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ABSTRACT

Modeling the mechanical behavior of metallic materials under loading, while accounting for both macroscopic
deformation and microstructural evolution, is computationally demanding, particularly when crystal plasticity
models requiring numerous hardening parameters are employed. Consequently, the reliable identification of these
parameters represents a key challenge for the practical application of such models. This study investigated the
application of a macroscopic phenomenological hardening function containing only four material parameters for
the description of strain hardening in selected metals. An optimization-based procedure was employed to iden-
tify the hardening parameters from experimental stress—strain curves. A sensitivity analysis was additionally per-
formed to quantify the influence of individual hardening parameters on the model response. Since the objective
function may exhibit multiple local minima, a fuzzy logic-based algorithm is introduced to improve the robustness
of parameter selection and identify the most representative solution under uncertainty. The proposed methodol-
ogy was validated using experimental data for selected metals with different structures, demonstrating very good
agreement between numerical predictions and experimental hardening curves. The results indicate that the com-
bined optimization and fuzzy logic approach enables reliable parameter identification while significantly reduc-
ing the complexity and computational cost associated with conventional crystal plasticity hardening models. The
proposed framework provides an efficient methodology for identifying the parameters of a macroscopic hardening
law derived from crystal plasticity theory. Since the constitutive model was developed for subsequent application
in crystal plasticity-based polycrystal modeling, the identified parameters constitute a reliable basis for their future
implementation in CPFEM simulations.
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INTRODUCTION

Strain hardening represents a significant
phenomenon in mechanical and materials engi-
neering, as it strongly influences the mechani-
cal performance of materials and determines
their suitability for various engineering appli-
cations. This process leads primarily to an
increase in yield strength and ultimate ten-
sile strength, while simultaneously causing
a decrease in ductility and impact resistance of the
material [1]. From a microscopic point of view,
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one of the mechanisms responsible for hardening
in face-centered cubic (FCC) metals is the col-
linear interaction of dislocations. This interaction
results from the mutual attraction of dislocations
moving along the same slip plane [2]. As defor-
mation progresses, the density of dislocations
within the material increases, leading to a state
of saturation that limits the formation and move-
ment of additional dislocations [3].

At the macroscopic level, the strain harden-
ing behavior of materials can be characterized
by obtaining stress—strain relationships through
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conventional uniaxial tensile or shear tests. The
shape of the hardening curve varies depending
on the material properties and several influ-
encing parameters, including the applied load-
ing conditions and the number of available slip
systems. Consequently, distinct stages of hard-
ening can be identified during plastic deforma-
tion (Figure 1). The evolution of the hardening
response is also affected by the crystal structure
and grain size of the material.

According to Roth et al. [4], the shear stress—
shear strain relationship can be divided into three
main stages of deformation hardening (Figure
2). Stage I, referred to as the easy-glide stage,
appears directly after yielding and is typically
observed in single crystals undergoing deforma-
tion through a single slip system. This stage is

characterized by a very low hardening coefficient
dt G

( & = 3900 ) [5]. The limited increase in stress dur-
ing this region results from the relatively low
dislocation density and the absence of significant
obstacles to dislocation motion along the active
slip plane. It should be noted that Stage I is gen-
erally not observed in the metals with a body-
centered cubic (BCC) crystal structure [6]. Stage
I corresponds to the linear hardening regime,
where plastic deformation involves both primary
and secondary slip systems [7]. During this stage,
the material experiences an increase in disloca-
tion density, the generation of point defects, and
the activation of Frank—Read sources, which

T4 6 slip systems

contribute to continuous dislocation multiplica-
tion and plastic strain development [8]. The lin-
ear character of this region is associated with a
high hardening rate (Z—}T/ = ﬁ ), resulting mainly
from the increasing interactions between dislo-
cations, including their mutual obstruction and
accumulation [9]. Stage III represents the para-
bolic hardening region, where the hardening rate
gradually decreases with increasing deformation
[10]. This behavior is related to processes such
as dynamic recovery and dislocation annihilation,
which reduce the efficiency of further strengthen-
ing mechanisms [11].

Some studies [12—14] additionally distinguish
two further stages of deformation. Stage [V is asso-
ciated with a nearly constant average grain size and
a low, approximately constant hardening rate, par-
ticularly under low-temperature deformation con-
ditions. Stage V occurs when the characteristics of
Stage IV disappear, resulting in a gradual reduction
of the hardening rate toward zero [15].

The strain hardening phenomenon is an
essential aspect that must be incorporated into
numerical modeling approaches. Neverthe-
less, choosing an appropriate constitutive model
capable of reproducing experimental harden-
ing behavior with sufficient accuracy remains
a challenging issue and has been widely discussed
in the literature [16—17]. Over the years, numer-
ous constitutive relationships have been proposed
to describe strain hardening behavior at both

2 slip systems

1 slip system
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Figure 1. Shape of the shear stress-shear strain curve for a single and several slip systems in FCC metals
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Figure 2. Stages of work hardening on the shear stress-shear strain curve for a single slip system in FCC metals
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macroscopic and microscopic scales. Among the
most frequently applied formulations are expo-
nential and power-law functions, including the
models introduced by Hollomon [18], Swift [19],
Voce [20], and Ludwik [21]. Despite their wide-
spread use, conventional macroscopic models
have certain limitations. In particular, they often
fail to account for the saturation stress observed
in experimental hardening curves. Moreover,
many of these empirical relationships are suitable
only for representing specific regions of the strain
hardening response rather than the entire defor-
mation process. For instance, the Hollomon equa-
tion provides a satisfactory description mainly of
the later stage of hardening, which restricts its
applicability for comprehensive modeling of the
complete stress—strain behavior.

Crystal plasticity (CP) approaches provide
another possibility for describing strain harden-
ing behavior in numerical simulations. These
models are commonly formulated as power-
law relationships, where individual parameters
are assigned to specific slip systems. Such an
approach enables effective prediction of hard-
ening responses for various materials under
a broad range of loading conditions [22]. An
important advantage of crystal plasticity-based
formulations is their ability to account for stress
saturation effects, as well as their applicability to
both small and large deformation ranges. Among
the hardening formulations most frequently
implemented within crystal plasticity frame-
works are the models proposed by Ludwigson
[23], Kocks—Mecking [24], and Estrin—To6th [25].
Although these approaches generally require only
a limited number of material parameters, their
accurate identification remains a complex and
computationally demanding procedure. The opti-
mization-based calibration process often requires
numerous iterations to achieve satisfactory agree-
ment and convergence between experimental
observations and numerical predictions.

The limitations associated with neglecting
saturation stress in conventional macroscopic
hardening laws, together with the difficulties
involved in calibrating parameters of crystal plas-
ticity models, motivated Sahoo et al. [26] to pro-
pose a new macroscopic hardening formulation
derived from crystal plasticity theory. The devel-
oped exponential relationship contains only four
material parameters and incorporates the stress
saturation phenomenon observed during experi-
mental investigations. In their study, Sahoo et al.
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[26] demonstrated that the calibrated parameters
can be directly used in polycrystal viscoplastic
self-consistent (VPSC) modeling for crystal plas-
ticity-based incremental strain-hardening simula-
tions, while significantly reducing the computa-
tional effort compared with conventional crystal
plasticity hardening models.

Although the constitutive model proposed
by Sahoo et al. [26] was developed for subse-
quent implementation in crystal plasticity frame-
works, the reliable identification of its material
parameters remains a critical prerequisite for such
applications. Therefore, the present study focuses
exclusively on the calibration of the macroscopic
hardening law from experimental stress—strain
curves and on improving the robustness of the
identification procedure through optimization and
fuzzy logic. The implementation and validation of
the calibrated parameters in CPFEM or polycrys-
tal simulations are beyond the scope of the present
work and constitute a subject of future research.

In the present study, the applicability of the
hardening equation proposed by Sahoo et al. was
investigated through simulations of simple load-
ing conditions, including uniaxial tensile defor-
mation. An optimization procedure for the iden-
tification of the corresponding hardening param-
eters was also employed. The obtained results
demonstrated that the proposed model provides
good agreement with experimental observations.
Future work will focus on applying this formu-
lation to simulations at the single-crystal level,
where plastic deformation is described by dislo-
cation slip mechanisms.

Although the macroscopic hardening for-
mulation proposed by Sahoo et al. represents
a promising alternative to traditional crystal plas-
ticity hardening models due to its limited number
of material parameters, its effective implemen-
tation depends on the availability of a reliable
parameter calibration strategy. A significant chal-
lenge in this process is the possibility of obtain-
ing multiple local optima during optimization,
which may result in non-unique solutions and
difficulties in selecting a physically meaningful
parameter set. Therefore, an efficient identifica-
tion approach is required to improve both the
accuracy and reliability of the parameter estima-
tion procedure. The objective of this study was to
investigate the applicability of the four-parame-
ter macroscopic hardening model for selected
face-centered cubic (FCC) and body-centered
cubic (BCC) metals and to propose a fuzzy
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logic-supported framework for material param-
eter identification. The developed methodology
is intended to reduce the uncertainties associ-
ated with the inverse determination of harden-
ing parameters. The novelty of the presented
approach lies in combining a physically based
hardening formulation with fuzzy logic-assisted
decision-making, providing a robust solution to
the non-uniqueness problem commonly encoun-
tered in parameter identification. By integrating
optimization techniques with fuzzy logic, the
proposed framework enables the determina-
tion of representative hardening parameters that
allow accurate reconstruction of experimental
hardening curves while preserving computation-
al efficiency. As a result, the proposed methodol-
ogy extends the applicability of the macroscopic
hardening formulation by providing a robust and
reliable parameter identification procedure. The
identified parameters constitute a suitable basis
for future implementation of the constitutive
model in crystal plasticity simulations.

THE PROBLEM FORMULATION

The following hardening function on a mac-
roscopic scale is used here (Equation 1):

Go(€) = h(1—"°—@)a§ (1)

Osat
where: & is a macroscopic von-Mises equivalent
strain rate, o, is a reference strength of the
material, o is a saturation stress, & and
a are hardening parameters which deter-
mine the hardening rate and the shape of
the hardening curve.

After the integration of Equation 1, the fol-
lowing equation can be obtained (Equation 2):

00(&) = Osqr —

1
_ Ma-DY sy (1 _ %0} e
O-SG,L' [( Osat )E + (1 Gsat) ]
fora#1 (2)

where: ¢, is the yield strength of the material at
£=0.

Compared with the hardening formulations
commonly used in crystal plasticity theory (Equa-
tion 3), the model considered in this study requires
the identification of only four unknown parame-
ters, which significantly simplifies the calibration

procedure. These parameters, appearing in the
proposed hardening equation, are denoted as o,
o, h and a. The initial yield stress of the mate-
rial (o) is directly obtained from experimental
results acquired during the uniaxial tensile test at
zero plastic strain (¢ = 0). The remaining param-
eters are determined through an optimization
procedure based on the scalar objective function
defined in Equation 4, using the experimental
stress—strain data as the reference.

.. i \% .
th = ;.1=1 qc he (1 — Tf(’t) |y1| - min (3)

sa

where: 7 is a resolved shear stress on the i slip
system, y/J is the resolved shear strain rate
on the j slip system, n is the number of

slip systems, ql isa square n x n matrix
assuming the self and the latent harden-
ing, &1 a, are hardening parameters and
i, is the stress related with the saturation
of the material.

f=2Nq|of™(E) — o (&) 4)

where: N is the number of points used for the
determination of hardening parameters
for the analytical function obtained from
the stress-strain curve.

Additionally, the proposed macroscopic for-
mulation simplifies the description of self and
latent hardening effects, which are not explicitly
taken into account in the present model. This sim-
plification significantly reduces the computation-
al effort required for numerical simulations.

To identify the aforementioned parameters,
the optimization algorithm proposed in [26] was
employed. At the first stage of the identification
procedure, the admissible ranges of the hard-
ening parameters were established according
to literature recommendations and preliminary
numerical tests. The search space was discretized
into 100 intervals for each parameter and all
generated parameter combinations were evalu-
ated using the objective function. The param-
eter set providing the lowest objective function
value was subsequently used to define a reduced
search domain. The optimization process was
repeated iteratively until the prescribed conver-
gence criterion was achieved. The identification
process was continued until the minimum value
of the objective function was obtained with the
required accuracy of 0.01 MPa.
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RESULTS AND DISCUSSION

The macroscopic hardening equation pre-
sented in the previous section (see Equation 2),
together with the proposed parameter identifica-
tion algorithm, was evaluated through simula-
tions of strain hardening curves for various metal-
lic materials subjected to uniaxial tensile loading
at room temperature. It should be emphasized that
the present study was limited to the calibration
and validation of the macroscopic constitutive
equation using experimental uniaxial stress—strain
data. No crystal plasticity finite element (CPFEM)
or polycrystal simulations were performed, as the
objective of this work was to establish a reliable
parameter identification methodology for subse-
quent applications of the model. The experimen-
tal stress—strain datasets used for calibration were
obtained for four metallic materials exhibiting
different hardening behaviors.

Three of the investigated materials, namely
Al aluminum, D63 brass, and B100 copper, are
characterized by a face-centered cubic (FCC)
crystal structure. These materials were selected
to assess the capability of the proposed harden-
ing formulation for metals in which plastic defor-
mation is primarily governed by dislocation slip
mechanisms. Additionally, DC04 low-carbon
steel with a body-centered cubic (BCC) crystal
structure was considered as a reference mate-
rial to evaluate the robustness of the proposed
parameter identification approach and its poten-
tial applicability beyond FCC metals. The main
characteristics of the analyzed materials are pre-
sented in Table 1.

Table 1. Characteristic of materials used in tests

The hardening parameters presented in Table 2
were identified from the experimental stress—strain
curves of the investigated materials using the proposed
optimization-based identification procedure. A com-
parison between the experimental and numeri-
cally predicted hardening curves is presented in
Figure 3, while the corresponding hardening rates
are shown in Figure 4. The parameters used to
evaluate the accuracy of the curve fitting are sum-
marized in Table 3.

The obtained results indicate that the pro-
posed hardening formulation is capable of accu-
rately describing the experimental hardening
response of all investigated materials. The calcu-
lated RMSE values were within the range from
1.13 MPa for DC04 steel to 9.22 MPa for D63
brass, whereas the MAE values remained below
8.4 MPa for each analyzed material. Although the
highest absolute deviation was observed for D63
brass, the maximum relative error was limited to
3.5%. Additionally, the coefficient of determina-
tion exceeded 0.99 in all cases, confirming a very
high level of correlation between the numeri-
cal predictions and experimental measurements.
These findings verify that the proposed parameter
identification methodology enables reliable deter-
mination of hardening parameters and provides
accurate reconstruction of experimental harden-
ing curves for the considered metals.

Following the identification of the hardening
parameters, a sensitivity analysis was performed
to quantify the influence of individual parameters
on the predicted hardening response. The pur-
pose of this analysis was to determine the rela-
tive importance of each parameter for the predic-
tion of the material behavior. The investigated

No: Material designation Material Crystal structure
1 DC04 Low-carbon steel BCC

2. A1 Commercially pure aluminum FCC

3. D63 — brass FCC

4 B100 Commercially pure copper FCC

Table 2. Hardening parameters of the function for different materials

No: Material Yield stress o, [MPa] Saturati{:\)ﬂnps;]ress Oy Harder;ir;ﬁ]ﬂ;c;?ﬁicient Hardenir;g[jxponent
1. DCO04 steel 175 1690 14010 14.23
2. A1 aluminum 27 477.8 6364 19.80
3. D63 brass 103 1962 1888 8.40
4. B100 copper 43 772.5 2906 1.62
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Figure 3. Comparison of experimental and numerical hardening curves for: a) aluminum, b) steel, ¢) copper and
d) brass
1800 3000
1600
1400 - 2ofe
1200 - — 2000
= 1000 | e
E 800 - —experiment = 13 —experiment
= 600 + —numerical <= 1000 = ical
= numerica
400 500
200 A
0 T T 0 T T T
0 0.2 0.4 0.6 0.1 0.2 0.3 0.4
a) g[-] b) g[-]
1400
2000 - _ 1200 —experiment
= 1500 - P 1000 —numerical
£ — S 800
= experiment =
= 1000:7 —numerical = ggg
500 A 200
0 ; ; g : :
0 02 0.4 0.6 02 0 06
c) gl d) g[-]

Figure 4. The strain hardening rate for a) aluminum, b) steel, ¢) copper and d) brass

Table 3. The quality of the model fitting

No: Material RMSE [MPa] MAE [MPa] Maximum error [%] R? []
1 DCO04 steel 1.13 0.79 1.31 0.999
2. A1 aluminum 1.34 1.07 3.50 0.995
3. D63 brass 9.22 8.36 2.81 0.993
4 B100 copper 2.03 1.62 2.26 0.999

Note: RMSE — root mean square error, MAE — mean absolute error, R?— coefficient of determination.
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Table 4. Ranking of hardening parameter sensitivity based on the mean sensitivity coefficient

Mean sensitivity coefficient [-]
No: Material — = — Sensitivity ranking
Sh Sdsat Sa
1. DCO04 steel 0.52 1.39 1.27 Osqt >a>h
2 A1 aluminum 0.36 1.1 1.02 Osqt >a>h
3. D63 brass 0.75 0.44 0.42 h> 05 >a
4 B100 copper 0.50 0.65 0.43 Ot > h>a

Note: S , — mean sensitivity coefficient of 4 parameter, S o, — mean sensitivity coefficient of ¢, parameter, S -

mean sensitivity coefficient of a parameter.

hardening model was described by the parameter
vector (Equation 5). The initial yield stress o,
was considered separately, since it defines the ini-
tial stress level and does not directly control the
evolution of strain hardening.

p= [h, a, asat] (5)

The sensitivity analysis was performed by per-
turbing each identified parameter by £10%, while
keeping the remaining parameters unchanged.
The influence of each parameter on the predict-
ed hardening behavior was quantified using the
mean sensitivity coefficient S;, calculated as the
average value of the absolute normalized sensi-
tivity coefficient () over the investigated strain
range (Equation 6).

= 1
Si = XiLlSi ()l (6)

where: N is the number of strain points from the
stress-strain curve.

The obtained mean sensitivity coefficients
were used to establish the parameter ranking
for each investigated material. The results are

Table 5. Hardening parameters for different materials

summarized in Table 4. The sensitivity ranking
demonstrates that the influence of the hardening
parameters is material-dependent and is related
to the specific characteristics of the stress—strain
response. For steel and aluminum, the saturation
stress o, was identified as the most influential
parameter, followed by the shape parameter a
and the hardening coefficient 4. This indicates
that the hardening behavior of these materials is
mainly governed by the development of the satu-
rated dislocation structure and the final strength-
ening level achieved during plastic deformation
[27]. For copper, the saturation stress remained
the dominant parameter; however, the hardening
coefficient 4 showed a greater influence than the
shape parameter a. This behavior is associated
with intensive dislocation multiplication and rear-
rangement typical of highly ductile FCC metals
[28]. In the case of brass, the highest sensitivity
was obtained for the hardening coefficient 4, fol-
lowed by ¢, and a. This can be attributed to the
influence of solute atoms on dislocation mobility
and the resulting dependence of the flow stress on
the strain-hardening rate [29].

Material Saturatlrcli/lnpzt]t' ©SS Tea Hardenlr}ﬁﬂc;c;(]afﬂment h Hardening exponent a [-] Error [MPa]

1690 14010 14.23 5.46

DCO04 steel 1567 13545 14.01 5.49
1789 12097 13.97 5.44

477.8 6364 19.80 3.76

A1 aluminum 481.0 6298 19.78 3.77
475.5 6311 19.23 3.75

1962 1888 8.40 13.90

D63 brass 1957 1867 8.32 13.88
1998 1891 8.54 13.93

7725 2906 1.62 7.65

B100 copper 771.0 2909 1.67 7.69
773.4 2915 1.73 7.64
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Despite the satisfactory agreement obtained
between the numerical predictions and experi-
mental hardening curves, the optimization proce-
dure revealed the presence of several local mini-
ma of the objective function. As a consequence,
different combinations of hardening parameters
resulted in comparable objective function values
(Table 5), indicating the non-uniqueness of the
inverse identification problem. Therefore, select-
ing the optimal parameter set exclusively accord-
ing to the lowest objective function value may
result in solutions with physically inconsistent or
unrealistic parameter combinations.

To overcome this limitation, a novel fuzzy log-
ic-based selection procedure was developed. The
proposed fuzzy inference system assesses the iden-
tified parameter sets using predefined membership
functions and inference rules, enabling the elimi-
nation of solutions that are less consistent with the
expected material behavior. From the remaining
acceptable parameter combinations, the final set
of hardening parameters is chosen based on the
minimum value of the objective function. Conse-
quently, the proposed methodology is intended to
improve the reliability of the parameter calibra-
tion stage, which constitutes a prerequisite for the
subsequent application of the constitutive model in
crystal plasticity-based simulations.

The application of fuzzy logic additionally
enables the incorporation of expert knowledge and
uncertainty related to parameter identification into
the decision-making process. This approach allows
the selection of the most physically representative
solution among several parameter sets exhibiting
similar fitting accuracy. Consequently, the pro-
posed hybrid optimization—fuzzy methodology
reduces the ambiguity associated with convention-
al inverse identification procedures and provides
a reliable framework for determining physically
meaningful hardening parameters while maintain-
ing close agreement with experimental data.

Fuzzy logic represents a soft-computing
approach that allows the description of systems
characterized by uncertainty, imprecision, or
incomplete information. This methodology is
particularly suitable for problems in which the
available knowledge about the analyzed phe-
nomenon is limited, or the governing relation-
ships are not fully defined [30]. Unlike classical
deterministic approaches, fuzzy logic enables the
representation of input quantities as fuzzy vari-
ables with a certain degree of variability. Through
an appropriate mapping procedure, fuzzy input

variables are transformed into fuzzy output quan-
tities, which can subsequently be converted into
discrete values during the defuzzification stage.

The application of fuzzy-based methods is
especially advantageous in the cases where exper-
imental investigations are costly, time-consum-
ing, or difficult to reproduce. A detailed descrip-
tion of fuzzy theory and examples of its imple-
mentation in various engineering applications can
be found in [31-34]. The possibility of applying
fuzzy logic for hardening parameter identification
for another models has also been investigated by
the authors in previous studies [35-37].

The a-level approach was applied in this
research. The principle of this procedure is based on
the transformation of fuzzy input parameters into
the result space through the mapping procedure.
In the proposed approach, the parameters of the
Sahoo constitutive model, namely 4, a, and o, are
treated as fuzzy input variables. The fuzzification
step describes the possible variation of the model
parameters and allows the influence of their uncer-
tainty on the model response to be evaluated. Tri-
angular membership functions associated with the
Sahoo model parameters were applied. The uncer-
tainty range of £10% was assumed to describe the
expected dispersion of the identified Sahoo model
parameters. This range was selected based on pre-
liminary calibration analyses and the observed sen-
sitivity of the model response to parameter varia-
tions. It provides a compromise between sufficient
exploration of the parameter uncertainty and main-
taining physically meaningful values of the mate-
rial parameters. The selected range allows the influ-
ence of parameter variability on the stress—strain
response. The triangular membership functions for
one of input parameter /2, were defined using the
following equation (Equation 7)

( 0forh<hy

| 2t cor b, < h < hy
ho—hy, 7)
Pumh eorhy < h < hy (
hy—ho

0 for h> hy

ph) =

where: A represents the nominal value of the
fuzzy parameter, while 4, and A, denote
the lower and upper limits of the assumed
uncertainty range, respectively. The same
triangular membership function was
applied independently to another Sahoo

model parameters —a and o .
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The membership functions of the fuzzy input
variables were divided into a sufficient number of
a-levels. For each selected a-level, the boundary
values of the fuzzy parameters were determined.
For the defined intervals of fuzzy parameters, the
stress—strain response was calculated using the
Sahoo constitutive equation. The minimum and
maximum values of the approximation error were
searched for each o-level. These values define
the shape of the fuzzy output membership func-
tion associated with the approximation error. The
searching procedure was repeated for all con-
sidered a-levels. The fuzzy output variable (z),
representing the approximation error between
experimental and calculated stress—strain curves,
was obtained. The developed MATLAB proce-
dure performs the searching process by generat-
ing randomly distorted model parameters within
the defined fuzzy ranges and evaluating the cor-
responding model response. The transformation
of fuzzy results into the output crisp value was

Experimental data

performed using the mass center method (Fig-
ure 5). The most reliable discrete value of the
approximation error z;, was determined from the
output membership function u(z) using the equa-
tion (Equation 8).

_ Jzu@dz

0 = Tu@az ®

The hardening parameters identified using the
fuzzy logic-based procedure are summarized in
Table 6. The comparison between the experimen-
tal and numerically predicted hardening curves is
presented in Figure 6. Although the approxima-
tion error remained nearly unchanged, the fuzzy-
based approach eliminated physically inconsistent
parameter combinations and reduced the ambigu-
ity of the inverse identification problem. There-
fore, the proposed methodology provides a more
realistic representation of the variability observed
in experimental measurements, as well as uncer-
tainties related to material processing conditions

Multiple parameter sets with similar
objective function values (local [
minima)

Define uncertainty of
identified parameters
(a,h and 054,.)

FUZZIFICATION
Triangular membership
Sfunctions

!

FUZZY ANALYSIS
a-level method

'

FUZZY LOGIC

MODEL EVALUATION

PROCEDURE
approximation error)
!
FUZZY OUTPUT DEFFUZIFICATION
VARIABLE | (mass centre method)
(error behween experimental l
and numerical data)

1
1
1
1
1
1
1
1
1
1
1
1
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1
1
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1
1
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.

Final a, h and o0;,, parameters

______________________ 4

Figure 5. The idea of the fuzzy logic algorithm used in this paper

Table 6. Hardening parameters obtained by fuzzy logic algorithm

Vo | waera | Ve TS e [ e et | ooty | Erorlue
1. DCO04 steel 175 1876 15117 16.6 5.52

2. A1 aluminum 27 475 5522 18.5 3.71

3. D63 brass 103 2303 2207 6.9 13.96

4. B100 copper 43 1561 3251 9.5 7.72
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Figure 6. Comparison of experimental and numerical hardening curves for: a) aluminum, b) steel, ¢) copper and
d) brass; after the application of fuzzy logic algorithm

and measurement inaccuracies. In contrast to con-
ventional deterministic calibration methods, the
fuzzy-based framework does not restrict the mate-
rial parameters to single fixed values. Instead, it
represents them as fuzzy ranges characterized by
corresponding membership degrees. Such a for-
mulation improves the robustness of the identifi-
cation process and enables the selection of param-
eter sets that are more consistent with the physical
behavior of the investigated materials.

The obtained results confirm that the proposed
optimization—fuzzy logic framework improves the
robustness of parameter identification while main-
taining excellent agreement with the experimental
stress—strain curves. Since the investigated consti-
tutive equation was originally developed by Sahoo
et al. [26] for subsequent application in crystal
plasticity-based polycrystalline modeling, improv-
ing the reliability of its calibration is an important
prerequisite for such simulations. Nevertheless,
the implementation and verification of the cali-
brated parameters within CPFEM or VPSC models
remain beyond the scope of the present work and
will be addressed in future studies.

It should be emphasized that the identi-
fied value of o, in the Sahoo model represents
a constitutive fitting parameter and should not be
interpreted directly as the experimentally mea-
sured tensile strength or physical saturation stress
of the investigated material. The parameters of the
constitutive equation are strongly coupled, and

the identification procedure determines their opti-
mal combination rather than independent physical
quantities. Therefore, an increase in the value of
one parameter may be compensated by variations
of other parameters, while maintaining or improv-
ing the agreement between the calculated and
experimental stress—strain curves. The higher val-
ues of o, obtained using the fuzzy-based approach
result from this parameter interaction and from the
broader exploration of the admissible parameter
space during the calibration procedure.

CONCLUSIONS

The four-parameter macroscopic harden-
ing formulation proposed by Sahoo et al. was
employed in this study to describe the mechanical
response of materials subjected to external load-
ing. The model, derived from the crystal plasticity
framework, incorporates both self-hardening and
latent hardening effects. The initial yield stress
(0,,), saturation stress (o, ), and hardening-relat-
ed coefficients (a and /) constitute the unknown
parameters of the formulation. These parameters
can be obtained either directly from experimen-
tal stress—strain data or through an optimization-
based identification procedure. The hardening
curves predicted using the proposed macroscopic
model were compared with experimental results
to assess the accuracy of the formulation. Since
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the objective function applied during parameter
calibration may exhibit multiple local extrema,
leading to ambiguity in the identified solution, a
fuzzy logic-based procedure was introduced to
improve the reliability of parameter selection.

The main conclusions drawn from this study

are summarized as follows:

1.

The four-parameter macroscopic hardening
law provides an accurate representation of the
strain-hardening behavior of the investigated
metals, showing very good agreement with the
experimental stress—strain responses.

. The proposed parameter identification method-

ology demonstrates its effectiveness for FCC
materials and, following appropriate validation,
may also be extended to selected BCC metals.

. The presence of multiple local minima in the

objective function highlights the non-unique-
ness of the inverse identification problem and
demonstrates the limitations of conventional
optimization methods based solely on objec-
tive function minimization.

. The integration of fuzzy logic into the identifi-

cation procedure enables the consideration of
expert knowledge and parameter uncertainty,
supporting the selection of physically mean-
ingful and robust parameter sets while main-
taining high fitting accuracy.

. The proposed optimization—fuzzy inference

framework provides a computationally efficient
and reliable methodology for identifying the
parameters of the macroscopic hardening law
while explicitly accounting for the uncertainty
associated with multiple optimization solutions.
The resulting constitutive parameters are there-
fore more robust and representative than those
obtained from a single optimum solution. Since
the constitutive equation was originally devel-
oped for crystal plasticity-based polycrystal
modeling, the identified parameters constitute a
reliable basis for future implementation as well
as validation in CPFEM and VPSC simulations.

REFERENCES

1.

Kandpal B.C., Gupta D.K., Kumar A., Jaisal A.K.,
Ranjan A.K., Srivastava A., Chaudhary P. Effect of
heat treatment on properties and microstructure of
steels. Mater Today Proc. 2021; 44(1): 199-205.
https://doi.org/10.1016/J.MATPR.2020.08.556

Liu B., Raabe D., Roters F., Arsenlis A. Interfacial
dislocation motion and interactions in single-crystal

186

superalloys. Acta Mater. 2014; 79: 216-233. http://
dx.doi.org/10.1016/j.actamat.2014.06.048

Das S., Sand A., Hofmann F. Dislocation pinning in
helium-implanted tungsten: A molecular dynamics
study. J Nucl Mater. 2024; 601: 155293. https://doi.
org/10.1016/j.jnucmat.2024.155293

Roth A., Amouzou E.K., Lebyodkin M., Richeton T.,
Lebedkina T., Lecomte J.-S. Three-stage character of
strain hardening of a-Ti in tension conditions. Ma-
ter Sci Forum. 2014; 783-786: 568-573. https://doi.
org/10.4028/www.scientific.net/MSF.783-786.568

Saimoto S., Diak B.J., Kula A., Niewczas M. Foren-
sic analyses of microstructure evolution of stage II
& III: New assimilated model for work-hardening
in FCC metals. Acta Mater. 2020; 198: 168-177.
https://doi.org/10.1016/j.actamat.2020.08.002

Tang M., Fivel M., Kubin L.P. From forest hard-
ening to strain hardening in body centered cubic
single crystals: simulation and modelling. Mater
Sci Eng A. 2001; 309-310: 256-260. https://doi.
org/10.1016/S0921-5093(00)01764-0

Moallemi M., Kim S.-J., Zarei-Hanzaki A., Farabi E.
Strain hardening analysis and deformation micromech-
anisms in high strength-high ductility metastable duplex
stainless steels: role of sustained stacking faults in the
work hardening. Mater Charact. 2023; 197: 112662.
https://doi.org/10.1016/j.matchar.2023.112662

Bulatov V., Hsiung L.L., Tang M., Arsenlis A., Ber-
telt M.C., Cai W., Florando J., Hiratani M., Rhee
M.S., Hommes G., Pierce T.G., Diaz de la Rubia
T. Dislocation multi-junction and strain harden-
ing. Nature. 2006; 440: 1174-1178. https://doi.
org/10.1038/nature04658

RolletA.D., Kocks U.F. Areview of stages of work hard-
ening. Solid State Phenom. 1993; 35-36: 1-18. https://
doi.org/10.4028/www.scientific.net/SSP.35-36.1

10. Christopher J., Choudhary B.K. Kinetics of uniaxial

I1.

tensile flow and work hardening behavior of Type
316L(N) austenitic stainless steel in the frame-
work of two-internal-variable approach. Metall
Mater Trans A. 2015; 46: 674—687. https://doi.
org/10.1007/s11661-014-2660-z

Monteiro S.N., Nascimento L.F.C., Simonassi N.T.,
LimaE.S., de Paula A.S., de Oliveiro Braga F. High
temperature work hardening stages, dynamic strain
aging and related dislocation structure in tensile de-
formed AISI 301 stainless steel. ] Mater Res Tech-
nol. 2018; 7(4): 571-577. https://doi.org/10.1016/j.
jmrt.2018.06.020

12.Kok S., Beaudoin A.J., Tortorelli D.A. On the de-

velopment of stage IV hardening using a model
based on the mechanical threshold. Acta Mater.
2002; 50(7): 1653—-1667. https://doi.org/10.1016/
S1359-6454(02)00002-2

13. Roters F., Raabe D., Gottstein G. Work hardening



Advances in Science and Technology Research Journal 2026, 20(12), 176-187

in heterogeneous materials: a micromechanical ap-
proach based on dislocation mechanics. Acta Mater.
2000; 48(17): 4181-4191. https://doi.org/10.1016/
S1359-6454(00)00289-5

14. Anongba P.N.B. The rate of hardening in stage IV
at high temperatures in [112] copper single crys-
tals. Phys Status Solidi A. 1992; 130(2): 357-363.
https://doi.org/10.1002/pssa.2211300212

15.Hughes D.A., Hansen N. The microstructural
origin of work hardening stages. Acta Mater.
2018; 148: 374-383. https://doi.org/10.1016/].
actamat.2018.02.002

16. Prasad K., Kumar D., Krishnaswamy H., Banerjee
D.K. Uncertainties in the Swift hardening law param-
eters and their influence on the flow stress and the hole
expansion behavior of dual-phase (DP600) steel spec-
imens. J Mater Eng Perform. 2023; 32: 9206-9220.
https://doi.org/10.1007/s11665-022-07793-2

17.Yu Y., Ma L., Zhang D., Su F., Wang G. Approach
for numerical modeling of strain-hardening mate-
rials using double-yield model. Rock Mech Rock
Eng. 2022;55: 7357-7367. https://doi.org/10.1007/
s00603-022-02883-y

18. Nutor R.K., Adomako N.K., Fang Y.Z. Using the
Hollomon model to predict strain-hardening in met-
als. Am J Mater Synth Process. 2017; 2(1): 1-4.
http://www.sciencepublishinggroup.com/j/ajmsp

19. Béres G., Lukacs Z., Tisza M. Springback evalua-
tion of tailor welded blanks at V-die bending made
of DP steels. Procedia Manuf. 2020; 47: 1366—1373.
https://doi.org/10.1016/j.promfg.2020.04.266

20. Leotoing L., Guines D., Zhang S., Ragneau E. A
cruciform shape for study the influence of strain
paths on forming limit curves. Key Eng Mater.
2013; 554-557: 41-46. https://doi.org/10.4028/
www.scientific.net/KEM.554-557.41

21.Chalal H., Abed-Meraim F. Hardening effects on
strain localization predictions in porous ductile ma-
terials using the bifurcation approach. Mech Ma-
ter. 2015; 91: 152—166. http://dx.doi.org/10.1016/j.
mechmat.2015.07.012

22. Bertin N., Carson R., Bulatov V.V,, Lind J., Nelms M.
Crystal plasticity model of BCC metals from large-
scale MD simulations. Acta Mater. 2023; 260: 119336.
https://doi.org/10.1016/j.actamat.2023.119336

23. Wang K., Hu Y. Study on fracture toughness of ul-
tra-thin stainless steel foils. J Phys Conf Ser. 2024;
2827:012035.

24. Tsuchida N., Tomota Y., Moriya H., Umezawa O.,
Nagai K. Application of the Kocks—Mecking model
to tensile deformation of an austenitic 25Cr—19Ni
steel. Acta Mater. 2001; 49(15): 3029-3038. https://
doi.org/10.1016/S1359-6454(01)00197-5

25. Estrin Y., T6th L.S., Molinari A., Bréchet Y. A disloca-
tion-based model for all hardening stages in large strain
deformation. Acta Mater. 1998; 46(15): 5509-5522.
https://doi.org/10.1016/S1359-6454(98)00196-7

26.Sahoo S.K., Dhinwal S.S., Vu V.Q., Toth L.S.
A new macroscopic strain hardening function
based on microscale crystal plasticity and its ap-
plication in polycrystal modeling. Mater Sci Eng
A. 2021; 823: 141634. https://doi.org/10.1016/j.
msea.2021.141634

27.Kocks U.F., Mecking H. Physics and phenomenol-
ogy of strain hardening: the FCC case. Prog Mater
Sci. 2003; 48(3): 171-273. https://doi.org/10.1016/
S0079-6425(02)00003-8

28. Mecking H., Kocks U.F. Kinetics of flow and strain-
hardening. Acta Metall. 1981; 29(11): 1865-1875.
https://doi.org/10.1016/0001-6160(81)90112-7

29. SzalaM., Winiarski G., Bulzak T.A., Woéjcik L. Effect of
annealing time and temperature parameters on the mi-
crostructure, hardness, and strain-hardening coefficients
0f42CrMo4 steel. Adv Sci Technol Res J. 2022; 16(4):
201-210. https://doi.org/10.12913/22998624/152790

30. Skrzat A., Wojcik M., Bak L. Fuzzy logic enhance-
ment of material strain hardening data obtained in the
Heyer’s test. Arch Metall Mater. 2019; 64(3): 1059—
1065. https://doi.org/10.24425/amm.2019.129495

31.Skrzat A. Fuzzy logic application to strain-stress
analysis in selected elastic-plastic material models.
Arch Metall Mater. 2011; 56(2): 559-568. https://
doi.org/10.2478/v10172-011-0060-6

32. Mdller B., Beer M. Fuzzy Randomness. Uncertainty
in Civil Engineering and Computational Mechanics.
Berlin: Springer; 2004.

33.Zadeh L.A. Fuzzy logic and its application to ap-
proximate reasoning. Inf Sci. 1975; 8(3): 199-249.
https://doi.org/10.1016/0020-0255(75)90001-7

34. Chang H.-C. Applications of fuzzy logic and neutral-
fuzzy logic in mechanical engineering problems.
PhD thesis. Rolla: University of Missouri; 1989.

35. Wojcik M., Skrzat A. Identification of Chaboche—
Lemaitre combined isotropic—kinematic harden-
ing model parameters assisted by the fuzzy logic
analysis. Acta Mech. 2021; 232: 685-708. https://
doi.org/10.1007/s00707-020-02851-z

36. Wojcik M., Skrzat A. Fuzzy logic enhancement of
material hardening parameters obtained from ten-
sion—compression test. Continuum Mech Thermo-
dyn. 2020; 32: 959-969. https://doi.org/10.1007/
s00161-019-00805-y

37.Wojcik M., Skrzat A. The coupled Eulerian-La-
grangian analysis of the KOBO extrusion process.
Adv Sci Technol Res J. 2021; 15(1): 197-208.
https://doi.org/10.12913/22998624/131663

187



