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INTRODUCTION

Concrete is a heterogeneous composite mate-
rial whose nonlinear mechanical response is gov-
erned by a complex internal structure, stiffness 
degradation, and multi-scale fracture mecha-
nisms. A fundamental issue in the analysis of 
concrete structures is the pronounced difference 
between high compressive strength and low ten-
sile strength. In flexural members, critical tensile 
stresses are reached at relatively low load levels, 
leading to crack initiation and propagation deep 
into the cross-section, which significantly affects 
internal force redistribution [1,2].

Contemporary engineering practice commonly 
relies on simplified code procedures, such as those 
provided in Eurocode 2 [3]. These methods usually 
employ cross-sectional models in which cracking 
is considered through averaged reductions in bend-
ing stiffness. Although such procedures are gener-
ally safe for standard design, they are insufficient 

for analysing local strain concentrations, fracture 
kinematics, and stress redistribution in the tensile 
zone. For this reason, more detailed numerical 
approaches based on the finite element method 
(FEM) are required when higher accuracy or local 
damage assessment is needed [4,5].

A key aspect of advanced numerical simula-
tions is the selection of an appropriate constitu-
tive model. Among available approaches, the 
Drucker-Prager model has been used for concrete 
owing to its ability to account for the influence of 
hydrostatic pressure on yielding [6,7]. However, 
the concrete damage plasticity (CDP) model has 
become one of the most widely used formula-
tions in advanced analyses of reinforced concrete. 
Originally proposed by Lubliner and further 
developed by Lee and Fenves, the model com-
bines plasticity theory with damage mechanics 
and enables separate definitions of degradation 
processes in compression and tension [8,9]. With-
in the CDP framework, particular importance is 
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assigned to the description of post-cracking ten-
sile behaviour, commonly referred to as tension 
stiffening. This phenomenon results from the abil-
ity of concrete between cracks to transfer part of 
the tensile stresses through bond interaction with 
reinforcement. In numerical modelling, it may be 
defined using stress-strain relationships, crack-
opening laws, or fracture-energy-based formula-
tions [10,11]. The adopted softening description 
strongly affects numerical stability, post-cracking 
stiffness, crack localisation, and load-bearing 
capacity [12,13].

The present study analyses the influence of 
concrete constitutive model parameters on the 
global and local response of a reinforced concrete 
beam. Owing to the destructive character of the 
experimental programme, the investigation was 
focused on a single representative specimen. This 
enabled the use of a high-resolution digital image 
correlation (DIC) system, which provided dense 
full-field displacement and strain data for valida-
tion of the numerical models [14,15]. As a non-
contact optical technique, DIC allows the assess-
ment of local deformation fields with a level of 
detail that is not available from traditional point 
sensors [16,17].

Recent studies confirm the growing impor-
tance of combining experimental measurements, 
image-based diagnostics, and CDP simulations 
in the analysis of reinforced concrete elements. 
Krishna et al. used a CDP-based FEM model to 
predict the flexural response of RC beams and ver-
ified the results using load-deflection curves and 
DIC-based moment-curvature relationships [18]. 
Leppänen et al. integrated high-speed DIC mea-
surements with damage-plasticity simulations to 
analyse the impact behaviour of RC beams [19]. 
Marzec and Bobiński compared several isotropic 
constitutive models and concluded that the CDP 
approach offered good consistency with experi-
mental crack patterns and force-displacement 
curves [20]. Al-Ateyat et al. also demonstrated 
the usefulness of ABAQUS-based CDP simula-
tions for reproducing the response and failure 
mechanisms of GFRP-reinforced concrete slabs 
[21], while Dejene et al. confirmed the applica-
bility of CDP modelling to the nonlinear shear 
behaviour of shallow-wide concrete beams [22]. 
In parallel, Chu et al. highlighted the increasing 
role of image-based structural diagnostics by 
developing a UAV-based two-stage CNN system 
for crack detection and segmentation in GNSS-
denied environments [23].

Numerical studies have also shown that ten-
sion stiffening parameters significantly influence 
nonlinear solutions. A sudden stress drop after 
cracking may alter load-deflection paths and 
affect crack distribution [24]. Although previ-
ous studies confirm the usefulness of CDP-based 
modelling and experimental validation, many 
analyses still focus mainly on global response 
indicators. The local kinematics of cracking and 
the direct comparison between numerical dam-
age fields and full-field experimental strain maps 
remain less extensively resolved [25,26].

In this study, results obtained using simplified 
engineering models and basic elasto-plastic mod-
els are compared with a broad set of CDP variants. 
The main objective is to identify the tensile soft-
ening description that most accurately reproduces 
both the global load-deflection response and the 
local crack kinematics recorded by the DIC sys-
tem. This approach extends the validation beyond 
global deflection curves and provides a more 
objective basis for assessing the quality of numeri-
cal models used in reinforced concrete analysis.

MATERIALS AND RESEARCH 
METHODOLOGY

Beam specification and design

The research process was initiated with a 
conceptual phase. The objective of this phase 
was the design of a reinforced concrete beam. 
The element was designed as a simply supported 
beam with an axial span of 4.0 m and a total length 
of 4.1 m. It operates in a four-point bending con-
figuration. A load consisting of two concentrated 
forces of 40 kN each was assumed. This allows for 
the creation of a pure bending zone in the central 
part of the element. The static scheme and basic 
geometric dimensions are presented in Figure 1. 

The dimensioning of the element was per-
formed using engineering software. This utilized 
a reinforced concrete design module based on the 
principles of the ULS and the SLS according to 
the Eurocode 2 standard. C50/60 class concrete 
and B500B high-ductility reinforcing steel were 
adopted for the construction. The degree of cross-
section capacity utilization under the assumed 
load was approximately 88% for bending.

A beam with a rectangular cross-section of 15 
× 42 cm was manufactured. The main reinforce-
ment was designed as a combination of two Ø14 
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bars running the full length and two additional 
Ø14 bars acting as supplementary reinforce-
ment in the zone of maximum bending moment. 
Because of the relatively small width of the cross-
section and the necessity to maintain appropriate 
spacing between the bars, the reinforcement was 
arranged in two rows. Continuity of the reinforce-
ment and stability of the frame were achieved by 
Ø8 stirrups with a spacing of 25 cm. The element 
prepared in this manner was subjected to destruc-
tive testing using deformation measurement in 
addition to standard sensors, also the DIC system.

Engineering benchmark (N1)

The first stage of numerical analysis involved 
the development of an engineering model within 
a commercial engineering software environment. 
This model was a direct extension of the design 
assumptions and served as a benchmark for com-
paring standard design practice with advanced 
nonlinear simulations and experimental DIC 
measurements.

The engineering software used in this stage 
was intended primarily for structural dimension-
ing according to design regulations rather than 
for detailed nonlinear finite element analysis. 
Therefore, the model was based on a classical 
cross-sectional approach. The post-cracking stiff-
ness of the beam was not obtained from local 
material degradation, as in advanced numerical 
models, but from simplified Eurocode 2 relation-
ships interpolating the stiffness between State I 
(uncracked) and State II (fully cracked).

Material parameters corresponding to C50/60 
concrete and B500B reinforcing steel were 
adopted. The response obtained from this model 
is global in nature: it provides the elastic-plastic 
deflection of the member but does not generate 

crack maps, local stress concentration zones, or 
detailed strain redistribution fields. Despite these 
limitations, the engineering model remains an 
important reference because it represents calcu-
lations routinely performed in structural design 
practice. Its comparison with the DIC measure-
ments and nonlinear FEM results makes it pos-
sible to assess where the normative approach is 
sufficient and where more advanced constitutive 
modelling is required.

General assumptions of the numerical model

The primary objective of this stage was to 
replicate the structural behaviour of the beam as 
accurately as possible. The modelling process 
required a detailed approach to both geometric 
discretization and the definition of contact condi-
tions [27, 28].

The beam was modelled as a three-dimen-
sional object using eight-node solid elements 
with reduced integration. These are designated as 
SOLID C3D8R elements. Reinforcement within 
the numerical model was incorporated using 
the Embedded Region technique. The reinforc-
ing bars were modelled as beam elements which 
were embedded within the concrete volume. This 
approach assumes a perfect bond between the 
steel and concrete. Given the standard anchorage 
lengths and the absence of slip phenomena in the 
experimental study, this simplification is consid-
ered fully justified.

The components of the experimental appara-
tus including the supports and the loading traverse 
were treated as rigid bodies. The stiffness of the 
steel used for the laboratory equipment is orders 
of magnitude higher than that of the tested beam. 
Therefore, neglecting its deformability does not 
affect the results and significantly enhances the 

Figure 1. Static diagram and geometric dimensions of the tested beam
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numerical stability of the model. The interaction 
between the steel plates and the concrete surface 
of the beam was defined as surface-to-surface con-
tact. This accounted for the coefficient of friction, 
which facilitates a realistic rotation of the beam at 
the supports (Figure 2). The analysis was performed 
using a static general procedure. One of the most 
critical challenges involved ensuring numerical 
convergence during the concrete cracking phase. 
The minimum time increment was established at 
1E-5 [-]. Displacement control of the loading tra-
verse was utilized to apply the load to the beam. 
This strategy facilitated a stable transition through 
the concrete softening phase following the attain-
ment of ultimate capacity. It also permitted the 
recording of the complete load-deflection relation-
ship including the post-critical range. This was 
essential for obtaining comprehensive strain fields. 
These fields were subsequently superimposed onto 
the data maps generated by the DIC system.

Basic constitutive models

A total of seven variants of numerical models 
were developed. These differed in the constitutive 
description of concrete while maintaining con-
stant parameters for the steel reinforcement. The 
reinforcement was defined based on the character-
istic parameters of B500B steel. An elastic-plastic 
model featuring a clearly defined plastic plateau 
and linear hardening was adopted. Young’s mod-
ulus for steel was set at ES = 200 GPa, and the 
Poisson’s ratio was taken as 0.3 (Figure 3).

The reliability of the model was ensured by 
basing the concrete parameters on actual labora-
tory tests rather than design assumptions alone. 
Static compression tests performed on speci-
mens indicated that the actual mean compressive 
strength of the concrete was fcm = 65.83 MPa. 
This indicates that the applied mixture achieved a 
higher strength class than the originally assumed 

C50/60. Based on the recorded mean strength, 
the remaining parameters were determined using 
the relationships provided in Eurocode 2. These 
include a Young’s modulus of Ec = 38.72 GPa, 
a tensile strength of ftm = 4.29 MPa, and specif-
ic ultimate strain values. The Poisson’s ratio for 
concrete was adopted as 0.2.

Bi-linear model (N2)

The first and most simplified approach 
involved a perfectly elastic-plastic model. This is 
hereinafter referred to as the bilinear model (N2). 
This model is based directly on the simplified 
normative assumptions contained in Eurocode 2.

In this model, concrete is treated as an isotro-
pic material with linear-elastic characteristics until 
the mean compressive strength is reached. Upon 
exceeding this value, the material enters a phase 
of pure plastic flow. Consequently, stresses in the 
concrete remain at a constant level. This is the so-
called plastic plateau. In this state, strains increase 
until ultimate limit values are reached, after which 
immediate failure of the element occurs (Figure 
4). Because of its simplicity, the bilinear model 
(N2) does not account for the phenomenon of 
material softening or stiffness degradation. Both 
are key characteristics of actual concrete behav-
iour. Furthermore, it omits a complex description 
of concrete behaviour in tension. This omission 
typically leads to an overestimation of the stiffness 
of the member during the cracking phase.

Drucker-Prager model (N3)

The subsequent stage of the analysis involved 
the application of the Drucker-Prager model (N3). 
This model represents a more advanced approach 
than the bilinear method because it introduces the 
dependency of the yield surface on hydrostatic 
pressure. It has achieved extensive recognition in 

Figure 2. Discrete model of the beam and reinforcement in the engineering program
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the modelling of brittle and semi-brittle materi-
als. In contrast to the bilinear model (N2), which 
assumes a constant stress level upon reaching the 
yield point, the Drucker-Prager model (N3) incor-
porates a more realistic and nonlinear characteristic 

Figure 3. The assumed stress-strain diagram for 
reinforcing steel

Figure 4. Adopted stress-strain relationship of 
concrete for the bilinear model (N2)

Figure 5. Adopted nonlinear concrete characteristic for the Drucker-Prager model

for concrete. In accordance with Eurocode 2 guide-
lines, concrete behaviour in the initial phase was 
assumed to be linear-elastic up to a level of 0.4 fcm. 
Beyond this threshold, a curve defined by the fol-
lowing equation was implemented in the model:
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The application of this function enabled the 
representation of the hardening phase and the ini-
tial softening phase of the material. This represen-
tation is critical for the accurate determination of 
beam stiffness under high stress states (Figure 5).

The implementation of the Drucker-Prager 
model (N3) within the FEM software necessi-
tates the definition of specific material parameters. 
Based on a review of the relevant literature, the fol-
lowing values were adopted for the model [29, 30]:
	• Internal friction angle φ = 38° – this parameter 

defines the inclination of the yield surface in 
the principal stress space

	• Flow stress ratio K = 0.78 – a parameter defin-
ing the shape of the yield surface on the devia-
toric plane.

	• Dilation angle α = 12° – a parameter speci-
fying the volumetric increase of the material 
during plastic flow.

Development of CDP (N4-N8)

The most advanced and pivotal numerical tool 
utilized in this research was the CDP model. The 
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Figure 6. Constitutive behaviour of concrete in the 
CDP model

Figure 7. Stress-strain relationship and damage parameter evolution in the CDP model under compression

selection of this model was dictated by its unique 
ability to simultaneously describe the two domi-
nant failure mechanisms of concrete which are 
plastic flow and cracking. Consequently, the CDP 
model enables the analysis of nonlinear stress-
strain relationships and the reproduction of mate-
rial stiffness degradation. It also allows for the 
crack-closure effect under load reversal [31, 32].

In the CDP model, concrete behaviour is 
described within three fundamental ranges:
	• Linear-elastic range: This corresponds to the 

initial loading stage where the material main-
tains a constant stiffness defined by the initial 
Young’s modulus. At this stage, strains are fully 
reversible and no material damage occurs. 

	• Nonlinear range in compression: This 
describes the plastic hardening phase of con-
crete from the initiation of microcracks until 
the compressive strength is reached. In this 
study, an identical compression curve was 

adopted across all five numerical variants to 
maintain comparative clarity. This allowed 
for the isolation of the influence of the tension 
description on the global beam response. 

	• Softening range: This is the stage after the 
tensile strength threshold is exceeded. It is 
characterized by a gradual degradation of the 
capacity of the material point. Various descrip-
tive strategies were implemented specifically 
within this range (Figure 6). 

The compressive characteristic of concrete 
was defined using a nonlinear formula proposed 
by Sargin [33]. To regulate material softening, 
a damage parameter D with a value of 0.75 was 
applied. The expression for the curve is as follows:
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In addition to the definition of the material 
curves, the CDP model requires the specification 
of five key parameters controlling the shape of 
the yield surface and the flow potential (Figure 
7). Based on an extensive literature review and 
results from studies with similar research themes, 
the following values were adopted [34,35]:
	• dilation angle α = 12: This parameter deter-

mines the volumetric increase of concrete 
subjected to plastic compression. The selected 
value is typical for high-strength concretes; 

	• eccentricity ε = 0.1: A parameter defining 
the rate at which the plastic potential surface 
approaches the asymptote; 
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	• biaxial to uniaxial strength ratio fb,0/fc,0 = 
1.16: A standard value for concrete that 
defines the initial yielding point under biaxial 
compression;

	• parameter K = 0.6667: Defines the shape of the 
yield surface on the deviatoric plane. This value 
ensures that the yield surface remains convex. 

	• viscosity parameter μ = 0.0001: Utilized for 
the regularization of equations during the soft-
ening phase. This low value maintains com-
putational convergence during rapid crack 
propagation without excessively distorting the 
static results. 

In the analysed reinforced concrete beam, 
the method of describing tension is of decisive 
importance for the moment of cracking and the 
final deflection. It also affects the precision of the 
strain fields recorded by the DIC system. While 
the compression parameters remained constant, 
several variants of the tension definition were 
analysed in detail in the subsequent sections. This 
facilitated a unique verification of whether an 
approach based on fracture energy or direct mod-
elling through crack opening yields results closer 
to the actual strain maps obtained from the optical 
measurement system.

Massicotte model (N4)

The first analysed variant for describing con-
crete behaviour in tension, implemented within 
the CDP model framework, was a bilinear func-
tion defined in the strain domain. This approach 
is based on the proposal formulated by B. Mas-
sicotte and co-workers. It was developed for sim-
plified yet effective tension modelling [36, 37].

This model is particularly valued in numeri-
cal engineering analyses because of its relative 
simplicity of implementation and the minimal 
number of required input parameters. The defi-
nition of the curve is based on the elastic limit 

strain εcr, which corresponds to the moment the 
tensile strength ft is reached. Based on this value 
and by utilizing empirical relationships proposed 
by the authors, the complete softening function 
is constructed. It consists of two linear segments 
with different slopes (Figure 8). As part of the 
numerical implementation in the engineering 
software, it was also necessary to define the ten-
sile damage parameter dt. This parameter was 
determined approximately based on the relation-
ship between post-cracking stresses and the ini-
tial material stiffness [38].

It should be noted that although the final 
stress in the element reaches zero and the damage 
parameter should theoretically equal 1.0, achiev-
ing this exact value is not possible in practice. 
This is due to purely numerical reasons. Reaching 
dt = 1.0 would signify a complete loss of material 
stiffness. In the finite element method, this would 
lead to issues such as stiffness matrix singularity 
or numerical instability. In practice, values very 
close to unity like 0.99 are adopted.

Linear crack-opening function (N5)

Another variant analysed for describing the 
tensile zone of concrete is a linear model defined 
in the crack-opening domain w. This approach is 
based on the concept of a fictitious crack, which 
is fundamental to fracture mechanics.

In contrast to classical stress-strain relation-
ships, once the tensile strength is exceeded, the 
material relation is defined as a function of the 
tensile stress versus the crack opening width. In 
the linear model, it is assumed that after crack 
initiation the stresses transmitted across the crack 
faces decrease linearly with increasing opening. 
This continues until the complete loss of material 
cohesion (Figure 9) [39].

The key parameter in this approach is the 
fracture energy Gf, which geometrically cor-
responds to the area under the σ – w curve. 

Figure 8. Concrete tensile characteristics in the CDP model according to Massicotte: (a) σ – εcr, relationship, (b) 
evolution of the damage parameter dt
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Physically, Gf  is defined as the amount of energy 
required to create a unit area of crack through 
the complete separation of the material faces. 
This parameter is extremely important because 
it reflects the ductility of concrete in the cracked 
phase. A higher value of Gf results in a slower 
degradation of the load-carrying capacity of the 
element. Accurate determination of the fracture 
energy requires specialist laboratory testing. 
Therefore, empirical relationships are commonly 
used in engineering practice.

The value of Gf depends on many fac-
tors, where the most important are the concrete 
strength class and the maximum aggregate size. 
For ordinary concretes of average strength, the 
value of Gf typically lies in the range 50–200 N/m 
[40]. In the present analysis, the fracture energy 
was determined from the empirical relationship 
recommended by the Model Code [41]. This was 
based on the parameters of the concrete mix used 
during the fabrication works.
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Implementation of this model required defin-
ing the damage parameter dt as a function of the 
crack opening. As in the preceding variants, a 
simplified approach was applied. It was based on 
the ratio of the stress to the tensile strength.

Bilinear crack-opening function Hillerborg model 
(N6)

Another variant of the concrete softening 
description implemented in the CDP model was 
a bilinear function defined in the crack-opening 
domain. This follows the concept of Hillerborg 
[42]. In contrast to the simple linear model, the σ 
– w relationship here consists of two straight-line 
segments with different slopes (Figure 10). The 
value of the total fracture energy Gf was adopt-
ed at the same level as in the linear model. This 
enabled a direct comparison of the influence of 
the softening function shape alone on the beam 
behaviour.

Exponential crack-opening function Cornelissen 
model (N7)

The most advanced variant used in the analy-
sis for describing the tensile zone was the expo-
nential function proposed by Cornelissen et al. 
[43]. This model is widely regarded as one of the 
most accurate representations of actual concrete 
behaviour. It smoothly captures the progressive 
and nonlinear degradation of material load-car-
rying capacity after cracking. It was developed 
based on extensive experimental investigations of 
concrete (Figure 11). The constitutive relationship 

Figure 9. Tensile behaviour as a function of crack opening: (a) linear softening curve σ – w, (b) evolution of the 
damage parameter dt

Figure 10. Tensile behaviour according to Hillerborg: a) bilinear softening curve σ – w, b) evolution of the 
damage parameter dt
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in this model takes the form described by the fol-
lowing equation:
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where:	w – crack opening [m], wc – critical crack 
opening [m], c1 – material constant c1 = 
3.0 for ordinary concrete, c2 – material 
constant c2 = 6.93 for ordinary concrete.

During the implementation of the Corne-
lissen model in the FEM environment, signifi-
cant numerical difficulties were encountered in 
defining the tensile damage parameter dt. Sev-
eral nonlinear damage evolution curves were 
tested by modifying the number and position 
of the defining points, including highly simpli-
fied two-point approximations. However, these 
attempts led to convergence problems and non-
physical negative plastic strains. Therefore, to 
ensure numerical stability during intense crack-
ing, a linear evolution function for dt was final-
ly adopted, while the exponential stress-crack 
opening law of the Cornelissen model was 
retained.

Model based directly on fracture energy (N8)

The last of the adopted nonlinear model-
ling strategies was a variant based on the direct 
definition of the fracture energy Gf as the key 
constitutive parameter. In contrast to the previ-
ous approaches where concrete softening was 
described by means of explicit functions, the 
program here automatically regulates the load-
carrying capacity degradation process. This is 
based on the energy potential required for the 
complete opening of a crack within a given 
finite element.

To maintain strict physical consistency with 
the earlier models that employed the crack-open-
ing concept, a constant value of the fracture ener-
gy was adopted in all analyses. In this way, the 
stiffness degradation process in the post-critical 
phase is described by the same energy potential 
regardless of the specific formulation.

TEST SETUP AND EXPERIMENTAL 
PROCEDURE

The beam was tested in a four-point bend-
ing configuration using a laboratory setup that 
enabled controlled load application and simul-
taneous recording of force, displacement, and 

Figure 11. Tensile behaviour according to Cornelissen: a) exponential σ – w curve, b) evolution of the damage 
parameter dt

Figure 12. Experimental setup
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full-field deformation data. A schematic of the 
test setup is shown in Figure 12. The specimen 
was simply supported on two steel supports with 
elastomeric bearing pads, while the load was 
applied through a spreader beam.

The mid-span deflection of the beam was 
measured using a displacement transducer 
(LVDT) positioned against the bottom edge of the 
specimen (L1). In parallel, the actuator force was 
recorded. Full-field deformation measurements 
were carried out using a Digital Image Correla-
tion system (L2). Before testing, the lateral sur-
face of the beam was painted white and covered 
with a black stochastic speckle pattern.

The DIC measurements were performed 
using an ARAMIS 12M (USB) optical system in 
a 2D measurement configuration. The analysed 
measurement field corresponded to the lateral 
surface of the beam and was processed using a 
manually defined scale of 1.303 mm/pixel. The 
analysed image area had a resolution of 4096 × 
1000 px, and 10531 images were recorded during 
the deformation measurement. The resulting full-
field displacement and strain maps were used for 
comparison with the numerical results.

To ensure a consistent comparison between 
the experimental DIC data and the CDP simu-
lations, the FEM model reproduced the beam 
geometry, reinforcement layout, boundary con-
ditions, and four-point bending scheme used in 
the laboratory test. The strain-field comparison 
was performed at the same load level of 80 kN, 
corresponding to the design load selected for 
crack-pattern evaluation. The numerical damage 
fields were extracted from the same lateral sur-
face of the beam monitored by the DIC system, 
which allowed the experimental strain maps to be 
directly compared with the corresponding tensile 
damage or equivalent plastic strain distributions 
obtained from the FEM model.

RESULTS

Mesh sensitivity study

In nonlinear numerical analyses of concrete 
structures, the selection of an optimal finite ele-
ment size is of fundamental importance. This 
issue extends beyond the mere accuracy of geo-
metric approximation. For brittle and quasi-brit-
tle materials exhibiting softening behaviour, the 
mesh size directly influences the objectivity of 
the obtained solution. Without a proper conver-
gence study, the simulation results may become 
dependent on the adopted discretisation instead of 
reflecting the actual structural response [44, 45]. 

The CDP model with the Massicotte soften-
ing function (N4) was deliberately selected for 
the sensitivity analysis. This choice was dictated 
by the fact that the Massicotte model (N4) is 
defined directly in the strain domain. This dif-
fers from the fracture-energy-based variants 
described earlier. In this formulation, the fracture 
energy contained within a single finite element 
is the product of the area under the constitutive 
curve and the characteristic element length Le. 
This renders the model particularly susceptible 
to discretisation-induced errors [46].

Four discretisation variants were prepared for 
the study. These are designated as Mesh 1 (M1) 
through Mesh 4 (M4). They differed in the refine-
ment level applied to both the concrete beam and 
the reinforcing bar discretisation. The detailed 
geometric parameters of the finite elements are 
summarised in Table 1.

The primary criterion for assessing con-
vergence was the global structural response 
expressed by the load-deflection relationship at 
the beam mid-span. Figure 13 presents the curves 
obtained for all four variants.

Analysis of the plots permits several impor-
tant observations. In the initial loading phase, 

Table 1. Finite element sizes adopted in the mesh sensitivity analysis

Mesh variant Longitudinal element 
size 

Transverse (width) 
element size [mm] 

Height-direction 
element size [mm] 

Reinforcement element 
size [mm] 

Mesh 1 (M1) L
50 (82 mm) b

2 (75 mm) 
h
6 (70 mm) 

L
50 (82 mm) 

Mesh 2 (M2) L
64 (64 mm) b

3 (50 mm) 
h
7 (60 mm) 

L
64 (64 mm) 

Mesh 3 (M3) 
L

100 (41 mm) b
4 (37,5 mm) h

10 (42 mm) L
100 (41 mm) 

Mesh 4 (M4) L
128 (32 mm) b

5 (30 mm) 
h

14 (30 mm) L
128 (32 mm) 
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all four models exhibit nearly identical stiffness. 
The crucial differences emerge at the moment of 
first crack initiation. The coarsest mesh variant 
(M1) is characterised by a premature loss of load-
carrying capacity. This stems from the fact that 
excessively large finite elements are incapable of 
correctly capturing the steep strain gradient in the 
tensile zone. This leads to an artificial averaging 
of damage over an overly large volume.

With progressive mesh refinement in variants 
M2 and M3, the numerical response undergoes 
stabilisation. The most important finding is the 
close convergence of results between variants M3 
and M4. Based on the conducted analyses, Mesh 

3 (M3) was adopted for all subsequent compara-
tive calculations. This decision is justified on both 
technical and economic grounds. The selection 
of mesh M3 represents an optimal compromise 
between numerical accuracy and computational 
cost. It enables reliable validation of the advanced 
concrete constitutive models in the subsequent 
stages of the work.

Comparison of load-deflection response

The primary criterion for assessing the effec-
tiveness of the implemented modelling strategies 
was a detailed examination of the beam deflection. 
This is treated as the fundamental indicator of the 
global structural response. Figure 14 presents the 
complete set of load-deflection curves obtained 
experimentally and numerically for all eight mod-
elling variants. The reference value for the relative 
error calculations was taken from the displacement 
transducer (LVDT) mounted at the beam mid-
span. This sensor recorded a deflection of exactly 
8.84 mm at the control load of 80 kN, which is 
the design load for which the beam was originally 
dimensioned. This measurement was considered 
the most reliable owing to the direct nature of data 
acquisition and the physical contact between the 
sensor and the bottom concrete surface. Important-
ly, the results obtained in parallel by Digital Image 
Correlation showed very high agreement with the 
LVDT reading. The DIC system yielded a value 
of 9.01 mm, which corresponds to a relative dif-
ference of 1.96%. The virtually identical course of 
the two experimental curves over the full loading 

Figure 13. Comparison of load-deflection 
relationships for various finite element mesh densities

Table 2. Summary of deflection values at an 80 kN load
Analysis variant Deflection [mm] Relative difference [%] 

Experimental measurements 

LVDT (L1) 8.84 -ref. 

DIC (L2) 9.01 +1.96 

Engineering and simplified models 

Engineering model - EC2 (N1) 11.94 +35.10 

Bilinear plasticity (N2) 2.00 −77.34 

Drucker-Prager (N3) 2.00 −77.34 

CDP models 

CDP - Massicotte (N4) 7.39 −16.40 

CDP - Linear softening (N5) 5.32 −39.83 

CDP - Hillerborg (N6) 5.96 −32.53 

CDP - Cornelissen (N7) 6.70 −24.22 

CDP - Fracture energy 𝐺𝐺𝑓𝑓 (N8) 5.22 −40.95 
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range confirms the high quality of the reference 
data and the repeatability of the measurement tech-
niques. Table 2 provides a summary of the deflec-
tion values at 80 kN. This serves as the basis for the 
interpretation of the constitutive model behaviour. 

A detailed analysis of the CDP model results 
(N4-N8) revealed significant differences in the 
ability of formulations to represent the nonlinear 
behaviour of concrete. The highest agreement 
with the experimental data was achieved by the 
Massicotte model (N4). This variant recorded a 
deflection of 7.39 mm, which is a deviation of 
16.40%. This variant most accurately reproduced 
the initial stiffness and the characteristics of the 
nonlinear phase. This includes post-cracking 
stiffness degradation. The Cornelissen model 
(N7) yielded a deflection of 6.70 mm, which 
corresponds to an underestimation of 24.22%. It 
should be noted that in this case the analysis ter-
minated prematurely because of a loss of numeri-
cal stability. This was caused by reaching the 
minimum specified time increment.

The Hillerborg model (N6) exhibited supe-
rior numerical stability in the post-cracking 
range. However, it provided a lower accuracy 
in deflection estimation at 5.96 mm, which is an 
error of 32.53%. Its response exhibited an over-
ly smooth load-deflection curve that lacked the 
irregularities observed experimentally. The larg-
est underestimations among the CDP variants 
were recorded for the linear softening (N5) and 
the direct fracture energy (N8) approaches. These 
yielded deflections of 5.32 mm and 5.22 mm. 
Although the linear softening function offered 

the highest computational efficiency, both formu-
lations proved excessively stiff in the nonlinear 
range. They failed to adequately capture the pro-
gressive stiffness degradation caused by cracking.

The study also included a simplified cross-
sectional engineering model (N1) based on the 
procedures of Eurocode 2. The resulting deflec-
tion of 11.94 mm represents an overestimation of 
35.10%. Despite this deviation, the result lies on 
the safe side from a design perspective. This con-
firms the conservative character of standard code-
based methods. At the opposite extreme were the 
models based on classical plasticity theory (N2) 
and the Drucker-Prager criterion (N3). These 
models drastically underestimated the deflection 
to approximately 2.0 mm, which is an error of 
77.34%. These findings confirm the inadequacy 
of classical plasticity models that lack a damage 
parameter for the analysis of reinforced concrete 
flexural members. Without accounting for elas-
tic stiffness degradation, the simulation is unable 
to represent the actual material behaviour. This 
renders such models unsuitable for analysing the 
inelastic response of beams in bending. 

Comparison of cracking patterns

A further key stage in the verification of the 
adopted modelling strategies was a detailed analy-
sis of the morphology and character of the beam 
cracking. Whereas the comparison of deflections 
enabled an assessment of the global stiffness, it 
was only the analysis of the local damage fields 
that made it possible to check whether the numeri-
cal models correctly reproduce the physics of con-
crete fracture. The comparison of all variants with 
the experimental results was carried out for a load 
of 80 kN. This corresponds to the load level for 
which the member was originally dimensioned. 

It is worth noting at the outset that no plas-
tic response of the material was recorded for the 
load level considered in the case of the simplest 
numerical models (N2-N3). The lack of a mea-
surable numerical response precluded the gen-
eration of crack maps. This resulted in these vari-
ants being excluded from the subsequent com-
parative analysis. In the remaining CDP models 
(N4-N7), the tensile damage index (DamageT) 
was adopted as the primary parameter describing 
the evolution of damage. This parameter enables 
visualisation of the zones in which degradation 
of material stiffness has occurred. The exception 
was the model based directly on fracture energy 

Figure 14. Load-deflection curves for all analysed 
models
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(N8). Owing to the absence of a defined stiffness 
degradation function, the equivalent plastic strain 
(PEEQ) was adopted as the measure of damage in 
this variant (Figure 15, Table 3). 

The semi-quantitative comparison confirms 
that the Massicotte model (N4) provided the closest 
overall agreement with the DIC results. This model 
reproduced a similar number of dominant cracks to 
the experimental strain map, with 19 cracks com-
pared with 20 cracks identified in the DIC field. It 
also provided the closest estimate of the maximum 
vertical extent of cracking, equal to 336 mm com-
pared with 323 mm in the experiment. Although the 
longitudinal extent of the cracked zone was overes-
timated by the Massicotte model, the damage mor-
phology remained clearly localised and allowed 
individual flexural cracks to be distinguished. In 
contrast, the variants based on crack-opening and 
fracture-energy formulations generated more dif-
fuse damage patterns. In the linear softening (N5), 

Hillerborg (N6), and Cornelissen (N7) models, the 
damage zone typically covered a broader band of 
finite elements, which visually manifested itself as 
crack blurring. Among these models, the Hiller-
borg (N6) and Cornelissen (N7) variants provided 
a cracked-zone length closer to the DIC result than 
the Massicotte model. However, they underestimat-
ed the number of dominant cracks and produced 
less distinct crack separation. This reduced their 
ability to reproduce the dense and clearly localised 
crack network observed experimentally.

The least favourable agreement with the DIC 
data was obtained for the model based directly 
on fracture energy (N8). The cracking zone, 
represented by the equivalent plastic strain field 
(PEEQ), was less developed and concentrated in 
fewer locations than in the experimental strain 
map. This variant produced only 11 dominant 
cracks and the largest mean crack spacing, equal 
to 207 mm. Therefore, it did not reproduce the 

Table 3. Semi-quantitative comparison of crack-pattern characteristics at 80 kN

Model Number of dominant 
cracks [-]

Mean crack spacing 
[mm]

Length of cracked 
zone [mm]

Maximum vertical extent 
of cracking [mm]

CDP - Massicotte (N4) 19 148 2665 336

CDP - Linear softening (N5) 15 148 2069 255

CDP - Hillerborg (N6) 15 159 2227 294

CDP - Cornelissen (N7) 17 138 2212 284

CDP - Fracture energy Gf (N8) 11 207 2071 292

DIC (L2) 20 119 2260 323

Figure 15. Comparison of numerical failure indicators and experimental DIC strain field: (a–d) tensile damage 
parameter (DamageT) for CDP models N4–N7, respectively; (e) equivalent plastic strain (PEEQ) for model N8; 

(f) DIC strain map
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dense crack network recorded by the DIC sys-
tem. The observed tendency of the energy-based 
models to produce more diffuse damage zones can 
be explained by the fracture energy regularisation 
concept. In these formulations, the energy dissi-
pated during cracking is distributed over the char-
acteristic length of the finite element. This stabi-
lises the global post-cracking response and limits 
mesh-dependent energy dissipation, but it may also 
spread damage over a finite band of elements rather 
than forming sharply localised cracks. Therefore, 
energy-based models may provide stable global 
responses while being less precise in reproduc-
ing individual crack paths observed in DIC maps. 
Overall, the comparison confirms that CDP models 
employing explicit softening functions offer con-
siderably greater informational value for diagnostic 
and validation purposes than simplified plasticity-
based models. The Massicotte model (N4) provid-
ed the best overall representation of the experimen-
tally observed crack density, localisation character, 
and vertical development of cracking. 

Beam load-carrying capacity

All the numerical models analysed exhibit a 
tendency to somewhat overestimate the ultimate 
load-carrying capacity of the beam. Since the 
failure mechanism observed in the laboratory was 
crushing of concrete in the compression zone, 
the global response of the model in the limit state 
was governed decisively by the adopted concrete 
compressive characteristics instead of the tensile 
parameters. Despite the use of the actual mean 
concrete strength obtained from material tests, 
the numerical capacity still exceeds the experi-
mental values.  This discrepancy likely arises 
from inherent numerical model idealizations, 
which assume a perfect reinforcement bond and 
flawless cross-sectional geometry. The simula-
tion neglects minor fabrication errors, such as 
formwork dimensional inaccuracies, the non-ide-
al assembly and alignment of the reinforcement 
cage, and its micro-displacements occurring dur-
ing concrete casting and vibration 

The comparative study demonstrated that the 
predictive capability of numerical models for rein-
forced concrete beams in flexure is strongly gov-
erned by the description of concrete behaviour in 
tension and by the mathematical form of the ten-
sion softening function. The differences between 
the analysed constitutive models were not limited 

to global quantities such as mid-span deflection but 
also affected strain localisation and crack morphol-
ogy. The best agreement with the experimental data 
was obtained using the CDP model with the strain-
dependent Massicotte softening function (N4). This 
applies to both global stiffness and local fracture 
kinematics. The effectiveness of this approach can 
be attributed to the fact that strain-based softening 
promotes sharper deformation localisation within 
a limited number of finite elements. As a result, 
distinct flexural cracks were formed, which corre-
sponded well with the narrow strain concentration 
bands recorded by the DIC system. However, mod-
els of this type are sensitive to the adopted finite 
element size because they do not include automatic 
fracture energy regularisation. Therefore, the dissi-
pated energy may depend on the element volume, 
which makes a mesh sensitivity study necessary. In 
contrast, the models based on stress-crack opening 
relationships (N5-N7) exhibited higher numerical 
stability. This advantage results from the direct con-
trol of fracture energy, which improves the objec-
tivity of global energy dissipation and supports con-
vergence in the post-cracking range. However, this 
regularisation may also distribute the degradation 
process over the characteristic length of the finite 
element, leading to a wider damage band instead of 
sharply localised individual cracks. Consequently, 
these models may reproduce the global response in 
a stable manner, but they tend to provide a less dis-
tinct representation of crack paths when compared 
with DIC strain maps.

The direct fracture energy model (N8) repre-
sents a specific implementation of the energetic 
approach. Despite its sound theoretical basis, it 
showed the weakest agreement with the experi-
mental crack pattern. This may be related to the 
simplified implementation and the lack of direct 
control over the evolution of the damage vari-
able, which limited its ability to reproduce the 
progressive degradation and dense crack network 
observed during the laboratory test. An important 
finding of this study is the inadequacy of clas-
sical plasticity models (N2-N3) for the analysis 
of cracked reinforced concrete members. The 
absence of a stiffness degradation mechanism led 
to a significant overestimation of structural stiff-
ness and an underestimation of deflections by 
approximately 77%. These results confirm that 
purely plastic models have limited applicability 
to cracked concrete, especially when local frac-
ture processes and post-cracking stiffness degra-
dation are of interest.
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The comparison with full-field DIC measure-
ments confirmed the high value of this technique 
as a validation tool. In contrast to traditional 
LVDT sensors, DIC provides strain maps that 
enable direct assessment of local failure mecha-
nisms. In the present work, the comparison of 
crack patterns became an important criterion for 
evaluating the quality of the constitutive models 
and identified the Massicotte formulation as the 
closest to the experimental response.

At the same time, the combination of full-
field DIC measurements and CDP simulations 
is associated with higher experimental and com-
putational costs. On the experimental side, it 
requires careful surface preparation, optical cali-
bration, image acquisition, and post-processing 
of large datasets. On the numerical side, reli-
able comparison with DIC maps requires refined 
finite element models, nonlinear damage-based 
analyses, convergence control, and extraction 
of results from the observed surface. Therefore, 
such validation procedures are particularly useful 
for research-oriented model assessment and cali-
bration, while routine engineering design usu-
ally remains based on simpler global response 
indicators.

CONCLUSIONS

Based on the numerical analyses and their 
multi-criteria validation using DIC, the following 
conclusions were formulated:
1.	The description of concrete behaviour in ten-

sion is decisive for the global and local re-
sponse of reinforced concrete beams, govern-
ing both the load-deflection relationship and 
the character of crack development.

2.	The highest agreement with the experimental 
data was achieved using the CDP model with 
the strain-dependent Massicotte softening 
function (N4). This model reproduced the non-
linear stiffness with a deflection difference of 
approximately -16% relative to the reference 
LVDT measurement.

3.	The Massicotte model (N4) also provided the 
best overall agreement with the DIC strain maps 
in terms of crack density, localisation charac-
ter, and vertical development of cracking.

4.	Models based on stress-crack opening relation-
ships (N5-N7) demonstrated higher numerical 
stability, but they underestimated deflections 
and produced more diffuse damage zones. This 

reduced their ability to reproduce individual 
crack paths. 

5.	The direct fracture energy model (N8), despite 
its sound theoretical basis, did not accurately 
reproduce the experimental crack distribu-
tion in this study. It produced fewer dominant 
cracks and a less developed damage pattern 
than observed in the DIC results.

6.	Classical plasticity models (N2-N3) proved in-
adequate for the analysis of cracked reinforced 
concrete members. The absence of a damage 
mechanism resulted in a drastic underestima-
tion of deflections of approximately -77%.

7.	The Eurocode 2-based engineering model (N1) 
overestimated deflections by approximately 
+35% relative to the LVDT measurement, 
confirming its conservative character for ser-
viceability limit state verification in standard 
design practice.

8.	Full-field DIC monitoring provided insight 
into phenomena inaccessible to traditional 
point sensors. The additional semi-quantitative 
comparison of crack-pattern metrics strength-
ened the objectivity of the validation, although 
direct crack-width extraction and automated 
strain localisation indices remain subjects for 
future work.
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