation based on seed density 
are commonly employed to obtain high-quality 
seed material. Increasing the productivity of the 
separation process is primarily achieved through 
process intensification, as expanding the working 
surface area of separation machines is inherently 
limited [12]. To address this issue, mechanical 
“intensifiers” are installed on the working surface 
to enhance particle redistribution into layers cor-
responding to specific material densities. For the 
modernization of existing separation machines 
and the development of new designs, theoretical 
modeling of the separation process is required, 
considering the structural and operating parame-
ters of the separation machine as well as the physi-
cal and mechanical properties of the processed 
material [13].

Data and problem statement

A considerable number of scientific studies 
have been devoted to addressing the problem of 
improving the productivity and quality of post-
harvest grain processing. In [14], the authors 
compare magnetic separation methods with sepa-
ration in liquids and demonstrate the efficiency 
and economic feasibility of using “dry” separa-
tion techniques. Study [15] examines the depen-
dence of separation machine productivity on the 
efficiency of vertical pneumatic sorting channels. 
The authors investigate the effect of preliminary 
stratification on the intensity of redistribution of 
light impurity particles and develop theoretical 
models for determining particle motion trajec-
tories, considering the preliminary stratification 
of the mixture and the corresponding operating 
parameters. However, this study considers only 
the motion of individual particles without analyz-
ing interlayer interactions.

In [16, 33], the authors investigate the sepa-
ration process of seed material on the working 
surface of a pneumatic sorting table and develop 
mathematical models describing the motion of 
particle layers with different densities. Neverthe-
less, the specific features of mechanical process 
intensification are not addressed. In [17, 32], a 
separation machine for removing seed husks is 
proposed and studied [34-36]. The machine oper-
ates based on frictional interaction and separation 
in an airflow. However, the investigated impurity 
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differs significantly from the main crop seeds in 
terms of density and aerodynamic properties, 
which limits the applicability of this approach for 
separating difficult-to-remove impurities. Study 
[18] discusses technical measures for intensify-
ing the separation process of granular materials. 
The heat and mass transfer processes occurring 
between granular particles are analyzed; howev-
er, the research focus is placed on the separation 
of individual particles, without adequately con-
sidering the physical and mechanical properties 
of the processed material [19–22].

The conducted analysis of the literature reveals 
an insufficient level of investigation of the separa-
tion processes of seed (granular) materials [23,24]. 
This gap leads to complications and inaccuracies in 
the design and calculation of separation machines, 
as well as to improper machine settings, which 
significantly reduce the quality and economic effi-
ciency of the separation process [23–27].

The development of mathematical models for 
technological processes requires the application 
of computational methods capable of predicting 
seed behavior and identifying optimal operating 
regimes of the equipment [28–31].

Thus, the results of this study have both funda-
mental and applied significance, as they contrib-
ute to the effective solution of granular material 
sorting problems and can be utilized to improve 
the efficiency of agricultural technologies.

RESULTS AND DISCUSSION

The scientific novelty of this study lies in the 
development of a multiphase mechanical–math-
ematical model for seed material separation in 
a pseudo-fluidized bed on a pneumatic sorting 
table. The proposed model represents the seed 
material as a system of interacting particle lay-
ers with different densities and a continuous 
air phase. Unlike existing approaches, which 
describe either the motion of individual particles 
or treat the seed material as a homogeneous con-
tinuum, the proposed framework accounts for the 
interaction between particle layers. This provides 
a more realistic description of the vertical strati-
fication process occurring under the combined 
action of airflow and vibration.

The proposed modeling approach is based 
on the assumption that the directed airflow and 
oscillatory motion of the working surface pro-
duce an effective vertical stratification of the 

pseudo-fluidized seed material. As a result, the 
material is represented by N interacting particle 
layers, each characterized by its own density, 
aerodynamic, and hydrodynamic properties. The 
motion of these layers is described within the 
framework of multiphase continuum mechan-
ics, enabling the physical mechanisms govern-
ing particle redistribution during separation to be 
represented more accurately than in conventional 
single-phase models.

Another contribution of this work is the inte-
gration of the governing equations of continuum 
mechanics with a weak variational formulation 
and finite element approximation for solving the 
boundary-value problem of seed motion. This 
unified computational framework simultaneously 
considers airflow velocity, vibration frequency and 
amplitude, deck inclination, frictional interaction, 
and aerodynamic forces, thereby improving the 
predictive capability of the model under various 
operating conditions of pneumatic sorting tables.

In addition, a probabilistic approach for eval-
uating separation efficiency has been developed, 
in which the calculated trajectories of particle 
fractions are combined with probability density 
functions to estimate the purity of the target seed 
fraction. This approach makes it possible to pre-
dict separation quality and determine rational 
operating parameters without extensive experi-
mental investigations, providing an effective tool 
for the analysis, optimization, and modernization 
of pneumatic seed-sorting equipment.

As a result, N layers of particles are formed, 
each characterized by their own density, aero-
gravitational, and hydrodynamic properties.

The motion of each particle layer is considered 
within the framework of multiphase continuum 
mechanics, where each layer is modeled as an indi-
vidual continuous medium, and the interactions 
between layers are described through boundary 
conditions at their interfaces. Thus, the dynamics 
of the vertically stratified pseudo-fluidized particle 
bed can be represented as the motion of an (N + 
1)-phase system consisting of N layers of discrete 
particles and one continuous gas phase (air).

In modeling particle density, it is assumed that 
limiting density values exist for the “light” frac-
tion (including difficult-to-separate impurities, 
damaged, and substandard seeds with reduced 
density) and the “heavy” fraction (biologically 
viable and active seeds with higher density). 
Between these extreme values lies the “medium” 
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fraction, which contains particles with intermedi-
ate density characteristics.

For the mathematical description of the pro-
cess, it is assumed that the vertical distribution of 
particles by density follows a normal distribution, 
and the coordinates of layers with different densi-
ties correspond to the mathematical expectation 
of this distribution. Since particle density varies 
continuously and the exact distribution of particle 
quantity by density is unknown, this formulation 
complicates obtaining an exact analytical solu-
tion. To simplify the calculations, the distribution 
functions are constructed for averaged density 
values of the “light,” “medium,” and “heavy” 
seed fractions, while the variance of the coordi-
nate for each layer is assumed to be equal to unity.

Pneumatic sorting tables are widely used for 
separating granular materials based on density, 
particle size, and aerodynamic properties. The 
efficiency of such separation largely depends on 
several parameters, among which the most sig-
nificant are the inclination angles and vibration 
frequencies of the working surface, as well as the 
airflow velocity.

Optimization of these parameters makes it 
possible to improve the quality of seed material 
separation, reduce losses of biologically valuable 
seeds, and increase the overall efficiency of the 
separation process.

One of the key aspects of effective separation 
is the determination of optimal operating param-
eters of the pneumatic sorting table, such as the 
inclination angles and vibration frequency of 
the working surface, as well as the velocity and 
direction of the airflow. The selection of these 
parameters has a substantial influence on particle 
motion dynamics, the degree of stratification, and 
the quality of the final sorting. At the same time, 
the physical and mechanical properties of the 
seed material (in particular, density, shape, size, 
and surface texture) complicate the mathematical 
description of the process and require the devel-
opment of appropriate models.

The development of adequate mathematical 
models describing seed motion under pneumatic 
sorting conditions makes it possible not only to 
improve separation quality but also to optimize 
equipment operation without conducting many 
experimental studies. This, in turn, contributes 
to cost reduction, increased productivity, and 
enhanced stability of the technological process. 
In this study, a multiphase approach is employed, 
which allows the seed material to be treated as a 

pseudo-fluid system composed of individual lay-
ers, each possessing its own hydrodynamic prop-
erties. This approach enables the consideration of 
the physical features of separation and the descrip-
tion of particle transport with different densities 
along distinct trajectories, thereby improving the 
understanding of sorting mechanisms.

In the present study, seed material is modeled 
as a system consisting of a finite number of pseu-
do-fluid layers, each differing in hydrodynamic 
properties, particle density, and aerodynamic 
characteristics. Such an approach allows the 
layer-by-layer motion of seeds to be interpreted 
as a physically justified model of material sepa-
ration into individual fractions through selective 
transport of particle layers with different densities 
along different trajectories.

Pneumatic sorting tables are widely applied 
for separating granular materials by density, size, 
and aerodynamic properties of particles. The 
effectiveness of such separation strongly depends 
on parameters such as the inclination angles and 
vibration frequency of the working surface, as 
well as the airflow velocity. Optimization of these 
parameters improves the quality of seed sepa-
ration, reduces losses of biologically valuable 
seeds, and increases the overall efficiency of the 
separation process. In this study, a flat pneumatic 
sorting table used the general view of its working 
surface is shown in Figure 1.

The fundamental equations governing fluid 
motion that will be used in the following analysis 
are presented below. We begin by considering a 
single layer.

To describe fluid motion, the basic equations 
of continuum mechanics are employed. All con-
tinuum models involve the determination of the 
fields of stresses σij, strains εij, displacements ui (or 
velocities Vi), as well as temperature T, pressure 
p, and density ρ as functions of time. These fields 
are obtained using the following relationships:
	• the equations of motion under the action of 

external body forces Xi, formulated in terms 
of stress

	 𝜎𝜎𝑖𝑖𝑖𝑖,𝑗𝑗 + 𝑋𝑋𝑖𝑖 = 𝜌𝜌 𝜕𝜕2𝑢𝑢𝑖𝑖
𝜕𝜕𝑡𝑡2 0;  𝑖𝑖, 𝑗𝑗 = 1,2,3, 

 

i j=
2
1

( ui,j+ uj,i ) 

 

𝑖𝑖𝑖𝑖 = 1
2 (𝑉𝑉𝑖𝑖,𝑗𝑗 + 𝑉𝑉𝑗𝑗,𝑖𝑖) 

 

2𝑖𝑖𝑖𝑖
𝑥𝑥𝑗𝑗𝑥𝑥𝑙𝑙

+
2𝑗𝑗𝑗𝑗
𝑥𝑥𝑖𝑖𝑥𝑥𝑘𝑘

= 2𝑖𝑖𝑖𝑖
𝑥𝑥𝑗𝑗𝑥𝑥𝑘𝑘

+
2𝑗𝑗𝑗𝑗
𝑥𝑥𝑖𝑖𝑥𝑥𝑙𝑙

 

 

𝜕𝜕𝜌𝜌𝑓𝑓
𝜕𝜕𝜕𝜕 = − div(𝜌𝜌𝑓𝑓𝑉𝑉𝑓𝑓) 

 

𝜌𝜌𝑓𝑓
𝑑𝑑𝑽𝑽𝑓𝑓
𝑑𝑑𝑑𝑑 = 𝜌𝜌𝑓𝑓𝐹𝐹 + div(𝜎𝜎𝑓𝑓) 

 

σ𝑓𝑓 = − (𝑃𝑃 + 2
3 𝜇𝜇) 𝐼𝐼 + 𝑆̇𝑆 

 

𝑆̇𝑆 = (
̇11 − ė0 ̇12 ̇13

̇12 ̇22 − ė0 ̇23
̇13 ̇23 ̇33 − ė0

),  

ė0 = 1
3 (̇11 + ̇22 + ̇33) 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐2 

 

𝜌𝜌𝑛𝑛
𝑑𝑑𝑉𝑉(𝑛𝑛)

𝑑𝑑𝑑𝑑 = −𝑃𝑃(𝑛𝑛) + 𝜇𝜇𝑛𝑛𝑉𝑉(𝑛𝑛) + 𝜌𝜌𝑛𝑛𝐹𝐹(𝑛𝑛)   (10) 
 
 
divV(𝑛𝑛) = (  V(𝑛𝑛)) = 0     (11) 
 

	 (1)

	• the Cauchy strain–displacement relations, 
which relate small strains to the displacement 
field

	

𝜎𝜎𝑖𝑖𝑖𝑖,𝑗𝑗 + 𝑋𝑋𝑖𝑖 = 𝜌𝜌 𝜕𝜕2𝑢𝑢𝑖𝑖
𝜕𝜕𝑡𝑡2 0;  𝑖𝑖, 𝑗𝑗 = 1,2,3, 

 

i j=
2
1

( ui,j+ uj,i ) 

 

𝑖𝑖𝑖𝑖 = 1
2 (𝑉𝑉𝑖𝑖,𝑗𝑗 + 𝑉𝑉𝑗𝑗,𝑖𝑖) 

 

2𝑖𝑖𝑖𝑖
𝑥𝑥𝑗𝑗𝑥𝑥𝑙𝑙

+
2𝑗𝑗𝑗𝑗
𝑥𝑥𝑖𝑖𝑥𝑥𝑘𝑘

= 2𝑖𝑖𝑖𝑖
𝑥𝑥𝑗𝑗𝑥𝑥𝑘𝑘

+
2𝑗𝑗𝑗𝑗
𝑥𝑥𝑖𝑖𝑥𝑥𝑙𝑙

 

 

𝜕𝜕𝜌𝜌𝑓𝑓
𝜕𝜕𝜕𝜕 = − div(𝜌𝜌𝑓𝑓𝑉𝑉𝑓𝑓) 

 

𝜌𝜌𝑓𝑓
𝑑𝑑𝑽𝑽𝑓𝑓
𝑑𝑑𝑑𝑑 = 𝜌𝜌𝑓𝑓𝐹𝐹 + div(𝜎𝜎𝑓𝑓) 

 

σ𝑓𝑓 = − (𝑃𝑃 + 2
3 𝜇𝜇) 𝐼𝐼 + 𝑆̇𝑆 

 

𝑆̇𝑆 = (
̇11 − ė0 ̇12 ̇13

̇12 ̇22 − ė0 ̇23
̇13 ̇23 ̇33 − ė0

),  

ė0 = 1
3 (̇11 + ̇22 + ̇33) 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐2 

 

𝜌𝜌𝑛𝑛
𝑑𝑑𝑉𝑉(𝑛𝑛)

𝑑𝑑𝑑𝑑 = −𝑃𝑃(𝑛𝑛) + 𝜇𝜇𝑛𝑛𝑉𝑉(𝑛𝑛) + 𝜌𝜌𝑛𝑛𝐹𝐹(𝑛𝑛)   (10) 
 
 
divV(𝑛𝑛) = (  V(𝑛𝑛)) = 0     (11) 
 

	 (2)
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In terms of velocities, the Cauchy relations 
take the form:

	

𝜎𝜎𝑖𝑖𝑖𝑖,𝑗𝑗 + 𝑋𝑋𝑖𝑖 = 𝜌𝜌 𝜕𝜕2𝑢𝑢𝑖𝑖
𝜕𝜕𝑡𝑡2 0;  𝑖𝑖, 𝑗𝑗 = 1,2,3, 

 

i j=
2
1

( ui,j+ uj,i ) 

 

𝑖𝑖𝑖𝑖 = 1
2 (𝑉𝑉𝑖𝑖,𝑗𝑗 + 𝑉𝑉𝑗𝑗,𝑖𝑖) 

 

2𝑖𝑖𝑖𝑖
𝑥𝑥𝑗𝑗𝑥𝑥𝑙𝑙

+
2𝑗𝑗𝑗𝑗
𝑥𝑥𝑖𝑖𝑥𝑥𝑘𝑘

= 2𝑖𝑖𝑖𝑖
𝑥𝑥𝑗𝑗𝑥𝑥𝑘𝑘

+
2𝑗𝑗𝑗𝑗
𝑥𝑥𝑖𝑖𝑥𝑥𝑙𝑙

 

 

𝜕𝜕𝜌𝜌𝑓𝑓
𝜕𝜕𝜕𝜕 = − div(𝜌𝜌𝑓𝑓𝑉𝑉𝑓𝑓) 

 

𝜌𝜌𝑓𝑓
𝑑𝑑𝑽𝑽𝑓𝑓
𝑑𝑑𝑑𝑑 = 𝜌𝜌𝑓𝑓𝐹𝐹 + div(𝜎𝜎𝑓𝑓) 

 

σ𝑓𝑓 = − (𝑃𝑃 + 2
3 𝜇𝜇) 𝐼𝐼 + 𝑆̇𝑆 

 

𝑆̇𝑆 = (
̇11 − ė0 ̇12 ̇13

̇12 ̇22 − ė0 ̇23
̇13 ̇23 ̇33 − ė0

),  

ė0 = 1
3 (̇11 + ̇22 + ̇33) 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐2 

 

𝜌𝜌𝑛𝑛
𝑑𝑑𝑉𝑉(𝑛𝑛)

𝑑𝑑𝑑𝑑 = −𝑃𝑃(𝑛𝑛) + 𝜇𝜇𝑛𝑛𝑉𝑉(𝑛𝑛) + 𝜌𝜌𝑛𝑛𝐹𝐹(𝑛𝑛)   (10) 
 
 
divV(𝑛𝑛) = (  V(𝑛𝑛)) = 0     (11) 
 

	 (3)

	• the strain compatibility conditions, which 
ensure the consistency of the deformation 
field; the prescribed boundary and initial con-
ditions; and the constitutive equation of state-
related pressure, density, and temperature.

	

𝜎𝜎𝑖𝑖𝑖𝑖,𝑗𝑗 + 𝑋𝑋𝑖𝑖 = 𝜌𝜌 𝜕𝜕2𝑢𝑢𝑖𝑖
𝜕𝜕𝑡𝑡2 0;  𝑖𝑖, 𝑗𝑗 = 1,2,3, 

 

i j=
2
1

( ui,j+ uj,i ) 

 

𝑖𝑖𝑖𝑖 = 1
2 (𝑉𝑉𝑖𝑖,𝑗𝑗 + 𝑉𝑉𝑗𝑗,𝑖𝑖) 

 

2𝑖𝑖𝑖𝑖
𝑥𝑥𝑗𝑗𝑥𝑥𝑙𝑙

+
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ė0 = 1
3 (̇11 + ̇22 + ̇33) 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐2 

 

𝜌𝜌𝑛𝑛
𝑑𝑑𝑉𝑉(𝑛𝑛)

𝑑𝑑𝑑𝑑 = −𝑃𝑃(𝑛𝑛) + 𝜇𝜇𝑛𝑛𝑉𝑉(𝑛𝑛) + 𝜌𝜌𝑛𝑛𝐹𝐹(𝑛𝑛)   (10) 
 
 
divV(𝑛𝑛) = (  V(𝑛𝑛)) = 0     (11) 
 

	 (4)
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Next, the equations of fluid motion expressed 
in terms of stress (because of the law of 
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To determine the components of the stress 
tensor, the Stokes hypothesis is adopted:
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where:	 ṡ – denotes the deviator of the strain-
rate tensor, μ – the dynamic viscosity 
coefficient.
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The equation of state is applied in the form p 
= p(ρ) together with the following relation:
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where:	с – the speed of sound in the medium.

Now consider the motion of multilayer fluid. 
Let each layer be characterized by the following 
parameters: density ρn, dynamic viscosity coeffi-
cient μn, and mean layer thickness hn. The equa-
tions of motion for each layer, in invariant form, 
can be written as follows:
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	(10)

Figure 1. General view of the upgraded work surface with a mesh-type mechanical booster installed (а)
and a cross-section of the surface (b)
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𝜎𝜎𝑖𝑖𝑖𝑖,𝑗𝑗 + 𝑋𝑋𝑖𝑖 = 𝜌𝜌 𝜕𝜕2𝑢𝑢𝑖𝑖
𝜕𝜕𝑡𝑡2 0;  𝑖𝑖, 𝑗𝑗 = 1,2,3, 

 

i j=
2
1

( ui,j+ uj,i ) 

 

𝑖𝑖𝑖𝑖 = 1
2 (𝑉𝑉𝑖𝑖,𝑗𝑗 + 𝑉𝑉𝑗𝑗,𝑖𝑖) 

 

2𝑖𝑖𝑖𝑖
𝑥𝑥𝑗𝑗𝑥𝑥𝑙𝑙

+
2𝑗𝑗𝑗𝑗
𝑥𝑥𝑖𝑖𝑥𝑥𝑘𝑘

= 2𝑖𝑖𝑖𝑖
𝑥𝑥𝑗𝑗𝑥𝑥𝑘𝑘

+
2𝑗𝑗𝑗𝑗
𝑥𝑥𝑖𝑖𝑥𝑥𝑙𝑙

 

 

𝜕𝜕𝜌𝜌𝑓𝑓
𝜕𝜕𝜕𝜕 = − div(𝜌𝜌𝑓𝑓𝑉𝑉𝑓𝑓) 

 

𝜌𝜌𝑓𝑓
𝑑𝑑𝑽𝑽𝑓𝑓
𝑑𝑑𝑑𝑑 = 𝜌𝜌𝑓𝑓𝐹𝐹 + div(𝜎𝜎𝑓𝑓) 

 

σ𝑓𝑓 = − (𝑃𝑃 + 2
3 𝜇𝜇) 𝐼𝐼 + 𝑆̇𝑆 

 

𝑆̇𝑆 = (
̇11 − ė0 ̇12 ̇13

̇12 ̇22 − ė0 ̇23
̇13 ̇23 ̇33 − ė0

),  

ė0 = 1
3 (̇11 + ̇22 + ̇33) 

 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐2 

 

𝜌𝜌𝑛𝑛
𝑑𝑑𝑉𝑉(𝑛𝑛)

𝑑𝑑𝑑𝑑 = −𝑃𝑃(𝑛𝑛) + 𝜇𝜇𝑛𝑛𝑉𝑉(𝑛𝑛) + 𝜌𝜌𝑛𝑛𝐹𝐹(𝑛𝑛)   (10) 
 
 
divV(𝑛𝑛) = (  V(𝑛𝑛)) = 0     (11) 
 

	 (11)

In Equations 10–11 the velocity vector V(n) has 
the components V(n) = (V1

(n), V2
(n), V3

(n)) , and the 
body-force vector F(n) in component form is writ-
ten as F(n) = (F1

(n), F2
(n), F3

(n)). The material (sub-
stantial) derivative operator 

𝑑𝑑
𝑑𝑑𝑑𝑑 = 

𝑡𝑡 + ( V(𝑛𝑛)  ) 

 

̅𝑛𝑛 

 

 ̅ 

 

Fаero= 0.5 S Cd 𝑎𝑎𝑎𝑎𝑎𝑎𝑣𝑣𝑎𝑎𝑎𝑎𝑎𝑎
2  

 

 

 is 𝑑𝑑
𝑑𝑑𝑑𝑑 = 

𝑡𝑡 + ( V(𝑛𝑛)  ) 

 

̅𝑛𝑛 

 

 ̅ 

 

Fаero= 0.5 S Cd 𝑎𝑎𝑎𝑎𝑎𝑎𝑣𝑣𝑎𝑎𝑎𝑎𝑎𝑎
2  

 

 

. 
Each of the systems (10–11) constitutes a 

closed set of four equations for four unknowns: 
the components of the velocity vector V1

(n), V2
(n), 

V3
(n) and the pressure P(n). The first vector equa-

tion corresponds to the Navier–Stokes equation, 
while Equation 8 is the continuity equation for an 
incompressible fluid. If the fluid is compressible, 
Equation 11 is replaced by Equation 5 in the form:

	
𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜌𝜌𝑛𝑛 = 𝜌̅𝜌𝑛𝑛𝑛𝑛, 

 

𝜌𝜌𝑃𝑃 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 

 

 =  ̅ (1 − ∑ 𝑛𝑛
𝑁𝑁

𝑛𝑛=1
) 

 

с =  + 𝜌𝜌𝑃𝑃 

 

с𝑉𝑉𝑐𝑐 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 𝑉𝑉(𝑛𝑛) + 𝑉𝑉 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 
𝜕𝜕с
𝜕𝜕𝜕𝜕 + (  𝑉𝑉с) = 0. 

 

𝜌𝜌𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑡𝑡 + ( 𝑽𝑽(𝑛𝑛)  )𝑉𝑉𝑖𝑖
(𝑛𝑛)) = 

= 
𝑥𝑥𝑗𝑗

[−𝑃𝑃(𝑛𝑛)𝑖𝑖𝑖𝑖 + 𝜇𝜇𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑥𝑥𝑗𝑗
+
𝑉𝑉𝑗𝑗

(𝑛𝑛)

𝑥𝑥𝑖𝑖
)] + 

𝜌𝜌𝑛𝑛𝐹𝐹𝑖𝑖
(𝑛𝑛) + 𝜌𝜌𝑛𝑛 ∑ 𝑛𝑛𝑛𝑛

𝑁𝑁
𝑛𝑛=1 (𝑉𝑉𝑚𝑚

(𝑛𝑛) − 𝑉𝑉𝑛𝑛
(𝑚𝑚)), 

𝑖𝑖, 𝑗𝑗 = 1,2,3, 𝑛𝑛, 𝑚𝑚 = 1,2, … 𝑁𝑁. 
 

 

𝑛𝑛𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑚𝑚 

 

	 (12)

This equation implies that the mass of 
each phase (fraction) remains conserved in the 
absence of sources or sinks. It is used to monitor 
the particle density within each control volume 
and allows the determination of particle distri-
bution under the action of external forces. In 
the context of pneumatic sorting, this equation 
enables the description of the dynamic variation 
of the density distribution of fractions along the 
sorting table.

Next, the fundamental equations of motion 
for a multiphase system modeling the pseudo-flu-
idized layer of seed material (SM) are presented. 
It is assumed that the pseudo-fluidized SM con-
sists of two phases: a discrete phase formed by 
solid particles (seeds) and a continuous phase 
represented by air.

According to [13], the discrete phase is con-
sidered as consisting of 𝑁 discrete components, 
each formed by solid particles with density 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜌𝜌𝑛𝑛 = 𝜌̅𝜌𝑛𝑛𝑛𝑛, 

 

𝜌𝜌𝑃𝑃 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 

 

 =  ̅ (1 − ∑ 𝑛𝑛
𝑁𝑁

𝑛𝑛=1
) 

 

с =  + 𝜌𝜌𝑃𝑃 

 

с𝑉𝑉𝑐𝑐 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 𝑉𝑉(𝑛𝑛) + 𝑉𝑉 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 
𝜕𝜕с
𝜕𝜕𝜕𝜕 + (  𝑉𝑉с) = 0. 

 

𝜌𝜌𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑡𝑡 + ( 𝑽𝑽(𝑛𝑛)  )𝑉𝑉𝑖𝑖
(𝑛𝑛)) = 

= 
𝑥𝑥𝑗𝑗

[−𝑃𝑃(𝑛𝑛)𝑖𝑖𝑖𝑖 + 𝜇𝜇𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑥𝑥𝑗𝑗
+
𝑉𝑉𝑗𝑗

(𝑛𝑛)

𝑥𝑥𝑖𝑖
)] + 

𝜌𝜌𝑛𝑛𝐹𝐹𝑖𝑖
(𝑛𝑛) + 𝜌𝜌𝑛𝑛 ∑ 𝑛𝑛𝑛𝑛

𝑁𝑁
𝑛𝑛=1 (𝑉𝑉𝑚𝑚

(𝑛𝑛) − 𝑉𝑉𝑛𝑛
(𝑚𝑚)), 

𝑖𝑖, 𝑗𝑗 = 1,2,3, 𝑛𝑛, 𝑚𝑚 = 1,2, … 𝑁𝑁. 
 

 

𝑛𝑛𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑚𝑚 

 

, n 
= 1,2, … 𝑁.

Based on this assumption, the density of the 
i-th particle layer(the n-th component of the dis-
crete phase) is determined as follows:

	

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜌𝜌𝑛𝑛 = 𝜌̅𝜌𝑛𝑛𝑛𝑛, 

 

𝜌𝜌𝑃𝑃 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 

 

 =  ̅ (1 − ∑ 𝑛𝑛
𝑁𝑁

𝑛𝑛=1
) 

 

с =  + 𝜌𝜌𝑃𝑃 

 

с𝑉𝑉𝑐𝑐 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 𝑉𝑉(𝑛𝑛) + 𝑉𝑉 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 
𝜕𝜕с
𝜕𝜕𝜕𝜕 + (  𝑉𝑉с) = 0. 

 

𝜌𝜌𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑡𝑡 + ( 𝑽𝑽(𝑛𝑛)  )𝑉𝑉𝑖𝑖
(𝑛𝑛)) = 

= 
𝑥𝑥𝑗𝑗

[−𝑃𝑃(𝑛𝑛)𝑖𝑖𝑖𝑖 + 𝜇𝜇𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑥𝑥𝑗𝑗
+
𝑉𝑉𝑗𝑗

(𝑛𝑛)

𝑥𝑥𝑖𝑖
)] + 

𝜌𝜌𝑛𝑛𝐹𝐹𝑖𝑖
(𝑛𝑛) + 𝜌𝜌𝑛𝑛 ∑ 𝑛𝑛𝑛𝑛

𝑁𝑁
𝑛𝑛=1 (𝑉𝑉𝑚𝑚

(𝑛𝑛) − 𝑉𝑉𝑛𝑛
(𝑚𝑚)), 

𝑖𝑖, 𝑗𝑗 = 1,2,3, 𝑛𝑛, 𝑚𝑚 = 1,2, … 𝑁𝑁. 
 

 

𝑛𝑛𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑚𝑚 

 

	 (13)

where:	δn – the volume fraction of particles of the 
n - th component in the pseudo-fluidized 
seed material.

The density of the discrete phase is defined as:

	

𝜕𝜕𝜌𝜌𝑛𝑛
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𝑁𝑁
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 =  ̅ (1 − ∑ 𝑛𝑛
𝑁𝑁

𝑛𝑛=1
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с =  + 𝜌𝜌𝑃𝑃 

 

с𝑉𝑉𝑐𝑐 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁
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 𝑉𝑉(𝑛𝑛) + 𝑉𝑉 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 
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𝑡𝑡 + ( 𝑽𝑽(𝑛𝑛)  )𝑉𝑉𝑖𝑖
(𝑛𝑛)) = 

= 
𝑥𝑥𝑗𝑗

[−𝑃𝑃(𝑛𝑛)𝑖𝑖𝑖𝑖 + 𝜇𝜇𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑥𝑥𝑗𝑗
+
𝑉𝑉𝑗𝑗

(𝑛𝑛)

𝑥𝑥𝑖𝑖
)] + 

𝜌𝜌𝑛𝑛𝐹𝐹𝑖𝑖
(𝑛𝑛) + 𝜌𝜌𝑛𝑛 ∑ 𝑛𝑛𝑛𝑛

𝑁𝑁
𝑛𝑛=1 (𝑉𝑉𝑚𝑚

(𝑛𝑛) − 𝑉𝑉𝑛𝑛
(𝑚𝑚)), 

𝑖𝑖, 𝑗𝑗 = 1,2,3, 𝑛𝑛, 𝑚𝑚 = 1,2, … 𝑁𝑁. 
 

 

𝑛𝑛𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑚𝑚 

 

	 (14)

Since the medium is diluted, each discrete 
phase contains both air and solid particles. The 
number of solid particles in each phase is char-
acterized by the parameter δn. Accordingly, the 
volume of the gaseous medium (air) in each 
discrete phase is reduced by the amount 

𝑑𝑑
𝑑𝑑𝑑𝑑 = 

𝑡𝑡 + ( V(𝑛𝑛)  ) 
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compared to a medium filled with air, where 
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– denotes the density of the gaseous medium. 
Thus, the density r of the continuous phase is 
calculated as follows:

	

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜌𝜌𝑛𝑛 = 𝜌̅𝜌𝑛𝑛𝑛𝑛, 

 

𝜌𝜌𝑃𝑃 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 

 

 =  ̅ (1 − ∑ 𝑛𝑛
𝑁𝑁

𝑛𝑛=1
) 

 

с =  + 𝜌𝜌𝑃𝑃 

 

с𝑉𝑉𝑐𝑐 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁
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𝜕𝜕𝜌𝜌𝑛𝑛
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𝜕𝜕с
𝜕𝜕𝜕𝜕 + (  𝑉𝑉с) = 0. 

 

𝜌𝜌𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑡𝑡 + ( 𝑽𝑽(𝑛𝑛)  )𝑉𝑉𝑖𝑖
(𝑛𝑛)) = 

= 
𝑥𝑥𝑗𝑗

[−𝑃𝑃(𝑛𝑛)𝑖𝑖𝑖𝑖 + 𝜇𝜇𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑥𝑥𝑗𝑗
+
𝑉𝑉𝑗𝑗

(𝑛𝑛)

𝑥𝑥𝑖𝑖
)] + 

𝜌𝜌𝑛𝑛𝐹𝐹𝑖𝑖
(𝑛𝑛) + 𝜌𝜌𝑛𝑛 ∑ 𝑛𝑛𝑛𝑛

𝑁𝑁
𝑛𝑛=1 (𝑉𝑉𝑚𝑚

(𝑛𝑛) − 𝑉𝑉𝑛𝑛
(𝑚𝑚)), 

𝑖𝑖, 𝑗𝑗 = 1,2,3, 𝑛𝑛, 𝑚𝑚 = 1,2, … 𝑁𝑁. 
 

 

𝑛𝑛𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑚𝑚 

 

	 (15)

The density of the pseudo-fluidized seed 
material is given by:

	

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜌𝜌𝑛𝑛 = 𝜌̅𝜌𝑛𝑛𝑛𝑛, 

 

𝜌𝜌𝑃𝑃 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 

 

 =  ̅ (1 − ∑ 𝑛𝑛
𝑁𝑁

𝑛𝑛=1
) 

 

с =  + 𝜌𝜌𝑃𝑃 

 

с𝑉𝑉𝑐𝑐 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 𝑉𝑉(𝑛𝑛) + 𝑉𝑉 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 
𝜕𝜕с
𝜕𝜕𝜕𝜕 + (  𝑉𝑉с) = 0. 

 

𝜌𝜌𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑡𝑡 + ( 𝑽𝑽(𝑛𝑛)  )𝑉𝑉𝑖𝑖
(𝑛𝑛)) = 

= 
𝑥𝑥𝑗𝑗

[−𝑃𝑃(𝑛𝑛)𝑖𝑖𝑖𝑖 + 𝜇𝜇𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑥𝑥𝑗𝑗
+
𝑉𝑉𝑗𝑗

(𝑛𝑛)

𝑥𝑥𝑖𝑖
)] + 

𝜌𝜌𝑛𝑛𝐹𝐹𝑖𝑖
(𝑛𝑛) + 𝜌𝜌𝑛𝑛 ∑ 𝑛𝑛𝑛𝑛

𝑁𝑁
𝑛𝑛=1 (𝑉𝑉𝑚𝑚

(𝑛𝑛) − 𝑉𝑉𝑛𝑛
(𝑚𝑚)), 

𝑖𝑖, 𝑗𝑗 = 1,2,3, 𝑛𝑛, 𝑚𝑚 = 1,2, … 𝑁𝑁. 
 

 

𝑛𝑛𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑚𝑚 

 

	 (16)

From this, the following equation for the 
velocity Vc of the pseudo−fluidized seed material 
is obtained:

	

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜌𝜌𝑛𝑛 = 𝜌̅𝜌𝑛𝑛𝑛𝑛, 

 

𝜌𝜌𝑃𝑃 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 

 

 =  ̅ (1 − ∑ 𝑛𝑛
𝑁𝑁

𝑛𝑛=1
) 

 

с =  + 𝜌𝜌𝑃𝑃 

 

с𝑉𝑉𝑐𝑐 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 𝑉𝑉(𝑛𝑛) + 𝑉𝑉 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 
𝜕𝜕с
𝜕𝜕𝜕𝜕 + (  𝑉𝑉с) = 0. 

 

𝜌𝜌𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑡𝑡 + ( 𝑽𝑽(𝑛𝑛)  )𝑉𝑉𝑖𝑖
(𝑛𝑛)) = 

= 
𝑥𝑥𝑗𝑗

[−𝑃𝑃(𝑛𝑛)𝑖𝑖𝑖𝑖 + 𝜇𝜇𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑥𝑥𝑗𝑗
+
𝑉𝑉𝑗𝑗

(𝑛𝑛)

𝑥𝑥𝑖𝑖
)] + 

𝜌𝜌𝑛𝑛𝐹𝐹𝑖𝑖
(𝑛𝑛) + 𝜌𝜌𝑛𝑛 ∑ 𝑛𝑛𝑛𝑛

𝑁𝑁
𝑛𝑛=1 (𝑉𝑉𝑚𝑚

(𝑛𝑛) − 𝑉𝑉𝑛𝑛
(𝑚𝑚)), 

𝑖𝑖, 𝑗𝑗 = 1,2,3, 𝑛𝑛, 𝑚𝑚 = 1,2, … 𝑁𝑁. 
 

 

𝑛𝑛𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑚𝑚 

 

	 (17)

where:	V – the airflow velocity.

For each discrete layer, the continuity equa-
tion is used in the following form:

	

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜌𝜌𝑛𝑛 = 𝜌̅𝜌𝑛𝑛𝑛𝑛, 

 

𝜌𝜌𝑃𝑃 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 

 

 =  ̅ (1 − ∑ 𝑛𝑛
𝑁𝑁

𝑛𝑛=1
) 

 

с =  + 𝜌𝜌𝑃𝑃 

 

с𝑉𝑉𝑐𝑐 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 𝑉𝑉(𝑛𝑛) + 𝑉𝑉 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 
𝜕𝜕с
𝜕𝜕𝜕𝜕 + (  𝑉𝑉с) = 0. 

 

𝜌𝜌𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑡𝑡 + ( 𝑽𝑽(𝑛𝑛)  )𝑉𝑉𝑖𝑖
(𝑛𝑛)) = 

= 
𝑥𝑥𝑗𝑗

[−𝑃𝑃(𝑛𝑛)𝑖𝑖𝑖𝑖 + 𝜇𝜇𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑥𝑥𝑗𝑗
+
𝑉𝑉𝑗𝑗

(𝑛𝑛)

𝑥𝑥𝑖𝑖
)] + 

𝜌𝜌𝑛𝑛𝐹𝐹𝑖𝑖
(𝑛𝑛) + 𝜌𝜌𝑛𝑛 ∑ 𝑛𝑛𝑛𝑛

𝑁𝑁
𝑛𝑛=1 (𝑉𝑉𝑚𝑚

(𝑛𝑛) − 𝑉𝑉𝑛𝑛
(𝑚𝑚)), 

𝑖𝑖, 𝑗𝑗 = 1,2,3, 𝑛𝑛, 𝑚𝑚 = 1,2, … 𝑁𝑁. 
 

 

𝑛𝑛𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑚𝑚 

 

	 (18)

For the continuous phase, the following con-
tinuity equation is applied:

	

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜌𝜌𝑛𝑛 = 𝜌̅𝜌𝑛𝑛𝑛𝑛, 

 

𝜌𝜌𝑃𝑃 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 

 

 =  ̅ (1 − ∑ 𝑛𝑛
𝑁𝑁

𝑛𝑛=1
) 

 

с =  + 𝜌𝜌𝑃𝑃 

 

с𝑉𝑉𝑐𝑐 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 𝑉𝑉(𝑛𝑛) + 𝑉𝑉 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 
𝜕𝜕с
𝜕𝜕𝜕𝜕 + (  𝑉𝑉с) = 0. 

 

𝜌𝜌𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑡𝑡 + ( 𝑽𝑽(𝑛𝑛)  )𝑉𝑉𝑖𝑖
(𝑛𝑛)) = 

= 
𝑥𝑥𝑗𝑗

[−𝑃𝑃(𝑛𝑛)𝑖𝑖𝑖𝑖 + 𝜇𝜇𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑥𝑥𝑗𝑗
+
𝑉𝑉𝑗𝑗

(𝑛𝑛)

𝑥𝑥𝑖𝑖
)] + 

𝜌𝜌𝑛𝑛𝐹𝐹𝑖𝑖
(𝑛𝑛) + 𝜌𝜌𝑛𝑛 ∑ 𝑛𝑛𝑛𝑛

𝑁𝑁
𝑛𝑛=1 (𝑉𝑉𝑚𝑚

(𝑛𝑛) − 𝑉𝑉𝑛𝑛
(𝑚𝑚)), 

𝑖𝑖, 𝑗𝑗 = 1,2,3, 𝑛𝑛, 𝑚𝑚 = 1,2, … 𝑁𝑁. 
 

 

𝑛𝑛𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑚𝑚 

 

	 (19)

From Equations 17 and 18, it follows that the 
continuity equation (mass conservation) for the 
pseudo-fluidized seed material takes the form:

	

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜌𝜌𝑛𝑛 = 𝜌̅𝜌𝑛𝑛𝑛𝑛, 

 

𝜌𝜌𝑃𝑃 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 

 

 =  ̅ (1 − ∑ 𝑛𝑛
𝑁𝑁

𝑛𝑛=1
) 

 

с =  + 𝜌𝜌𝑃𝑃 

 

с𝑉𝑉𝑐𝑐 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 𝑉𝑉(𝑛𝑛) + 𝑉𝑉 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 
𝜕𝜕с
𝜕𝜕𝜕𝜕 + (  𝑉𝑉с) = 0. 

 

𝜌𝜌𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑡𝑡 + ( 𝑽𝑽(𝑛𝑛)  )𝑉𝑉𝑖𝑖
(𝑛𝑛)) = 

= 
𝑥𝑥𝑗𝑗

[−𝑃𝑃(𝑛𝑛)𝑖𝑖𝑖𝑖 + 𝜇𝜇𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑥𝑥𝑗𝑗
+
𝑉𝑉𝑗𝑗

(𝑛𝑛)

𝑥𝑥𝑖𝑖
)] + 

𝜌𝜌𝑛𝑛𝐹𝐹𝑖𝑖
(𝑛𝑛) + 𝜌𝜌𝑛𝑛 ∑ 𝑛𝑛𝑛𝑛

𝑁𝑁
𝑛𝑛=1 (𝑉𝑉𝑚𝑚

(𝑛𝑛) − 𝑉𝑉𝑛𝑛
(𝑚𝑚)), 

𝑖𝑖, 𝑗𝑗 = 1,2,3, 𝑛𝑛, 𝑚𝑚 = 1,2, … 𝑁𝑁. 
 

 

𝑛𝑛𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑚𝑚 

 

	 (20)

Next, we consider the momentum conserva-
tion Equation 5 and express it in Cartesian (com-
ponent) form for each discrete phase:

	

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜌𝜌𝑛𝑛 = 𝜌̅𝜌𝑛𝑛𝑛𝑛, 

 

𝜌𝜌𝑃𝑃 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 

 

 =  ̅ (1 − ∑ 𝑛𝑛
𝑁𝑁

𝑛𝑛=1
) 

 

с =  + 𝜌𝜌𝑃𝑃 

 

с𝑉𝑉𝑐𝑐 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 𝑉𝑉(𝑛𝑛) + 𝑉𝑉 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 
𝜕𝜕с
𝜕𝜕𝜕𝜕 + (  𝑉𝑉с) = 0. 

 

𝜌𝜌𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑡𝑡 + ( 𝑽𝑽(𝑛𝑛)  )𝑉𝑉𝑖𝑖
(𝑛𝑛)) = 

= 
𝑥𝑥𝑗𝑗

[−𝑃𝑃(𝑛𝑛)𝑖𝑖𝑖𝑖 + 𝜇𝜇𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑥𝑥𝑗𝑗
+
𝑉𝑉𝑗𝑗

(𝑛𝑛)

𝑥𝑥𝑖𝑖
)] + 

𝜌𝜌𝑛𝑛𝐹𝐹𝑖𝑖
(𝑛𝑛) + 𝜌𝜌𝑛𝑛 ∑ 𝑛𝑛𝑛𝑛

𝑁𝑁
𝑛𝑛=1 (𝑉𝑉𝑚𝑚

(𝑛𝑛) − 𝑉𝑉𝑛𝑛
(𝑚𝑚)), 

𝑖𝑖, 𝑗𝑗 = 1,2,3, 𝑛𝑛, 𝑚𝑚 = 1,2, … 𝑁𝑁. 
 

 

𝑛𝑛𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑚𝑚 

 

	 (21)
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where:	Vi
(n) is the i-th component of the velocity 

of the n-th discrete-phase component; μn 
is the effective dynamic viscosity coeffi-
cient of the n-th component in the seed 
material; Fi

(n) is the i-th component of the 
body force acting per unit mass of the n-th 
component of the mixture; P(n) is the static 
pressure of the n-th component in the seed 
material; δij is the Kronecker delta; sum-
mation over repeated indices is implied.

The last term on the right-hand side of Equation 
21 characterizes the interaction of the n-th com-
ponent with another, m-th component of the seed 
material. In this case, the following equality holds:

	

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜌𝜌𝑛𝑛 = 𝜌̅𝜌𝑛𝑛𝑛𝑛, 

 

𝜌𝜌𝑃𝑃 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 

 

 =  ̅ (1 − ∑ 𝑛𝑛
𝑁𝑁

𝑛𝑛=1
) 

 

с =  + 𝜌𝜌𝑃𝑃 

 

с𝑉𝑉𝑐𝑐 = ∑ 𝜌𝜌𝑛𝑛
𝑁𝑁

𝑛𝑛=1
 𝑉𝑉(𝑛𝑛) + 𝑉𝑉 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 

𝜕𝜕𝜌𝜌𝑛𝑛
𝜕𝜕𝜕𝜕 + (  𝜌𝜌𝑛𝑛𝑉𝑉(𝑛𝑛)) = 0 

 
𝜕𝜕с
𝜕𝜕𝜕𝜕 + (  𝑉𝑉с) = 0. 

 

𝜌𝜌𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑡𝑡 + ( 𝑽𝑽(𝑛𝑛)  )𝑉𝑉𝑖𝑖
(𝑛𝑛)) = 

= 
𝑥𝑥𝑗𝑗

[−𝑃𝑃(𝑛𝑛)𝑖𝑖𝑖𝑖 + 𝜇𝜇𝑛𝑛 (𝑉𝑉𝑖𝑖
(𝑛𝑛)

𝑥𝑥𝑗𝑗
+
𝑉𝑉𝑗𝑗

(𝑛𝑛)

𝑥𝑥𝑖𝑖
)] + 

𝜌𝜌𝑛𝑛𝐹𝐹𝑖𝑖
(𝑛𝑛) + 𝜌𝜌𝑛𝑛 ∑ 𝑛𝑛𝑛𝑛

𝑁𝑁
𝑛𝑛=1 (𝑉𝑉𝑚𝑚

(𝑛𝑛) − 𝑉𝑉𝑛𝑛
(𝑚𝑚)), 

𝑖𝑖, 𝑗𝑗 = 1,2,3, 𝑛𝑛, 𝑚𝑚 = 1,2, … 𝑁𝑁. 
 

 

𝑛𝑛𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑚𝑚𝑚𝑚 

 

	 (22)

The force F(n) acting in each layer includes 
components that account for the influence of the 
vibrating table, friction forces, normal reactions, 
and other interactions. In the case of a pneumatic 
sorting table, the principal forces are:

Gravity, which is resolved into components 
acting along the inclination of the table and per-
pendicular to it.

Normal reaction of the table N, acting perpen-
dicular to the working surface.

Friction force μfN, which opposes motion 
along the table surface.

The aerodynamic force is defined as 

𝑑𝑑
𝑑𝑑𝑑𝑑 = 

𝑡𝑡 + ( V(𝑛𝑛)  ) 

 

̅𝑛𝑛 

 

 ̅ 

 

Fаero= 0.5 S Cd 𝑎𝑎𝑎𝑎𝑎𝑎𝑣𝑣𝑎𝑎𝑎𝑎𝑎𝑎
2  

 

 

 where it depends on the air-
flow velocity.

The force induced by the vibration of the 
table is characterized by a vibration amplitude A 
and oscillation frequency f and can be described 
as harmonic motion. Thus, the vibrating table is 
modeled as a harmonic oscillator with a specified 
amplitude and frequency.

In the present study, the airflow velocity is 
considered within the range of 1–2 m/s. At airflow 
velocities exceeding 2 m/s, the material enters a 
continuous “boiling” or highly turbulent state, 
leading to constant mixing and, consequently, to 
the cessation of the separation process. Converse-
ly, at airflow velocities below 1 m/s, pseudo-flu-
idization does not occur, and effective separation 
is not achieved.

Seeds with different densities respond differ-
ently to the action of the airflow and oscillations 
of the working surface, and they also exhibit dif-
ferent responses to airflow-induced and iner-
tial forces. Light seeds tend to be lifted more 
intensively by the airflow, whereas heavy seeds 

predominantly roll downward along the inclined 
surface. Vibrations create an additional separa-
tion mechanism based on particle size and shape.

In this study, soybean and chickpea seeds 
are considered. For each type of seed material, 
three fractions are introduced: light, medium, and 
heavy. The indices of the three fractions for each 
seed material are denoted as i = 1,2,3, with the 
following relationship between their densities:

ρ(1) < ρ(2) < ρ(3).

where:	ρ(1) corresponds to the light fraction (LF), 
ρ(2) represents the density of the medium 
fraction (MF), and ρ(3) refers to the heavy 
fraction (HF).

The differences between the fractions can be 
summarized as follows. The airflow has a minimal 
effect on the heavy fraction, which moves primarily 
along the table surface and is less affected by vibra-
tions. Vibrations have a greater influence on the 
medium fraction, allowing its trajectory to change 
under certain conditions. The light fraction is sub-
ject to the strongest influence of airflow and vibra-
tion and may even remain suspended in the airflow.

The weighted residuals method is applied to 
transform the strong form of the governing equa-
tions into their weak form. As a result, the follow-
ing expressions are obtained:

	

∭ [
𝜕𝜕 (𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝜕𝜕 +

𝜕𝜕 (𝑉𝑉1
(𝑛𝑛)𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝑥𝑥1

+
𝜕𝜕 (𝑉𝑉1

(𝑛𝑛)𝑉𝑉2
(𝑛𝑛))

𝜕𝜕𝑥𝑥2
+

𝜕𝜕 (𝑉𝑉1
(𝑛𝑛)𝑉𝑉3

(𝑛𝑛))
𝜕𝜕𝑥𝑥3

] 𝑤𝑤1
𝑛𝑛𝑑𝑑

𝑛𝑛

𝑛𝑛−1
= 

= ∭ 𝑤𝑤1
𝑛𝑛𝑛𝑛

𝑛𝑛−1
(− 𝜕𝜕𝑃𝑃(𝑛𝑛)

𝜕𝜕𝑥𝑥1
+ 𝑔𝑔1 + 𝐹𝐹1) 𝑑𝑑+ 

+ ∭ 𝑤𝑤1
𝑛𝑛𝑛𝑛

𝑛𝑛−1
[ 𝜕𝜕

𝜕𝜕𝑥𝑥1
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥1
) + 𝜕𝜕

𝜕𝜕𝑥𝑥2
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥2
) + 𝜕𝜕

𝜕𝜕𝑥𝑥3
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥3
)]  𝑑𝑑, 

∭ [
𝜕𝜕 (𝑉𝑉2

(𝑛𝑛))
𝜕𝜕𝜕𝜕 +

𝜕𝜕 (𝑉𝑉2
(𝑛𝑛)𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝑥𝑥1

+
𝜕𝜕 (𝑉𝑉2

(𝑛𝑛)𝑉𝑉2
(𝑛𝑛))

𝜕𝜕𝑥𝑥2
+

𝜕𝜕 (𝑉𝑉2
(𝑛𝑛)𝑉𝑉3

(𝑛𝑛))
𝜕𝜕𝑥𝑥3

] 𝑤𝑤2
𝑛𝑛𝑑𝑑

𝑛𝑛

𝑛𝑛−1
 

 

 

𝑓𝑓𝑖𝑖(𝑥𝑥) = 1
√2

𝑒𝑒𝑒𝑒 𝑝𝑝 (−
(𝑥𝑥 − 𝑥𝑥𝑖𝑖)2

22 ) 

 

𝑆𝑆1 = 𝑁𝑁1∫ 𝑓𝑓1
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁2⋅∫ 𝑓𝑓2
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁3∫ 𝑓𝑓3
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

𝑆𝑆2 = 𝑁𝑁1⋅∫ 𝑓𝑓1
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+𝑁𝑁2⋅∫ 𝑓𝑓2
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁3∫ 𝑓𝑓3
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

𝑆𝑆3 = 𝑁𝑁1⋅∫ 𝑓𝑓1


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁2⋅∫ 𝑓𝑓2


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+𝑁𝑁3∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

ЧВ= 𝑁𝑁3∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑/ 𝑆𝑆3 100%. 

 

ЧВ = 
∫ 𝑓𝑓3(𝑥𝑥)𝑑𝑑𝑑𝑑

0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
∫ 𝑓𝑓1


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑+ ∫ 𝑓𝑓2


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑 + ∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑 100% 

(23)

To determine particle trajectories, it is neces-
sary to solve the equation of motion (23) for each 
fraction, subject to the prescribed initial condi-
tions. Numerical computations of the fraction tra-
jectories were performed for the seed materials 
considered (soybean and chickpea).

Figure 2 presents the “average” trajectories 
of motion of three soybean fractions – light (Lf), 
medium (Mf), and heavy (Hf) – on the pneumatic 
sorting table under different operating conditions. 
The governing parameters were the table inclina-
tion angle (the longitudinal and transverse angles 
were assumed equal), selected as θ = 0°, 5°, 8°, 
and the vibration frequency, f = 13.3 Hz, 15 Hz, 
and 16.7 Hz.
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The x-axis runs along the slope of the table; 
the y-axis represents the height of the seed layer; 
the z-axis runs across the table.

The motion trajectories demonstrate how the 
fractions change their positions on the table under 
the combined action of gravitational, aerodynam-
ic, and vibrational forces.

It is observed that at smaller inclination angles 
(θ < 5°), the fractions move more smoothly and 
remain longer within the initial placement region. 
With increasing inclination angles (θ < 5° and θ = 
8°), a more rapid transport of the fractions toward 
the discharge edge of the table is observed, partic-
ularly for the heavy fraction (Hf), which exhibits 
the least sensitivity to the airflow (Figure 3).

As the inclination angle increases, the tra-
jectories of the fractions become more distinctly 
separated. It should be noted that at a lower vibra-
tion frequency (f = 13.3

 
Hz), the motion of the 

fractions is more uniform and predictable. With 

increasing vibration frequency, a greater number 
of turbulent and chaotic deviations appear in the 
trajectories, particularly for the light fractions. 
Higher frequencies promote more effective sepa-
ration of the light fractions; however, they may 
simultaneously cause undesirable mixing of the 
medium and heavy fractions.

Trajectory analysis makes it possible to assess 
fraction purity. When the trajectories are well sep-
arated spatially, the sorting process can be consid-
ered effective. Conversely, if intersections or cha-
otic deviations are observed, optimization of the 
operating parameters (inclination angle, vibration 
frequency, and airflow velocity) is required.

An increase in airflow velocity results in a 
stronger influence of aerodynamic forces, leading 
to a significant vertical displacement of the light 
fractions compared to the case with an airflow 
velocity of 2 m/s.

Figure 2. Trajectories of soybean fraction motion at an airflow velocity of 2 m/s
and a vibration amplitude of 5 mm
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The proposed mathematical model has sev-
eral limitations that should be considered when 
interpreting the obtained results. First, the motion 
of the seed material is described using averaged 
trajectories of particle fractions rather than trajec-
tories of individual particles. Such an approach 
significantly reduces computational complexity 
and allows the general separation behavior to be 
predicted; however, it cannot reproduce local sto-
chastic particle interactions occurring within the 
pseudo-fluidized layer.

Second, the interaction between particles is 
represented within the framework of a multi-
phase continuum approach, in which each frac-
tion is treated as a continuous medium character-
ized by average physical and mechanical prop-
erties. Consequently, microscopic phenomena 
such as particle collisions, rolling, rotation, and 
local contact forces are not modeled explicitly 
but are incorporated indirectly through effec-
tive material parameters. This approximation is 

appropriate for engineering analysis of industri-
al pneumatic sorting processes but may require 
further refinement for detailed investigations of 
individual particle dynamics.

Finally, the proposed model is valid within 
the range of operating conditions adopted in 
this study, namely airflow velocities that ensure 
stable pseudo-fluidization and the investigated 
ranges of vibration frequency, amplitude, and 
deck inclination. Extension of the model to sub-
stantially different operating regimes or other 
seed materials may require recalibration of the 
model parameters and experimental validation. 
Nevertheless, within the considered operating 
ranges, the developed model provides a reli-
able tool for analyzing separation processes and 
selecting rational operating parameters for pneu-
matic sorting tables.

The exact distribution of particle density 
within the initial seed batch is generally unknown 
because seed density varies continuously owing 

Figure 3. Presents the “average” motion trajectories of chickpea fractions at an airflow velocity of 2 m/s
and a vibration amplitude of 5 mm
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to natural biological variability. Therefore, for 
the development of a computationally efficient 
mathematical model, the seed material is repre-
sented by a finite number of average fractions 
corresponding to the light, medium, and heavy 
components. Under this assumption, the spatial 
distribution of particles belonging to each frac-
tion is approximated by a normal probability 
distribution. This assumption is introduced as a 
simplifying modeling hypothesis rather than as an 
experimentally established law.

The selection of the normal distribution is 
justified by both its mathematical properties and 
the physical nature of the separation process. 
The final position of a particle on the pneumatic 
sorting table is governed by the combined influ-
ence of numerous independent or weakly cor-
related factors, including particle density, size 
and shape, aerodynamic drag, friction, local 
airflow fluctuations, and vibration-induced dis-
turbances. According to the central limit theo-
rem, the cumulative influence of these factors 
can be reasonably approximated by a Gauss-
ian distribution. Consequently, the normal dis-
tribution provides a physically meaningful and 
computationally efficient representation of the 
average spatial distribution of particle fractions 
while avoiding unnecessary complications in the 
mathematical formulation.

It should be emphasized that the adopted 
probability distribution is not intended to repro-
duce the exact statistical distribution of individual 
seeds. Instead, it serves as an engineering approx-
imation for describing the average behavior of 
particle fractions and for estimating the probabil-
ity of their occurrence within different regions of 
the pneumatic sorting table. Such an approach 
makes it possible to evaluate the purity of the tar-
get fraction and compare different operating con-
ditions without requiring detailed experimental 
information on the initial density distribution of 
the seed material.

The assessment of fraction separation quality 
on a pneumatic sorting table can be based on the 
following criteria:

Spatial separation of fractions by analyzing 
the obtained trajectories, it is possible to evaluate 
how well the light, medium, and heavy fractions 
are separated. If the trajectories of different frac-
tions do not intersect and are clearly separated at 
the discharge end of the table, this indicates an 
effective sorting process. The presence of sig-
nificant trajectory intersections may indicate poor 

separation performance and the need for adjust-
ment of process parameters.

Residence time of fractions on the table The 
time during which particles remain on the table 
is an important indicator of separation efficien-
cy. Optimal sorting occurs when heavy particles 
remain on the table for a longer time, gradually 
moving downward along the surface, while light 
particles are rapidly removed by the airflow.

In this study, it is assumed that the probabil-
ity of particles with a given density reaching a 
specific coordinate follows a normal distribution. 
In this case, the coordinates of fractions with dif-
ferent densities correspond to the mathematical 
expectation of the normal distribution:

	

∭ [
𝜕𝜕 (𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝜕𝜕 +

𝜕𝜕 (𝑉𝑉1
(𝑛𝑛)𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝑥𝑥1

+
𝜕𝜕 (𝑉𝑉1

(𝑛𝑛)𝑉𝑉2
(𝑛𝑛))

𝜕𝜕𝑥𝑥2
+

𝜕𝜕 (𝑉𝑉1
(𝑛𝑛)𝑉𝑉3

(𝑛𝑛))
𝜕𝜕𝑥𝑥3

] 𝑤𝑤1
𝑛𝑛𝑑𝑑

𝑛𝑛

𝑛𝑛−1
= 

= ∭ 𝑤𝑤1
𝑛𝑛𝑛𝑛

𝑛𝑛−1
(− 𝜕𝜕𝑃𝑃(𝑛𝑛)

𝜕𝜕𝑥𝑥1
+ 𝑔𝑔1 + 𝐹𝐹1) 𝑑𝑑+ 

+ ∭ 𝑤𝑤1
𝑛𝑛𝑛𝑛

𝑛𝑛−1
[ 𝜕𝜕

𝜕𝜕𝑥𝑥1
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥1
) + 𝜕𝜕

𝜕𝜕𝑥𝑥2
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥2
) + 𝜕𝜕

𝜕𝜕𝑥𝑥3
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥3
)]  𝑑𝑑, 

∭ [
𝜕𝜕 (𝑉𝑉2

(𝑛𝑛))
𝜕𝜕𝜕𝜕 +

𝜕𝜕 (𝑉𝑉2
(𝑛𝑛)𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝑥𝑥1

+
𝜕𝜕 (𝑉𝑉2

(𝑛𝑛)𝑉𝑉2
(𝑛𝑛))

𝜕𝜕𝑥𝑥2
+

𝜕𝜕 (𝑉𝑉2
(𝑛𝑛)𝑉𝑉3

(𝑛𝑛))
𝜕𝜕𝑥𝑥3

] 𝑤𝑤2
𝑛𝑛𝑑𝑑

𝑛𝑛

𝑛𝑛−1
 

 

 

𝑓𝑓𝑖𝑖(𝑥𝑥) = 1
√2

𝑒𝑒𝑒𝑒 𝑝𝑝 (−
(𝑥𝑥 − 𝑥𝑥𝑖𝑖)2

22 ) 

 

𝑆𝑆1 = 𝑁𝑁1∫ 𝑓𝑓1
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁2⋅∫ 𝑓𝑓2
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁3∫ 𝑓𝑓3
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

𝑆𝑆2 = 𝑁𝑁1⋅∫ 𝑓𝑓1
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+𝑁𝑁2⋅∫ 𝑓𝑓2
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁3∫ 𝑓𝑓3
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

𝑆𝑆3 = 𝑁𝑁1⋅∫ 𝑓𝑓1


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁2⋅∫ 𝑓𝑓2


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+𝑁𝑁3∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

ЧВ= 𝑁𝑁3∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑/ 𝑆𝑆3 100%. 

 

ЧВ = 
∫ 𝑓𝑓3(𝑥𝑥)𝑑𝑑𝑑𝑑

0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
∫ 𝑓𝑓1


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑+ ∫ 𝑓𝑓2


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑 + ∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑 100% 

	 (24)

where:	 fi(x) is the probability density function 
of the coordinate x; σ is the variance of 
the coordinate; xi is the coordinate of the 
i-th fraction of the raw material with the 
corresponding density at the outlet of the 
pneumatic sorting table (the mathemati-
cal expectation).

The solution of the boundary-value problem 
yields the trajectories of phases with different 
densities and the coordinate at which a particle 
with a given density will be located at the outlet 
of the pneumatic sorting table deck (PST). Thus, 
the coordinates of the locations of material par-
ticles with different densities are known imme-
diately before they enter the collection hopper. 
These coordinates xi are obtained after construct-
ing the trajectories of the fractions.

For the pneumatic sorting table, the index i 
varies from 1 to 3, where index 1 corresponds to 
the light fraction, index 2 to the medium fraction, 
and index 3 to the heavy fraction.

It should be noted that the distribution of the 
number of particles within a material layer by 
density is an important characteristic that largely 
depends on the quality indicators of the raw mate-
rial. Various factors influencing this distribution, 
particularly the physical and chemical properties 
of the material, can significantly complicate accu-
rate process modeling. Accounting for these fac-
tors increases the complexity of problem formu-
lation and solution, as it requires a detailed analy-
sis of many variable parameters, such as particle 
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shape, aerodynamic behavior, and interactions 
between different fractions.

Figure 4 illustrates the distribution func-
tions for the average density values of the light, 
medium, and heavy fractions of the seed mate-
rial. Averaging makes it possible to substantially 
reduce the number of variables that must be con-
sidered and to simplify the calculations. In addi-
tion, the variance of the coordinate, which char-
acterizes the variability of particle density, was 
assumed to be equal to unity, which is a typical 
approximation for such calculations.

The coordinate x in Figure 4 is normalized 
with respect to the maximum width of the pneu-
matic sorting table deck, xmax, from which the sep-
arated seed material is discharged into the collec-
tion bins. The coordinate x = 0 corresponds to the 
section of the deck from which the light fraction 
is discharged, whereas the coordinate xmax corre-
sponds to the section of the deck from which the 
heavy fraction is discharged.

It is assumed that the portion of material enter-
ing the interval from 0 to 0.33 xmax is collected in 
the bin for the light fraction. Material entering the 
interval from 0.33 xmax to 0.66 xmax is directed to 
the bin for the medium fraction, while material 
entering the interval from 0.66 xmax to xmax is col-
lected in the bin for the heavy fraction.

It is evident that there exists a probability that 
particles whose densities correspond to the light 
and medium fractions may enter the bin intended 
for the heavy fraction. Similarly, particles with 
densities corresponding to the heavy fraction may 
enter the bins intended for the light and medium 
fractions.

The number of particles of the light, medium, 
and heavy fractions of the seed material that enter 
the bins designated for the light (i = 1), medium (i 
= 2), and heavy (i = 3) fractions, respectively, can 
be determined as follows:

	

∭ [
𝜕𝜕 (𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝜕𝜕 +

𝜕𝜕 (𝑉𝑉1
(𝑛𝑛)𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝑥𝑥1

+
𝜕𝜕 (𝑉𝑉1

(𝑛𝑛)𝑉𝑉2
(𝑛𝑛))

𝜕𝜕𝑥𝑥2
+

𝜕𝜕 (𝑉𝑉1
(𝑛𝑛)𝑉𝑉3

(𝑛𝑛))
𝜕𝜕𝑥𝑥3

] 𝑤𝑤1
𝑛𝑛𝑑𝑑

𝑛𝑛

𝑛𝑛−1
= 

= ∭ 𝑤𝑤1
𝑛𝑛𝑛𝑛

𝑛𝑛−1
(− 𝜕𝜕𝑃𝑃(𝑛𝑛)

𝜕𝜕𝑥𝑥1
+ 𝑔𝑔1 + 𝐹𝐹1) 𝑑𝑑+ 

+ ∭ 𝑤𝑤1
𝑛𝑛𝑛𝑛

𝑛𝑛−1
[ 𝜕𝜕

𝜕𝜕𝑥𝑥1
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥1
) + 𝜕𝜕

𝜕𝜕𝑥𝑥2
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥2
) + 𝜕𝜕

𝜕𝜕𝑥𝑥3
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥3
)]  𝑑𝑑, 

∭ [
𝜕𝜕 (𝑉𝑉2

(𝑛𝑛))
𝜕𝜕𝜕𝜕 +

𝜕𝜕 (𝑉𝑉2
(𝑛𝑛)𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝑥𝑥1

+
𝜕𝜕 (𝑉𝑉2

(𝑛𝑛)𝑉𝑉2
(𝑛𝑛))

𝜕𝜕𝑥𝑥2
+

𝜕𝜕 (𝑉𝑉2
(𝑛𝑛)𝑉𝑉3

(𝑛𝑛))
𝜕𝜕𝑥𝑥3

] 𝑤𝑤2
𝑛𝑛𝑑𝑑

𝑛𝑛

𝑛𝑛−1
 

 

 

𝑓𝑓𝑖𝑖(𝑥𝑥) = 1
√2

𝑒𝑒𝑒𝑒 𝑝𝑝 (−
(𝑥𝑥 − 𝑥𝑥𝑖𝑖)2

22 ) 

 

𝑆𝑆1 = 𝑁𝑁1∫ 𝑓𝑓1
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁2⋅∫ 𝑓𝑓2
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁3∫ 𝑓𝑓3
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

𝑆𝑆2 = 𝑁𝑁1⋅∫ 𝑓𝑓1
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+𝑁𝑁2⋅∫ 𝑓𝑓2
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁3∫ 𝑓𝑓3
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

𝑆𝑆3 = 𝑁𝑁1⋅∫ 𝑓𝑓1


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁2⋅∫ 𝑓𝑓2


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+𝑁𝑁3∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

ЧВ= 𝑁𝑁3∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑/ 𝑆𝑆3 100%. 

 

ЧВ = 
∫ 𝑓𝑓3(𝑥𝑥)𝑑𝑑𝑑𝑑

0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
∫ 𝑓𝑓1


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑+ ∫ 𝑓𝑓2


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑 + ∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑 100% 

	 (25)

	

∭ [
𝜕𝜕 (𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝜕𝜕 +

𝜕𝜕 (𝑉𝑉1
(𝑛𝑛)𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝑥𝑥1

+
𝜕𝜕 (𝑉𝑉1

(𝑛𝑛)𝑉𝑉2
(𝑛𝑛))

𝜕𝜕𝑥𝑥2
+

𝜕𝜕 (𝑉𝑉1
(𝑛𝑛)𝑉𝑉3

(𝑛𝑛))
𝜕𝜕𝑥𝑥3

] 𝑤𝑤1
𝑛𝑛𝑑𝑑

𝑛𝑛

𝑛𝑛−1
= 

= ∭ 𝑤𝑤1
𝑛𝑛𝑛𝑛

𝑛𝑛−1
(− 𝜕𝜕𝑃𝑃(𝑛𝑛)

𝜕𝜕𝑥𝑥1
+ 𝑔𝑔1 + 𝐹𝐹1) 𝑑𝑑+ 

+ ∭ 𝑤𝑤1
𝑛𝑛𝑛𝑛

𝑛𝑛−1
[ 𝜕𝜕

𝜕𝜕𝑥𝑥1
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥1
) + 𝜕𝜕

𝜕𝜕𝑥𝑥2
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥2
) + 𝜕𝜕

𝜕𝜕𝑥𝑥3
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥3
)]  𝑑𝑑, 

∭ [
𝜕𝜕 (𝑉𝑉2

(𝑛𝑛))
𝜕𝜕𝜕𝜕 +

𝜕𝜕 (𝑉𝑉2
(𝑛𝑛)𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝑥𝑥1

+
𝜕𝜕 (𝑉𝑉2

(𝑛𝑛)𝑉𝑉2
(𝑛𝑛))

𝜕𝜕𝑥𝑥2
+

𝜕𝜕 (𝑉𝑉2
(𝑛𝑛)𝑉𝑉3

(𝑛𝑛))
𝜕𝜕𝑥𝑥3

] 𝑤𝑤2
𝑛𝑛𝑑𝑑

𝑛𝑛

𝑛𝑛−1
 

 

 

𝑓𝑓𝑖𝑖(𝑥𝑥) = 1
√2

𝑒𝑒𝑒𝑒 𝑝𝑝 (−
(𝑥𝑥 − 𝑥𝑥𝑖𝑖)2

22 ) 

 

𝑆𝑆1 = 𝑁𝑁1∫ 𝑓𝑓1
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁2⋅∫ 𝑓𝑓2
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁3∫ 𝑓𝑓3
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

𝑆𝑆2 = 𝑁𝑁1⋅∫ 𝑓𝑓1
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+𝑁𝑁2⋅∫ 𝑓𝑓2
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁3∫ 𝑓𝑓3
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

𝑆𝑆3 = 𝑁𝑁1⋅∫ 𝑓𝑓1


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁2⋅∫ 𝑓𝑓2


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+𝑁𝑁3∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

ЧВ= 𝑁𝑁3∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑/ 𝑆𝑆3 100%. 

 

ЧВ = 
∫ 𝑓𝑓3(𝑥𝑥)𝑑𝑑𝑑𝑑

0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
∫ 𝑓𝑓1


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑+ ∫ 𝑓𝑓2


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑 + ∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑 100% 

	 (26)

	

∭ [
𝜕𝜕 (𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝜕𝜕 +

𝜕𝜕 (𝑉𝑉1
(𝑛𝑛)𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝑥𝑥1

+
𝜕𝜕 (𝑉𝑉1

(𝑛𝑛)𝑉𝑉2
(𝑛𝑛))

𝜕𝜕𝑥𝑥2
+

𝜕𝜕 (𝑉𝑉1
(𝑛𝑛)𝑉𝑉3

(𝑛𝑛))
𝜕𝜕𝑥𝑥3

] 𝑤𝑤1
𝑛𝑛𝑑𝑑

𝑛𝑛

𝑛𝑛−1
= 

= ∭ 𝑤𝑤1
𝑛𝑛𝑛𝑛

𝑛𝑛−1
(− 𝜕𝜕𝑃𝑃(𝑛𝑛)

𝜕𝜕𝑥𝑥1
+ 𝑔𝑔1 + 𝐹𝐹1) 𝑑𝑑+ 

+ ∭ 𝑤𝑤1
𝑛𝑛𝑛𝑛

𝑛𝑛−1
[ 𝜕𝜕

𝜕𝜕𝑥𝑥1
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥1
) + 𝜕𝜕

𝜕𝜕𝑥𝑥2
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥2
) + 𝜕𝜕

𝜕𝜕𝑥𝑥3
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥3
)]  𝑑𝑑, 

∭ [
𝜕𝜕 (𝑉𝑉2

(𝑛𝑛))
𝜕𝜕𝜕𝜕 +

𝜕𝜕 (𝑉𝑉2
(𝑛𝑛)𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝑥𝑥1

+
𝜕𝜕 (𝑉𝑉2

(𝑛𝑛)𝑉𝑉2
(𝑛𝑛))

𝜕𝜕𝑥𝑥2
+

𝜕𝜕 (𝑉𝑉2
(𝑛𝑛)𝑉𝑉3

(𝑛𝑛))
𝜕𝜕𝑥𝑥3

] 𝑤𝑤2
𝑛𝑛𝑑𝑑

𝑛𝑛

𝑛𝑛−1
 

 

 

𝑓𝑓𝑖𝑖(𝑥𝑥) = 1
√2

𝑒𝑒𝑒𝑒 𝑝𝑝 (−
(𝑥𝑥 − 𝑥𝑥𝑖𝑖)2

22 ) 

 

𝑆𝑆1 = 𝑁𝑁1∫ 𝑓𝑓1
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁2⋅∫ 𝑓𝑓2
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁3∫ 𝑓𝑓3
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

𝑆𝑆2 = 𝑁𝑁1⋅∫ 𝑓𝑓1
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+𝑁𝑁2⋅∫ 𝑓𝑓2
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁3∫ 𝑓𝑓3
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

𝑆𝑆3 = 𝑁𝑁1⋅∫ 𝑓𝑓1


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁2⋅∫ 𝑓𝑓2


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+𝑁𝑁3∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

ЧВ= 𝑁𝑁3∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑/ 𝑆𝑆3 100%. 

 

ЧВ = 
∫ 𝑓𝑓3(𝑥𝑥)𝑑𝑑𝑑𝑑

0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
∫ 𝑓𝑓1


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑+ ∫ 𝑓𝑓2


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑 + ∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑 100% 

	 (27)

where:	S1, S2, and S3 denote the numbers of par-
ticles in the bins designated for the light 
(i = 1), medium (i = 2), and heavy (i = 
3) fractions, respectively; f1(x), f2(x), and 
f3(x) are the probability density functions 
for particles of the light (i = 1), medi-
um (i = 2), and heavy (i = 3) fractions, 
respectively;and N1, N2, and N3 represent 
the total numbers of particles in the cor-
responding fractions.

Figure 4. Probability density functions of the coordinates of the “light,” “medium,” and “heavy” fractions
of seed material on the pneumatic sorting table: 1 – light fraction; 2 – medium fraction; 3 – heavy fraction
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Considering that there is no predefined dis-
tribution of particles by density in the initial seed 
material within the boundaries between the light, 
medium, and heavy fractions, it is assumed that 
N1 = N2 = N3.

Since the goal of material separation on the 
pneumatic sorting table is to obtain high-quality, 
biologically active seed material, the purity of the 
heavy fraction is adopted as the primary criterion 
for evaluating the efficiency of the separation pro-
cess. The purity of the heavy fraction is defined as 
the ratio of the number of heavy-fraction particles 
in the corresponding bin (i = 3) to the total num-
ber of particles collected in that bin:

	

∭ [
𝜕𝜕 (𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝜕𝜕 +

𝜕𝜕 (𝑉𝑉1
(𝑛𝑛)𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝑥𝑥1

+
𝜕𝜕 (𝑉𝑉1

(𝑛𝑛)𝑉𝑉2
(𝑛𝑛))

𝜕𝜕𝑥𝑥2
+

𝜕𝜕 (𝑉𝑉1
(𝑛𝑛)𝑉𝑉3

(𝑛𝑛))
𝜕𝜕𝑥𝑥3

] 𝑤𝑤1
𝑛𝑛𝑑𝑑

𝑛𝑛

𝑛𝑛−1
= 

= ∭ 𝑤𝑤1
𝑛𝑛𝑛𝑛

𝑛𝑛−1
(− 𝜕𝜕𝑃𝑃(𝑛𝑛)

𝜕𝜕𝑥𝑥1
+ 𝑔𝑔1 + 𝐹𝐹1) 𝑑𝑑+ 

+ ∭ 𝑤𝑤1
𝑛𝑛𝑛𝑛

𝑛𝑛−1
[ 𝜕𝜕

𝜕𝜕𝑥𝑥1
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥1
) + 𝜕𝜕

𝜕𝜕𝑥𝑥2
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥2
) + 𝜕𝜕

𝜕𝜕𝑥𝑥3
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥3
)]  𝑑𝑑, 

∭ [
𝜕𝜕 (𝑉𝑉2

(𝑛𝑛))
𝜕𝜕𝜕𝜕 +

𝜕𝜕 (𝑉𝑉2
(𝑛𝑛)𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝑥𝑥1

+
𝜕𝜕 (𝑉𝑉2

(𝑛𝑛)𝑉𝑉2
(𝑛𝑛))

𝜕𝜕𝑥𝑥2
+

𝜕𝜕 (𝑉𝑉2
(𝑛𝑛)𝑉𝑉3

(𝑛𝑛))
𝜕𝜕𝑥𝑥3

] 𝑤𝑤2
𝑛𝑛𝑑𝑑

𝑛𝑛

𝑛𝑛−1
 

 

 

𝑓𝑓𝑖𝑖(𝑥𝑥) = 1
√2

𝑒𝑒𝑒𝑒 𝑝𝑝 (−
(𝑥𝑥 − 𝑥𝑥𝑖𝑖)2

22 ) 

 

𝑆𝑆1 = 𝑁𝑁1∫ 𝑓𝑓1
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁2⋅∫ 𝑓𝑓2
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁3∫ 𝑓𝑓3
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

𝑆𝑆2 = 𝑁𝑁1⋅∫ 𝑓𝑓1
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+𝑁𝑁2⋅∫ 𝑓𝑓2
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁3∫ 𝑓𝑓3
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

𝑆𝑆3 = 𝑁𝑁1⋅∫ 𝑓𝑓1


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁2⋅∫ 𝑓𝑓2


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+𝑁𝑁3∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

ЧВ= 𝑁𝑁3∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑/ 𝑆𝑆3 100%. 

 

ЧВ = 
∫ 𝑓𝑓3(𝑥𝑥)𝑑𝑑𝑑𝑑

0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
∫ 𝑓𝑓1


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑+ ∫ 𝑓𝑓2


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑 + ∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑 100% 

	 (28)

Given that the density distribution of parti-
cles in the initial seed material within the transi-
tion ranges between the “light,” “medium,” and 
“heavy” fractions is not specified, it is assumed 
that N1 = N2 = N3. With this assumption, Equation 
28 can be rewritten as A and f.

	

∭ [
𝜕𝜕 (𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝜕𝜕 +

𝜕𝜕 (𝑉𝑉1
(𝑛𝑛)𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝑥𝑥1

+
𝜕𝜕 (𝑉𝑉1

(𝑛𝑛)𝑉𝑉2
(𝑛𝑛))

𝜕𝜕𝑥𝑥2
+

𝜕𝜕 (𝑉𝑉1
(𝑛𝑛)𝑉𝑉3

(𝑛𝑛))
𝜕𝜕𝑥𝑥3

] 𝑤𝑤1
𝑛𝑛𝑑𝑑

𝑛𝑛

𝑛𝑛−1
= 

= ∭ 𝑤𝑤1
𝑛𝑛𝑛𝑛

𝑛𝑛−1
(− 𝜕𝜕𝑃𝑃(𝑛𝑛)

𝜕𝜕𝑥𝑥1
+ 𝑔𝑔1 + 𝐹𝐹1) 𝑑𝑑+ 

+ ∭ 𝑤𝑤1
𝑛𝑛𝑛𝑛

𝑛𝑛−1
[ 𝜕𝜕

𝜕𝜕𝑥𝑥1
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥1
) + 𝜕𝜕

𝜕𝜕𝑥𝑥2
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥2
) + 𝜕𝜕

𝜕𝜕𝑥𝑥3
(̅ 𝜕𝜕𝑉𝑉1

(𝑛𝑛)

𝜕𝜕𝑥𝑥3
)]  𝑑𝑑, 

∭ [
𝜕𝜕 (𝑉𝑉2

(𝑛𝑛))
𝜕𝜕𝜕𝜕 +

𝜕𝜕 (𝑉𝑉2
(𝑛𝑛)𝑉𝑉1

(𝑛𝑛))
𝜕𝜕𝑥𝑥1

+
𝜕𝜕 (𝑉𝑉2

(𝑛𝑛)𝑉𝑉2
(𝑛𝑛))

𝜕𝜕𝑥𝑥2
+

𝜕𝜕 (𝑉𝑉2
(𝑛𝑛)𝑉𝑉3

(𝑛𝑛))
𝜕𝜕𝑥𝑥3

] 𝑤𝑤2
𝑛𝑛𝑑𝑑

𝑛𝑛

𝑛𝑛−1
 

 

 

𝑓𝑓𝑖𝑖(𝑥𝑥) = 1
√2

𝑒𝑒𝑒𝑒 𝑝𝑝 (−
(𝑥𝑥 − 𝑥𝑥𝑖𝑖)2

22 ) 

 

𝑆𝑆1 = 𝑁𝑁1∫ 𝑓𝑓1
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁2⋅∫ 𝑓𝑓2
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁3∫ 𝑓𝑓3
0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

− (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

𝑆𝑆2 = 𝑁𝑁1⋅∫ 𝑓𝑓1
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+𝑁𝑁2⋅∫ 𝑓𝑓2
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁3∫ 𝑓𝑓3
0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚

0.33𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

𝑆𝑆3 = 𝑁𝑁1⋅∫ 𝑓𝑓1


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+ 𝑁𝑁2⋅∫ 𝑓𝑓2


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 + 

+𝑁𝑁3∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑 

 

ЧВ= 𝑁𝑁3∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
 (𝑥𝑥)𝑑𝑑𝑑𝑑/ 𝑆𝑆3 100%. 

 

ЧВ = 
∫ 𝑓𝑓3(𝑥𝑥)𝑑𝑑𝑑𝑑

0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚
∫ 𝑓𝑓1


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑+ ∫ 𝑓𝑓2


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑 + ∫ 𝑓𝑓3


0.66𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚  (𝑥𝑥)𝑑𝑑𝑑𝑑 100% 

(29)

Figure 5 shows the distribution of the heavy 
fraction purity HF(A, f) for soybeans and chickpea.

The numerical simulations indicate that the 
optimal operating parameters depend on the phys-
ical and mechanical properties of the processed 
seed material. In particular, the highest purity 
of the target fraction was obtained at an airflow 
velocity of 1.2–1.4 m/s for soybean and 1.5–1.8 
m/s for chickpea. These results demonstrate that 
the proposed mathematical model can be used to 
determine crop-specific operating conditions for 
pneumatic sorting tables while maintaining a high 
degree of separation efficiency (Figure 6).

CONCLUSIONS

The obtained numerical results can be used 
as a practical basis for selecting the operating 

Figure 5. Variation of the purity of the main seed fraction as a function of vibration frequency (f)
and amplitude (A) of the pneumatic sorting table:(a) soybean; (b) chickpea

Figure 6. Variation of the purity of the main seed fraction as a function of the longitudinal (α
 and transverse (β) inclination angles of the pneumatic sorting table deck: (a) soybean; (b) chickpea
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parameters of pneumatic sorting tables depend-
ing on the physical properties of the processed 
seed material. The calculated particle trajectories 
make it possible to predict the degree of spatial 
separation of light, medium, and heavy fractions 
before conducting experimental trials. Conse-
quently, the proposed model enables the prelimi-
nary adjustment of airflow velocity, vibration fre-
quency, vibration amplitude, and deck inclination 
in accordance with the density characteristics of 
a particular crop, thereby reducing the time and 
cost required for machine setup.

The developed model also provides an effec-
tive tool for identifying operating regions that 
ensure maximum purity of the target fraction 
while minimizing the loss of biologically valu-
able seeds. Analysis of the calculated trajectories 
and probability distributions demonstrates that 
excessive airflow velocity or vibration intensity 
may increase the mixing of neighboring fractions, 
whereas insufficient values of these parameters 
reduce the degree of stratification. Therefore, 
the model allows rational operating regimes to 
be selected by balancing separation efficiency 
and seed recovery, rather than relying solely on 
empirical adjustments.

From a practical perspective, the proposed 
approach can be applied not only during the 
design of new pneumatic sorting tables but also 
during the modernization and optimization of 
existing equipment. By replacing many trial-and-
error experiments with numerical simulations, 
manufacturers and operators can determine the 
most appropriate operating conditions for differ-
ent crops, including soybean and chickpea, while 
accounting for their physical and mechanical 
properties. This significantly improves process 
stability, increases the purity of the separated seed 
fraction, and reduces operating costs associated 
with repeated machine adjustment and experi-
mental calibration.
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