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INTRODUCTION

Modern production lines operate under con-
ditions of high uncertainty caused by technical 
equipment failures, variability in material qual-
ity, human factors and organizational failures [1]. 
Taken together, these factors create production 
risks that directly affect the fulfillment of planned 
production volumes and compliance with product 
delivery deadlines [2]. A classic tool for analyz-
ing industrial risks is the failure mode and effects 
analysis (FMEA) method [3], widely used in 
mechanical engineering, mining and processing 
industries. However, the traditional risk priority 
index (RPN) has a number of limitations: lack of 

standardization, impossibility of direct use in reli-
ability calculations, and ignoring the probabilistic 
nature of the production process [4, 5]. In previ-
ously published works, a modification of FMEA 
using the normalized WJRPN index proposed [6], 
which allows risk to be interpreted as the prob-
ability of failure to fulfill the production plan. 

Despite significant progress in deterministic 
and partially stochastic modeling of flow shop 
scheduling [7–9], the challenge of creating a uni-
fied stochastic model of a linear production line 
remains open [10, 11]. This model would:
a) observe full probability distributions of op-

eration execution times (including multimod-
al or hyperexponential forms arising from a
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mixture of different processing modes arising 
from the stochastic nature of risks across the 
4M categories: Man – human factor, Machine 
– equipment failures and wear, Material – ma-
terial quality variability, Method – organiza-
tional and technological deviations) [12, 13]. 
Such distributions arise from competing or 
superimposed modes of operation of the pro-
cess equipment: the main (normal) processing 
mode with relatively low variance, as well as 
several “risky” modes like personnel absence, 
breakdown, additional setup, material defect, 
each characterized by its own time distribution 
law. The mixture of these components leads to 
a multimodal probability density function or 
a hyperexponential distribution of the full op-
eration time, which is well described in classi-
cal works on the stochastic scheduling of flow 
systems [12]. In particular, multimodal forms 
clearly appear when taking into account risks 
according to 4M categories, as shown in recent 
studies on real production routes [6], where 
the distribution density graphs exhibit several 
pronounced modes corresponding to different 
equipment states (z = 0 – normal mode; z > 0 – 
risky modes). Ignoring the full form of the dis-
tribution (for example, reducing it to an expo-
nential or normal law) leads to underestimation 
of the distribution tails and, as a consequence, 
to significant errors in predicting the probabil-
ity of exceeding the planned batch time [13].

b)	explicitly model inter-operational delays (tech-
nological downtime, buffer accumulation, flow 
synchronization) and their stochastic dynamics 
arising from random variations in processing 
times, equipment states, as well as the realiza-
tion of risks in sequential operations that lead 
to cascading effects, such as blocking, star-
vation, and bottleneck migration depending 
on batch size and buffer constraints [14–17]. 
Inter-operational delays arise as a stochastic 
process due to random deviations in process-
ing times in previous operations, equipment 
transitions to risky states (4M), and limited 
buffer capacity. This leads to blocking (the ac-
cumulation of parts in front of a busy opera-
tion), starvation (an idle operation due to a lack 
of parts), and downtime, as well as the need 
for flow synchronization to prevent bottleneck 
migration. The stochastic dynamics of these 
delays manifest as a nonlinear increase in the 
variance of the total batch time with increas-
ing batch size N, especially with limited buffer 

capacity, complicating analytical modeling 
and requiring explicit consideration of proba-
bilistic state transitions [14, 15]. Studies on 
stochastic flow shops with blocking/no-wait 
and limited buffers have shown that ignoring 
these effects leads to an underestimation of the 
variance makespan and the risk of plan failure 
[16, 18]. Recent simulations on real production 
routes confirm that explicit inclusion of buf-
fer accumulations and stochastic dynamics of 
inter-operation delays significantly improves 
the accuracy of batch time forecasting and the 
level of production risks [18].

c)	allow for quantitative assessment of produc-
tion risks as probabilistic measures of failure 
to fulfill the plan – specifically, the probabil-
ity of exceeding the planned batch completion 
time (risk of delay or makespan threshold) and 
the risk of bottleneck migration (shifting of the 
limiting operation due to stochastic realization 
of risks across operations and batch sizes) [18, 
20–22]. Quantitative assessment of produc-
tion risks is achieved through the introduction 
of the risk function, defined as the probability 
of exceeding the planned production time for a 
batch of parts. This allows for direct measure-
ment of the failure to fulfill the plan probabil-
ity under stochastic conditions, including tail 
risks with large variances from 4M factors. 
Furthermore, the model reveals the bottleneck 
migration (or shifting bottleneck) effect, where 
a constraining operation moves along the route 
due to random risk occurrences (e.g., a failure 
at one operation increases the load on subse-
quent operations, causing cascading delays and 
a bottleneck shift).

d)	take into account the dependence of the speci-
fied characteristics (statistical moments of 
batch processing time, risk functions, bottle-
neck positions) on the batch size N, type of 
production (small-, medium-, large-scale) and 
structural features of the line (sequence of op-
erations, buffer capacity), where increasing the 
batch size N stabilizes variance and reduces 
relative risk due to averaging effects in sto-
chastic environments, while buffer capacity, as 
well as operation sequence determine cascad-
ing delays, blocking/starvation phenomena, 
and bottleneck migration [23, 24].

Such a model is necessary for the transi-
tion from expert or static methods (such as 
classical FMEA) to probabilistic-oriented 
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reliability forecasting and real-time risk manage-
ment of modern production systems with high 
uncertainty [25–28].

The aim of this paper was to develop a sto-
chastic approximate analytical model of a pro-
duction line with sequential arrangement of tech-
nological operations, which enables:
a)	explicit incorporation of production risks asso-

ciated with the 4M categories, including their 
impact on operation time distributions and in-
ter-operational dynamics;

b)	computation of key statistical characteristics 
of the batch manufacturing time (mean value, 
variance, higher moments, and probability dis-
tributions of completion time), as well as inter-
operational delays and overall batch lead time 
under stochastic conditions [29];

c)	substantial reduction in computational com-
plexity compared to the trajectory model of 
subject-technological description of the pro-
duction process [30], while preserving accept-
able accuracy for practical applications in real-
time planning. 

The proposed analytical model is based on 
the trajectory-based manufacturing model [30] 
and the probabilistic risk representation [19, 34] 
developed in authors’ previous studies, which 
form the methodological basis of this paper. The 
scientific contribution of this paper lies in the 
analytical extension of the existing model, rather 
than its reformulation. The main innovation lies in 
replacing the computationally complex stochastic 
trajectory-based calculations with an analytical 
approximation that preserves the key probabilistic 
characteristics of the manufacturing process. This 
approximation enables analytical evaluation of 
the probability distribution, expected production 
completion time, and variance without explicitly 
modeling the trajectories of individual parts. Con-
sequently, the proposed approach significantly 
improves computational efficiency (reducing the 
computational complexity for a batch of N parts 
and a process flow of M operations by up to N × 
M times), while maintaining the accuracy required 
for engineering applications, thereby extend-
ing the applicability of the previously developed 
methodology to real-time production planning and 
decision support problems.

This model is intended to support the probabi-
listic forecasting of production reliability, enable 
prioritization of risk mitigation measures on 
critical operations, and facilitate integration into 

modern manufacturing execution systems (MES) 
for robust scheduling under high uncertainty.

MATERIALS AND METHODS

Formalization of the technological process

To formalize the manufacturing process for 
a basic part, parameters tψ and η, are introduced, 
defining the state of the part at time t, where tψ(t) 
is the average processing time of the part at time 
t, characterizing its current position in the process 
flow (the average accumulated processing time 
for completed operations); η(t) is the processing 
time of the part that is being processed at time t in 
the current process operation. The state of the part 
after completion of the m-th technological opera-
tion is characterized by the value of the techno-
logical processing time tψ(tm) = tψm(t), which is 
determined as follows:
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	 (1)

where:	M is the number of technological opera-
tions in the technological route; ηmean m is 
average time of technological processing 
of a part ηm = η(tm), at the m-th opera-
tion in normal mode (without taking into 
account the risks); tm is the time elapsed 
from the moment the part begins to be 
processed until the moment its process-
ing is completed at the m-th technological 
operation; this time directly includes both 
the time the part is being processed and 
the time during which the part is awaiting 
processing; tψk is the average total tech-
nological time during which the part was 
processed from the first to the k-th tech-
nological operation inclusive; ηm = η(tm) 
time spent processing a part at the m-th 
operation; tdψ is total average technologi-
cal time for manufacturing a basic part 
along the entire route. 

For a process operation to operate reliably, a 
continuous flow of resources is necessary, ensur-
ing uninterrupted execution without downtime 
or blockages. To ensure the model’s versatil-
ity and eliminate the influence of dimensional 
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characteristics (scale effects specific to a specific 
production process), the subsequent description of 
the production process is presented in dimension-
less units:
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where:	 τ is the dimensionless time coordinate 
corresponding to the normalized pro-
cess time; τψ is the average dimension-
less technological processing time of a 
part, characterizing its position along the 
technological route; ϑ is a dimensionless 
parameter characterizing the process-
ing time of a part during a technological 
operation at the current moment in time.

This parameterization allows describing the 
evolution of the state of a part in a multidimen-
sional technological space, taking into account the 
stochastic nature of the execution time of opera-
tions and transitions between equipment states. 
The introduced dimensionless parameters enable 
representing the technological process in a stan-
dardized form, independent of the absolute val-
ues of processing time and cycle duration. This is 
achieved by dividing all time characteristics by the 
standard (average) technological time for manu-
facturing the base part ( the total route time in nor-
mal mode, without taking risks into account).

The transition to a dimensionless representa-
tion allows for comparative analysis of produc-
tion systems with different processing times of 
part, number of workdays per month, and planned 
throughput without losing the generality of the 
conclusions. This approach makes the resulting 
relationships universal and applicable to a wide 
range of production lines, regardless of indus-
try, enterprise size, or absolute values of the time 
characteristics. Dimensionless quantities ensure 
the invariance of the model with respect to spe-
cific dimensional parameters, which is especially 
important in the case of stochastic processes and 
significant variability of input data.

The state of the part during the execution of the 
m-th technological operation at a fixed point in time 
τ can be completely described by a point in a mul-
tidimensional state space (τ, τψ, ϑ). A sequence of 
such points, constructed for continuously succes-
sive moments in time, forms a trajectory in space 
(τ, τψ, ϑ) [30], which reflects the evolution of the 
product parameters throughout the entire techno-
logical route – from the moment raw materials 

or semi-finished products arrive at the first tech-
nological operation until the finished product is 
obtained. In the stochastic model, the trajectory 
becomes a random process subject to disturbances 
from the risks of the 4M categories, which leads 
to deviations from the nominal trajectory and the 
occurrence of inter-operational delays. This full 
trajectory model allows for accurate reproduction 
of the dynamics of the part but has a high compu-
tational complexity.

Probabilistic modeling of production risks

As a result, the effective execution time of 
an operation increases by the time required to 
detect, localize, and eliminate the risk, as well as 
to restore the equipment or workplace to normal 
operating conditions. This may lead to accumu-
lated process downtime, greater variability in 
batch completion times, and a higher probability 
of exceeding the planned production time [33, 
34]. In this study, production risks were classified 
according to the 4M categories: Man, Machine, 
Material, and Method. This classification is con-
sistent with the Ishikawa diagram, which is wide-
ly used in management sciences and quality engi-
neering to identify as well as structure the causes 
of process disturbances. Accordingly, production 
risks can be defined as stochastic events belong-
ing to the 4M categories that cause a temporary 
halt or a significant slowdown in processing at a 
given operation [32]. A classification of typical 
risk factors occurring in production systems is 
presented in Table 1 [34]. An additional category 
corresponds to the standard manufacturing pro-
cess performed in the absence of production risks, 
i.e., the nominal state, denoted as z = 0. 

The failure mode and effects analysis 
(FMEA) method as a classic tool for classifying 
and analyzing technological processes and pro-
duction risks is widely used in various industries. 
In mechanical engineering, FMEA is used to 
identify potential failures and assess their conse-
quences during the design as well as production 
stages [37]. In the mining industry, the method 
is used to analyze risks associated with equip-
ment, safety and technological processes, includ-
ing reliability assessment under conditions of 
high uncertainty [38, 39]. In the process industry, 
FMEA is used to prioritize risks in continuous 
and discrete processes, with an emphasis on prod-
uct quality and equipment reliability [40]. Mod-
ern extensions of FMEA include the integration 
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of stochastic models, probabilistic distributions 
of operation times, and consideration of 4M cat-
egories to quantify risks in flow manufacturing 
systems [18]. When calculating the probability 
of normal (standard) functioning of a technologi-
cal operation r0m (z=0) and the probabilities of 
the realization of production risks rzn, (z=1…6) 
at the m-th operation when assessing the current 
state of the production line, the Failure Mode and 
Effects Analysis (FMEA) method was applied 
using the normalized risk priority index – risk 
priority number (RPN) [34]. 

The proposed approach made it possible to 
interpret the risk of a production system as the 
probability of failure to achieve the planned vol-
ume of output, expressed through three main 
parameters of a modified FMEA:
	• Severity (S) – an assessment of the severity 

of the consequences of a defect or risk factor 
for achieving the system’s primary objective 
(meeting the planned production volume of 
finished goods). This parameter reflects the 
magnitude of the negative impact on output 
volume, product quality, and delivery times;

	• Occurrence (O) – assessment of the frequency 
of occurrence of a given risk factor (equip-
ment breakdowns, employee absenteeism, late 
or poor-quality deliveries of materials, etc.) 
during a representative analysis period;

	• Detection (D) – an estimate of the probability 
that a potential cause of failure or the defect 
itself will not be detected in a timely man-
ner by existing inspection methods before the 
semi-finished product is transferred to the next 
process step or before the finished product is 
shipped to the customer. High values indicate 
low inspection effectiveness.

To overcome the known shortcomings of the 
classical risk priority index (RPN), namely the 
lack of normalization, the impossibility of direct 
use in reliability calculations, and the ignoring of 
the interdependencies between the three param-
eters, a normalized unified risk priority index 
WJRPN = (S × O × D) / 1000, taking values in the 
range [0; 1] was used. This modification enabled: 
a) the representation of the probability of the state 
of a technological operation taking into account 
the risk of each individual factor as a probabil-
ity in the interval [0; 1]; b) correct aggregation of 
risks within the 4M groups for each technological 
operation; c) direct application of resulting values 
in reliability formulas for sequential and sequen-
tial-parallel structures by equating risk to unre-
liability of the production line; d) quantification 
of the contribution of each production element 
and each 4M category to the overall probability 
of failure to meet the monthly plan, and conse-
quently to the magnitude of production losses, 
expressed in physical units. Thus, a modification 
of the FMEA method was used to calculate the 
production risk values by introducing the WJRPN 
coefficient, allowing for the ranking of production 
risks when constructing a comprehensive proba-
bilistic model of the production line [36]. 

It should be noted that the method for cal-
culating production risk values proposed in the 
article [34] is essentially a prototype of an expert 
approach in which the estimates of the param-
eters S, O and D are assigned in accordance with 
a discrete scale from 1 to 10. Despite the high 
practical value of this approach for small and 
medium-sized enterprises, its main limitation 
remains the significant influence of subjective 
factors and expert judgments on the final RPN 

Table 1. Statistical characteristics of factors characterizing a technological operation [34

mr0 )(0 mf mmean 0   mstd 0 

mr1 )(1 mf mmean 1    mstd 1 

mr2 )(2 mf mmean 2   mstd 2 

mr3 )(3 mf mmean 3   mstd 3 

mr4 )(4 mf mmean 4   mstd 4 

mr5 )(5 mf mmean 5   mstd 5 

mr6 )(6 mf mmean 6   mstd 6 

 



212

Advances in Science and Technology Research Journal 2026, 20(11), 207–232

values, which significantly reduces the reproduc-
ibility, objectivity and comparability of results 
both between different enterprises and during 
repeated assessments at the same facility [41, 42, 
43]. To improve the accuracy and reliability of 
forecasting production risks, further development 
of the method is the replacement (or supplemen-
tation) of expert assessments of the parameters S, 
O, D with statistically valid indicators obtained 
based on real experimental data on downtime 
of equipment, workplaces and technological 
operations [44–46]. This transition from purely 
qualitative expert scales to quantitative probabi-
listic characteristics (mathematical expectation, 
variance, downtime distribution density) allows 
for a significant increase in the accuracy of risk 
assessment as the probability of plan failure, a 
reduction in subjectivity, and the reproducibility 
of results in the context of the stochastic nature 
of production processes.

In particular, the stochastic nature of the 
execution time of each technological operation 
makes it necessary to model the production pro-
cess as a random process of transferring techno-
logical resources during the sequential passage 
of parts through the route operations [47–49]. In 
this context, the technological trajectory of a part 
is the implementation of a stochastic process, 
where the processing time at each operation is 
a random variable formed under the influence of 
the entire complex of production factors (Table 
1). These factors include both the standard (rou-
tine) processing of the part and the impact of 4M 
category production risks, which lead to addi-
tional delays, downtime and deviations from 
the nominal time. The process operation model 
based on accounting for production risks (Table 
1) assumes that the processing of the part on 
manufacturing equipment exists in one discrete 
state. The probability of a part being in the z-th 
state is denoted by rzn. On the probability space 
( )PF ,,Ω , the random variable { }6,...,1,0: →ΩΨ  
is introduced to describe the operational state 
of the part during the m-th technological opera-
tion. The parameter Ω denotes the set of all 
possible outcomes for realizations of operation 
states; F is the σ-algebra of measurable events, 

[ ]1,0: →FP . The probability that the part is in 
state z is given by:
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The presented formula represents a basic 
approach to calculating the overall production 
risk for a linear production line with sequential 
technological operations [34]. The value of the 
total risk of the line was determined by an expres-
sion of the following form:
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This method provides an aggregated risk 
assessment for the entire process route, but retains 
the limitations of classical FMEA: the subjectivi-
ty of the expert scales S, O, D and the lack of con-
sideration of the stochastic dynamics of operation 
times, inter-operational delays and dependence 
on batch size.

The production risk assessment model for 
a linear production line was improved in [6] by 
additionally introducing the distribution density 
fm(ϑ) of the processing time ϑ of a part at the m-th 
technological operation. The duration of process-
ing of a part ϑ when the technological process at a 
given operation is in state z = 0,...,6 is determined 
by the distribution function fzn(ϑ). For states z > 0, 
this time includes both the time required to elimi-
nate the resulting production risk and the direct 
time of processing the part. According to the law 
of total probability, the overall distribution densi-
ty of the processing time for the m-th technologi-
cal operation can be expressed as follows:
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	 (5)

where: the distribution density fzn(ϑ) for a 
state z > 0 is characterized by two main statis-
tical parameters: the mathematical expectation 
ϑmean zn and the standard deviation ϑstd zn of the 
time, required to eliminate the consequences of 
a production risk as well as resume the normal 
functioning of the technological process (Table 1) 
and can be constructed on the basis of archival 
or experimental data on equipment breakdowns, 
absence of workers, delays and defective deliver-
ies, accumulated over a sufficiently long observa-
tion period [50, 44, 45].

The main reason that in formula (7) the aver-
age standard technological time is used in the dis-
tribution density fzn(ϑ – ϑmean 0n) in the state z > 0 
and not the convolution of distribution functions 
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of the form f0m* fzn is the relative simplicity of 
constructing the distribution density fzn(ϑ) for the 
time that technological equipment is in the state 
of eliminating the consequences of production 
risk. This approximation significantly reduces 
the complexity of data collection and processing, 
while maintaining acceptable accuracy for the 
practical tasks of assessing production risks and 
predicting batch times under stochastic uncer-
tainty. Unlike convolution, which requires the 
construction and verification of two independent 
distributions (the base processing time and the 
time to eliminate each risk), the proposed form 
(5) allows for function fzn(ϑ) the direct use of 
empirical or parametric estimates obtained from 
the actual data on the duration of production risk 
elimination. In this case, the distribution f0m(ϑ) 
is formed exclusively based on the observations 
risk-free operation periods and reflects the natu-
ral variability of the technological process as a 
stochastic process. It should be noted, however, 
that two fundamental limitations require further 
development of the model: a) it is assumed that 
the risk factor is realized before the start or after 
the completion of the technological processing of 
the current part, but does not take into account 
the possibility of its occurrence at an arbitrary 
moment within the processing cycle. Under real-
production conditions, equipment failure, the dis-
covery of a hidden material defect, or the sudden 
absence of an operator can interrupt the process-
ing of a part at any stage; b) the model does not 
consider the cases where a part becomes irrepara-
bly defective (hidden wood defects, irreversible 
damage due to tool breakage). When such risk 
conditions are realized, the part is excluded from 
the further technological route, which requires the 
introduction of an additional absorbing state and 
modification of the distribution function of the 
time the system spends in this operation. Thus, 
the distribution density fm(ϑ) of the processing 
time ϑ of a part at the m-th technological opera-
tion determines the output flow of parts from the 
technological operation, taking into account pro-
duction risks. In particular, the stochastic nature 
of the execution time of each technological 
operation makes it necessary to model the pro-
duction process as a random process of transfer-
ring technological resources during the sequential 
passage of parts through the route operations. The 
paper [18] explored a deterministic and stochas-
tic model of a production line based on a sub-
ject-technological description of the production 

process, which is used to assess production risks. 
This model implements a sequential calculation 
of the trajectories of parts as they move along the 
process route and requires a significant amount of 
computation, especially with a large number of 
risk realizations and operations. 

Stochastic modeling of processing time 
distribution

In this paper, the approximated stochastic 
model of a production line with sequential execu-
tion of technological operations was developed, 
designed for the quantitative assessment of pro-
duction risks during the manufacture of a batch 
of N parts. The model is based on a system of 
equations in general form [18], describing the tra-
jectories of individual parts:
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(6)

where: m = 1,2,…,M is the technological opera-
tion index; n = 1,2,…,N is the part within 
the batch index; τn,m is the start time of 
processing the n-th part at the m-th tech-
nological operation; ϑn,m is the stochas-
tic processing time of a single n-th part 
at m-th operation according to the prob-
ability distributions (Table 1); τn,m–1 is the 
completion time of this part at the previ-
ous operation. 

This system of equations is used to calculate 
the technological trajectories of parts in a batch 
under given initial conditions for the start time of 
processing the n-th part in the first technological 
operation:

	




=

=
Mk

m
mmeankt

1
  

, Mk 1 , 

][  mmmean E  = , 

=

=
M

m
mmeandt

1
  

 

 




dt
t

=
, 




dt
t

=
,  1,0 , 


dt

=
 

 

0)( == zPr mzm  , 
1

6

0

=
=z

zmr
, 6,...,0=z  

 

( )
= =

−−=
M

m

Z

z
zmc rR

1 1

11
, 6=Z  

 

𝑓𝑓𝑚𝑚(𝜗𝜗) = 𝑟𝑟0𝑚𝑚𝑓𝑓0𝑚𝑚(𝜗𝜗) + 

+ ∑ 𝑟𝑟𝑧𝑧𝑧𝑧𝑓𝑓𝑧𝑧𝑧𝑧(𝜗𝜗 − 𝜗𝜗𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  0𝑚𝑚)
6

1
 

 

{
𝜏𝜏0,𝑚𝑚 = 𝜏𝜏0,𝑚𝑚−1 + 𝜗𝜗0,𝑚𝑚
𝜏𝜏𝑛𝑛,𝑚𝑚 = 𝑚𝑚𝑚𝑚𝑚𝑚(𝜏𝜏𝑛𝑛,𝑚𝑚−1 + 𝜗𝜗𝑛𝑛,𝑚𝑚, 𝜏𝜏𝑛𝑛−1,𝑚𝑚+1) , n > 0, m > 0,
𝜏𝜏𝑛𝑛,𝑀𝑀 = 𝜏𝜏𝑛𝑛,𝑀𝑀−1 + 𝜗𝜗𝑛𝑛,𝑀𝑀,

 

 







=

=

−  ,
,0

1,10,

0,0

nn 



 
 

0,0,  −= MNbatch  
 

,
1

,1
1

,10,1,1 
==

=+=
M

m
m

M

m
mM 
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The processing time of the parts batch is 
defined as the time interval:
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It is assumed that the movement of the first 
part of the batch is not limited by the previous 
batch, that is, the condition τ0,m = 0 is satisfied. 
The total time to produce a batch of parts can be 
represented as the sum of two components. The 
first component corresponds to the production 
time of the first part of the batch:
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The second term is determined by the 
sequence of output of the parts of the batch from 
the last technological operation at intervals of the 
time ∆τn,M:
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In the particular case of deterministic case 
of processing a batch of N parts, the interval 
∆τn,M can be expressed through the maximum 
average time of processing parts in technologi-
cal operations, ϑmean max{ϑmean m : 1 ≤ m ≤ M}
with a deterministic time for performing an 
operation ϑ1m =  ϑ1mean m, which allows writing 
an expression for a deterministic model of the 
process of manufacturing a batch of parts on a 
production line with a sequential arrangement 
of technological operations:
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Using the subject-technological description 
based on model (7), the processing of parts in two 
adjacent technological operations with numbers 
(m-1) and numbers m is considered. Two scenari-
os are possible here.

First scenario: the part n has completed pro-
cessing at (m-1)-th technological operation and 
is waiting for the (n-1)-th part to be processed at 
the m-th technological operation. In this case, the 
interval between the completion of the processing 
of the (n-1)-th part and the n-th part in the m-th 
technological operation will be equal to the pro-
cessing time ϑn,m for the n-th part at m-th techno-
logical operation: ( )mnmnmn ,1,, −−= ττϑ . For this 
scenario, there is no delay in equipment opera-
tion, ( ) 0,11,, =−= −− mnmnmn ττΩ .

The second scenario: the n–th part contin-
ues to be processed in the (m-1)-th operation, 
while the processing of the (n-1)-th part in 
the m-th operation is completed. In this case, 
the m-th technological operation results in a 

downtime of the technological equipment for a 
period of the time ( )mnmnmn ,11,, −− −= ττΩ . The 
interval between the completion of the pro-
cessing of the (n-1)-th part and the n-th part 
in m-th technological operation will be equal 
to the processing time ϑn,m for the n-th part in 
the m-th technological operation plus equip-
ment downtime due to the absence of the part: 

( )mnmnmnmn ,1,,, −−=+ ττΩϑ . In the second sce-
nario, there is a delay in the operation of the 
equipment, ( ) 0,11,, >−= −− mnmnmn ττΩ .

When constructing the approximated model, 
it is assumed that the parts are stored in a contain-
er in front of the production line and arrive at the 
start of the first technological operation without 
any downtime of the technological equipment, 

01, =nΩ . Then, the equipment downtime for the 
part during the first technological operation can 
be determined as follows:
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For subsequent technological operations, the 
downtime of the technological equipment is cal-
culated recursively based on the value 1, −mnϑ∆ : 
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and accordingly, the formulas for calculating 
technological trajectories will take the form:
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In the absence of equipment downtime on the production line waiting for the part, the expression for 
calculating the production time of the batch of parts takes the form for a stochastic production process:
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Analytical approximation of inter-operational delays

Let us define the statistical characteristics of a random variable Mn,Ω . The statistical characteristics 
of random variables 1,nΩ , 2,nΩ ,…, 1, −MnΩ  can be defined recursively:
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When a batch of parts moves along a technological route, the part is at the technological operation in 
one of the z-th states with a probability rzn (4). At the same time, the previous part is in the next techno-
logical operation in one of the k-th -th states with the probability ( )1+mkr . The time interval, during which 
the part is in z-th state, is determined by the distribution density, Table 1. This distribution density is in 
practice approximated quite well by the normal distribution law [36]. To determine the static characteris-
tics of a random variable Mn,Ω , it is necessary to calculate integrals of the form (23), (24), and therefore, 
it is necessary to know the distribution law of the random variable mn,ϑ∆  for each technological opera-
tion. As a first step in constructing the approximated model of the production processing a batch of parts 
on a production line with a sequential arrangement of technological operations, it is assumed that the 
distribution law of a random variable mn,ϑ∆  is close to the normal distribution law.

Then, assuming a normal distribution law for the random variable mnX ,ϑ∆= , let us define the statis-
tical characteristics of a random variable Y:
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which can be obtained as a result of calculating integrals of the form (23), (24). Using the substitution: 
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and the properties of the distribution density ( )zϕ  and distribution function ( )aΦ  :
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expressions are obtained for calculating the mathematical expectation my and standard deviation σy of a 
random variable Y, characterizing the delay in manufacturing a part for a technological operation:
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The distribution density of a random variable is represented as follows:
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   (34)

where:	δ(y), H(y) are the Dirac and Heaviside functions, respectively, and for generality of notation, the 
ratio of the mathematical expectation to the standard deviation is represented by the parameter b 
= my/σy.

The formulas for calculating the statistical characteristics of the inter-operational delay are written 
under the assumption that the random variable X (25) has a normal distribution law. Indeed, a produc-
tion operation can be in one of the z-th states determined by the distribution density fzn(ϑ) (5), which, as 
indicated above, is approximated quite well in practice by the normal distribution law [36]. However, the 
random variable characterizing the delay time of the technological operation 1, −mnΩ  has a distribution law 
determined by the distribution density (33) with statistical characteristics (30) and (32). This distribution 
law differs from the normal distribution law. The error of the deviation between the theoretical distribution 
density and the calculated distribution density (33) depends on the value of the parameter xxma σ/= , which 
is used to calculate the statistical characteristics of the random variable Y. For the purposes of applying the 
analysis, the values of the function ( )aϕ  and ( )aΦ , as well as the normalized values of the mathematical 
expectation )(afm  (30) and the standard deviation )(afσ  (32) are presented in Table 2 and in Figure 1.

As an approximation, the distribution density of a random variable Y is approximated by the normal 
distribution law, defining the tail for the region of negative values of the random variable Y using the func-

tion 








 −

y

ymx
σ

ϕ . This approach allows using the formulas (30–32) to calculate the statistical characteristics 
of a random variable. Y. However, this transition, due to the addition of a tail to the original distribution 
density, will lead to a change in the value of the mathematical expectation and the standard deviation of 
the random variable Y.

(31)
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Table 2. Functions of the normal distribution and normalized statistical characteristics

a

( )a
( )a

)(afm
)(af
)(af m

)(ak
 

Figure 1. Functions of the normal distribution and normalized statistical characteristics
a) normal probability density function, b) normal distribution function, c) normalized mean,

d) normalized standard deviation, e) relative bias function of the mean, f) correction coefficient
for the standard deviation
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In connection with the replacement of the original distribution law, given by expressions (33), (34), 
by a normal distribution, it becomes necessary to take into account the distortion of the main statistical 
characteristics of a random variable Y. In particular, such an approximation leads to a systematic shift 
in the mathematical expectation and to change the standard deviation. In this regard, the corrections are 
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introduced for the mathematical expectation and the standard deviation of the random variable Y, which 
transform the values for the mathematical expectation and the standard deviation:
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	 (38)

where:	 the coefficients )(amy∆ , )(akσ  take into account the systematic bias and change in the scale of 
the distribution caused by replacing the original distribution of the random variable with a normal 
distribution. 

The obtained expressions were used in this article to calculate the delay in the subsequent techno-
logical operation.

When considering the processing of a batch of parts under conditions of production risks at the m-th 
technological operation, when the distribution density of the time a part spends at the technological 
operation is represented by a mixture of distributions (7) with a probability rzn in one of the states z, the 
mathematical expectation and standard deviation of the operation execution time are determined by the 
following expressions:
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A batch of N parts is sequentially processed in M technological operations. To calculate the random 
variable of the delay ,21, zzmΩ , when the processing of parts in adjacent technological operations is in the 
state z1 and z2, the random variable is introduced αm,z:
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When processing a batch of N parts, the delay value 21, zzmΩ  (41) for m–th technological operation, 
related to a single part, is recursively expressed through the delay 21,1 zzm−Ω  at the )1( −m –th technologi-
cal operation for each pair of states ( )21, zz  taking into account the statistical characteristics zm ,1−ϑ  and 

zm,ϑ  with the statistical characteristics of the processing time (43), related to a single part of the batch. 
For each technological operation, if necessary, the statistical characteristics of the processing of a single 
part of a batch of N parts are determined by formulas (42).

For the technological operations of manufacturing enterprises, the relationship is (ϑmean zm/ϑstd zm) 
~ 10. This allows using approximate expressions for the normalized functions of the mathematical 
expectation )(afm  (30), the standard deviation )(afσ  (32) and the systematic bias of the mathematical 
expectation )(af m∆  (38) to calculate the delay value 21, zzmΩ  (41), Table 3. Indeed, for production lines, 
the processing of parts in adjacent operations in states ),( 21 zz , are fair relationships: 
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for which the delay is either absent (case a << 
–1), or significantly exceeds the processing time 
of the part in the technological operation (case a 
<< –1) or is comparable in order of magnitude to 
the standard deviation of the execution time of 
the operation.

The state in which the processing of parts 
occurs at adjacent operations, which are in states

)0,0( 21 >> zz , is unlikely due to the smallness 
of the values of rz1m << 1 and rz2m. This allows 
using approximate expressions instead of exact 
expressions (42) to calculate the statistical char-
acteristics of the delay mΩ  in the m–th techno-
logical operation:
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which simplifies the recursive calculation of the 
delay in the last technological operation. Thus, 

the processing time τd of a part from a batch of 
N parts on a production line with a sequential 
arrangement of technological operations:
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The approximate model (46) is the basis for 
calculating the processing time τd of a part and, 
accordingly, can be used in a model for assessing 
production risks, replacing the analytical trajec-
tory model (6) for processing a batch of parts on 
a linear production line and significantly reducing 
the computational complexity of the algorithm 
used in the model.

RESULTS

To analyze the accuracy of the approximation 
model (47) and the influence of the batch size on the 
accuracy of calculating the specific manufactur-
ing time τd, of the final product, the technological 

Table 3. Analytical approximations of the normalized distribution characteristics: mean, standard deviation, 	
and systematic bias
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Table 4. List of technological operations and workstations in the production of single-leaf windows: 	
mean processing time (min)

m Name of the technological operation
Mean processing time, ηmean z,m

z=0 z=1 z=2 z=3 z=4 z=5 z=6

E1 Cutting (WP: saw) 70 250 210 420 630 70 420

E2 Straightening (WP: PM) 60 120 120 360 540 60 360

E3 Planning (WP: PM – thicknesser) 70 120 140 420 630 70 420

E4 Profiling + cutting out (WP: BSMM) 163 340 640 700 1000 160 700

E5 Grinding  (WP: wide belt grinder) 70 200 100 720 1000 70 720

E6 Assembling, drilling (WP: worktable) 140 360 700 680 950 140 680

E7 Impregnation and painting (WP: IPW) 120 130 500 600 900 120 600

Total 693

Note: WP – work place; PM – planning machine; BSMM – bottom spindle milling machine; IPW –industrial 
painting workshop.

(45)
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route containing seven consecutive technological 
operations was examined, see Table 4. During 
technological processing at the m-th technologi-
cal operation, the part is in one of the z-th states 
during a random time interval. The time spent by 
the process equipment in the z-th state is charac-
terized by the mathematical expectation mmean ,z  η  
and the standard deviation mmeanmstd ,z  ,z  1.0 ηη =  
for z>0 and mmeanmstd ,0  ,0  2.0 ηη =  for z=0, the val-
ues of which are determined experimentally and 
correspond to the industry standards for the pro-
duction of single-leaf windows. The probability 
that the equipment is in the z-th state is calculated 
based on the processing of experimental statisti-
cal information presented in Table 5.

Statistical data collection and parameter 
estimation

The parameter values used in this study are 
obtained based on statistical observations of the 
single-sash wooden window production process 
on an industrial production line over a period of 
74 weeks. The experimental dataset consisted 
of the records describing the execution time of 
process operations, as well as the occurrence of 
production risk events related to 4M categories. 
The event recording was based on production 
logs, equipment downtime records, maintenance 
reports, and quality control documentation regu-
larly collected during the production process. 
The probabilities of individual risk states were 
estimated based on the observed frequencies of 
occurrence, while the statistical characteristics of 
the operation durations were determined based 
on the corresponding experimental samples using 
standard estimates of the sample mean and stan-
dard deviation. The numerical values presented in 
Tables 4 and 5 represent the statistically obtained 
estimates used to demonstrate the application of 

the proposed analytical model to a real produc-
tion system. For practical applications, the model 
parameters should be determined based on the 
statistical production data collected for the spe-
cific production system under study. To test the 
proposed approach, a production batch of 60 
wooden windows was analyzed. A comparative 
analysis of the experimental implementation of 
the production of a batch of 60 wooden windows 
was performed with the results obtained within 
the proposed model. Additionally, in this paper, 
the results obtained using the proposed analytical 
model were compared with those obtained using 
Monte Carlo simulation for batch of different 
sizes of wood windows.

Based on the introduced dimensionless 
parameters of the production line (3), the experi-
mental data on the processing time during the 
manufacturing of a batch of wooden windows 
(Table 4) are presented in a dimensionless form 
in Table 6.

Figure 2 shows the distribution densities of 
part processing times for selected process opera-
tions. The graphs for operations E1 (cutting), E4 
(profiling + cutting), and E6 (assembly and drill-
ing) clearly demonstrate the impact of production 
risks (Table 5) on the stochastic execution time of 
each operation. 

The distribution density ( )mmf ϑ  of the process-
ing time ϑm of a part at the technological operation 
is a multimodal function. Each mode of this func-
tion corresponds to the probability of the techno-
logical equipment being in state z-th (Table 3). 

The graphs clearly illustrate that the main 
mode of operation of the production line for 
each technological operation is the standard 
(normative) state of the workplace (z=0) as indi-
cated in Tables 1 and 5. The remaining modes 
of the distribution density ( )mmf ϑ  correspond 

Table 5. The state probability, rz

m Name of the technological operation
state probability, rz 

z=0 z=1 z=2 z=3 z=4 z=5 z=6

E1 Cutting 0.834 0.036 0.020 0.024 0.072 0.006 0.008

E2 Straightening 0.963 0.002 0.002 - - 0.009 0.024

E3 Planning 0.964 0.002 0.004 - - 0.006 0.024

E4 Profiling + cutting out 0.896 0.048 0.025 - - 0.015 0.016

E5 Grinding 0.903 0.025 0.042 - - 0.006 0.024

E6 Assembling, drilling, removing finishing 
grinding 0.956 0.012 0.010 - - 0.006 0.016

E7 Impregnation and painting 0.880 0.003 0.009 0.012 0.036 0.012 0.048
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to the production risks that lead to the failure to 
fulfill the production order on time. Using the 
approximate model (47), the statistical charac-
teristics of the processing time of parts at the 
m-th technological operation were calculated. 
Figure 3 shows the statistical characteristics of 
the processing time of parts in the absence of 
production risks (when only the standard state 
z=0 is possible) for a batch of N parts on a line 
with a sequential arrangement of technological 
operations: black line - N=1; brown line - N=2; 
orange line - N=4; green line - N=8; blue line - 
N=16; purple line - N=32; red line - N = 64. It is 
worth paying attention to a number of character-
istic features of the curves shown in the graphs. 
The first feature is the absence of inter-opera-
tional delay in the technological operation m=4 
(Figure 3a, d) with the maximum processing 
time of the parts max 4 meanmean ϑϑ =  (Figure 3b, 
e). This behavior is expected when processing 
a batch of products and serves as confirmation 

of the correctness of the developed approximate 
model. Indeed, this operation represents a bot-
tleneck for the production line under study in the 
absence of production risks.

The second characteristic feature is that the 
total processing time mmean  sum ϑ  of parts in sub-
sequent technological operations after the bottle-
neck operation ( max 4 meanmean ϑϑ = ) asymptotical-
ly approaches the maximum technological pro-
cessing time ϑmean max for all operations:

.max    sum meanmmeanmmeanmmean ϑΩϑϑ →+=  (47)

As the batch size N increases, the value of 
the total processing time mmean  sum ϑ  asymptoti-
cally tends to the maximum process time, which 
is clearly demonstrated in Figure 3c. The strict 
equality (47) is typical for a deterministic model 
described by the system of Equation 11, in which 
each part leaves the last operation of the produc-
tion line after a constant time max meanϑ  and serves 
as a second confirmation of the correctness of the 

Table 6. Average dimensionless processing time

m Name of the technological operation
average processing time, ϑ mean z,n 

z=0 z=1 z=2 z=3 z=4 z=5 z=6

E1 Cutting 0.101 0.361 0.303 0.606 0.909 0.101 0.606

E2 Straightening 0.087 0.173 0.173 0.519 0.779 0.086 0.519

E3 Planning 0.101 0.173 0.202 0.606 0.909 0.101 0.606

E4 Profiling + cutting out 0.235 0.490 0.924 1.010 1.443 0.231 1.010

E5 Grinding 0.101 0.288 0.144 1.038 1.443 0.101 1.038

E6 Assembling, drilling, removing finishing 
grinding 0.202 0.519 1.010 0.981 1.371 0.202 0.981

E7 Impregnation and painting 0.173 0.188 0.721 0.865 1.298 0.173 0.866

Total: 1.000

Figure 2. Density distribution ( )mmf ϑ  of the processing time ϑm. a) 1-th operation;
b) 4-th operation; c) 6-th operation
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developed approximate model. Next, the statisti-
cal characteristics of the random variable were 
determined for operations m>4, where a techno-
logical delay (downtime of technological equip-
ment) was observed - a phenomenon that is not 
typical for ordinary non-synchronized production 
lines. The absence of inter-operational delay after 
the completion of the process operation m=4 (Fig-
ures 5a and 5d) with the maximum part process-
ing time max 4 meanmean ϑϑ =  (Figures 3b and 3d) 
is the expected behavior during part processing 
and thus confirms the validity of the developed 
approximate model. Indeed, the process opera-
tion becomes a bottleneck for the production 

line in the absence of production risks. Figure 
4 shows the statistical characteristics of the pro-
cessing time of a batch of parts for an experi-
mental production line for the manufacture of 
wooden windows with a sequential arrangement 
of technological operations (black line - N=1; 
brown line - N=2; orange line - N=4; green line 
- N=8; blue line - N=16; purple line - N=32; red 
line - N = 64). An industrial monitoring system 
for the impact of industrial risks, as determined 
by the operational indicators given in Tables 4 
and 5.

The last technological operation corresponds 
to the maximum value of the total processing time 

Figure 3. Statistical characteristics of the processing time of parts at the m-th technological operation in the 
absence of production risks depending on the size of the batch of parts (black: N=1; brown: N=2; orange: N=4; 

green: N=8; blue: N=16; purple: N=32; red: N=64). a) average delay per operation, mmean Ω ;
b) average operating time, mmean ϑ ; c) average total processing time of a part per operation, mmean  sum ϑ ;

d) standard deviation of delay per operation, Ωstd m; e) standard deviation of operating time, m stdϑ ;
f) standard deviation the total processing time of a part per operation, mmean  sum ϑ
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of the part mmean  sum ϑ . At technological operation 
m=4, a technological delay is observed (Figure 
4a) when processing batches of different sizes (N 
= 1…64), due to the presence of production risks. 
The standard deviation of the delay Ωstd min the 
m-th technological operation is practically inde-
pendent of the batch size of parts.

Figure 5 shows the dependencies of the sta-
tistical characteristics of the processing time τd 
of a part from a batch of N parts on a production 
line with a sequential arrangement of technologi-
cal operations depending on the batch size in the 
absence of production risks: the black line is the 

results of the Monte Carlo method; the red line 
is the results of the approximate model. Figures 
5a and 5b show comparative curves for estimat-
ing the mathematical expectation and standard 
deviation of the processing time τd of a part from 
a batch of N parts. Figure 5c shows the relative 
error in calculating the mathematical expecta-
tion of the processing time τd mean of the parts 
using models based on the Monte Carlo method 
and using the proposed approximate model. For 
small-scale production, the relative error is less 
than 2% (∆ τd mean / τd mean  < 0.02), and for large-
scae production, it is approximately 0.5%.

Figure 4. Statistical characteristics of the processing time of parts at the m-th technological operation
in the presence of production risks depending on the size of the batch of parts (black: N=1; brown: N=2;

orange: N=4; green: N=8; blue: N=16; purple: N=32; red: N=64). a) average delay per operation, mmean Ω ;
b) average operating time, mmean ϑ ; c) average total processing time of a part per operation, mmean  sum ϑ ;

d) standard deviation of delay per operation, Ωstd m; e) standard deviation of operating time, ϑstd m;
f) standard deviation the total processing time of a part per operation, mmean  sum ϑ
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Figure 5d shows the ratio of the standard devi-
ation τd std to the mathematical expectation τd mean 
of the processing time τd of a part from a batch 
of N parts, which corresponds to the coefficient of 
variation of this indicator. This graph allows esti-
mating the relative error in calculating statistical 
characteristics using two approaches: the Monte 
Carlo method (reference model) and the approxi-
mate analytical model proposed in this paper. The 
absolute deviation τd std between the calculated 
values of the standard deviation for the two mod-
els does not exceed 2% in the case of small-scale 
production (∆ τd mean  / τd mean  < 0.02 ) and tends to 
zero when moving to large-scale batches of prod-
ucts (∆ τd mean  / τd mean  → 0), which confirms the 

high accuracy of the approximation model with 
increasing batch size. The scale of the graphs in 
Figure 5d was chosen specifically for the con-
venience of direct comparative analysis with the 
results obtained in Figure 6 using the same two 
models, but in the presence of production risks.

Figures 5a and 6a show the curves of the 
mathematical expectation τd mean of the process-
ing time of a part from a batch of N parts on an 
enlarged scale, which allows for a direct compari-
son of the results in the absence and presence of 
production risks. The differences due to the influ-
ence of risks are most clearly seen in Figure 6f, 
which shows the additional bias in average pro-
cessing time caused by risk conditions alone. As 

Figure 5. Statistical characteristics of the processing time of parts in the absence of production risks: black line – 
Monte Carlo method; red line – approximation model. a) mathematical expectation, τd mean; b) standard deviation, 

τd std ; c) relative error, τd mean / τd mean; d) relative standard deviation, τd std / τd mean; e) relative error, τd std / τd mean 
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the batch size increases, the effect of production 
risks on the mathematical expectation of process-
ing time gradually weakens: the value τd only risk mean 

decreases, and for large-scale and mass produc-
tion it asymptotically approaches a constant level. 
This behavior significantly simplifies predicting 

Figure 6. Statistical characteristics of the processing time of parts in the present of production risks:
black line – Monte Carlo method; red line – approximation model. a) mathematical expectation, τd mean;
b) standard deviation, τd std ; c) relative error, ∆ τd mean  / τd mean; d) relative standard deviation, τd std / τd mean;

e) relative error, τd std / τd mean; f) risk-related mathematical expectation of operating, τd only risk mean;
g) risk-related standard deviation of operating time, τd only risk std
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the statistical characteristics of batch production 
times τd  under real conditions. At the same time, 
the graphs clearly demonstrate the systematic 
error of the approximate model when calculating 
the mathematical expectation τd mean. The error in 
calculating τd mean in the presence of production 
risks increases compared to the risk-free case, 
which is especially noticeable when compar-
ing Figures 5c and 6c. This phenomenon is most 
pronounced for large-scale and mass production. 
However, as can be seen from the graphs, even 
under risk conditions, the relative error remains 
within the 5% range, which is quite acceptable 
accuracy for practical forecasting of the produc-
tion time of a batch of parts in modern produc-
tion systems. A comparative analysis of Figures 
5b and 6b demonstrates the significant impact of 
production risks on the standard deviation of part 
processing time τd std. The presence of risks leads 
to a significant increase in variance in both small-
batch and large-batch production. The presence 
of risks leads to a significant increase in variance 
in both small-scale and large-scale production. As 
the batch size increases, the value of  τd std tends 
to zero (Figure 6g), but production risks signifi-
cantly increase this indicator, as confirmed by a 
comparison of Figures 5d and 6d. This increase 
in dispersion is due to the stochastic nature of 
the risks themselves, which introduce additional 
uncertainty into the processing process.

DISCUSSION

The results demonstrate that the proposed 
approximate model for calculating statistical 
parameters of the processing time τd of a part 
from a batch of N parts, taking into account pro-
duction risks, provides a consistent and practical-
ly applicable framework for analyzing production 
systems with sequential process operations. This 
fundamental advantage distinguishes the model 
from the classical stochastic flowshop models, 
where risk is not interpreted as the probability of 
failure to fulfill the plan. These models, typically 
do not fully account for the probabilistic nature of 
the process, require significantly more computa-
tional resources, and produce less accurate results 
when estimating processing time variance in real-
world production lines with 4M risk categories. A 
key finding of the study is the confirmation that 
production risks significantly impact not only the 
expected processing time but, to a greater extent, 

its variability. Unlike the article [13], where only 
the expected execution time is minimized, the 
developed model provides analytical expressions 
for the variance that take into account 4M cat-
egories of risk. This underscores the importance 
of considering higher-order statistical character-
istics when analyzing production systems under 
uncertainty. 

From the perspective of risk analysis, this 
result is particularly important because the vari-
ability of batch completion time can be directly 
related to the probability of failure to meet planned 
production targets. In practical manufacturing 
systems, production risk is not only associated 
with the occurrence of individual disturbances, 
but also with their cumulative effect on process 
flow stability, delivery reliability, and the abil-
ity to complete a batch within the planned time 
horizon. Therefore, the proposed model provides 
a quantitative basis for assessing the operational 
consequences of risk factors, especially when the 
disturbances caused by equipment failures, mate-
rial problems, human-related factors, or organi-
zational deviations lead to increased makespan 
variability. This interpretation is consistent with 
the current approaches to reliability assessment 
and uncertainty quantification in manufacturing 
systems [25, 28, 29].

The applied modification of the FMEA meth-
od, using the normalized WJRPN index, enables 
a transition from qualitative expert assessment 
to a quantitative, probabilistic interpretation of 
risk. The novelty of the proposed approach lies 
in modifying the standardized WIRPN index to 
account for the stochastic nature of a part’s occur-
rence in one of the risk states (standard or risk). 
This allows establishing a direct quantitative 
relationship between the probability of a part in 
a risk state and the probability of failure to meet 
the overall production plan. This probabilistic 
interpretation of risk, integrated directly into the 
analytical stochastic model of the production line, 
fundamentally distinguishes this work from all 
previously published studies on stochastic plan-
ning and is absent from the classical models of 
expected waiting time minimization. In this for-
mulation, risk can be interpreted as the probabil-
ity of failure to meet planned production goals, 
allowing for the direct integration of the model 
into reliability analysis and production planning 
systems. This distinguishes this approach from 
the classical RPN-based methods, which lack 
normalization and probabilistic meaning. An 
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additional advantage of the proposed approach 
is that it extends the role of FMEA from a static 
ranking tool to a component of a stochastic risk 
assessment model. In classical FMEA, the identi-
fied risk factors are usually prioritized, but their 
influence on batch completion time, inter-oper-
ational delays, and production plan reliability is 
not explicitly quantified. In the proposed model, 
the normalized WJRPN values relate to the prob-
ability of risk states and with the statistical char-
acteristics of operation times. As a result, the 
contribution of each 4M category to the expected 
value and dispersion of production time can be 
analyzed. This makes it possible to identify not 
only the most severe risks, but also those risks 
that have the greatest influence on the uncertainty 
and instability of the production process. 

From a practical perspective, the developed 
model makes it possible to identify the technolog-
ical operations that contribute most significantly 
to the overall production risk. This creates a basis 
for targeted managerial decisions aimed at reduc-
ing variability and improving system reliabil-
ity, for example through equipment moderniza-
tion, workforce stabilization, or improvement of 
material supply processes. The proposed model 
may also support risk-oriented decision-making 
in production planning. For example, if a given 
technological operation significantly increases 
the variance of batch completion time, this opera-
tion may be treated as a critical point of the pro-
duction route, even if its average processing time 
is not the highest. Such information can support 
preventive maintenance planning, improvement 
of material supply reliability, better allocation of 
operators, or modification of technological pro-
cedures. Thus, the proposed model can be used 
not only for estimating batch processing time, but 
also for prioritizing the risk mitigation actions in 
manufacturing lines.

The proposed analytical model is intended for 
production systems in which technological opera-
tions are performed in a predetermined sequence, 
and the occurrence of production risks is repre-
sented by the stochastic events affecting the pro-
cessing time of technological operations. Based 
on these assumptions, the model is applicable to 
a wide range of batch production systems char-
acterized by clearly defined technological pro-
cesses. Since the mathematical formulation of the 
proposed model depends only on the probabilistic 
characteristics of process operations and associat-
ed production risks, the proposed approach can be 

adapted to various manufacturing industries. For 
practical implementation, based on production 
data, it is necessary to evaluate only the statistical 
characteristics of operation durations and equip-
ment downtime associated with a specific produc-
tion risk. The necessary model parameters can be 
obtained from manufacturing execution systems 
(MES), enterprise resource planning (ERP) sys-
tems, equipment monitoring systems, and histori-
cal production databases. Production logs, mainte-
nance records, quality control reports, and equip-
ment diagnostics provide sufficient statistical 
information to estimate processing times, identify 
failures, and evaluate the probability distributions 
of production delays. This allows the model to be 
integrated into existing decision support systems 
without requiring significant changes to the manu-
facturing information system architecture. Com-
pared with the existing methodologies for assess-
ing production risks and analyzing uncertainty, 
the proposed analytical approximation occupies 
an intermediate position between qualitative engi-
neering methods and computationally expensive 
stochastic modeling methods. Unlike classical 
failure mode and effects analysis (FMEA) [5], 
which provides a systematic approach for identify-
ing and prioritizing potential failure modes using 
qualitative risk metrics, the proposed approach 
quantifies the probability distribution and statisti-
cal characteristics of the overall production com-
pletion time, enabling probabilistic assessment 
and optimization of production plans under sto-
chastic production risks. Fault tree analysis (FTA) 
and event tree analysis (ETA) focus on modeling 
logical failure paths and accident propagation sce-
narios in manufacturing systems and are well suit-
ed for assessing equipment reliability and safety 
[51]. However, these methods are significantly 
less suitable for predicting the distribution of pro-
duction order lead times and production sched-
ule variability under stochastic disturbances. At 
the same time, the proposed analytical approach 
allows for a quantitative assessment of the cumu-
lative probabilistic impact of 4M risks on batch 
completion times. Models based on queuing theo-
ry represent another important class of analytical 
methods widely used in manufacturing systems. 
In modern research, where queuing theory is inte-
grated with Markov chains [52], these approaches 
provide useful estimates of throughput, equipment 
utilization, bottleneck behavior, and waiting times, 
primarily under steady-state operating conditions. 
However, such models are primarily focused on 
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analyzing average system characteristics and do 
not consider constraints, such as those associ-
ated with the availability of interoperational bun-
kers of a given capacity. In contrast, the proposed 
approach quantifies the cumulative probabilistic 
impact of 4M risks on production planning, taking 
these constraints into account. Discrete event sim-
ulation (DES) and Petri net-based models provide 
a high-level description of the parallel execution 
of process operations, resource allocation, syn-
chronization constraints, and dynamic production 
behavior. However, their high modeling flexibility 
results in model complexity, labor intensity, and 
computational costs, especially when multiple 
evaluations of a large number of production pro-
cesses are required during planning and optimiza-
tion [53]. The Monte Carlo method remains one 
of the most versatile approaches to analyzing sto-
chastic production systems and is a powerful tool 
for risk assessment. However, obtaining reliable 
estimates requires a very large number of simu-
lation iterations, resulting in significant computa-
tional costs, limiting its use in optimization prob-
lems and real-time decision support systems. In 
contrast, the proposed approach reduces compu-
tational complexity while maintaining acceptable 
accuracy. Thus, the proposed analytical approxi-
mation combines several complementary advan-
tages. It preserves an explicit probabilistic inter-
pretation of production risks, directly estimates 
the statistical characteristics of the overall produc-
tion completion time without repetitive model-
ing, requires only a limited number of statistically 
significant input parameters, and demonstrates 
computational efficiency suitable for production 
planning and operational decision support. The 
proposed model is considered a complementary 
analytical tool, occupying an intermediate position 
between qualitative engineering risk assessment 
and computationally expensive stochastic model-
ing. It provides an effective compromise between 
computational efficiency, modeling accuracy, and 
practical applicability for risk-based production 
planning. The above comparison should be inter-
preted with respect to the objectives and applica-
tion domains of the considered methodologies. 
The proposed model addresses an important engi-
neering challenge by providing an analytical link 
between production risk assessment and probabi-
listic forecasting of production completion times. 
The comparative analysis presented in this study 
demonstrates that, for the manufacturing system 
under consideration, the proposed approximation 

reproduces the probability distribution and sta-
tistical characteristics of production completion 
times with close agreement with Monte Carlo 
simulation, while requiring significantly lower 
computational costs. At the same time, unlike the 
RPN-based methods, the primary goal of which 
is qualitative or semi-quantitative prioritization of 
production risks, the proposed analytical frame-
work enables direct quantitative assessment of 
production completion time distributions. The 
proposed model’s contribution should be viewed 
as a complement to existing methodologies, pro-
viding an effective method for risk-based produc-
tion planning, rather than as a replacement for 
established modeling or engineering risk assess-
ment methods.

At the same time, the proposed approximate 
model has several limitations. The current formu-
lation assumes that risk events affect processing 
time only through additional delays and does not 
account for clearly irreversible defects that lead 
to part rejection. Furthermore, using a normal 
approximation for total delays can lead to inaccu-
racies in the presence of highly skewed or heavy-
tailed distributions. Further research could focus 
on expanding the model to account for defect for-
mation and absorbing states, incorporating more 
complex probability distributions, and using real-
world production data to refine the model parame-
ters. Another promising direction is integrating the 
proposed approach with the methods for modeling 
and adaptive control of real-time manufacturing.

The impact of the adopted modeling assump-
tions on the obtained results should be interpreted 
in light of the intended scope of the proposed ana-
lytical model. The assumption of a normal distri-
bution of manufacturing delays is appropriate for 
the manufacturing processes in which the cumu-
lative impact of numerous independent random 
factors dominates the observed variability. How-
ever, for the manufacturing environments char-
acterized by highly asymmetric, multimodal, or 
“heavy-tailed” delay distributions, the accuracy 
of the approximation may decrease, and alterna-
tive probability distributions may provide a more 
adequate representation of manufacturing delays. 
Similarly, the exclusion of irreversible defects, 
failures occurring during process operations, and 
absorbing states implies that the proposed model 
is primarily intended for the manufacturing sys-
tems in which production failures primarily result 
in temporary delays rather than permanent inter-
ruptions to the production process. Therefore, the 
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analytical model estimates the impact of stochas-
tic production delays on production completion 
time, but does not explicitly account for permanent 
product defects, catastrophic equipment failures 
requiring process shutdown, or other irreversible 
production conditions. A thorough quantitative 
assessment of the individual impact of each mod-
eling assumption on the analytical approximation 
is a separate research problem beyond the scope 
of this study. Instead, this paper evaluates their 
combined impact through a comparative analy-
sis of the proposed analytical model and Monte 
Carlo simulation. The close agreement between 
the obtained statistical characteristics demon-
strates that, for the manufacturing system under 
consideration, the adopted simplifying assump-
tions introduce only limited approximation errors 
while providing a significant reduction in com-
putational complexity. At the same time, manu-
facturing environments with high defect rates, 
catastrophic equipment failures, absorbing states, 
or significantly non-Gaussian stochastic behav-
ior may require further extension of the proposed 
analytical framework. 

Although the validation presented in this 
study demonstrates good agreement between the 
proposed analytical approximation and Monte 
Carlo simulation for the considered production 
scenario, the model’s robustness to changes in 
production risk parameters has not been thor-
oughly investigated. Specifically, a systematic 
sensitivity analysis to changes in the probabili-
ties of production risk states and the statistical 
characteristics of work delays would provide 
additional information on the stability of the pro-
posed approximation and its applicability to vari-
ous production conditions. Such an analysis is a 
logical extension of the present study and will be 
the subject of future work aimed at extending the 
proposed analytical model to a wider range of 
production conditions.

CONCLUSIONS

This study proposed a stochastic model-
ing approach for analyzing production risks in 
manufacturing systems with sequential process 
operations. The developed approximate model 
is based on a probabilistic interpretation of risk 
and integrates a modified FMEA method using 
the normalized WJRPN index, allowing risks to 
be considered as probabilities in the interval [0, 

1]. Analytical expressions were obtained for key 
statistical characteristics of the manufacturing 
process, including the expected value and stan-
dard deviation of inter-operational delays. Based 
on these results, an approximate analytical model 
was developed for estimating the processing 
time of a part in a batch. The model significantly 
reduces computational complexity compared to 
a stochastic model based on trajectories while 
maintaining acceptable accuracy. The results of 
numerical experiments confirmed the adequa-
cy of the proposed approach. The relative error 
of the approximate model does not exceed 5%, 
which is sufficient for practical application in pro-
duction planning and forecasting. It was shown 
that production risks have a limited impact on the 
expected processing time, especially in small-
scale production. A key contribution of the study 
is the demonstration that the normalized WJRPN 
index enables a transition from qualitative expert-
based risk assessment to a quantitative probabi-
listic framework. This allows direct integration of 
risk evaluation into reliability analysis and pro-
duction planning systems, as well as the identi-
fication of technological operations that contrib-
ute most significantly to overall production risk. 
From a practical perspective, the proposed model 
can be used to support decision-making aimed at 
increasing the reliability of a production system 
and optimizing process parameters. Specifically, 
it provides a basis for prioritizing risk mitigation 
measures within process operations.

The obtained results also show that produc-
tion risk should be evaluated not only through 
the expected value of processing time, but also 
through its variability. In real manufacturing 
systems, an increase in the standard deviation of 
batch completion time may significantly reduce 
the reliability of production plans, even when 
the average processing time remains accept-
able. Therefore, the proposed model enables a 
more complete interpretation of production risk, 
including the probability of delay, instability of 
material flow, and uncertainty related to the real-
ization of 4M risk factors. This strengthens the 
practical value of the model as a tool for risk-
aware production planning and reliability-orient-
ed decision support. The proposed approach may 
be particularly useful for identifying the opera-
tions and risk categories that have the greatest 
influence on makespan variability and the prob-
ability of failing to meet the planned produc-
tion time. In this sense, the model supports the 
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transition from descriptive risk identification 
to quantitative risk assessment. It can help pro-
duction managers select appropriate preventive 
actions, such as reducing equipment downtime, 
improving material supply stability, limiting 
human-related disruptions, or improving tech-
nological procedures. As a result, the model can 
be applied not only to predict batch completion 
time, but also to support risk mitigation strate-
gies in manufacturing systems.

Future research should focus on extending the 
model to analyze the effects of inter-operation cell 
size, defect formation, and part rejection, and to 
include more complex probability distributions of 
the part processing time statistics for each process 
operation for a sequential production line. Further 
research should also include broader risk-related 
extensions of the proposed model. It would be 
valuable to consider machine failures occurring 
during operation execution, stochastic processing 
time disturbances, material shortages, operator 
unavailability, rework loops, and dynamic propa-
gation of delays between workstations. Another 
important direction is the development of risk 
indicators, such as the probability of exceeding 
the planned batch completion time, expected late-
ness, sensitivity of makespan to individual 4M 
factors, and confidence intervals for production 
completion time. These extensions would make 
it possible to integrate the proposed model with 
manufacturing execution systems, digital twins, 
and real-time production monitoring tools, there-
by supporting adaptive and risk-aware decision-
making in modern manufacturing environments.
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