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ABSTRACT

Although the t-z load-transfer method remains a cornerstone in geotechnical engineering, reliance on standardized
empirical curves frequently introduces significant settlement prediction errors. To bridge this critical performance
gap, this study develops an objective, automated back-analysis framework leveraging the generalized reduced gra-
dient (GRG) nonlinear optimization algorithm (Excel Solver) to extract site-specific t-z and q-z parameters directly
from full-scale static load tests. Integrating a one-dimensional finite difference model, the research evaluates the
axial behavior of large-diameter bored piles by systematically comparing classical bilinear (elastic-perfectly plas-
tic) and continuous nonlinear hyperbolic formulations against two rigorous benchmark datasets: Shibuya et al.
(dense sand) and O’Neill et al. (cohesive clay). The results demonstrate that the hyperbolic model markedly out-
performs the bilinear approach by gracefully capturing progressive soil stiffness degradation. Quantitatively, the
hyperbolic formulation achieves exceptional predictive accuracy with Pearson correlation coefficients exceeding
0.997 and dramatically lower root mean square errors (RMSE) across both granular (1.234 MN for Shibuya) and
cohesive (19.086 kN for O’Neill) strata, whereas the bilinear model exhibits severe error escalation (3.386 MN
and 74.268 kN, respectively) despite maintaining relatively high correlation (R*~ 0.962 + 0.975). Furthermore,
comprehensive sensitivity analyses and Monte Carlo simulations (N=300) reveal that pile-head settlement is pre-
dominantly governed by initial stiffness mobilization rather than ultimate shear resistance, with sensitivity ratios
reaching up to 30,000. By rigorously integrating automated optimization, statistical validation (t-tests), and proba-
bilistic uncertainty quantification (95% confidence intervals), this study delivers a robust, efficient, and reliable
methodology that significantly enhances the predictive confidence of modern pile foundation design.

Keywords: t-z load-transfer method, bored pile settlement, hyperbolic model, automated back-analysis, sensitiv-
ity analysis, Monte Carlo simulation, foundation design optimization.

ability to simulate real-world conditions. Despite
their reliability, the prohibitive costs and time-
consuming nature of these tests often restrict their

INTRODUCTION

Pile foundations serve as the backbone of mod-

ern high-load infrastructure; however, predicting
their settlement behavior remains a persistent and
complex challenge in geotechnical engineering.
Assessing the performance of these foundations
requires a precise understanding of the load-settle-
ment relationship at the pile head, a key indicator
of bearing capacity and structural stability. Typi-
cally, this relationship is derived from field static
compression tests - a method highly regarded for its

implementation, precluding large-scale application
across multiple pile units. To overcome these con-
straints, numerous simplified analytical theories
have been developed. Early studies by Vesic (1977)
[1] and Bowles (1996) [2] applied elastic theory to
represent total pile settlement as a combination of
pile tip displacement, elastic shortening, and soil
deformation. Furthermore, Fleming (2008) [3] pro-
posed a method employing hyperbolic functions to
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capture the nonlinear performance of both the shaft
and tip. Despite their utility, modeling the pile as
a structural member embedded within a homoge-
neous medium often yields inaccurate results, par-
ticularly when the pile penetrates complex, non-
uniform geological profiles.

Consequently, computational approaches have
evolved to decouple pile behavior into distinct seg-
ments corresponding to varying geological condi-
tions. Advanced techniques, such as the finite ele-
ment method (FEM), have been widely adopted to
address axial loading. Poulos and Davis (1980) [4]
integrated FEM with the boundary element method
to analyze piled raft foundations, demonstrating
clear advantages in accounting for stress distribu-
tion within the soil. Randolph (1994) [5] and Potts
(2001) [6] further utilized FEM to model piles in
complex settings with high reliability. Nonetheless,
scholars such as Jardine and Potts (1993) [7], Reul
and Randolph (2003) [8], and Brinkgreve (2005)
[9] have noted that while complex FEM models
provide realistic predictions, they require extensive
soil parameters to which results are highly sensi-
tive. Randolph (2003) [8] also emphasized that
FEM often relies on the idealized assumption that
the pile is already embedded in the soil, thereby
neglecting the significant impact of the installa-
tion process on surrounding soil properties. The
t-z load-transfer method remains a cornerstone for
analyzing pile-soil interaction, favored for its abil-
ity to balance computational efficiency with engi-
neering reliability [10]. Rooted in an extended Win-
kler model, this approach discretizes the pile into
segments supported by nonlinear springs. Follow-
ing pioneering developments by Seed and Reese
(1957) [11], Coyle and Sulaiman (1967) [12], and
Randolph and Wroth (1978) [13], the method was
codified in international standards, such as FHWA
[14] and the American Petroleum Institute (API)
[15]. Poulos (2016) [16] highlighted that while
FEM is computationally prohibitive for large pile
groups, the t-z method facilitates rapid iterative
design and independent parameter assignment [ 10].
Furthermore, Briaud and Tucker (1988) [17] dem-
onstrated the feasibility of calibrating these curves
against in-situ data to improve accuracy. Recent
research has further expanded the application of t-z
models to analyze complex pile-soil systems [18—
21]. These studies consistently demonstrate the
remarkable predictive performance of these models
when validated against static pile load test results,
reaffirming their utility as a practical and reliable
tool for geotechnical practice.
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Despite their widespread adoption, standard-
ized t-z curves often deviate from field observa-
tions. Studies by Vardanega et al. [22] and Bhui-
yan et al. (2021) [23] have noted that standard
stiffness parameters often overestimate capacity.
While recent advancements, such as the Hyperbolic
load-transfer models for layered soils by Luo et al.
(2022) [24], show improved alignment with experi-
mental data, the performance consistency of Bilin-
ear and Hyperbolic models across varied geotech-
nical conditions remains an open question. Kim et
al. [25] used the ideal Mohr-Coulomb elastoplastic
model, considering two boundary conditions: pas-
sive earth pressure and the soil-pile contact method.
From this, they successfully developed a finite ele-
ment model that significantly reduced the analysis
of the load-settlement behavior of piles. The study
by Elsiragy et al. (2025) [26] combined laboratory
experiments and Plaxis 3D simulations to evaluate
the response of single piles under lateral loading in
soft clay soil. The results showed that the use of
an extended pile head configuration significantly
increased the soil reaction, with the soil modulus
improved by up to 200% compared to conven-
tional piles. These findings confirm the effective-
ness and practicality of the uniformly extended
pile head solution in modern foundation design.
Recently, Cesaro et al. [27] proposed an analytical
model for bored piles in sandy soils that improves
shaft resistance predictions by accounting for soil
dilatancy and shear band mechanisms. Their work
demonstrates that capturing true failure behavior
requires moving beyond simple elastic assumptions
to incorporate physical parameters such as shear
band thickness and critical-state shear strain. This
highlights the growing industry shift toward more
rigorous, mechanics-based formulations rather
than purely empirical approaches. Existing litera-
ture predominantly relies on either simplistic elas-
tic models — which overlook soil nonlinearity — or
complex FEM simulations that demand unavailable
inputs and are sensitive to constitutive assumptions.
Furthermore, traditional models often neglect the
impact of installation processes, leading to signifi-
cant “theoretical-versus-actual” performance gaps.

The research gap addressed in this study lies
in the deficiency of practical yet accurate cali-
bration frameworks that reconcile theoretical t-z
models with in-situ measured behavior. While
the debate regarding the suitability of Bilinear
versus more advanced nonlinear models persists,
there is a lack of rigorous, systematic compari-
sons based on high-quality field instrumentation



Advances in Science and Technology Research Journal 2026, 20(11), 457-477

data. Furthermore, most existing studies treat the

t-z model as a black box for curve fitting, neglect-

ing the crucial need to quantify which mechanical

parameters actually govern the load-settlement
response under varying geological conditions.

This study bridges this gap not only by establish-

ing a robust calibration framework but also by

integrating a quantitative sensitivity analysis to
identify the governing mechanical drivers of pile
performance across diverse soil profiles.

Consequently, the primary scientific contribu-
tions of this study are structured as follows:

e Establishment of an objective, automated
back-analysis framework — moving beyond
conventional trial-and-error practices, the
study deploys a systematic automated optimi-
zation framework (using the GRG nonlinear
algorithm) to extract continuous t-z and q-z
load-transfer curves directly from full-scale
static load tests, eliminating user subjectivity.

e Rigorously quantifying the performance gap
in continuous nonlinear modeling — rather
than merely applying a hyperbolic curve, the
study provides a comprehensive comparative
evaluation between classical bilinear (elastic-
perfectly plastic) and hyperbolic formulations,
backed by an expanded multi-metric statistical
framework (R%, RMSE, MAE, NRMSE, and
paired t-tests) to expose the limitations of con-
ventional piece-wise linear approaches.

e Advanced uncertainty quantification and sen-
sitivity mechanics — transitioning from deter-
ministic predictions, the research integrates
multi-level sensitivity testing and Monte Carlo
simulations (N=300) to establish rigorous 95%
confidence intervals (Mean + 1.96 x STD).
This effectively isolates the primary mechani-
cal drivers of pile settlement while accounting
for both inherent spatial soil variability and
experimental instrumentation errors, thereby
bridging the gap between theoretical model-
ing and high-reliability geotechnical practice.

RESEARCH METHODS

Elastic-perfectly plastic (bilinear) model

The elastic-perfectly plastic model (Figure 1),
commonly referred to as the bilinear model, is the
simplest formulation within the t-z framework.
It is based on the assumption that soil behav-
ior is linearly elastic until a critical shear stress

threshold is reached, followed by a state of per-

fectly plastic flow. The relationship between shear

stress (1) and pile displacement (w) is defined by
two distinct stages:

e Elastic stage — the relationship is linear, char-
acterized by a constant spring stiffness (K).

e Plastic stage — upon reaching the ultimate
shear resistance (t ), the shear stress remains
constant regardless of any further increase in
displacement.

The mathematical relationship is defined as follows:

(1)

{K-w, forw <w,
T =

T forw>wy

ult?

where: K — unit spring stiffness (kN/m?), w -
yield displacement at the onset of plastic
flow (m).

The determination of this model requires two
primary parameters:

e Ultimate shear resistance (t ;) — derived from
the static load test results of the two instru-
mented piles through an analysis of the dis-
tributed axial load along the pile shaft.

e Spring stiffness (K) — this is a critical param-
eter that must be calibrated to match the strain
gauge measurements obtained at the two spe-
cific levels along the pile shaft.

Advantages

The model offers high computational efficien-
cy, requiring no complex nonlinear functions. It is
highly effective for iterative design processes or the
rapid assessment of ultimate pile bearing capacity.

Limitations

The primary drawback of this model is the
omission of the transition phase between the elas-
tic and plastic states (i.e., the absence of gradu-
al stiffness degradation). Consequently, in the
small-displacement range (pre-yield), the model
typically predicts a response that is significantly
stiffer than the actual measurements observed
from the two field piles.

Hyperbolic model

The hyperbolic model is utilized to describe
the shear stress—displacement (t — W) relation-
ship in a continuous, nonlinear manner, effec-
tively addressing the limitations of the sudden
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stiffness change at the yield point characteristic
of the elastic-perfectly plastic model. This study
employs the approach originally proposed by
Kondner (1963) [28] and further developed by
Fleming (1992) [29], wherein the relationship
between shear stress and displacement is defined
by the following equation:
_ Tut W

2)

W+ Wy,

In this formulation, w, represents the dis-
placement at which 50% of the ultimate shear
resistance (t ) is mobilized, serving as a critical
parameter to control the curvature and the rate of
stiffness degradation.

The selection of the hyperbolic model is
driven by its inherent mathematical continuity.
Unlike the bilinear model, the hyperbolic formu-
lation simulates the gradual stiffness degradation
of the soil, producing a curve that asymptotically
approaches 1 . To determine the parameters K, |
(initial stiffness) and 7 (ultimate resistance),
this research employs a least-squares regression
analysis based on the transformed linear form
of the hyperbolic equation (w/t = a + bw). This
linear transformation ensures a unique, globally
optimal solution and minimizes potential opti-
mization biases.

The integration of the W, parameter enables
the model to accurately capture soil behavior
during the initial loading phase — where con-
ventional models often predict an overly stiff
response. Furthermore, the hyperbolic formula-
tion ensures numerical stability by maintaining a
continuous derivative of the stress-displacement
function, which facilitates smoother conver-
gence in iterative numerical solvers compared
to the non-smooth response of bilinear models.

This approach provides a flexible and physically
robust calibration tool, allowing for a precise fit
to the load-settlement curves obtained from full-
scale static pile load tests.

Load-transfer method for nonlinear pile
analysis

The load-transfer method (t-z method) dis-
cretizes the pile into n finite elements, where each
segment is coupled to the surrounding soil via a
nonlinear spring representing shaft friction. The
nonlinear response of the pile is determined by
solving the equilibrium equations at each node
along the pile shaft.

For a pile segment subjected to axial loading,
the governing differential equation for force equi-
librium is given by:

d dw

where: EA — axial stiffness of the pile; w — axial
displacement; P — pile perimeter; t(W)
— nonlinear shear stress—displacement
function.

Nonlinear iterative solution procedure — given the
nonlinearity of the ©(#) function, the governing
equation is solved numerically using the Finite
Difference Method (FDM). The solution proce-
dure follows these steps:

1. Discretization — the pile is divided into discrete
elements of length AL.

2. Boundary conditions — specified at the pile
head (applied load Qmp) and the pile base (rep-
resented by a distinct g-z load-transfer curve).

3. Iterative solution — at each load increment, the

T (kPa)

Vv

 —r—v

—m— Bilinear

—o— Hyperbolic
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Figure 1. Illustrating the bilinear and hyperbolic model
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system of equations is solved iteratively to de-
termine the displacement w at each node. During
each iteration, the tangent stiffness of the spring
(K, = dt/dw) is updated based on the displace-
ment w derived from the previous iteration.

4. Verification — upon convergence, the calcu-
lated pile head settlement and axial strain dis-
tribution are directly compared with the static
load test measurements obtained from the in-
strumented piles.

Statistical validation and uncertainty
quantification framework

To rigorously assess the predictive reliability
of the proposed models, a multi-metric statistical
validation framework was established.

e Error assessment metrics — the performance of
the models was quantitatively evaluated using
four primary metrics to ensure a comprehen-
sive analysis of predictive accuracy:

e Root mean square error (RMSE) — used to
quantify the magnitude of prediction errors,

providing a direct measure of the model’s
absolute fit to experimental data.

e Mean absolute error (MAE) — employed to
evaluate the average magnitude of errors in
a set of predictions, without considering their
direction, ensuring a robust measure of consis-
tency across the loading spectrum.

e Normalized root mean square error (NRMSE)
—utilized to facilitate a normalized comparison
of predictive accuracy across diverse soil data-
sets and loading scales, ensuring that the error
magnitude is relative to the observed range.

e Cocflicient of determination (R?) — calculated
to assess the proportion of the variance in the
experimental response that is captured by the
model, serving as a primary indicator of cor-
relation and goodness-of-fit.

Statistical and probabilistic validation

To statistically validate the superiority of the
hyperbolic model, a paired t-test was conducted
to determine if the reduction in RMSE compared
to the bilinear approach is statistically signifi-
cant (p < 0.05).

Depth Soil Soil SPT N-value Pile top
(m) type profile 10 20 30 40 50 o
I | | | 1 o
Caging
1 Fn
Gage
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T 1
Sand
20
-2
30 Silty
clay - 73
40 11— gand -4
gravel S s
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=
L
50~ Sand o
Jack at pile tip)
— Silt
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Figure 2. Diagram of the Kanto postal pile load test [30], [31]
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To address geotechnical uncertainty and
quantify parameter robustness, Monte Carlo
simulations were performed by treating key input
parameters as random variables. This simulation
generates probabilistic distributions of pile-head
settlement, ensuring the reliability of optimized
parameters against inherent soil heterogeneity.

RESEARCH DATA

Pile data from Shibuya et al. (1997)

The experimental research conducted by
Shibuya et al. (1997) [30, 31] in Saitama (Figure
2), Japan, provides a benchmark dataset for ana-
lyzing the nonlinear behavior of large-diameter
bored piles. The foundation was constructed in a
complex geological environment, characterized
by a dense sand layer (SPT N > 50) located at a
depth of 45-60 m, which serves as the primary
end-bearing stratum.

To precisely decouple shaft friction from end-
bearing resistance, the experimental setup incor-
porated two critical methodologies:

Hydraulic jack system at the pile toe — a hydrau-
lic jack (1.3 m in diameter) was installed directly at
the pile base at a depth of 48 m. This configuration
enabled the total isolation of end-bearing resistance
from shaft friction. Experimental results confirmed

o
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an ultimate end-bearing capacity of approximately
30 MN at a displacement of 50 mm.

Multi-point monitoring system — the pile shaft
was instrumented with strain gauges at five spe-
cific levels (Section 1 through Section 4, and the
pile toe). This configuration allowed for the pre-
cise determination of axial load distribution along
the shaft, facilitating the calculation of local shaft
friction. The observational data indicated that the
shaft friction in the deepest segment reached a
peak value of 20 t/m? showing high correlation
with the design prediction of 17 t/m?.

Furthermore, the data captured the elastic
shortening of the pile under compressive loading
and clearly demonstrated the elimination of shaft
friction in the upper segment, attributed to the
presence of the temporary steel casing.

This experimental dataset serves as a bench-
mark for nonlinear pile analysis. The simultane-
ous monitoring of both pile toe and shaft behavior
provides the necessary internal boundary condi-
tions to validate load-transfer (t-z) models. This
empirical foundation is critical for calibrating the
nonlinear parameters (K, 7, W, ) of the Bilin-
ear and hyperbolic models, ensuring that the pre-
dicted displacement and shaft friction distribution
align with the observed field performance in com-
plex geological formations.

S'u(kPa)

Figure 3. O’Neill’s (1982) experimental soil parameters
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Pile data from O’Neill et al. (1982)

O’Neill et al. (1982) [32] conducted static
load tests on both single piles and a 3 x 3 pile
group installed in a heterogeneous soil profile
consisting of four clay layers, ranging from very
stiff to medium consistency (Figure 3).

The test pile was a steel pipe pile, 13.1 m in
length, with an outer diameter of 273 mm and
a wall thickness of 9.3 mm. Instrumentation,
including strain gauges, was strategically posi-
tioned along the pile shaft and between the dis-
tinct clay layers. The static load tests, conducted
to the point of failure, provided high-resolution
data that allowed for the precise determination of
ultimate shaft friction and end-bearing resistance
for each soil layer.

RESULTS AND DISCUSSION

Calibration of t-z curves

The parameter calibration for the t-z and
g-z curves was conducted using the generalized
reduced gradient (GRG) nonlinear optimization
algorithm, as implemented in Microsoft Excel
Solver (Fylstra et al., 1998) [33]. This iterative
procedure minimizes the root mean square error
(RMSE) between the experimental responses and
model predictions. To ensure physical consis-
tency, all model parameters were constrained to
strictly positive values (>0) throughout the opti-
mization, reflecting the inherent physical require-
ments of pile—soil interaction. While advanced
metaheuristic algorithms exist, the GRG method
was deliberately chosen for its high efficiency
and stable convergence in low-dimensional, well-
behaved problems (typically 5 x 10 parameters
per pile), achieving exceptional accuracy (R* >
0.95). Furthermore, this transparent, industry-
standard tool bridges the gap between advanced
numerical research and routine design workflows,
enabling practitioners to verify optimization tra-
jectories and avoid black-box overfitting.

The optimization framework for each model
is detailed below.

Bilinear model — the parameters to be opti-
mized are the ultimate shear resistance (t ) and
the yield displacement (Wy). The calibration effec-
tively identifies the specific transition point that
characterizes the shift from elastic behavior to the
onset of plastic stiffness degradation.

Hyperbolic model — the parameters to be opti-
mized are the ultimate shear resistance (t ) and
the displacement at 50% mobilization of ultimate
resistance (W, ). The calibration emphasizes the
initial stiffness (K) and the curvature of the tran-
sition zone, which are critical for characterizing
the nonlinear stiffness degradation of the soil.

Parameter initialization and optimization
strategy — to ensure computational efficiency and
numerical stability, the parameters obtained from
the bilinear regression were utilized as initial
estimates for the hyperbolic model calibration.
Specifically, the ultimate resistance (t ) was ini-
tialized using the value derived from the bilinear
model, while the displacement parameter w_, was
initially approximated as 0.5 x w . Following
this initialization, the GRG Nonlinear algorithm
performed an independent optimization for the
Hyperbolic parameters to minimize the RMSE
against the experimental data. This approach
allows both models to be calibrated independent-
ly while ensuring that the final optimized parame-
ters are grounded in the same underlying physical
response of the pile—soil system.

The optimization algorithm systematically
adjusts these parameters within predefined physi-
cal bounds, constrained by the specific geological
characteristics of the soil layers. By minimizing
the RMSE as the objective function, the calibration
ensures that the predicted load-transfer response is
statistically constrained to the strain gauge mea-
surements from the instrumented piles in both the
Shibuya et al. [30, 31] and O’Neill [32] datasets.
This rigorous, site-specific calibration transforms
the t-z models from theoretical abstractions into
reliable predictive tools, rigorously grounded in
the actual response of the pile—soil system.

To evaluate the stability and convergence
robustness of the optimization framework against
potential local minima, sensitivity tests involving
various sets of initial parameter values were con-
ducted. The analysis demonstrated that regard-
less of different initial guesses within physically
grounded boundaries, the GRG algorithm consis-
tently converged to the identical optimal parame-
ter set, yielding negligible variations in the objec-
tive function (RMSE). This stability confirms that
the low-dimensional t-z and -z calibration prob-
lem presents a well-behaved error surface, ensur-
ing that the final calibrated outcomes are robust,
unique in convergence, and entirely independent
of the initial starting points.
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Table 1. The results of the T-Z curve correction for O’Neill’s experiment

Bilinear Hyperbolic
Soil layer z (m)

T . (kPa) Wy (mm) RMSE (kPa) T . (kPa) W,, (mm) RMSE (kPa)

4 -12.3 118.122 0.244 0.398 118.702 0.244 1.000

3 -8.5 51.540 7.715 7.185 63.199 7.715 0.998

2 -5.5 62.955 36.889 1.133 82.987 24.516 0.973

1 -2.9 23.911 22.457 2.837 31.730 17.505 0.990
Pile tip -13.1 2.558 (MPa) 1.420 0.144 (MPa) | 3.088 (MPa) 0.798 0.0665 (MPa)

Figure 4a illustrates the depth-dependent
variation of the unit shaft friction (t-z curves)
for the O’Neill experiment, derived through the
proposed back-analysis optimization process.
By employing the Excel Solver to minimize the
RMSE for each geological stratum, the calibrated
hyperbolic model effectively captures the nonlin-
ear soil-pile interaction across four distinct layers
(from z =-2.9 m to z=-12.3 m) and the pile tip.

As summarized in Table 1, the hyper-
bolic model demonstrates superior predictive

140

120

robustness compared to the bilinear model. While
the bilinear model’s RMSE fluctuates significant-
ly - ranging from 0.398 kPa to 7.185 kPa - the
hyperbolic model maintains a highly consistent
RMSE (between 0.665 and 1.000), indicating
exceptional numerical stability across differ-
ent soil profiles. The hyperbolic model consis-
tently predicts higher ultimate shear resistance
(T, across all layers, reflecting a more realistic
assessment of the soil’s capacity mobilization in
a nonlinear regime. Notably, at the pile tip (z =

100

80

t (kkPa)

60

40 --/

20

0 20 40 60

e 7=]12 3% —>— 7=8 5%
—— 7=2.9% -t = 7=123
- % =7z=55

3 poommeee- e

2,5
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W (mm)
—0— z=5.5* %
— @ —735 actual data
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Figure 4. T-Z curves after correction from O’Neill’s experiment (1982): a) T-Z curve along the pile shaft; b) T-Z
curve at the pile tip
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Table 2. The results of the T-Z curve correction for the experiment of Shibuya et al.

Bilinear Hyperbolic
Soil layer z (m)
1, (kPa) W, (mm) RMSE (kPa) 1, (kPa) W,, (mm) RMSE (kPa)
4 40-50 176.176 4.022 23.091 251.458 2.716 10.626
3 25-40 56.885 0.001 27.112 168.418 4.070 5.513
2 10-25 444 .484 40.543 13.459 100.000 3.000 5.980
1 0-10m 23.923 18.505 14.653 30.000 8.000 2.170
Pile tip -50 m 35.0 MN 2.551 2.221 43.166 MN 3.672 0.724

-13.1 m) (Figure 4b), the hyperbolic model pre-
dicts an ultimate capacity of 3.088 MN with an
RMSE of 0.0665, significantly outperforming the
bilinear model (2.558 MN, RMSE 0.144)

The optimization of the t-z and q-z parameters
for the Shibuya et al. dataset reveals the distinct,
depth-dependent mechanical behavior of the soil
strata. The results summarized in Table 2 demon-
strate that the calibrated hyperbolic model con-
sistently provides a superior fit to the experimen-
tal observations compared to the bilinear model
across all depth intervals.

Performance across stratigraphic layers (t-z
response) — the t-z curves for various depth inter-
vals (Figure 5) illustrate that the hyperbolic model
successfully captures the nonlinear mobilization
of shaft resistance across all layers. The optimi-
zation process, driven by the minimization of the
RMSE, yields highly accurate results. Notably,
the hyperbolic model shows significantly lower
RMSE values compared to the bilinear model in
all cases. For instance, in the deepest stratum (z

250

200

150

t (kPa)

100

= 40-50 m), the hyperbolic model achieves an
RMSE of 10.626 kPa, whereas the bilinear model
exhibits an RMSE of 23.091 kPa. Similarly, in
the intermediate layers, the hyperbolic model
maintains robust predictive accuracy (RMSE of
5.513 kPa at z = 25-40 m and 5.980 kPa at z =
10-25 m), significantly outperforming the Bilin-
ear model’s respective RMSE values of 27.112
kPa and 13.459 kPa. These findings validate the
hyperbolic formulation as a robust tool for char-
acterizing the site-specific stiffness and resistance
mobilization of large-diameter piles in complex
stratigraphic conditions.

Mobilization of end-bearing resistance (q-z
response): Figure 6 illustrates the load-displace-
ment response at the pile tip. The bilinear model
exhibits an abrupt transition to plastic failure at
approximately 35 MN, which tends to overesti-
mate the stiffness during the intermediate loading
stages. In contrast, the hyperbolic model, calibrat-
ed via the Excel Solver, provides a more ductile
response that closely follows the experimental

e 7=40-50 e 7=25-40

z=10-25

w (mm)
e 7=40-50% —>¢— 7=25-40% —@— 7z=10-25*% —@— z=10-25%

*actual data
-0--7=0-10

Figure 5. The T-Z curves along the pile shaft after correction from the experiment of Shibuya et al.
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Figure 6. The T-Z curve of the pile tip after correction from the experiment of Shibuya et al.

data. With an RMSE of 0.724 MN, the Hyperbolic
formulation proves more reliable in predicting
ultimate end-bearing capacity, effectively avoid-
ing the inaccuracies associated with the rigid yield
assumptions of the Bilinear model (which resulted
in a higher RMSE of 3.053 MN).

Significance of the calibration framework:
The integration of the Excel Solver to minimize
the objective function (RMSE) represents a sig-
nificant advancement over manual parameter
estimation. This systematic approach eliminates
subjective bias, ensuring that the model param-
eters are objectively derived from the site-spe-
cific stress-strain response. The overall reduc-
tion in RMSE across all layers confirms that this
back-analysis procedure is not merely a curve-
fitting exercise but a robust technical framework
for geotechnical characterization. The resulting
site-specific parameters provide a scientifically
rigorous foundation for pile settlement predic-
tions, far exceeding the reliability of generalized
empirical correlations.

Influence of pile geometry and interface char-
acteristics on calibration parameters: While the
validation datasets encompass diverse pile geom-
etries, dimensions, and soil conditions, the sen-
sitivity of the proposed back-analysis framework
to physical attributes such as pile diameter (D),
embedded length (L), axial stiffness (EA), and
shaft roughness warrants explicit clarification.
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Since the framework relies on automated opti-
mization (Excel Solver) to minimize the RMSE
against strain-gauge measurements, the resulting
t-z and -z curves represent equivalent unit load-
transfer characteristics normalized by the pile
perimeter and cross-sectional area. Consequently,
scaling effects related to pile diameter and length
are implicitly integrated into the back-calculated
ultimate resistance (T,,) and yield displacement
parameters (w, or w,,). Furthermore, shaft rough-
ness and installation effects (e.g., driven piles ver-
sus bored piles) directly govern the local interface
shear capacity and slippage thresholds, which
are effectively captured through the site-specific
calibration process. While the underlying math-
ematical formulation is robust across different
structural dimensions, users should note that the
calibrated parameters remain tied to the specific
scale and construction method of the tested pile,
ensuring that geometric and interface heterogene-
ities are properly reflected in the resulting load-
settlement predictions.

Comparative analysis of pile behavior under
axial loading using different t-z models

Based on the parameters calibrated using
the static pile load test data from Shibuya et al.
(1997), this section evaluates and compares the
axial response of a single pile modeled with the
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Figure 7. Results of load-settlement relationship
analysis using models compared with experimental
results of Shibuya et al. (1997)

bilinear and Hyperbolic t-z formulations. This
analysis aims to clarify the predictive compat-
ibility of each model regarding the load—dis-
placement relationship and the distribution of
shaft friction across geologically distinct soil
layers (Table 3).

Figure 7 illustrates the load—settlement (P—S)
curve at the pile head, comparing the experimental
results from the Shibuya et al. (1997) study with
the numerical predictions obtained using the t-z
method for both bilinear (elastic-perfectly plastic)
and hyperbolic (continuous nonlinear) models.

The analysis reveals a significant divergence
in predictive performance between the two mod-
els as the applied load increases.

Table 3. Performance statistics of the models on data
from Shibuya et al.

I.Derformance Bilinear model Hyperbolic

indicator model

RMSE (MN) 3.386 1.234

R2 0.975 0.997

MAE (MN) 2.606 1.466

NRMSE 0.062 0.022
Analysis time 12 18

(s)

Low-load stage (P <35 MN) — both the bilin-
ear and hyperbolic models yield results that are
consistent with each other and align closely with
the experimental data. This confirms that, during
the elastic work phase, the initial spring stiffness
derived from the back-analysis of experimental
data accurately captures the response of the pile-
soil system.

High-load stage (P > 40 MN) — the bilinear
model (blue line) exhibits a significant limitation,
predicting less settlement than observed (an “over-
stiff”” response). Conversely, the hyperbolic model
(black dashed line) demonstrates superior perfor-
mance by tracking the experimental curve (red line)
closely, even as the pile approaches failure. Specifi-
cally, the hyperbolic model predicts the failure load
at approximately 34.7 MN, which closely matches
the experimental results, whereas the bilinear model
estimates the failure load at approximately 40 MN,
resulting in a discrepancy of 13.25%.

The deviation of the bilinear model from the
experimental data at high loads is a direct conse-
quence of oversimplifying soil behavior as elas-
tic-perfectly plastic. The bilinear model assumes
a sudden transition to failure at a specific stress
threshold, which leads to an unrealistic stiffness
response. In contrast, the hyperbolic model effec-
tively simulates the gradual stiffness degradation
of the soil, producing a load—settlement curve
that asymptotically converges with the experi-
mental data.

This analysis demonstrates that for large-
diameter bored piles in dense sand formations
(such as the Saitama geological profile), selecting
a continuous nonlinear t-z model like the hyper-
bolic formulation is a prerequisite for ensuring
reliable pile head settlement predictions. The
results of Case Study 1 not only validate the pro-
posed back-analysis procedure but also empha-
size the necessity of moving beyond simplified
linear assumptions in modern foundation design.

The statistical analysis in Table 3 demonstrates
a clear performance gap between the two models.

Prediction accuracy (RMSE, MAE &
NRMSE) - the hyperbolic model achieved an
RMSE of 1.94 MN, which is approximately 5.4
times lower than that of the bilinear model (10.58
MN). This improvement is further corroborated
by the NRMSE, where the hyperbolic model
attained a superior value of 0.022 compared to
0.062 for the bilinear model. The reduction in
MAE from 2.606 MN to 1.466 MN reinforces the
model’s consistency in minimizing cumulative
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discrepancies across the entire loading range,
particularly as the pile approaches its ultimate
capacity.

Correlation coefficient (R*) — while the bilin-
ear model yielded a respectable R? of 0.975, it is
noticeably lower than the 0.997 achieved by the
hyperbolic model. This confirms that the hyper-
bolic model captures a greater proportion of the
nonlinear variance in soil response, effectively
modeling the continuous transition from elastic
to plastic behavior.

Engineering implications — the bilinear mod-
el’s lower R? and higher RMSE/NRMSE are
primarily attributed to its over-stiff response at
high load levels, where the assumption of instan-
taneous plastic yielding fails to account for the
soil’s gradual stiffness degradation. In contrast,
the hyperbolic model’s high correlation with
experimental data (R? = 0.997) validates its reli-
ability for design scenarios where accurate settle-
ment estimation is critical to structural safety.

Computational efficiency — regarding practical
implementation, the hyperbolic model required an
analysis time of 1.8 seconds, compared to 1.2 sec-
onds for the bilinear model. This marginal increase
in computational overhead (0.6 seconds) is negli-
gible and represents a highly favorable trade-off
given the substantial gains in predictive accuracy
(as evidenced by the 65% reduction in NRMSE)
and numerical stability, particularly for large-scale
engineering applications where reliable deforma-
tion predictions are paramount.

Figure 8 provides a comprehensive overview
of how different mathematical assumptions influ-
ence the predicted pile behavior. The analysis
highlights distinct behavioral differences across
loading stages:

Elastic stage (S < 0.005 m) — all models dem-
onstrate a high level of agreement with the exper-
imental data, confirming that during the initial
loading phase, each method effectively captures
the initial stiffness (K.) of the pile-soil system.

Table 4. Performance statistics of the models on data
from O’Neill’s experimental

Pe.rfo.rmance Bilinear model Hyperbolic model
indicator
RMSE (kN) 74.268 19.086
R? 0.962 0.981
MAE (kN) 68.679 18.109
NRMSE 3.317 0.852
Analysis time (s) 1 1.4
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Nonlinear and failure stage (S > 0.005m)

Bilinear model (yellow squares) — exhibits
the highest stiffness, reaching an ultimate capac-
ity of approximately 900 kN. This response is
excessively rigid, leading to a significant under-
estimation of settlement as the load approaches
the failure threshold.

N. Makris model (black open circles) [34] —
Shows a moderate response, aligning closely with
experimental data during the intermediate load-
ing stage and stabilizing at an ultimate capacity of
approximately 900 kN. This model is underpinned
by a physically motivated approach that utilizes
distributed nonlinear springs, governed by the
Bouc-Wen model, to characterize hysteretic soil
behavior and energy dissipation. To address the
soil-pile interface, Makris and Badoni incorporate
a slider element in series with the nonlinear spring,
effectively capturing slip phenomena when adhe-
sive capacity is exceeded. The parameters within
this framework are typically determined through
a systematic trial-and-error approach, relying on
engineering judgment to align the model with
physical soil properties — such as undrained shear
strength (S ) and Young’s modulus (E)) — rather
than purely automated regression. By calibrating
the skin friction capacity through a depth-depen-
dent scalar parameter A(z), this method provides a
foundational benchmark for analyzing the nonlin-
ear axial response of single piles

Hyperbolic model (red circles) — exhibits a
more ductile response, effectively capturing the
nonlinear reduction in soil stiffness. While it pro-
vides a good fit for the nonlinear transition, it
shows a tendency to slightly underestimate the
capacity at higher displacement levels compared
to the experimental observations.

Failure load prediction — the experimental
data indicate a failure load approaching 850-900
kN. The bilinear model overestimates this capac-
ity (approx. 900 kN), whereas the N. Makris and
hyperbolic models provide more conservative and
closer estimates, with the bilinear model represent-
ing a discrepancy of approximately 16.2% relative
to the hyperbolic/N. Makris convergence zone.

The divergence between these models in Case
Study 2 reinforces a fundamental principle in
foundation engineering: no single model is uni-
versal. While the bilinear model is suitable for
rapid design assessments prioritizing conserva-
tive safety thresholds, the hyperbolic model dem-
onstrates superior performance for projects with
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Figure 8. Comparative analysis of load—settlement
(P-S) behavior at the pile head — experimental data
vs. bilinear, hyperbolic, and Makris [34] models

stringent technical requirements. Its ability to
fully capture the gradual stiffness degradation of
the soil allows for significantly higher precision
in settlement prediction, effectively reducing the
errors inherent in traditional approaches.

The comparative statistical analysis for Case
Study 2 in Table 4 underscores the substantial
limitations of the bilinear model in cohesive soils.
The hyperbolic model demonstrated superior pre-
dictive capability, yielding an RMSE of 19.086
kN and an R? of 0.981, compared to 74.268 kN
and 0.962 for the bilinear model, respectively.
This performance gap — where the bilinear mod-
el’s error (RMSE) is nearly 4 times higher — is
attributed to the progressive failure mechanism
inherent in clayey deposits. While the bilinear
model’s abrupt yield point fails to account for the
gradual stiffness degradation, the hyperbolic for-
mulation effectively mimics the nonlinear stress-
displacement path observed in field tests.

It is noteworthy that the predictive accu-
racy of the bilinear model varies significantly
depending on the soil profile. In the dense sand
formation (Case Study 1), the bilinear model’s
performance was relatively moderate, with an
NRMSE of 0.062. In contrast, this error amplified

significantly in the clayey deposits (Case Study
2), where the bilinear model’s NRMSE surged to
3.317. This stark contrast highlights the distinct
soil-pile interaction mechanisms — while dense
sands exhibit rapid resistance mobilization and
predictable stiffness, allowing simpler models to
perform reasonably well, the progressive failure
behavior inherent in cohesive soils drastically
exposes the limitations of the bilinear model. The
marked degradation in predictive performance
within clayey profiles — supported by the sharp
rise in NRMSE from 0.852 (hyperbolic) to 3.317
(bilinear) — confirms that for cohesive strata, the
transition to continuous nonlinear models, such as
the Hyperbolic formulation, is a technical neces-
sity to maintain design reliability.

Regarding computational efficiency, the
hyperbolic model required an analysis time of 1.4
seconds, compared to 1.0 second for the bilinear
model. Similar to Case Study 1, this marginal
increase of 0.4 seconds is negligible, represent-
ing a highly favorable trade-off for the substan-
tial improvements in predictive accuracy (as evi-
denced by the nearly fourfold reduction in RMSE)
and numerical stability in cohesive soil conditions.

To quantitatively evaluate the statistical agree-
ment between the model predictions and the mea-
sured field data, a paired two-sample t-test (with
df =21 for 22 observations at a significance level
of (a = 0.05) was conducted for both the Shibuya
and O’Neill pile case histories (Table 5). For the
Shibuya pile, the hyperbolic model yielded a mean
of 22.244 compared to a Pearson correlation of
0.997 with the experiment. Although its one-sid-
ed t-statistic (t,,, = —3.313) exceeded the critical
threshold (t_ ., = 1.721) with P=0.001656 < 0.05,
indicating a slight systematic offset, its trajectory
alignment remains exceptional. Conversely, the
bilinear model for the Shibuya pile showed a mean
of 23.477 (R* = 0.975) with a non-significant t-sta-
tistic (t, = 0.698, P =0.2463 > 0.05), reflecting a
close mean value but lacking the continuous non-
linear flexibility of the Hyperbolic formulation. A
consistent statistical trend was observed for the
O’Neill pile case: thehyperbolic model recorded
a mean of 327.775 (R? = 0.981), where the t-test
yielded t, = 3.469 (P = 0.0011 < 0.05), whereas
the bilinear model produced a mean of 348.907
(R*=0.962) with a non-significant t-statistic (ty =
1.362, P = 0.094 > 0.05). Overall, these statistical
metrics confirm that while classical bilinear mod-
els may occasionally match global mean values
closely due to their piece-wise linear averaging, the
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Table 5. Statistical results of the paired two-sample t-test comparing model predictions and experimental
measurements for the Shibuya and O’Neill pile case histories

Parameters Shibuya pile case O’Neill pile case
Hyperbolic Bilinear Hyperbolic Bilinear
Mean 22.244 23.477 327.775 348.907
Variance 305.994 369.739 99416.3 151240.3
Observations 22 22 22 22
Pearson correlation 0.997 0.975 0.981 0.962
Hypothesized mean difference 0 0 0 0
df 21 21 21 21
t Stat -3.313 0.698 3.469 1.362
P(T<=t) one-tail 0.001656 0.2463 0.0011 0.094
t Critical one-tail 1.721 1.721 1.721 1.721
P(T<=t) two-tail 0.0033 0.492 0.0023 0.188
t Critical two-tail 2.080 2.079614 2.080 2.080

advanced hyperbolic models — backed by robust
optimization and high correlation coefficients —
reliably capture the true continuous mechanics
of pile-soil interaction despite minor systematic
variations.

Sensitivity analysis of calibrated
parameters

To evaluate the stability, robustness, and pre-
dictive reliability of the proposed back-analysis
framework, a normalized sensitivity analysis was
systematically conducted on the calibrated model
parameters. This analysis aims to quantify the
impact of parameter uncertainty on the structural
performance of the pile, specifically focusing on
the pile-head load-settlement (P-S) response. By
assessing how variations in the primary input vari-
ables — namely the ultimate shear resistance (t )
and the yield displacement (wy) — influence the pre-
dicted settlement, this study identifies the govern-
ing mechanical drivers of the soil-pile interaction.

The sensitivity of the model was evaluated
by introducing a perturbation range of £10%
+ +30% to each parameter from its calibrated
baseline value. The selection of these perturba-
tion ranges is strongly supported by statistical
evaluations of geotechnical property variability.
Comprehensive reliability studies (e.g., Phoon
and Kulhawy, 1999 [35]; Duncan (2000)[36])
have established that the coefficients of varia-
tion (COV) for fundamental soil parameters and
in-situ test indices typically span this precise
range due to inherent spatial heterogeneity and
measurement errors. Consequently, perturbing
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the calibrated parameters within this bracket
provides a realistic and rigorous simulation of
actual geotechnical uncertainties encountered in
engineering practice.

The sensitivity of the model was evaluated
by introducing a perturbation range of +10%
+ £30% to each parameter from its calibrated
baseline value. This multi-level assessment pro-
vides a rigorous stress-test of the model, ensur-
ing that the identified sensitivities are consis-
tent and represent the actual nonlinear pile-soil
response surface rather than artifacts of small-
scale perturbations. The resulting fluctuations in
the RMSE were formalized through the calcula-
tion of the sensitivity index (SI), which allows
for the direct comparison of parameters with
disparate physical units.

The sensitivity index (SL) is calculated using
the central difference method to ensure high-
order accuracy:

Sl =‘RMSE(pi +Api)_RMSE(pi _Api)‘. pi (4)
" 2-Ap, | RMSE

base

where: p. represents the baseline value of the i"
parameter; Ap, is the perturbation mag-
nitude (ranging from 10% to 30%); and

RSME, , is the error at the calibrated
Pi
baseline. This normalization by RMSE,,,
renders the index dimensionless, facili-
tating a direct comparison of the relative
influence of different geotechnical param-

eters (Saltelli et al., 2008) [37].

The sensitivity analysis yields contrasting
results between the Shibuya (sand) and O’Neill
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(clay) case studies, providing profound insights
into the influence of soil state on model behavior.

The Shibuya dataset (Figure 9a and Table
6) exhibits exceptionally high SI values for
w, (peaking at ~374), indicating that in sandy
deposits, the load-settlement response is
extremely sensitive to the definition of soil

stiffness. Conversely, the O’Neill case (Figure
9b and Table 7), characterized by clayey soil,
shows significantly lower SI values (SI_ = 22).
This suggests that the response surface in clayey
strata is inherently smoother and more “predict-
able”, whereas the granular nature of the Saita-
man site creates a highly nonlinear, sensitive

Table 6. Performance statistics of the models on data from Shibuya et al experimental

S1_30% SI_20% SI_10%
Layer
Tulf Wy T..u Wv Tuli Wy
Pile tip 0.0037 146.29 0.0041 148.04 0.0043 148.93
Layer 4 0.0084 333.51 0.0113 360.42 0.0152 374.73
Layer 3 0.0122 268.84 0.0166 291.63 0.0233 303.49
Layer 2 0.0144 130.39 0.0159 131.76 0.0169 132.47
Layer 1 0.0163 22.46 0.0165 22.27 0.0167 22.15
Table 7. Performance statistics of the models on data from O’Neill’s experimental
Sl_30% SI_20% Sl_10%
Layer
Tult WY TI f1id WY T||It WY
Pile tip 0.00018 3.02 0.00018 2.97 0.00018 2.94
Layer 4 0.00057 15.10 0.00057 14.91 0.00057 14.80
Layer 3 0.00196 18.14 0.00196 17.94 0.00196 17.82
Layer 2 0.00230 21.88 0.00230 21.68 0.00230 21.56
Layer 1 0.00107 5.80 0.00107 5.78 0.00107 5.76

Table 8. Comparative sensitivity analysis of soil-pile interaction parameters by soil type

Case study Soil type Sl /Sl (average)
Shibuya et al. Sand ~ 20,000-30,000
O’Neill Clay ~8.000-10.000
(a) (b)
400 25
20
300 - ‘ o
;‘:’, ?’—; 15
£200 =10
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100 | I I I
| ] L1
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Input parameter
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Figure 9. Comparison of Sensitivity Indices (SI) for pile-soil interaction parameters:
(a) Shibuya et al and (b) O’Neill et al.
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pile-soil interaction mechanism. Dominance of
stiffness over capacity — in both scenarios, the
SI of W, consistently exceeds that of T by sev-
eral orders of magnitude. This confirms that for
both sand and clay, the mobilization of soil stiff-
ness is the governing mechanism for pile-head
settlement. However, the disparity is far more
pronounced in the sandy case, where the sensi-
tivity to W, is approximately 100 to 1.000 times
greater than to T .

A significant observation is the stability of
SI values across the £10% to £30% perturbation
ranges. In the O’Neill case, the SI values remain
almost constant, indicating a highly robust model
performance regardless of input uncertainty. In
the Shibuya case, while absolute SI values fluctu-
ate more as the perturbation magnitude increases,
the ranking of parameter importance remains
unchanged. This confirms that the proposed back-
analysis framework is universally applicable and
maintains consistent physical logic despite the
fundamental differences between sandy and clay-
ey soil mechanics.

To quantify the relative importance of soil stiff-
ness versus ultimate shear resistance, the ratio of
their respective sensitivity indices (S[W/Slmh) was
evaluated. The analysis result in Table 8§ reveals a
striking dominance of the yield displacement W)
across all soil types. In the Saitaman sand case, this
ratio ranges from approximately 20,000 to 30,000,
underscoring that in granular soils, the load-settle-
ment behavior is virtually insensitive to the ulti-
mate capacity parameters within the operational
range. For the O’Neill clay case, the ratio remains
substantial, ranging between 8,000 and 10,000.
While the absolute magnitudes of these ratios are
site-dependent, the consistency of the findings -
that w, is several orders of magnitude more influen-
tial than T, — provides definitive evidence that soil
stiffness mobilization is the governing mechanical
driver in pile foundation settlement prediction. This
quantitative discrepancy emphasizes that prioritiz-
ing high-precision determination of w, is far more
critical than optimizing T, in geotechnical site
investigations, regardless of the soil stratigraphy.

Probabilistic sensitivity analysis

While deterministic optimization provides
best-fit parameters for the load-transfer curves,
it does not account for the inherent spatial vari-
ability of geotechnical properties nor the poten-
tial experimental errors stemming from field
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instrumentation (e.g., strain gauge accuracy,
sensor drift, and local data anomalies). To rigor-
ously address these uncertainties and evaluate the
robustness of the optimized hyperbolic model, a
probabilistic sensitivity analysis utilizing Monte
Carlo simulations (N = 300 iterations) was
conducted.

Key input parameters and calibration con-
straints were treated as random variables reflecting
realistic variations found in site characterization
and testing. The simulation results yield a com-
prehensive probabilistic distribution of the pile-
head load-settlement (P-S) behavior. Specifically,
the 95% confidence intervals, defined by +1.96
x STD around the mean response, successfully
capture and bound both the inherent soil heteroge-
neity and the minor propagation of experimental
measurement errors. This probabilistic framework
demonstrates that while raw data imperfections
can induce minor localized fluctuations during
automated curve-fitting, the overall predictive reli-
ability of the optimized model remains robust and
stable across the entire loading spectrum.

To account for the inherent spatial variability
of soil properties and experimental uncertainties
in the Monte Carlo simulations, probabilistic per-
turbations were applied to the calibrated model
parameters. Based on established geotechnical
reliability literature and empirical data regard-
ing soil-pile interaction parameters, the coeffi-
cients of variation (COV) were assigned as 0.20
(20%) for the ultimate resistance parameters (t,)
and 0.30 (30%) for the displacement-at-failure or
reference displacement parameters (w, ). A log-
normal probability distribution was intention-
ally adopted for parameter generation to strictly
prevent non-physical negative values, ensuring
that all simulated stiffness and capacity param-
eters remain within realistic mechanical bounds.
These specific COV thresholds and log-normal
models are well-supported by previous reliabil-
ity-based deep foundation studies (e.g., Phoon
and Kulhawy, 1999 [35]; Duncan (2000)[36]),
which effectively capture both natural geological
heterogeneity across the pile-soil interface and
minor measurement errors inherent in full-scale
static load testing, thereby providing a rigorous
basis for evaluating the predictive stability and
95% confidence intervals of the optimized t-z
load-transfer curves.

The Monte Carlo simulation results (Figure
10) provide a robust probabilistic evaluation of
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Figure 11. Comparison of pile-head load-settlement (P-S) curves incorporating Monte Carlo simulation
confidence bounds (95% upper and lower limits) alongside experimental data and mean model predictions: (a)
Shibuya pile case, and (b) O’Neill pile case

the optimization framework’s performance and
stability under parameter perturbations.

For the Shibuya pile case (Figure 10a):
The frequency distribution of the Root Mean
Square Error (RMSE) exhibits a distinct posi-
tively skewed (right-skewed) profile. The vast
majority of simulation runs concentrate heavily
within the lower error brackets (predominantly
between 1.597 MN and 2.70MN), indicating
that the optimization process is highly stable
and resilient to variations in initial parameters
and data noise.

For the O’Neill pile case (Figure 10b): The
RMSE frequency distribution demonstrates an
approximately bell-shaped, near-normal distri-
bution pattern centered around the 2.942 kN to

3.614 kN intervals. This symmetric dispersion
confirms that the calibrated model accommodates
data scatter gracefully without severe divergence.

Overall, both distributions validate that the
global errors remain bounded within accept-
able limits, reinforcing the statistical reliability,
robustness, and predictive confidence of the cali-
brated Hyperbolic load-transfer model across dif-
ferent geotechnical case histories.

Figure 11 illustrates the probabilistic assess-
ment of the pile-head load-settlement (P-S)
responses derived from the Monte Carlo sim-
ulations, incorporating the 95% confidence
intervals (upper and lower bounds) relative to
the mean model predictions and experimental
measurements.
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For the Shibuya pile case (Figure 1la):
The experimental curve and both mean models
(hyperbolic and bilinear) lie comfortably within
the established 95% confidence boundaries. The
upper and lower bounds effectively capture the
dispersion caused by parameter uncertainties,
with the mean hyperbolic curve exhibiting a close
alignment with the physical load test data across
the entire settlement range.

For the O’Neill pile case (Figure 11b): A
similar performance trend is observed, where the
experimental load-settlement trajectory remains
well-contained inside the probabilistic enve-
lope. The bounds appropriately reflect the grow-
ing uncertainty at higher settlement levels, con-
firming that the proposed automated calibration
framework reliably brackets potential variations
in soil-pile interaction.

Overall, these probabilistic bounds demon-
strate that while material and operational uncer-
tainties induce scatter in the predicted load-bear-
ing capacity, the calibrated nonlinear framework
maintains high predictive stability and robust-
ness, validating its applicability for reliable geo-
technical engineering design

Limitations of the study and future scope

While this study successfully establishes an
objective, automated back-analysis framework
that significantly enhances the calibration accu-
racy and predictive reliability of single-pile load-
transfer curves, several inherent limitations must
be acknowledged and addressed to guide future
investigations.

First, while advanced analytical models can
now incorporate stiffening or smoothing transi-
tion zones to soften abrupt flow points, the clas-
sical Bilinear formulation remains the benchmark
embedded in contemporary geotechnical engi-
neering practice. Codes of practice and standard
design frameworks (e.g., FHWA, API) predomi-
nantly utilize elastic-perfectly plastic t-z curves
because they require only two straightforward
parameters: ultimate shear resistance (T,) and
initial stiffness or yield displacement (w,). This
simplicity makes the Bilinear approach highly
attractive for routine, fast-paced design envi-
ronments where extensive cyclic testing data or
advanced soil constitutive parameters are unavail-
able. However, as demonstrated by our com-
parative findings, this operational convenience
comes at the cost of significant predictive errors
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- particularly in cohesive and complex layered
strata where progressive failure and gradual stift-
ness degradation govern the deformation mecha-
nism. Therefore, while modified bilinear models
with transition zones might marginally improve
localized curve-fitting, they still fundamentally
retain a piecewise-linear structure that struggles
to capture continuous, rate-independent stiffness
reduction across deep, heterogeneous profiles.

This reinforces the core argument of our study:

shifting toward robust, continuous nonlinear

frameworks like the hyperbolic model is vital for
modern high-performance infrastructure design.

Despite the advantages of the proposed auto-
mated calibration framework, several specific
technical and methodological constraints should
be noted:

e While integrating the generalized reduced
gradient (GRG) nonlinear optimization algo-
rithm successfully eliminates the subjective
bias inherent in manual curve-fitting, the
calibration process still depends on founda-
tional engineering decisions, such as select-
ing the objective function (RMSE), physically
grounded parameter bounds, and convergence
constraints. These user-defined inputs directly
influence the optimization trajectory and solu-
tion uniqueness; overly restrictive bounds
can constrain the physical reality of the soil
response, while loose constraints may lead to
non-unique mathematical fits. Future advance-
ments should focus on fully automated frame-
works by integrating machine learning algo-
rithms or global optimization techniques (e.g.,
genetic algorithms or particle swarm optimi-
zation) to systematically determine boundar-
ies and objective weights.

e The study focuses exclusively on the axial
behavior of single bored piles. Extending this
methodology to pile groups, lateral loading,
or combined loading conditions involves sig-
nificant complexities. In pile-group configura-
tions, closely spaced piles experience group
effects, such as soil compaction and overlap-
ping shear zones (shadowing and shielding
phenomena), which fundamentally alter the
load-transfer mechanism compared to single
isolated piles. Similarly, lateral loading sce-
narios require p-y curves that account for
multidimensional displacement fields, depth-
dependent failure mechanisms, and poten-
tial gap formation behind the shaft. Conse-
quently, directly applying a 1D single-pile t-z



Advances in Science and Technology Research Journal 2026, 20(11), 457-477

framework without multi-directional coupling
oversimplifies structural responses. Future
research should integrate multi-spring inter-
action matrices or couple the optimization
framework with 3D numerical models (e.g.,
Plaxis or OpenSees).

e A recognized challenge in geotechnical back-
analysis is the non-uniqueness of the inverse
solution. Because multiple combinations of
initial stiffness K) and ultimate shear resis-
tance (T, ) can produce comparable global
error metrics (RMSE) at the pile head, opti-
mization alone does not guarantee a singular,
mathematically unambiguous solution. To
mitigate this, the proposed framework relies
on three-tier safeguards: (1) rigorous physi-
cal bounding based on soil mechanics, (2)
multi-metric statistical validation (R?, MAE,
NRMSE, and paired t-tests), and (3) probabi-
listic Monte Carlo simulations to define con-
fidence bounds, ensuring parameters serve
as reliable, physically constrained estimates
rather than absolute unique values.

The current formulation and hyperbolic model
are strictly restricted to monotonic (static) loading
conditions. They do not account for cyclic deg-
radation, stiffness softening under repeated load
reversals, or the accumulation of permanent plastic
settlements. Extending this framework to cyclic
scenarios requires integrating hysteretic degrada-
tion rules, cyclic damping, and cumulative damage
models into the local t-z and g-z functions.

Although this study specifically demonstrates
the calibration framework using bored pile datas-
ets, the methodology is not intrinsically restricted
to a single pile type. The automated back-anal-
ysis framework can be extended to continuous
flight auger (CFA) piles or micropiles, provided
that sufficient, high-resolution field load test and
instrumentation data are available. Given that
CFA piles and micropiles exhibit distinct installa-
tion-induced soil disturbances and unique bond-
slip mechanisms, applying the framework to these
systems requires tailoring the initial boundaries
and degradation models to reflect their specific
shaft-resistance characteristics.

CONCLUSIONS

This study presents a comprehensive com-
parative analysis of the bilinear (elastic-perfectly

plastic) and hyperbolic (continuous nonlinear)
t-z load-transfer models for predicting the axial
behavior of large-diameter bored piles. Through a
rigorous back-analysis of high-quality experimen-
tal data from Shibuya et al. and O’Neill, combined
with advanced statistical validation, sensitivity
mechanics, and Monte Carlo uncertainty quantifi-
cation, the following conclusions are drawn:

5. The integration of the Excel Solver (GRG non-
linear algorithm) provides a systematic, objec-
tive, and reproducible calibration framework.
By minimizing the RMSE as the objective func-
tion, this procedure eliminates the subjective
bias inherent in traditional manual parameter
estimation, ensuring that model parameters are
rigorously grounded in site-specific stress-strain
responses.

6. The hyperbolic model significantly outper-
forms the bilinear model by effectively cap-
turing gradual soil stiffness degradation. By
maintaining mathematical continuity, it pro-
vides a superior fit to experimental data across
all loading stages, effectively overcoming the
limitations of the bilinear model’s abrupt yield
assumptions.

7. The statistical analysis confirms the enhanced
accuracy of the hyperbolic formulation. In
Case Study 1 (Shibuya pile, dense sand), the
hyperbolic model achieved a high Pearson cor-
relation of 0.997 and an exceptional trajectory
match, whereas the bilinear model lacked con-
tinuous non-linear flexibility. In Case Study
2 (O’Neill pile, clayey deposits), a consis-
tent trend was observed where the hyperbolic
model maintained superior performance (R*=
0.981), whereas the bilinear model showed
performance divergence. Furthermore, paired
two-sample t-tests (df = 21, o = 0.05) confirm
that while classical bilinear models may oc-
casionally match global mean values through
piece-wise linear averaging, advanced hyper-
bolic models reliably capture true continuous
mechanics.

8. Monte Carlo simulations (N=300) demonstrate
that the calibrated framework is robust against
parameter perturbations and data noise. The re-
sulting frequency distributions of RMSE and
the 95% confidence intervals (upper and lower
bounds) confirm that experimental load-settle-
ment trajectories remain well-contained within
the probabilistic envelope, verifying the high
predictive reliability of the proposed optimiza-
tion framework.

475



Advances in Science and Technology Research Journal 2026, 20(11), 457-477

9. Sensitivity analyses reveal that pile-head set-
tlement is predominantly governed by yield
displacement rather than ultimate shear resis-
tance. The dominance of initial stiffness mobi-
lization confirms it as the primary mechanical
driver of pile performance, while the stability
of sensitivity indices across perturbation rang-
es validates the framework’s resilience against
data uncertainty.

10. Predictive errors associated with traditional
piecewise linear assumptions become more
pronounced in complex cohesive and layered
strata. This reinforces that while bilinear mod-
els may suffice for routine preliminary design,
transitioning to continuous nonlinear models
like the hyperbolic formulation is a technical
necessity for maintaining design reliability
where progressive failure and gradual stiffness
degradation govern deformation mechanisms.
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