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ABSTRACT

This work presents the results of both simulation and analytical investigations on tuning of predictive functional
control (PFC) algorithm for first-order plus dead time (FOPDT) system. The controller’s characteristics were
analyzed to determine the influence of the main control parameters on its performance. The PFC equations are
transformed and an alternative surrogate parameter representing the algorithm’s effective gain was proposed. Most
common control quality factors are analyzed to find a trade-off between response speed and controller aggressive-
ness. Combined control quality factor was proposed and investigated to determine optimal tuning parameters. That
analysis resulted in tuning formulas for main parameters of the PFC algorithm such as desired response time Ly
and prediction horizon H. The proposed tuning approach was verified both on a higher-order dynamic system and

in an experimental heating process setup.
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INTRODUCTION

One of the first advanced control methodolo-
gies that was developed and applied in industry
was model based predictive control [1, 2]. The
idea of process model application for the synthe-
sis of the controller is simple and generally prom-
ises better control performance in terms of the
selected quality factors. There are many control
techniques based on the simple input-output mod-
els, e.g. model algorithmic control (MAC) [1],
predictive functional control (PFC) [3, 4] dynam-
ic matrix control (DMC) [5] and internal model
control (IMC) [6]. In these cases, process nonlin-
earities can be accounted for through nonstation-
ary modeling, resulting in control that exhibits the
properties of adaptive control.

PFC is one of the oldest [7], and at the same
time one of the simplest among various MPC
algorithms [8, 9]. The simplicity of final form
makes it possible to implement this algorithm
in standard automatic control equipment like
PLCs [10-13]. It should be noted that this feature

is highly desirable for industrial implementa-
tion. This algorithm was identified as one of the
advanced controls with the greatest industrial
success. Recent publications indicate that this
algorithm is still used in different practical appli-
cations: motion [14, 15], energy systems [16, 17],
chemical processes [18]. It is evident that PFC
remains a subject of analysis, research, and algo-
rithm extensions [19-21]. Despite this, it is diffi-
cult to find in the literature any strict tuning rules
for PFC algorithm. Main inventor of this algo-
rithm (J. Richalet) claimed that tuning is intuitive
because of basic assumptions of such control.
That statement is somewhat true, since the most
relevant tuning parameter of this controller Lo is
closed loop response time which is equal to triple
time constant of exponential reference trajectory.
However, this parameter is not the only one to
be selected in this control algorithm. Prospective
users that are implementing this algorithm need to
select also two other parameters: controller cycle
Ly and prediction horizon 4. In the most recent
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book describing PFC [22] some hints on how to
tune the PFC controller can be found, but those
hints are very general without any strict formulas.
Some further PFC tuning hints might be found in
a small number of publications describing other
research on this topic [23-26] with respect to
integral error index. In general, this issue is brief-
ly discussed and open for further research.

Any research on controller tuning requires
certain assumptions about the dynamic properties
of controlled process. These dynamic properties
can be determined based on internal models when
designing tuning rules for MPC algorithms. With-
out doubt, any tuning rules yield controller param-
eter values closer to the optimal values (for a cho-
sen control quality factor) when the assumed model
dynamic is closer to real plant dynamics. In prac-
tice, however, it is nearly impossible to create per-
fect model of a given technological process. Thus,
any tuning rule can give only controller parameters
close to optimal ones and afterwards the process’
operator must subsequently correct them manually
to achieve satisfactory results. Nevertheless, such
tuning rules are necessary to obtain initial values
of controller parameters that significantly shorten
the control loop startup procedure. Over many
decades, numerous tuning rules were developed
for the standard PID algorithm [27]. Some of these
rules are based on closed loop performance results,
while others require an analysis of the dynamic
properties of a given controlled plant. In the sec-
ond case, different model forms are considered for
approximation of controlled process dynamics.
The most common dynamics approximation used
for this purpose is FOPDT (first-order plus dead
time), which is also considered in this research for
PFC algorithm tuning.

PFC ALGORITHM FOR FOPDT PROCESS

The PFC control algorithm has only four
main assumptions:
e discrete internal model,
e coincidence horizon at time s+ (where: 7 —
sampling time),
e constant future set point—y_,
e cxponential reference trajectory with decre-
ment 4.

Reference trajectory binds the signal of con-
trolled variable Y, and the setpoint value y .
Setpoint y  is assumed to be constant value for
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simplicity when forming control equations. How-
ever, this algorithm performance, as any other con-
trol algorithm is tested for setpoint change. The
reference trajectory was chosen as the simplest
one — exponential function. Thus, it is defined by
its decrement A = exp(t/t,), where: 1, = trb/3 and
Ly is the desired response time of the closed loop
system. In this case the error signal e(.) =y, - yp(.)
at discrete time n + /1 is expressed by very simple
relation: e(n + k) = e(n) - A". There is no assump-
tion that model output y is perfectly following
process output y , but in general y increments
should follow increments of y . (Figure 1)

In this research dynamics of controlled process
is assumed as FOPDT (Equation 1), which is one
of the most frequently used dynamics approxima-
tion for controller tuning purposes [27-29].

ym(s) G
u(s) 147-s

. e—STd (1)

where: T — time constant, G — gain,
T, — time delay, u — process input value,
v, —model output value.

The discrete form of the model expressed by
Equation 1 is:

Ym(@M) =y(n—1) - a+
+1l-a)-un-1)-G

2

where: a = %", t — sampling time, n — discrete
instance of time.

Controller equations for FOPDT model have
the following form:

yPred (n) = yP(n) + (3)
+ym(n) - Ym(n - D)

_ (1_/1h) [Vset (M) =P prea(m)] +
u(n) G(l—ah) (4)

1

where: y, ~— predicted process output (with-
out dglay), Y, — process .oqtput V?llue,
D — discrete delay, & — prediction horizon,
v, — setpoint value, A- reference trajec-
tory increment.

A series of simulation experiments were per-
formed for the PFC control loop using Equations
2-4, assuming that the process model was identi-
cal to the controller’s internal model. In the first
stage, the influence of the controller cycle time on
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Figure 1. General time chart for PFC algorithm

closed-loop stability was investigated. The exper-
iments were carried out using illustrative process
parameters (G = 1, 7= 2, z,= 1). It was observed
that for constant value of discrete prediction hori-
zon h =1 (H, = t, where: H, is the prediction
horizon expressed in time units) stability depends
on both sampling time ¢ and tuning parameter Ly
It is obvious that numerical calculations errors are
proportional to calculation time interval; there-
fore, stability of control loop for different 7 values
mainly depends on numerical errors. The shorter
¢, value is, the stability of control loop is stronger.
Stability area was investigated for process model
of above given parameters with respect to various
values of 7 and 7, with constant value of discrete
prediction horizon 4 = 1. Results showed that
the longer desired response time Lo the system
tends to behave more stable. The obvious is that
the longer sampling time (controller cycle) 7 the
system is less stable but even if controller cycle
is half of process time constant the system is still
stable. (Figure 2)

The experiments showed that the control
loop is unstable for small values of 7, f when the
controller cycle approaches the process time
constant 7. However, control loop stability with
respect to controller cycle 7 does not guarantee
satisfactory control performance. Excessively
large values of 7 lead to periodically dumped
oscillations in time evolution of process variable
(Figure 3a) and rapid variations in the manipu-
lated variable (Figure 3b). Therefore, a reason-
able design choice is to select the controller
cycle significantly smaller than dominant pro-
cess time constant.

* stable
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Figure 2. Stability range of PFC control
for FOPDT dynamics
PFC CONTROL QUALITY
INVESTIGATIONS

Results of these experiments analysis gave the
conclusion that some arbitrary selected value of
controller cycle should be selected with relation to
FOPDT model time constant. It could be assumed
the relation which is often used in such cases [29]:

< 5
ts < 10 (5)
In practice, determination of this value is
related to computational efficiency of automatic
control equipment. Thus, controller cycle should
be selected longer than the time in which the con-
troller is capable of computing all required algo-
rithm equations. Other parameters of the PFC
controller have a major impact on the selected
and commonly used control quality factors (/SE,
IAE, 1SdU, t ). Simulation research resulted in
conclusion that ISE, IAE and settling time ¢,
have very similar shape in respect to PFC algo-
rithm tuning parameters. Thus, in this research
two of the factors mentioned were selected for
further investigations:

Lk
ISE = f e?(t)dt (6)
0

tk

1SAU = | (u(t) — ue)?dt (7)
0

where: e — control error, 7, — time end of experi-
mental data, u_ — final value of control-
ler output after step change of setpoint
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or disturbance, Ae — assumed control
error margin (usually 5% of setpoint
step change).

A set of experiments performed using PFC
controller for the FOPDT dynamic object with
selected parameters (G = 1, ¢ = 2, 7, = 1) and
sampling time ¢ = 0.1 showed that both param-
eters, 7, and H,, significantly influence the behav-
ior of the manipulated and controlled variable
responses. When H, = ¢, small values of 7, " result
in aggressive changes of the manipulated value
(Figure 4). Asf ¢, increases, smoother changes in
the manlpulated Varlable are observed; however,
this also leads to a longer settling time. A substan-
tial influence of the prediction horizon H, on the
time evolution of both manipulated and controlled
variables was also observed (Figure 5) for a con-
stant value of 7, = . The results indicate that this
parameter affects both the settling time and the
aggressiveness of the controlled variable response.

It can be stated that both aforementioned
parameters have a substantial influence on the
time responses of the controlled and manipulat-
ed variables and consequently affect considered
quality factors. This influence was investigated,
and the results are presented in Figure 6. The
results were obtained from simulation experi-
ments performed for a PFC controller applied to
FOPDT process model for different values of the
parameters 7, and H,..

The results presented in Figure 6 might also be
obtained analytically, based on formulas describ-
ing the time evolution of manipulated and control
variables. The form of PFC given in Equation 4

0.8
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v
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0] y (t.=2)
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Figure 3. Time evolution of controlled (a) and manipulated (b) variables for PFC (t,
2, t,= 1) with different controller cycle time t_

control of FOPDT process (G=1, 1=
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for FOPDT process model could be simplified in
following way:

u(s) = fere [yset(s) YPred(S)] +

) ®)
+Eym(5)

where: K

e Tepresents the effective gain of PFC
controller is given by:

1-2h
KPFC(Tm;h trbf' tS) ( ah))
3.H 9
1—exp <_ trbfp) ©
= H
1—exp (— ﬁ)

In this research the assumed internal model of
the process has the following form:
ym(s)  Gn sy
= - e
u(s) 1+rt,:'s

(10)

Predicted process dynamics without time
delay can be expressed as:

Vprea(s) = u(s) (11)

+

Thus, process output is represented by:

yp(s) = e Ppreq(s) (12)

Transforming the above equations and
assuming equivalence between the model and the

257
u (t,=0.1)
2] u (0.1<ts<2)
‘] u (t,=2)
1.51

0.5

—3,h=1)
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Figure 4. Time evolution of controlled (a) and manipulated (b) variables for PFC control of FOPDT process
with different values of t,  and constant value of H =t.=0.1
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Figure 5. Time evolution of controlled (a) and manipulated (b) variables for PFC control of FOPDT process
with different values of H, and constant value of ¢, , =1=2
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Figure 6. Relation of control quality factors ISE (a) ISdU (b) to PFC controller parameters ¢, .
and H, for FOPDT dynamics process
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process, the following relations for the manipu-
lated and the controlled variables are obtained:

1 s'T+1
u(s) = E‘T—l-yset(s) (13)
S .
Kprc
1 —ST,
y(s) = T ¢ 4 Yser(S)  (14)
S

KPFC

Above relations Equations 13—14 take the fol-
lowing form in the time domain:

_Kprc,
u(t) = [1 + (Kppe —1) - e~ 7
(15)
A
25 1) + u(0)
K
y(©) = [1—e ¥ . .
“AYser - 1(t - Td) + y(O)
hence control error is expressed as:
K
e(t) = Ayser - 1(t) - [1 e tTa) ")

“AYser - 1(t — 74)
The values of the f ISE and ISdU quality
factors can be calculated based on Equations 15

and 17:

ISE = [ e2(t) dt = (Ayser)? -

T ) (18)

AT+
(Td 2 'KPFC

1SdU = f oo(u(t) —Up)? dt = (AYger)*
0

19
'T'(KPFC_l)z (%

2 G2 Kpre

PFC ALGORITHM TUNING RULE

There are many possible ways to define com-
bined quality factors that account for both effec-
tive control error reduction and controller aggres-
siveness. One of such factor considered in this
work, is defined as:
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Qr (ISE + G2 - ISdU)  (20)

B (Ayser)?

Multiplying the ISdU by the squared process
gain ensures that both elements in the sum are
expressed in the same units, which is essential for
formal correctness of any calculations. Dividing
this sum by squared step change of setpoint makes
analysis results independent of the setpoint magni-
tude value and dependent only on the PFC control-
ler parameters and the process dynamics param-
eters. The influence of PFC controller parameters
on control quality factor defined in Equation 20 for
a FOPDT process with selected parameters (G =1,
t=2,7,= 1) is presented in Figure 7.

Comparable results are obtained for differ-
ent values of the FOPDT parameters (gain, time
constant and delay). In each case minimum-level
curve is observed originating on axis at around
twice the process model time constant.

Substituting Equations 18—19 into Equation 20
yields the following expression for quality factor:

(Kppe — 2 - Kppe + 2)
2 Kppc

Qp=tqg+71"

(e2y)

Determining the optimal value of the effec-
tive gain K, . is a straightforward task in this
case since the considered function

0. has only a single minimum. Finding the mini-
mum of this function through differentiation
gives the result K, . = V2. 1t should be noted
that this value was derived under the assumption
that the model and the process have equivalent
dynamics which is rarely case in practical appli-
cations. Nevertheless, this result may be used as
an initial estimate for tuning procedure. It can
be also observed that increasing K, . results in
more aggressive controller performance whereas
decreasing K. results in smoother time response
of the controlled variable.

The tuning procedure can be initiated by deter-
mining the prediction horizon H,, regarding fact
that /,value is an integer multiple of the sampling
time ¢ (H,= h - t). The inventor of PFC algorithm,
Jacques Richalet, stated that for processes with
simple dynamics, the prediction horizon might
even be equal to the controller cycle. The appropri-
ate value of H, depends on mismatch between the
model and the process dynamics and should there-
fore be determined individually and increased if
necessary. In the next stage of the tuning procedure
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Figure 7. Relation between Q, factor to PFC algorithm parameters (a). The plot (b) presents contour
of this function, where green stars represent minimal level curve

value of Ly should be calculated using the formula
obtained by transforming Equation 9:

_3HP

brpr = Hp
ln <1 - KPFCO * (1 - e_T ))

(22)

_ —3-Hp
ln(l—\/f-(l—e_Hr_P ))

The value of the parameter Ly determined
using the above formula represents a response
time, thus must be a positive real number. Con-
sequently, the argument of the logarithm in the
denominator must also be positive. This require-
ment results in the following condition:

)

PFCO

Hp<—r-ln<1—

In practice, tuning the PFC controller for
FOPDT process can be performed solely by
manipulating the value of K, ., without the need
to determine formal controller parameters explic-
itly. This approach is motivated by the fact that
all controller parameters are embedded in the
equation defining K, .. Therefore, this substitute
tuning parameter may be interpreted as an aggres-
siveness factor. When the parameter is equal to
1, a setpoint step change causes the controller
to immediately set the manipulated variable to
its final value. In this case the process variable
response corresponds to the free response of
assumed dynamics. Values of K, . greater than 1

cause the manipulated variable to overshoot the

final value, while values below 1 result in an ini-
tial change of manipulated variable lower than its
final value. The plots in Figure 8 present the time
evolution of the manipulated and the controlled
variable for a PFC controller applied to FOPDT
process with different values of K. = 2; \/7.; 1;
12 .; 0.5. Analysis of these results shows that
the value of K, . is equal to the ratio of initial
change of the manipulated variable to its final

when control action becomes zero.

PFCTUNING EXPERIMENTS

Since the proposed methodology was
designed for FOPDT dynamics its applicability
should also be verified for processes exhibiting
another type of dynamics. This verification pro-
cedure was performed for 3" order dynamics pro-
cess model [30] with equal time constants:

ys) 1 (24)
u(s) (1+s)3

This type of dynamics was approximated
with FOPDT using least-squares method applied
to the free response. This procedure resulted in
the following values of parameters: G = 1, 7 =
2, 7, = 1.1. The plot in Figure 9 presents com-
parison of assumed process dynamics Equation
24 and its FOPDT approximation. The results of
quality factor Q, (Equation 20) analysis with 3
order dynamics as the process one and FOPDT
dynamics used as the internal model in PFC con-
troller are presented in Figure 10. In this case
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Figure 8. Setpoint step change response of process (a) and manipulated (b)variables for various values
of substitute parameter K, .

minimum-level curve of @, value starts near
twice the approximated time constant on the Loy
axis. Analysis of time evolution of the manipu-
lated and controlled variables showed that incon-
sistence of process and internal model dynamics
results in oscillations in the responses of both the
process and manipulated variables. This effect
becomes less visible for lower values of K, . (Fig-
ure 11). In this case the value of the 1,,, parameter
that gives the optimal results is compatible with
the one obtained from Equation 22.

Similar experiments were conducted using a
real experimental heating plant [31] (Figure 12).
The source of heat energy in the experimental
plant was an electric heater with a rated power of
P =5 kW. Water entering the tank at temperature

1.2

E il ||

u

0- y (39 order dynamics)
---------------- y (FOPDT approximation)

0 2 4 6 8 10 12 14 16
t[s]
Figure 9. Setpoint step change response of process

and manipulated variables for various values
of substitute parameter K ..
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T, is heated to the outlet temperature 7, . During
the experiments the flow rate /" was stabilized at
2.5 L/min. The heating power was manipulated
using PWM (Pulse Width Modulation) technique.
The measured signals together with the manipu-
lated variable are connected to an NI-cRIO device
which enable implementation of PFC controller
in the LabView environment.

At constant flow rate, the FOPDT dynamic
parameters of the system were approximated using
multidimensional unconstrained nonlinear mini-
mization. This resulted in following parameters:

G = 0.27 °C/%, t = 16 s, 7, = 15 s. When
dealing with real dynamic systems experiments
should be repeated to avoid nonrepresentative
results. Therefore, each experiment consisted of
a four setpoint changes as illustrated in Figure 13.

A set of 15 experiments were performed to
investigate the influence of PFC parameters (),
t,,)- In each experiment the sampling time (con-
troller cycle) was set to 7 =1s, which satisfies the
requirement expressed by Equation 5. The value
ofz, , was selected within the range from 30 s to
90 s while H, was varied from 1 s to 5 s. For each
experiment quality factor O, was calculated as a
mean value obtained for all setpoint changes of
T,. It can be observed that the final value of the
manipulated variable P is not stable et the end
of each setpoint change experiment. This effect
is mainly a result of fluctuations of flow rate F,
which was varied around 2.5 L/min. Therefore,
the final value of manipulated variable for cal-
culation of ISdU factor was determined as the
average of last 100 samples. Figure 14 presents
the results of O, calculation for all experiments.
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Figure 10. Relation between Q, factor and parameters of PFC algorithm with FOPDT internal model
used for control of process with 3" order dynamics (a). Plot (b) presents contour of this function,
where green stars represent minimal level curve
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Figure 11. Setpoint step change response of process (a) and manipulated (b) variables for various values

of substitute parameter K, .

in PFC control loop with FOPDT internal model

used for control of 3" order dynamics process
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P
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Figure 12. Simplified scheme of heating process

It can be observed that in this case the influence
of H, parameter on controller performance is
marginally visible. The dominant influence is
associated with the value of L while values
over 45s gives only minor improvement in the

discussed quality factor. The value calculated
of ,,, parameter calculated using Equation 22
is 33.5 s for Hp = 1 s. Therefore, it should be
increased by approximately 10 s to obtain satis-

factory results.
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Figure 13. Exemplary result with PFC algorithm applied to experimental plant (process value T — green line,
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Figure 14. Quality factor O, values for experimental heating process control using PFC algorithm

FOPDT Determining Determining
dynamics N the sampling e the prediction
parameters time horizon Hp
identification (Ea. %) (Ea. 23)
Manual Controller Determining
correction of |g—]| performance |g—| ~ Thedesired
H, and t,4r evaluation response time
if required (Eq. 22)

Figure 15. Diagram for the proposed controller tuning procedure

CONCLUSIONS proposed. The tuning rule was developed using
a combined quality factor that assesses both the

In this paper, a simple tuning rule for the = process and the manipulated variables time evo-
PFC algorithm applied to a FOPDT process was lutions. The proposed tuning methodology can
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be extended to higher-order dynamics using the
same procedure. The PFC algorithm as one of
MPC group is capable of handling nonlinearities
while feedforward action is naturally embedded
when disturbances are measurable.

However, the experiments showed that for a
constant value of desired response time t,, PFC
controller performance is almost unchanged.
Verification of the proposed tuning rule using
simulation experiments confirmed its validity and
demonstrated an almost identical shape of the dis-
cussed quality factor function. The same verifica-
tion procedure conducted using real plant exhib-
ited that main controller parameter time Ly should
be increased compared with the value obtained
from the proposed tuning rule. That result is a
consequence of non-perfect dynamics approxima-
tion and additional disturbances (here: flow rate
fluctuations). However, it should be noted that
any tuning rule for a control algorithm provides
only initial estimates of the controller parameters,
which are subsequently adjusted manually by
an experienced process engineer. The formally
derived tuning rule proposed in this paper pro-
vides the opportunity to introduce an additional
level of adaptiveness to this algorithm for pro-
cesses with varying gain, time constant and time
delay. However, the application of such adaptive
PFC controller should be performed with addi-
tional analysis since the FOPDT model represents
only the approximation of real process dynamics.
Another challenge associated with the implemen-
tation and performance analysis of the PFC algo-
rithm is the presence of disturbances, which may
be difficult to eliminate in real industrial plants.
Therefore, future research on this subject should
also take into account the influence of disturbance
fluctuations on controller performance.
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