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ABSTRACT

Systematic error correction remains a fundamental problem in measurement science, particularly when the final
result is obtained by processing a series of raw measurement data. The main aim of this article is to demonstrate
that the developed deductive method for determining measurement result uncertainty does not require correction
of systematic errors in the raw results, because, under the assumptions of this method, expressing the final result as
a measurand interval removes the need for separate systematic error correction. An additional aim of this work is to
present the deductive method in the form of a coherent set of definitions and expressions that can be used as a basis
for algorithmic implementation of the procedures for determining uncertainty and performing metrological analy-
sis of measurements conducted in both industrial settings and research laboratories. Analytical considerations are
illustrated with examples, including a description of a Monte Carlo experiment demonstrating the application of the
proposed method to the correction of systematic error in a result obtained by processing a measurement data series.

Keywords: measurement error, systematic error correction, measurand, uncertainty, measurement data processing

algorithm.

INTRODUCTION

The deductive method is a coherent set of
definitions and mathematical expressions used
for the metrological analysis of the measurement
process and, ultimately, for determining an inter-
val description of its result. The foundations of
the mathematical formalism used in this work
were developed for the purpose of reconstructing
static and dynamic signals [1], but the formal-
ism required supplementation before it could be
universally applied in procedures for determining
the uncertainty of measurement results. Thus, in
[2] the concept of a measurand model was intro-
duced, which allowed the developed formalism
to be applied to determine the uncertainty of
output results of linear and nonlinear measure-
ment data processing algorithms. In turn, in [3]

the measurand was defined in a more general
sense than in the dictionary [4] as a manifestation
(sample) of the measured quantity. This made
it possible to define the measurement window
as a sequence of measurands of the same time-
varying quantity and then to introduce the divi-
sion of errors into types A and B, which is cru-
cial for describing error propagation through the
algorithms. This article introduces a definition of
systematic error in accordance with the general
definition of measurement error derived from an
analysis of the measurement process using a stan-
dard with a quantum (granular) structure [1] and
thus completes the process of building the formal
apparatus referred to here as the deductive method
for determining the uncertainty of a measurement
result. The basic concept underlying the deduc-
tive method is to express the measurement result
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in interval form. This concept is consistent with
the assumptions of the international metrological
organizations OIML and BIPM, as described in
several documents entitled Guide to the Expres-
sion of Uncertainty in Measurement (GUM). The
latest of these documents [5] is a compendium of
recommendations for determining the uncertainty
of measurement results. These recommendations
are referred to here as the GUM method, and their
comprehensive analysis can be found in the doc-
toral thesis [6]. However, the formal apparatus
used in the deductive method differs significantly
from that used in the GUM method because the
two methods are based on different concepts. The
basis of the deductive method is the definition of
the measurement error, while the basic concept
of the GUM method is uncertainty, defined as “a
non-negative parameter characterizing the disper-
sion of the quantity values attributed to a mea-
surand, based on the information used” [4]. As
a consequence, the total uncertainty of the mea-
surement result obtained according to the GUM
method is calculated by combining partial uncer-
tainties, while in the deductive method, the uncer-
tainty is a parameter of the uncertainty interval
determined on the basis of the distribution of the
total measurement error obtained as the sum of
random partial errors. The definition of system-
atic error used in the deductive method allows
calculations to be performed on raw measurement
results, as this error is eliminated from the final
result by combining the uncertainty interval and
the measurand estimate. Therefore, in this case,
we can speak of “automatic” correction of the
systematic error in the final result. This important
property of the deductive method makes it pos-
sible to avoid correcting systematic errors in par-
tial results, which is quite a complex task, espe-
cially when dealing with large volumes of mea-
surement data affected by multiple partial errors.
Correction of systematic errors, understood as
their removal from the raw measurement results,
is widely used in every field involving measure-
ment. It is implemented in a manner specific to
each research discipline and each industrial mea-
surement application. In addition to the widely
applied correction in accordance with the GUM
method [5], Kalman filter-based approaches [7]
and artificial neural network-based compensa-
tion methods [8] have also been proposed for
this purpose. A description of the use of Bayesian
methods to solve problems related to systematic
errors can be found in [9], and the correction of
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these errors in the frequency domain is analyzed
in [10]. Reference [11] is noteworthy because it
describes a number of universal procedures used
for this purpose in scientific research. These pro-
cedures include the identification and modeling
of systematic errors, as well as methods for cor-
recting them. The deductive method provides the
means to implement all three procedures. Sys-
tematic error correction is a necessary element
of the process of determining the uncertainty
and obtaining the estimate, i.e., the number that
best approximates the true value of the measured
quantity. Systematic error is defined in the vocab-
ulary [4] as ‘component of measurement error
that in replicate measurements remains constant
or varies in a predictable manner’. This defini-
tion is useful when measurements are performed
in laboratory settings that allow repeated mea-
surements of the same quantity under the same
measurement conditions [12]. However, it cannot
be applied to industrial measurements in which
quantities change over time and their instanta-
neous values can only be measured once. The
deductive method avoids this problem through
automatic correction of systematic error under all
conditions that can be described by the measure-
ment process model. This is due to a modification
of the concept of the measurand as a manifesta-
tion (sample) of the measured quantity [3], which
allows the basic component of the systematic
error to be defined as the expected value of the
probability distribution describing the measure-
ment error of the measurand. This means that a
random error without such a systematic compo-
nent has an expected value of zero, and an error
with a standard deviation of zero represents only
a systematic error.

SYSTEMATIC ERROR OF A SINGLE
MEASUREMENT RESULT

The mathematical apparatus used in the
deductive method is based on the definition of the
measurement error using a quantum (granular)
standard. Such standards are used in A/D con-
verters, which can both provide single results and
serve as sources of data sequences for processing
algorithms. The analysis of the quantization pro-
cess [1] shows that, after measurement, the result
is affected by the error

e=x—X, (D



Advances in Science and Technology Research Journal 2026, 20(12), 411-422

defined as the difference between the unknown
true value of the measurand x and the result X
of its measurement. If no operations have been
performed to remove systematic errors from the
measurement result, the result is called the raw or
uncorrected result [4].

Equation 1 is consistent with the general defi-
nition of error given in the vocabulary [4], which
defines error as the difference between two quanti-
ties, the second of which is the reference quantity.
In the case of definition (1), the reference quantity
is the measurement result, which is quite obvious,
as it is the only number known after the measure-
ment. However, it should be emphasized that this
definition differs significantly from the definition
of error given in [4]. Measurement error results
from many factors that disturb the measurement
process or otherwise influence the result, includ-
ing instrumental errors related to the properties of
the algorithms themselves or of the measurement
devices. It is generally reasonable to state that the
total error is the sum of partial errors [1]

e=el+62+--'+e], (2)
where J is the total number of errors.

One of the fundamental concepts used to
describe the result of a measurement is the esti-
mate of the measurand, defined as the random
number closest to the true measurand. This means
that the estimate is free from any systematic errors
that are removed from the raw result during pro-
cessing. Denoting the estimate by X and taking
into account that the error definition (1) can be
applied to different types of error, the formula for
the estimate error is obtained as

é=x—%. 3)

According to the definition in [4], the sys-
tematic error €, is the component of the error
e of the raw result that can be determined and
thus removed from it. This leads to the following
expression for the estimate error

A

€ = e — egys. 4)
Removing the systematic component from

the error must be accompanied by the addition of

a correction ¢ to the raw measurement result X,

thereby yielding an estimate of the measurand.

Thus,

X=X+c. Q)

Combining expressions (3), (4), and (5), we
obtain

e—egys=x—Xx=x—(X+c)=e—c(6)

which means that the correction ¢ = € Taking
this into account, it follows from (5) that system-
atic error correction can be achieved by adding
the systematic component to the raw measure-
ment result.

Example 1. The raw result obtained from an
A/D converter that measures the voltage x using a
standard with a quantum structure is described by
the relationship [1]

X
X =gq-ent (—), (7
q

in which the function ‘ent’ determines the inte-
ger part of its argument. Assuming that the values
of the measurand are equally probable over the
entire processing range, the quantization error e,
follows a uniform distribution over the interval
from 0 to ¢. The error probability density function
is then given by

1
- < <
0 for others

According to this definition, the systematic
error is the systematic component of the error
generally described as random. This means that
each realization of this type of error contains the
same systematic error value. This, in turn, leads
to the conclusion that the basic component of the
systematic error can be determined as the expect-
ed value of the random error distribution. For an
error described by the probability density func-
tion (8), one obtains

€sys = E[g(eq)] = fo g (eq) €q deq = 6 . 0 = >
0
)

It should be noted that the definition of sys-
tematic error given by equation (9) applies only to
errors with distributions that are symmetric after
removal of the expected value. The properties of
the deductive method mean that the determina-
tion of the uncertainty interval, discussed in the
next section, leads to the appearance of a sec-
ond component of systematic error related to the
asymmetry of the distribution.

Eliminating the systematic component €y
involves subtracting it from each value of the raw-
result error. This operation yields the following
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probability density function for the estimate’s
quantization error

l for — 4 <é, < 4
g(éq) =1q 2797, (10)
0 for others

which means that after this subtraction, the
resulting estimate error reflects only its random
properties. In many cases, the distribution of
the estimation error is symmetric, including the
case described by expression (10). Consequently,
the systematic error represented by the expected
value does not contain a component associated
with asymmetry in the distribution of the estima-
tion error. Eliminating the systematic component
€ from the error must be accompanied by cor-
rection of the systematic error in the raw result
through the addition of a correction ¢ equal to this
component. Therefore, according to relations (4)
and (9), the estimate of the measurand obtained
as a result (7) of quantization is described by the
expression

t=sre=qent(]) 3= afenc(() ]
X=X+c=gq-en 7 ;= 4d|en T2l

(11)

CORRECTION OF SYSTEMATIC ERROR
AS A RESULT OF DETERMINING THE
MEASURAND INTERVAL

Expressing the measurand as a numerical
interval is the final step in describing the uncer-
tainty of a measurement result. The basis for
determining the measurand interval is the defini-
tion of the uncertainty interval, which is consis-
tent with the definition of measurement error (1).
Both of these definitions form the foundation of
the deductive method.

The uncertainty interval is defined as a numer-
ical interval within which the difference between
the true value of the measurand and its measure-
ment result lies with a given probability p. For the
raw result, this definition is formally expressed as

Plus(x—%) <u] =p, (12)

where: P denotes probability, and u, u denote the
lower and upper limits of the uncertainty
interval, respectively.

Definition (12) shows that the uncertainty
interval is determined from the set of error values
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of measurement results, because, in accordance
with the definition of error (1), the expression
(12) can be written in the form

Plu<e<u]=p, (13)

which shows that the limits of the uncertainty
interval can be determined as parameters of the
error distribution. Using the error probability
density function g(e), the lower limit of the inter-
val is calculated from the functional

u 1—
f g(e)de=—7L, (14)

and the upper limit is calculated according to the
expression

[ee] 1_
Jl g (e) de =-—3;B, (15)

where p is the confidence level, usually set to p
=0.95 [5]. When using the Monte Carlo method,
the error distribution is represented by a histo-
gram. The boundaries of the uncertainty interval
are then determined as equal-tail empirical quan-
tiles in a manner corresponding to Equations 14
and 15. From the definition of the uncertainty
interval (12), it follows that, with probability p,
the following inequality is satisfied

T+usx<i+u, (16)

meaning that the true value of the measurand is
within the range

X=%+[wu|l=[x+wx+u, 17

called the measurand interval. It is an interval
description of the raw measurement result that
takes into account the random dispersion of the
results that can be obtained under specific mea-
surement conditions. According to the expression
(17), the measurand interval is the sum of the
uncertainty interval

i=[w 1 (18)

and the raw measurement result X.

Similar reasoning can be applied when the
estimate of the measurand, rather than the raw
result, is used in definition (12) of the uncertainty
interval. It then follows from this definition that,
with probability p, the true value of the measur-
and lies in the interval

2D

X+u<x<x+

(19)
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where @ and % are the lower and upper limits of
the uncertainty interval determined with respect to
the estimate of the measurement result. Therefore,
the measurand interval in this case has the form

Y=2+[@ul=[z+x 2+, (0
and the uncertainty interval is described as
7=[a 7. 1)

Removing the systematic component reduces
the limits of the uncertainty interval for the esti-
mate error by the systematic component relative
to the limits determined for the raw result error,
which means that

1>

= U — Egys,) (22)

Taking into account relation (4) and the fact
that the correction ¢ is equal to the systematic
component e of the error, the measurand inter-
val (20) takes the form

X=[2+% 2+u]=[¥+c+u—eys
F+ct+u—egys| =[F+w ¥+u] =% (23)

which leads to the important conclusion that the
measurand interval has the same form whether
determined for the raw result or for the measur-
and estimate.

The uncertainty of the measurement result
of the measurand is defined as the radius of the
uncertainty interval, determined according to the
rules of interval arithmetic as half the length of
the interval [13], i.e., the average of the difference
of its boundaries. Therefore, in accordance with
(18) and (22), the uncertainty is described by the
expression

u-u

u =rad(u) = =

_ (ﬁ + esyS) ; (2 + esyS) _ u ; @’ (24)

which means that the uncertainty u can be deter-
mined as the radius of the uncertainty interval for
both the raw result error and the estimate error.

Uncertainty can also be calculated as the radi-
us of the measurand interval, since

f+ﬁ—(i+g)_ﬁ—g
2 2

rad(X) = = u. (25)
It follows from this relationship and from (24)

that there are three possible ways of determining

uncertainty that give the same results.

It should be added that in a significantly larg-
er number of cases the error of the estimate is
symmetric about the vertical axis, in which case
the absolute values of the limits of the uncertainty
interval are equal and have opposite signs; that is,

o~

u=-tu=u. (26)
Another important property of the uncertainty
interval concerns the systematic error. According
to [13], the middle of the interval is the arithme-
tic mean of its boundaries. Therefore, based on
relation (22), the middle of the uncertainty inter-
val determined for the raw measurement result is
described by the expression

u+u
mid(%) = = =
2
(U+egys) + (T +eys) u+a
= 2L > 2= 5 1 ey (27)

meaning that the middles of the uncertainty inter-
vals calculated for the raw measurement result and
for its estimate differ by the value of the systematic
error. In accordance with relation (26), for a sym-
metric error of the estimate, the mean value of the
limits of the uncertainty interval is equal to zero.
In such a case, expression (27) takes the form

mld(m = Esys) (28)

which means that the systematic error can then
be calculated from the uncertainty interval deter-
mined for the raw measurement result. Therefore,
there is no need to remove the systematic compo-
nent from the partial error distributions, which is
particularly important in complex measurement
situations where multiple types of error are pres-
ent. The above conclusion applies when the dis-
tribution of the estimate error is symmetric. If the
error distribution is asymmetric after the system-
atic component has been removed, an additional
term appears in expression (27). This component
can be interpreted as the systematic error caused
by the asymmetry of the random component of the
estimate error distribution. From the point of view
of metrological analysis, the measurand estimate
and its uncertainty form a pair of numbers defin-
ing the measurand interval, which is widely used
for the interval description of the measurand after
its measurement [5]. The estimate can be obtained
by applying a systematic-error correction to the
raw measurement result, as shown in Example 1.
However, another, much simpler method can be
used to obtain the value of the estimate when the
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estimate is affected by many errors. This method
consists of determining the middle of the measur-
and interval, which, according to (23), is the same
regardless of the method used to obtain it. For the
measurand interval determined with respect to the
estimate, we obtain

Db

+0+2+71 o Bt
_— =X
2 2

|

mid(%) = = %,

(29)

where we take into account that the sum of the
limits of the symmetric uncertainty interval is 0.
From expression (29), it follows that the estimate
of the measurand can be calculated as the middle
of the measurand interval determined for the raw
measurement result. This allows the estimate to
be obtained without applying systematic error
corrections to the raw result when there are many
partial errors with systematic components.

Example 2. The measurement result is
obtained using a voltage A/D converter whose
quantum is ¢ = 1 mV. For the error in the raw
quantization result described by the relationship
(8), the lower limit of the uncertainty interval is
calculated using functional (14), which yields the
expression

L L 1-0.95
f g (eq)de, = f — de; = ————, (30)
0 o d 2

from which it follows that, for the confidence
level p = 0.95, this limit has the value
u=10.025¢=0.025-1-10"3 =
=0.025-1073 V. (31)

According to formula (15), the upper bound is
obtained by solving the functional

qud 1-095 o
¢ T T2

u

from which it follows that the upper limit of the
uncertainty interval has the value

u=0975¢=0975-1-1073 =
=0.975-1073 V. (33)

The uncertainty interval determined accord-
ing to (18) has the form

% = [w u] = [0.025; 0.975]mV, (34)

and the uncertainty calculated from relationship
(25) as the radius of the uncertainty interval is
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0.975 — 0.025
2 1

=0.475-1073V. (35)

The systematic error calculated according to
(28) as the middle of the uncertainty interval (34)
determined for the raw measurement result has
the value

_3:

u=rad(x) =

. 0975+0.025
esys = mid(u) = > -107°V =
= 0.5mV, (36)

the same as the systematic component of the error
calculated from expression (9) for ¢ = 1 mV.

Example 3. The error with the distribution
described by expression (8) has, according to (9), an
expected value of ¢/2 = 1/2 = 0.5 mV, which is equal
to the systematic error. After removing the systemat-
ic component, the error of the estimate is described
by a symmetric probability density function (10).
The lower bound of the uncertainty interval is cal-
culated for this error according to the expression

u z 1
J g(éq)déq=f déq =

-q/24
1-0.95
= — (37)
which yields
i=-0475-10"3V. (38)
For the upper limit of the uncertainty interval,
we have
fq/zl do =17 0.95 (39)
7 a 2
therefore, its value is
U=0475-1073V. (40)

In the case under consideration, the uncertain-
ty interval is symmetric and has the form

u = [@; u] = [-0.475; 0.475] mV. (41)

The uncertainty calculated for the symmetric
uncertainty interval (41) is

0.475 — (—0.475)
> .
= 0.475-1073 V. (42)
and is the same as that obtained from the uncer-

tainty interval (35), determined for the error in the
raw quantization result.

1073 =

u= rad(ﬁ) =
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Example 4. The reading of a 12-bit A/D
converter, expressed as the number of quanta
assigned to the measured voltage, is n = 3577.
For the quantum value ¢ = 1 mV, the raw mea-
surement result for this measurand is obtained as
the product [1]

% =ngq = 3577 - 0.001 = 3.577 V. (43)

For this result, based on relations (17) and
(34), the measurand interval has the form

¥ =[3.577 + 0.025-1073; 3.577 +

+ 0.975 - 10_3] = [3.577025; 3.577975] V.
(44)
The estimate of the measurand obtained as the

middle of the measurand interval (44) determined
for the raw result (43) has the value

3.577025 + 3.577975
2

£ =mid(x) = =3.5775V,

(45)
and the uncertainty calculated as the radius of the
interval (44) has the value

3.577975 — 3.577025

= 0.475mV.
> m

u=rad(x) =

(40)

SYSTEMATIC ERROR CORRECTION IN
THE PROCESSING OF MEASUREMENT
RESULTS SERIES

The considerations presented in the previous
section indicate that systematic error correction is
performed ‘automatically’ by combining the raw
result and the uncertainty interval into a measurand
interval. The simplest way to obtain the value of
the systematic error is to calculate the middle of
the uncertainty interval. The effectiveness of these
methods is particularly evident in algorithms that
process measurement data sequences, in which
multiple sources of error are present and the algo-
rithm processes many measurement results. This
leads to the conclusion that the analysis of system-
atic error is closely linked to the determination of
uncertainty. This section presents general aspects
of applying the deductive method to the metro-
logical analysis of processing algorithms, with an
emphasis on issues related to systematic errors. To
simplify the discussion, the problem was analyzed
using a simple linear algorithm that processes mea-
surands affected by two types of error.

A linear algorithm is a linear combination
of measurands with constant coefficients, which
means that it can be written as

zZ = aoxo + aixq + -+ Ag-1XK-1, (47)

where: x,,..., x,_ are input measurands, z is the
output measurand, and a,,..., a, are con-
stant coefficients.

The basis for the metrological analysis of an
algorithm is the measurand model obtained by
transforming the error definition (1). For the raw
result, this model takes the form

x=ZX+e, (48)

according to which the true value of the mea-
surand is the sum of two random numbers: the
measurement result and its error. Repeated mea-
surements of the same measurand under the same
conditions yield different random numbers, but
relation (48) means that the realizations of the
quantities on its right-hand side have opposite
signs and differ by a constant value of the mea-
surand. Given that uncertainty is a parameter
that characterizes the dispersion of measurement
results for the measurand under given measure-
ment conditions [5], relation (48) allows us to
conclude that the uncertainty determined from a
set of error values can be applied to the descrip-
tion of the measurand. This property of the mea-
surand model (48) is crucial for the metrological
analysis of processing algorithms, as it allows
equations to be formulated that describe error
propagation through both linear [3] and nonlinear
[2] algorithms. From relation (48), it follows that
it is reasonable to determine the uncertainty of the
algorithm’s output measurand based on the distri-
bution of the measurand error.

For the purpose of describing its metrological
properties, the algorithm is assumed to process a
sequence of input measurands into a single out-
put measurand. Using the measurand model (48)
allows the processing algorithm given by (47) to
be written as

z=Z+e=aqa¢(Xy+ey)+a,(% +e)
+ ot ag_1(Xg_q + ex_1)- (49)

Separating the terms of equation (49) yields
two relations. The first, called the processing equa-
tion, describes the numerical operations performed
on the measurement results of the input measur-
ands to obtain the output result and has the form

Z = aofo + alfl + -+ aK_lsz_l. (50)
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The second relationship is the algorithm error
equation

e =agegt+aeq +--+ag_1ex—1, (51)

which defines the relationship between the real-
ization of the total error ¢ and the realizations of
the partial errors ¢, e,,...,e, , affecting the input
results. This equation is primarily used to analyze
the propagation of errors through the algorithm
[2,3] and to compare their contributions to the
total error in the output result.

Each partial error can be represented as:
e, =¢, € o k=0, 1’;'" K-1, i.e., as the sum
of the error realization e, that describes the ran-
dom error of the measurand estimate and the sys-
tematic component (- In this case, the error
Equation 51 can be written in the form

€out + €sys,out = aO(éO + eO,sys) + al(él +
+ el,sys) + -+ aK—l(éK—l + eK—l,sys)' (52)

where the symbol ‘out’ denotes quantities at the
output of the algorithm.

The input measurands form the measurement
window [3], which means that they are mea-
sured under the same conditions, so their errors
are described in the same way. Taking this into
account, the error Equation 52 can be separated
into two expressions. The first describes the rela-
tionships between the realizations of the random
errors of the input measurand estimates and the
output measurand. This equation has the form

éout = aoéo + alél + -+ aK_léK_l, (53)

and describes the propagation of random errors
with the same distributions and zero expected
value from the input to the output of the algorithm.

The second equation describes the propa-
gation of systematic errors. Given that all these
errors have the same value €y for each measur-
and, this equation becomes

€sys,out = Ap€sys T A1€sys + - +
ag_1€sys = (ag + ag + -+ ag_1) esys. (54)

In measurement practice, the measurand is
affected by many partial errors, which may con-
tain systematic components. According to rela-
tion (2), the systematic error at the output of the
algorithm is then the sum of partial errors propa-
gating according to relation (54).

Example 5. The algorithm for determining
the average of a series has the form given by
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Equation 47, in which the coefficients have the
same value, denoted by a. For K = 100 results,
we have

1 1

a0=a1="'=aK_1=a=—

%= 100" 0.01.

(55)

According to Equation 54, the systematic
error at the output of the algorithm is given by
99
€sys,out = Esys z Ay = €gys - 100 - 0.01 = egys,
k=0
(56)

which means that the systematic error at the out-
put of the algorithm is the same as that in each of
the input errors, and therefore the systematic error
propagates from the input to the output of the
algorithm unchanged. For the systematic compo-
nent of the quantization error in Example 1, equal
toe = q/2 according to (9), and for the quantum
value ¢ = 1 mV, the systematic error at the output
of the algorithm has the value

Caysout = €ays =5 = % = 05mV. (57)
When input measurands are affected by mul-
tiple errors, determining their systematic compo-
nents can be complex, as it requires knowledge
of the probability density functions of partial
errors. Furthermore, calculating the systematic
error at the algorithm’s output requires determin-
ing the systematic error propagation equations.
Even greater problems arise when attempting to
analytically determine the random error distribu-
tions at the algorithm’s output using the propa-
gation Equation 53. For these reasons, probabi-
listic simulation using the Monte Carlo method
[14], as recommended in the supplement [15], is
commonly used to determine the total error distri-
bution. When the deductive method is used, the
uncertainty interval at the algorithm’s output is
determined based on the total error distribution,
the middle of which, according to (28), is equal
to the systematic error. This error is corrected in
the final result by combining the result with the
uncertainty interval, thereby eliminating the need
for other operations involving systematic errors.
The following experiment shows how to obtain
the total error distribution at the output of an algo-
rithm using the Monte Carlo method, assuming
that the input measurands are affected by quanti-
zation errors and errors caused by noise.
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Experiment. Under the adopted assumptions,
the following procedure was used in the Monte
Carlo simulation.

1) Draw a sample of the input voltage (measur-
and) x from a uniform distribution over the
range of a unipolar 12-bit A/D converter with a
quantum value of ¢ = 1 mV.

2) Determine the raw measurement result for the
measurand x according to (7)

X + Vpoi
%= q-ent(Tnm>, (58)

where v__ is a realization of normally distrib-
uted noise with an expected value of 0 and a
standard deviation o, equal to the quantum
value ¢.

3) Repeat the second step 100 times for the same
value of the measurand x determined in step 1
and then determine the average of the series of
100 results using the averaging algorithm

99
7=0.01 Z . (59)
k=0

Determine the error of the mean as
€out = X — Z, (60)

and add it to the set of error values. Repeat steps
1 to 4 100,000 times.

Present the resulting set of error values in
the form of a histogram, determine the standard
deviation and the expected value, and calculate
the limits of the uncertainty interval according to
the expressions (14) and (15).

In the experiment, the 0.5-mV systematic
component is contained only in the quantization
error affecting the input measurands. This means
that the systematic error at the algorithm’s output,
determined analytically using equation (56), which
describes the propagation of this error, is 0.5 mV.
This value is also consistent with the expected
value of the error distribution shown in Figure 1.
According it, the uncertainty interval with experi-
mentally determined limits has the form

u = [wu] =[0.297;0.703] mV.  (61)

The systematic error, calculated as the middle
of the uncertainty interval (61), has the value

e _utu
€sys,out — mid(u) = 2 =
0.703 + 0.297
= — = 0.5 mV. (62)

Assume that the input measurands have the
same true value x = 3.577528 V. The average
value of the first 100 measurement results deter-
mined at the first step of the Experiment is

7 =3.57710V. (63)

The measurand interval determined by com-
bining this output result from the example algo-
rithm (59) with the uncertainty interval (61) is of
the form

Z=[3.5771+0.30-1073;3.5771 +
+0.70 - 1073] = [3.5774;3.5778]V. (64)

4000
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Figure 1. Histogram of the experimentally determined error. The standard deviation is ¢, = 0.104 mV, the
expected value is 0.5003 mV, and the limits of the uncertainty interval are 4 = 0.297 mV and u = 0.703 mV
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The middle of the measurand interval (64),
according to (29), determines the value of the
output measurand estimate, which is

3.5774 + 3.5778

2 =mid(%) = >

= 3.5776 V.(65)

The measurement uncertainty of the output
measurand at the confidence level p = 0.95 is, in
accordance with expression (25), the radius of the
uncertainty interval, which has the value

3.5778 —3.5774
2

u =rad(2) = = 0.2 mV. (66)
The same value can be obtained by determin-
ing the radius of the uncertainty interval (61):

0.703 — 0.297

> = 0.203 = 0.2 mV.

u=rad(¥) =
(67)

According to the Central Limit Theorem [5],
for identical or similar values of the coefficients
of the algorithm processing measurands with the
same errors, the distribution of the output error is
close to normal. In such a case, the uncertainty at
a confidence level of p = 0.95 can be calculated
as twice the standard deviation [5]. Based on the
value given in Figure 1, we obtain

U= 26,,=2-0.1=02mV. (68)

From the relations (62), (65), and (66), it fol-
lows that all accuracy parameters characterizing
the measurand at the output of the processing
algorithm can be determined based on the distri-
bution of its total error. The presented experiment
shows that the Monte Carlo method is an effective
tool for obtaining this distribution by simulation.

Simulation experiments require verification
of the results to eliminate inaccuracies that may
occur both when formulating the assumptions and
when describing the measurement process. When
the deductive method is used to define a formal
framework for the experiment, error-propagation
equations can be used to verify the results, there-
by providing an analytical description of the error
parameters determined by simulation at the algo-
rithm’s output. In particular, it is advisable to use
the error equation to describe the propagation of
random errors from the input to the output of the
algorithm.

According to Equation 51, assuming no
correlation between partial errors, the relation-
ship between the standard deviation o, of the
total error at the output of the algorithm under
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consideration and the standard deviations of
the input measurand errors is described by the
expression

Oout = \/(aoco)z + (a,04)% + -+ (ag-10x-1)?

= Gin\/a(z) +a?+-+ai_,, (69)

where all input measurand errors have the same
standard deviation o, . The coefficients of the
example algorithm have the same value a = 0.01,
for which the relationship (69) takes the form

Oout = Oiny Ka? = acy,VK = 0.01 - V100 63, = 0.1 03,
(70)

For the purposes of the experiment, it was
assumed that the input measurands are affected by
two random errors: the quantization error and the
error caused by normally distributed noise with a
standard deviation 6 . = ¢ = 1 mV. These errors
are not correlated [1], so the standard deviation of
their sum is given by

oy = ’oé + o2, (71)

where: a, is the standard deviation of the uni-
formly distributed quantization error (10), which
is given by
9 _ 1 _020mv (72)
0 =——==—72==0.29mV.
1 2v3 23

According to relations (70), (71), and (72),
the standard deviation of the error at the output of
the algorithm is obtained as follows:

12 + 0.29%2 = 0.104 mV,
(73)

which is consistent with the value obtained by sim-

ulation for the total error distribution shown as a

histogram in Figure 1. This means that the results
obtained by simulation can be considered reliable.

Oout = 0.10;, = 0.1

CLOSING REMARKS

This article proves that determining measure-
ment uncertainty using the deductive method
does not require correction of systematic errors in
the raw results. This occurs because these errors
are compensated when the uncertainty interval is
combined with the raw measurement result. This
property is particularly important for algorithms
that process long measurement data sequences
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affected by many systematic errors. The paper
shows that the middle of the uncertainty interval
is equal to the systematic error, which has two
components. One is equal to the expected value
of the error, and the other is related to the asym-
metry of its distribution. Correcting this second
component shifts the boundaries of the uncertain-
ty interval relative to the boundaries determined
after eliminating the expected value. It is debat-
able which uncertainty interval (with or without
asymmetry error correction) better describes
the inaccuracy of the measurement result, tak-
ing into account its determinants. The basis for
determining uncertainty in the proposed manner
is knowledge of the error distribution of the mea-
surement result. The most effective way to obtain
this distribution is to use the Monte Carlo meth-
od, recommended for measurement analysis [15].
In the deductive method, the distribution of the
total error is obtained from a model of the mea-
surement process, which represents the relation-
ship between the output measurand and the input
measurands, while accounting for the influence
quantities. In the examples presented, such mod-
els are given by Equations 58 and 59. An impor-
tant feature of the deductive method is that the
error distribution obtained by simulation is veri-
fied using an analytical equation derived from the
error-propagation equation. This equation makes
it possible to determine the relationship between
the standard deviations of the output and input
errors. Consistency between the standard devia-
tion obtained analytically and that calculated
from the simulation result provides a reliable
basis for stating that the uncertainty determined
by the Monte Carlo method is correct. It should
also be noted that the relationships obtained using
the deductive method are relatively simple, espe-
cially when analyzing the properties of nonlin-
ear algorithms for processing measurement data
sequences. This is evident when the expressions
used in [16] to obtain the uncertainty of the out-
put results of the RMS algorithm using the GUM
method are compared with those obtained in
[2] for a similar active power algorithm using
the deductive method. The deductive method
described in this paper constitutes a coherent set
of definitions and mathematical expressions used
for the metrological analysis of the measurement
process and the determination of the uncertainty
of the results. After the relationships concerning
systematic errors have been introduced, it is justi-
fied to claim that the method is complete in the

sense that it covers all measurement situations that
can be described by a mathematical model rep-
resenting the physical relationships between the
output measurand, input measurands, and influ-
ence quantities. The procedures for determining
uncertainty according to the deductive method
can be used both in measurement laboratories
and in industry. The first application is illustrated
by the example describing the algorithm (59) for
averaging the results of multiple measurements of
the same measurand under the same conditions.
In the monograph [1], the mathematical apparatus
of the deductive method was used to analyze mea-
surement processes using sensors with nonlinear
static characteristics, operating in dynamic condi-
tions and disturbed by many quantities typical of
industrial conditions. It is planned to investigate
the possibility of using empirical data obtained in
the research [17] in the deductive method, which
aims to determine the uncertainty of the results
of the discrete wavelet transform. Moreover, it
is planned to conduct a metrological analysis of
the measurement process models described by
implicit nonlinear models as considered in [18].
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