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INTRODUCTION

In industrial process control, conventional PI 
and PID controllers remain the dominant technol-
ogy. It is estimated that over 90% of all industrial 
control loops rely on some form of PID-based 
control [1]. Despite the well-established theoreti-
cal foundations of PID control, surveys consis-
tently report that the majority of these controllers 
are poorly tuned in practice [2, 3]. A significant 
part of their implementation operates with default 
or near-default tuning parameters, which results 
in sluggish or oscillatory closed-loop behavior 
that leads to increased energy consumption, mate-
rial waste, and accelerated degradation of pro-
cess equipment [2]. Improving the performance 
of these control loops without requiring detailed 
process knowledge or costly retuning procedures 

is therefore of considerable practical importance. 
Among the most desirable solutions is a self-
improving controller capable of replacing an 
existing, poorly tuned PI controller and progres-
sively enhancing its control performance through 
online learning during normal process operation.

Q-learning, originally proposed by Watkins
[4, 5], is one of the most widely investigated 
model-free reinforcement learning (RL) algo-
rithms. Over the past decade, Q-learning and its 
variants have been successfully applied across 
a remarkably broad spectrum of engineering 
domains. In optimization and path planning, 
Q-learning has been employed for multimodal
transportation routing under time uncertainty [6],
mobile robot local path planning [7], and energy-
efficient trajectory optimization for unmanned
aerial vehicles [8]. In the field of robotics and
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autonomous systems, neurofuzzy reinforcement 
learning architectures have been developed for 
optimized dynamical performance of robotic 
platforms [9], while Q-learning-based reward 
shaping strategies have been applied to the swing 
phase control of semi-active prosthetic knee sys-
tems [10]. This wide applicability demonstrates 
that Q-learning provides a flexible and effective 
framework for sequential decision-making prob-
lems where an explicit model of the environment 
is either unavailable or difficult to derive.

Within the specific domain of feedback 
control of dynamical systems, Q-learning has 
attracted growing attention both from theoreti-
cal and application-oriented perspectives. On 
the theoretical side, output feedback Q-learning 
formulations for the discrete-time linear quadrat-
ic regulator problem have been developed [11], 
establishing important convergence and optimal-
ity guarantees. From the application viewpoint, 
adaptive fuzzy Q-learning controllers have been 
designed for grid-tied power electronic inverters 
[12], and experimental studies have demonstrated 
Q-learning-based control of airfoil trailing-edge 
flow separation using plasma synthetic jets [13]. 
Fuzzy Q-learning strategies have been applied to 
temperature regulation systems [14], while stud-
ies on rotary inverted pendulum systems have 
compared classical Q-learning with deep Q-net-
work approaches for balancing control [15]. A 
particularly active research direction concerns 
the use of Q-learning for online tuning of PID 
controller parameters. In this context, Q-learning 
frameworks have been proposed for online PID 
tuning in continuous dynamic systems [16], deep 
Q-learning has been applied for automated PID 
autotuning [17], adaptive Q-learning-based PID 
design has been validated for maglev train levita-
tion control [18], and Q-learning-based approach-
es for PI controller autotuning have been investi-
gated [19]. Additional contributions include rein-
forcement learning approaches to autonomous 
PID tuning for chemical processes [20] and deep 
reinforcement learning architectures proposed for 
self-driving process control [21].

However, most of the works employ Q-learn-
ing either as a supervisory mechanism for tuning 
the parameters of a conventional PID controller 
or as a controller for discrete-state systems such 
as robotic platforms. Comparatively few studies 
investigate the direct application of Q-learning 
as a standalone controller for continuous-process 
closed-loop systems, where the algorithm itself 

generates the manipulating variable at each sam-
pling instant without relying on an underlying PID 
structure. This important distinction motivates 
the research presented in this paper. In previous 
works, the concept of a self-improving Q-learn-
ing controller for industrial process automation 
was introduced in [22], where the state space 
was redefined based on a closed-loop reference 
trajectory and the Q-matrix was initialized using 
the tuning parameters of the existing PI control-
ler to ensure bumpless switching. Implementation 
aspects of this approach, including reduction of 
the Q-matrix dimensionality from three to two 
dimensions (the Q2d approach), were presented in 
[23]. A comprehensive treatment of the Q2d con-
troller, including its detailed design methodology, 
exponential state space discretization, modified 
exploration policy, and systematic experimental 
validation on an electric drive system, was pub-
lished in [24]. The Q2d approach demonstrated 
that a model-free Q-learning controller, properly 
initialized by PI tuning parameters, can progres-
sively improve closed-loop performance through 
online learning while maintaining bumpless oper-
ation throughout the transition from the existing 
PI controller.

Despite the demonstrated effectiveness of 
the Q2d approach, its validation was limited to 
processes without significant dead time in their 
dynamics. In industrial practice, however, a sub-
stantial number of processes are characterized by 
the presence of transport delay (dead time), which 
constitutes one of the most challenging aspects of 
process control. The dead time introduces a time 
desynchronization between the control action and 
its observable effect on the process output, which 
is in fundamental contradiction with the standard 
Q-learning update policy that assumes that the 
effect of an action taken at time t is observable 
at the next time step t+1. When the dead time 
exceeds the sampling interval, the Q-learning 
controller rewards actions whose actual effect 
on the process output will only become apparent 
after the dead time has elapsed, leading to incor-
rect state-action pair correlations and degraded or 
failed learning. While several theoretical studies 
have addressed reinforcement learning for time-
delay systems from an optimal control perspec-
tive, including learning-based adaptive optimal 
control formulations for linear time-delay systems 
[25] and investigations of control delay effects 
in reinforcement learning for real-time dynami-
cal systems [26], these approaches typically 
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assume knowledge of system dynamics, operate 
in a model-based framework, or address the delay 
problem at the level of the learning algorithm 
rather than at the level of a practical, model-free 
controller suitable for industrial implementation. 
Model-based reinforcement learning methods for 
systems with delay time have also been proposed 
for continuous control problems [27], but they 
rely on learned environment models and are not 
directly applicable to the model-free, PI-initial-
ized control framework considered in this work. 
Existing approaches to reinforcement learning in 
systems with delayed effects typically address the 
problem by augmenting the state space with past 
actions, thereby transforming the delayed process 
into an equivalent Markov decision process [28]. 
Another widely used approach relies on model-
based or predictive frameworks, where the sys-
tem dynamics are explicitly learned or estimated 
to compensate for delay effects [29]. While effec-
tive, these methods often increase the dimension-
ality of the problem and the computational com-
plexity of the controller, which may limit their 
applicability in resource-constrained industrial 
environments. In contrast, the approach proposed 
in this work introduces a minimal modification 
to the standard Q-learning framework by delay-
ing Q-value updates using a FIFO buffer, with-
out increasing the state dimension or requiring an 
explicit model of the process except the knowl-
edge about the time delay itself. This makes the 
method particularly suitable for implementation 
in industrial control systems with limited com-
putational resources. To the best of the author’s 
knowledge, no existing work addresses the prac-
tical extension of a model-free Q-learning con-
troller to industrial processes with significant 
dead time while preserving bumpless initializa-
tion from an existing PI controller. This paper 
addresses this gap by proposing an extension of 
the previously proposed Q2d control algorithm 
for processes with dead time. The major contri-
butions of this work are as follows:
1.	A modification of the Q-learning update policy 

that introduces delayed Q-value updates using 
FIFO buffers synchronized with the process 
dead time, enabling correct correlation be-
tween control actions and their delayed effects 
on the process output.

2.	A reward strategy specifically designed for the 
delayed update framework that ensures proper 
convergence of the Q-matrix in the presence of 
dead time.

3.	A systematic analysis of the sensitivity of the 
proposed approach to the accuracy of dead 
time estimation, including the effects of both 
underestimation and overestimation.

4.	Simulation-based validation demonstrating ef-
fective online learning for processes character-
ized by small, moderate, and significant dead 
times, confirming that the proposed method 
preserves all essential advantages of the origi-
nal Q2d approach, including model-free opera-
tion and bumpless initialization from existing 
PI controller tunings.

SHORT INTRODUCTION TO Q-LEARNING 
ALGORITHM

Q-learning is a model-free reinforcement 
learning algorithm that learns optimal control 
policy which brings the system to the goal-state, 
through interaction with its environment. The 
algorithm observes the current state s, selects an 
action a that moves the system to the new state 
and determines the reward for applied action. 
The actions are selected from a set of predefined 
action table based on the information collected in 
Q-matrix, whose elements indicate what action 
will move the process from its current state as 
close as possible to the goal state. In standard 
approach, at the initial stage of operation the 
Q-learning has no knowledge about its environ-
ment and learns it by random applying actions 
and rewarding those of them which bring the sys-
tem to the goal state. After that, actions that lead 
to non-goal state that is close to the goal-state 
are partially rewarded. This policy leads to the 
following formula describing the update of the 
Q-matrix elements:

	
𝑄𝑄(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) ⃪𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) + 𝛼𝛼 

[𝑅𝑅 + 𝛾𝛾 × maxa⁡ 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1) − 𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡)] 

 

𝑒̇𝑒 + ( 1𝑇𝑇𝑒𝑒
) 𝑒𝑒 = 0 

 

𝛥𝛥𝑈𝑈𝑃𝑃𝑃𝑃(𝑡𝑡) = 𝐾𝐾𝑃𝑃𝑃𝑃𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝐼𝐼
𝑒𝑒(𝑡𝑡)) 

 

𝛥𝛥𝑈𝑈𝑄𝑄(𝑡𝑡) = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 ∙ 𝑠𝑠 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝑒𝑒
𝑒𝑒(𝑡𝑡)) 

 

𝑠𝑠 = 𝑒̇𝑒 + 1
𝑇𝑇𝑒𝑒
𝑒𝑒 

 

𝑆𝑆 = [−𝑠𝑠𝑁𝑁,−𝑠𝑠𝑁𝑁−1, … ,−𝑠𝑠1, 𝑠𝑠1,… , 𝑠𝑠𝑁𝑁] 
 

𝐴𝐴 = [−𝑎𝑎𝑁𝑁,−𝑎𝑎𝑁𝑁−1, … ,−𝑎𝑎2, 𝑎𝑎1
= 0, 𝑎𝑎2, … , 𝑎𝑎𝑁𝑁−1, 𝑎𝑎𝑁𝑁 ] 

 

𝛥𝛥𝑈𝑈𝑄𝑄 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒 +
1
𝑇𝑇𝑒𝑒
𝑒𝑒) − ⁡𝑒𝑒⁡ ( 1𝑇𝑇𝑒𝑒

− 1
𝑇𝑇𝐼𝐼
) 

 

𝛥𝛥𝛥𝛥𝑄𝑄 = ⁡𝑎𝑎 − 𝑒𝑒 ( 1𝑇𝑇𝑒𝑒
− 1
𝑇𝑇𝐼𝐼
) 

 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (𝑇𝑇0𝑇𝑇𝑠𝑠
) 

	 (1)

In Equation 1, t denotes a discrete-time instant, 
s represents the system state belonging to a pre-
defined set of states s ∈ S, and a denotes an action 
selected from a predefined set of actions a ∈ A. 
The action is chosen either as the optimal one dur-
ing the exploitation phase or drawn randomly dur-
ing exploration phase and is applied in the current 
state. The term Q(st, at) denotes Q-value represent-
ing the corresponding element of the Q-matrix, 
which represents weights for applying an action 
a when system is in the state s. Additionally, in 
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Equation 1 Qp(st, at) denotes the Q-value prior to 
the update, while Q(st+1, at+1) corresponds to the 
Q-value of the subsequent state-action pair after 
executing action at. The parameter α ∈ [0, 1] is the 
learning rate, R is the reward associated with the 
state st, and γ ∈ [0, 1] denotes the discount factor. 
The operator maxa selects the action that yields the 
maximum expected reward at the next time step. 
For further details on Q-learning algorithm, its the-
oretical foundation and a comprehensive review of 
its applications, the reader is referred to [30].

STATEMENT OF THE PROBLEM

In control engineering applications, one of the 
most promising approaches is the direct imple-
mentation of the single-agent Q-learning algo-
rithm as a controller within a conventional single-
loop closed-loop control system. In this frame-
work, the Q-learning controller (agent) learns 
directly through interactions with controlled Pro-
cess (environment), based on current state of the 
closed-loop system, which is defined using the 
control error and the dynamics of its decay. 

In most industrial closed loop systems, con-
trol is usually performed by a PI controller that 
is often tuned conservatively. In such cases, the 
objective is to apply the self-improving Q-learn-
ing-based controller capable of immediate replac-
ing the existing PI controller in the real applica-
tions. Its objective is stabilization, which aims to 
maintain the process output Y at its desired set-
point YSP (tracking) by adjusting the manipulated 
variable U in the presence of varying load distur-
bance d. This situation is illustrated in Figure 1.

It is assumed that the existing PI controller 
is pre-tuned, with known tuning parameters and 
provides acceptable but too sluggish control per-
formance. Because it is also assumed that any 
process model is unknown, the Q-learning con-
troller must initially preserve the control perfor-
mance that is very similar to the performance 
of the existing PI controller. While controlling 
the process, during the exploration phase, the 
Q-learning controller is expected to progressively 
improve its performance and achieve the desired 
target closed-loop behavior by learning directly 
from interaction with the dynamic process. 

The only available information about the 
existing close-loop system is the PI control-
ler tuning parameters, which should be used 
to initialize the Q-learning properly to ensure 

bumpless switching between both controllers. 
Additionally, it is assumed that the Q-learning 
controller has a predefined and discretized state 
space and a set of available actions. Both sets 
should be determined based only on the very 
general information about the operating condi-
tions of the closed-loop system.

The concept presented in this work is based 
on the Q2d approach described in details in [24] 
where it was shown that the Q2d controller pro-
vides satisfying improvement in the control per-
formance for processes without time delay. Its 
performance was validated both by simulation 
and experimentally in the application to the elec-
tric drive system. In this section, only the most 
important background of Q2d approach is pre-
sented to allow the reader to follow the concept 
proposed in this paper.

SHORT INTRODUCTION TO Q2d 
CONTROLLER DESIGN

Q2d approach is dedicated to control the 
single-input single-output (SISO) dynamic pro-
cess with control signal U(t), process output Y(t), 
desired setpoint YSP(t) and control error e(t)=YSP(t) 
– Y(t). The control objective is to keep the con-
trol error within the predefined range (-precision, 
precision). The desired closed-loop behavior is 
defined by the first order trajectory:

	

𝑄𝑄(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) ⃪𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) + 𝛼𝛼 

[𝑅𝑅 + 𝛾𝛾 × maxa⁡ 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1) − 𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡)] 

 

𝑒̇𝑒 + ( 1𝑇𝑇𝑒𝑒
) 𝑒𝑒 = 0 

 

𝛥𝛥𝑈𝑈𝑃𝑃𝑃𝑃(𝑡𝑡) = 𝐾𝐾𝑃𝑃𝑃𝑃𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝐼𝐼
𝑒𝑒(𝑡𝑡)) 

 

𝛥𝛥𝑈𝑈𝑄𝑄(𝑡𝑡) = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 ∙ 𝑠𝑠 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝑒𝑒
𝑒𝑒(𝑡𝑡)) 

 

𝑠𝑠 = 𝑒̇𝑒 + 1
𝑇𝑇𝑒𝑒
𝑒𝑒 

 

𝑆𝑆 = [−𝑠𝑠𝑁𝑁,−𝑠𝑠𝑁𝑁−1, … ,−𝑠𝑠1, 𝑠𝑠1,… , 𝑠𝑠𝑁𝑁] 
 

𝐴𝐴 = [−𝑎𝑎𝑁𝑁,−𝑎𝑎𝑁𝑁−1, … ,−𝑎𝑎2, 𝑎𝑎1
= 0, 𝑎𝑎2, … , 𝑎𝑎𝑁𝑁−1, 𝑎𝑎𝑁𝑁 ] 

 

𝛥𝛥𝑈𝑈𝑄𝑄 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒 +
1
𝑇𝑇𝑒𝑒
𝑒𝑒) − ⁡𝑒𝑒⁡ ( 1𝑇𝑇𝑒𝑒

− 1
𝑇𝑇𝐼𝐼
) 

 

𝛥𝛥𝛥𝛥𝑄𝑄 = ⁡𝑎𝑎 − 𝑒𝑒 ( 1𝑇𝑇𝑒𝑒
− 1
𝑇𝑇𝐼𝐼
) 

 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (𝑇𝑇0𝑇𝑇𝑠𝑠
) 

	 (2)

where:	Te > 0 is desired closed-loop time constant 
and ė is the control error derivative. 

This formulation of the closed-loop trajectory 
provides an intuitive link to the existing PI con-
troller represented as:

	

𝑄𝑄(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) ⃪𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) + 𝛼𝛼 

[𝑅𝑅 + 𝛾𝛾 × maxa⁡ 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1) − 𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡)] 

 

𝑒̇𝑒 + ( 1𝑇𝑇𝑒𝑒
) 𝑒𝑒 = 0 

 

𝛥𝛥𝑈𝑈𝑃𝑃𝑃𝑃(𝑡𝑡) = 𝐾𝐾𝑃𝑃𝑃𝑃𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝐼𝐼
𝑒𝑒(𝑡𝑡)) 

 

𝛥𝛥𝑈𝑈𝑄𝑄(𝑡𝑡) = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 ∙ 𝑠𝑠 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝑒𝑒
𝑒𝑒(𝑡𝑡)) 

 

𝑠𝑠 = 𝑒̇𝑒 + 1
𝑇𝑇𝑒𝑒
𝑒𝑒 

 

𝑆𝑆 = [−𝑠𝑠𝑁𝑁,−𝑠𝑠𝑁𝑁−1, … ,−𝑠𝑠1, 𝑠𝑠1,… , 𝑠𝑠𝑁𝑁] 
 

𝐴𝐴 = [−𝑎𝑎𝑁𝑁,−𝑎𝑎𝑁𝑁−1, … ,−𝑎𝑎2, 𝑎𝑎1
= 0, 𝑎𝑎2, … , 𝑎𝑎𝑁𝑁−1, 𝑎𝑎𝑁𝑁 ] 

 

𝛥𝛥𝑈𝑈𝑄𝑄 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒 +
1
𝑇𝑇𝑒𝑒
𝑒𝑒) − ⁡𝑒𝑒⁡ ( 1𝑇𝑇𝑒𝑒

− 1
𝑇𝑇𝐼𝐼
) 

 

𝛥𝛥𝛥𝛥𝑄𝑄 = ⁡𝑎𝑎 − 𝑒𝑒 ( 1𝑇𝑇𝑒𝑒
− 1
𝑇𝑇𝐼𝐼
) 

 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (𝑇𝑇0𝑇𝑇𝑠𝑠
) 

	 (3)

where:	 KPI is the proportional gain, TI is the inte-
gral time and Ts is sampling time. Based on 
that the control output for Q2d controller is:

	

𝑄𝑄(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) ⃪𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) + 𝛼𝛼 

[𝑅𝑅 + 𝛾𝛾 × maxa⁡ 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1) − 𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡)] 

 

𝑒̇𝑒 + ( 1𝑇𝑇𝑒𝑒
) 𝑒𝑒 = 0 

 

𝛥𝛥𝑈𝑈𝑃𝑃𝑃𝑃(𝑡𝑡) = 𝐾𝐾𝑃𝑃𝑃𝑃𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝐼𝐼
𝑒𝑒(𝑡𝑡)) 

 

𝛥𝛥𝑈𝑈𝑄𝑄(𝑡𝑡) = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 ∙ 𝑠𝑠 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝑒𝑒
𝑒𝑒(𝑡𝑡)) 

 

𝑠𝑠 = 𝑒̇𝑒 + 1
𝑇𝑇𝑒𝑒
𝑒𝑒 

 

𝑆𝑆 = [−𝑠𝑠𝑁𝑁,−𝑠𝑠𝑁𝑁−1, … ,−𝑠𝑠1, 𝑠𝑠1,… , 𝑠𝑠𝑁𝑁] 
 

𝐴𝐴 = [−𝑎𝑎𝑁𝑁,−𝑎𝑎𝑁𝑁−1, … ,−𝑎𝑎2, 𝑎𝑎1
= 0, 𝑎𝑎2, … , 𝑎𝑎𝑁𝑁−1, 𝑎𝑎𝑁𝑁 ] 

 

𝛥𝛥𝑈𝑈𝑄𝑄 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒 +
1
𝑇𝑇𝑒𝑒
𝑒𝑒) − ⁡𝑒𝑒⁡ ( 1𝑇𝑇𝑒𝑒

− 1
𝑇𝑇𝐼𝐼
) 

 

𝛥𝛥𝛥𝛥𝑄𝑄 = ⁡𝑎𝑎 − 𝑒𝑒 ( 1𝑇𝑇𝑒𝑒
− 1
𝑇𝑇𝐼𝐼
) 

 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (𝑇𝑇0𝑇𝑇𝑠𝑠
) 

	(4)

and after assuming KQ = KPI the similarities 
between formula (3) and (4) become clear.
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In Q2d approach, the states are created by 
merging control error and its time derivative into 
a single state based on target trajectory:

	

𝑄𝑄(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) ⃪𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) + 𝛼𝛼 

[𝑅𝑅 + 𝛾𝛾 × maxa⁡ 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1) − 𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡)] 

 

𝑒̇𝑒 + ( 1𝑇𝑇𝑒𝑒
) 𝑒𝑒 = 0 

 

𝛥𝛥𝑈𝑈𝑃𝑃𝑃𝑃(𝑡𝑡) = 𝐾𝐾𝑃𝑃𝑃𝑃𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝐼𝐼
𝑒𝑒(𝑡𝑡)) 

 

𝛥𝛥𝑈𝑈𝑄𝑄(𝑡𝑡) = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 ∙ 𝑠𝑠 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝑒𝑒
𝑒𝑒(𝑡𝑡)) 

 

𝑠𝑠 = 𝑒̇𝑒 + 1
𝑇𝑇𝑒𝑒
𝑒𝑒 

 

𝑆𝑆 = [−𝑠𝑠𝑁𝑁,−𝑠𝑠𝑁𝑁−1, … ,−𝑠𝑠1, 𝑠𝑠1,… , 𝑠𝑠𝑁𝑁] 
 

𝐴𝐴 = [−𝑎𝑎𝑁𝑁,−𝑎𝑎𝑁𝑁−1, … ,−𝑎𝑎2, 𝑎𝑎1
= 0, 𝑎𝑎2, … , 𝑎𝑎𝑁𝑁−1, 𝑎𝑎𝑁𝑁 ] 

 

𝛥𝛥𝑈𝑈𝑄𝑄 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒 +
1
𝑇𝑇𝑒𝑒
𝑒𝑒) − ⁡𝑒𝑒⁡ ( 1𝑇𝑇𝑒𝑒

− 1
𝑇𝑇𝐼𝐼
) 

 

𝛥𝛥𝛥𝛥𝑄𝑄 = ⁡𝑎𝑎 − 𝑒𝑒 ( 1𝑇𝑇𝑒𝑒
− 1
𝑇𝑇𝐼𝐼
) 

 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (𝑇𝑇0𝑇𝑇𝑠𝑠
) 

	 (5)

This state formulation has a clear physical 
interpretation because s quantifies the deviation 
from desired first-order trajectory (2). When s = 
0, the error evolves according to 𝑒̇𝑒 =  − ( 1

𝑇𝑇𝑒𝑒
) 𝑒𝑒 

 

ai = KQ·Ts·𝑠𝑠𝑖𝑖
𝑚𝑚 

 

𝑠𝑠𝑖𝑖
𝑚𝑚 = 𝑠𝑠𝑖𝑖−1 +  𝑠𝑠𝑖𝑖

2  

 

𝑈𝑈𝑄𝑄𝜖𝜖[𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚, 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚] 

 

(𝛾𝛾 × maxa 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1)) 

 

𝜎𝜎𝑑𝑑 = 0.5
3  

 

(IAE): ∫ |𝑒𝑒(𝑡𝑡)|𝑑𝑑𝑑𝑑𝑇𝑇
0  
 

max
𝑡𝑡

|𝑌𝑌(𝑡𝑡) − 𝑌𝑌𝑆𝑆𝑆𝑆| 
 

max
𝑡𝑡

|Δ𝑈𝑈Q(𝑡𝑡)| 
 

 

 

 tra-
jectory which means that the closed-loop system 
accurately follows the target trajectory. Positive 
values s > 0 show that the error is decreasing too 
slowly and when s < 0, the situation is opposite. 
State vector S accommodates both negative and 
positive values and represents the discrete state 
space as:
	

𝑄𝑄(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) ⃪𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) + 𝛼𝛼 

[𝑅𝑅 + 𝛾𝛾 × maxa⁡ 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1) − 𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡)] 

 

𝑒̇𝑒 + ( 1𝑇𝑇𝑒𝑒
) 𝑒𝑒 = 0 

 

𝛥𝛥𝑈𝑈𝑃𝑃𝑃𝑃(𝑡𝑡) = 𝐾𝐾𝑃𝑃𝑃𝑃𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝐼𝐼
𝑒𝑒(𝑡𝑡)) 

 

𝛥𝛥𝑈𝑈𝑄𝑄(𝑡𝑡) = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 ∙ 𝑠𝑠 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝑒𝑒
𝑒𝑒(𝑡𝑡)) 

 

𝑠𝑠 = 𝑒̇𝑒 + 1
𝑇𝑇𝑒𝑒
𝑒𝑒 

 

𝑆𝑆 = [−𝑠𝑠𝑁𝑁,−𝑠𝑠𝑁𝑁−1, … ,−𝑠𝑠1, 𝑠𝑠1,… , 𝑠𝑠𝑁𝑁] 
 

𝐴𝐴 = [−𝑎𝑎𝑁𝑁,−𝑎𝑎𝑁𝑁−1, … ,−𝑎𝑎2, 𝑎𝑎1
= 0, 𝑎𝑎2, … , 𝑎𝑎𝑁𝑁−1, 𝑎𝑎𝑁𝑁 ] 

 

𝛥𝛥𝑈𝑈𝑄𝑄 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒 +
1
𝑇𝑇𝑒𝑒
𝑒𝑒) − ⁡𝑒𝑒⁡ ( 1𝑇𝑇𝑒𝑒

− 1
𝑇𝑇𝐼𝐼
) 

 

𝛥𝛥𝛥𝛥𝑄𝑄 = ⁡𝑎𝑎 − 𝑒𝑒 ( 1𝑇𝑇𝑒𝑒
− 1
𝑇𝑇𝐼𝐼
) 

 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (𝑇𝑇0𝑇𝑇𝑠𝑠
) 

	 (6)

where:	N is the total number of states, typically 
even number to include symmetrical 
states on both sides of s = 0.

To provide efficient scaling and desired preci-
sion application, in Q2d approach it is proposed 
to apply the exponential distribution of control 
error, which ensures that the accuracy of the state 
distinction increases as the absolute value of the 
control error decreases. Based on this approach, 
two vectors are generated: one for the discretized 
control error and one for its discretized time deriv-
ative. Both are generated, assuming maximal pos-
sible error value emax and the precision determining 
accuracy of reaching the goal state. Next, based 
on these two vectors, the vector representing the 
boundaries of the states intervals S in the form (6) 
is computed. Finally, the vector of the mean values 
of two neighboring state boundaries is generated 

and this vector is directly used for generating the 
vector of the accessible Q2d controller actions A:

	

𝑄𝑄(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) ⃪𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) + 𝛼𝛼 

[𝑅𝑅 + 𝛾𝛾 × maxa⁡ 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1) − 𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡)] 

 

𝑒̇𝑒 + ( 1𝑇𝑇𝑒𝑒
) 𝑒𝑒 = 0 

 

𝛥𝛥𝑈𝑈𝑃𝑃𝑃𝑃(𝑡𝑡) = 𝐾𝐾𝑃𝑃𝑃𝑃𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝐼𝐼
𝑒𝑒(𝑡𝑡)) 

 

𝛥𝛥𝑈𝑈𝑄𝑄(𝑡𝑡) = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 ∙ 𝑠𝑠 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝑒𝑒
𝑒𝑒(𝑡𝑡)) 

 

𝑠𝑠 = 𝑒̇𝑒 + 1
𝑇𝑇𝑒𝑒
𝑒𝑒 

 

𝑆𝑆 = [−𝑠𝑠𝑁𝑁,−𝑠𝑠𝑁𝑁−1, … ,−𝑠𝑠1, 𝑠𝑠1,… , 𝑠𝑠𝑁𝑁] 
 

𝐴𝐴 = [−𝑎𝑎𝑁𝑁,−𝑎𝑎𝑁𝑁−1, … ,−𝑎𝑎2, 𝑎𝑎1
= 0, 𝑎𝑎2, … , 𝑎𝑎𝑁𝑁−1, 𝑎𝑎𝑁𝑁 ] 

 

𝛥𝛥𝑈𝑈𝑄𝑄 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒 +
1
𝑇𝑇𝑒𝑒
𝑒𝑒) − ⁡𝑒𝑒⁡ ( 1𝑇𝑇𝑒𝑒

− 1
𝑇𝑇𝐼𝐼
) 

 

𝛥𝛥𝛥𝛥𝑄𝑄 = ⁡𝑎𝑎 − 𝑒𝑒 ( 1𝑇𝑇𝑒𝑒
− 1
𝑇𝑇𝐼𝐼
) 

 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (𝑇𝑇0𝑇𝑇𝑠𝑠
) 

	 (7)

where:	

𝑒̇𝑒 =  − ( 1
𝑇𝑇𝑒𝑒

) 𝑒𝑒 

 

ai = KQ·Ts·𝑠𝑠𝑖𝑖
𝑚𝑚 

 

𝑠𝑠𝑖𝑖
𝑚𝑚 = 𝑠𝑠𝑖𝑖−1 +  𝑠𝑠𝑖𝑖

2  

 

𝑈𝑈𝑄𝑄𝜖𝜖[𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚, 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚] 

 

(𝛾𝛾 × maxa 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1)) 

 

𝜎𝜎𝑑𝑑 = 0.5
3  

 

(IAE): ∫ |𝑒𝑒(𝑡𝑡)|𝑑𝑑𝑑𝑑𝑇𝑇
0  
 

max
𝑡𝑡

|𝑌𝑌(𝑡𝑡) − 𝑌𝑌𝑆𝑆𝑆𝑆| 
 

max
𝑡𝑡

|Δ𝑈𝑈Q(𝑡𝑡)| 
 

 

 

 and 

𝑒̇𝑒 =  − ( 1
𝑇𝑇𝑒𝑒

) 𝑒𝑒 

 

ai = KQ·Ts·𝑠𝑠𝑖𝑖
𝑚𝑚 

 

𝑠𝑠𝑖𝑖
𝑚𝑚 = 𝑠𝑠𝑖𝑖−1 +  𝑠𝑠𝑖𝑖

2  

 

𝑈𝑈𝑄𝑄𝜖𝜖[𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚, 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚] 

 

(𝛾𝛾 × maxa 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1)) 

 

𝜎𝜎𝑑𝑑 = 0.5
3  

 

(IAE): ∫ |𝑒𝑒(𝑡𝑡)|𝑑𝑑𝑑𝑑𝑇𝑇
0  
 

max
𝑡𝑡

|𝑌𝑌(𝑡𝑡) − 𝑌𝑌𝑆𝑆𝑆𝑆| 
 

max
𝑡𝑡

|Δ𝑈𝑈Q(𝑡𝑡)| 
 

 

 

 
denotes the mean value of two neighbor-
ing state boundaries. It ensures that these 
actions are identical to those that the PI 
controller would take in the same state 
computed by Equation 3, with the accu-
racy of discretization. 

By assumption, in Q2d approach the refer-
ence trajectory defined by Te differs significantly 
from the closed-loop trajectory ensured by the 
existing PI controller with its integral time TI. 
This fact requires application of the projection 
function that ensures the simple Q2d initialization 
providing bumpless switching between the exist-
ing PI controller and the designed Q2d controller. 
For this purpose, it is assumed that KPI = KQ and 
combining Equations 3 and 4 leads to:

	

𝑄𝑄(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) ⃪𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) + 𝛼𝛼 

[𝑅𝑅 + 𝛾𝛾 × maxa⁡ 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1) − 𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡)] 

 

𝑒̇𝑒 + ( 1𝑇𝑇𝑒𝑒
) 𝑒𝑒 = 0 

 

𝛥𝛥𝑈𝑈𝑃𝑃𝑃𝑃(𝑡𝑡) = 𝐾𝐾𝑃𝑃𝑃𝑃𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝐼𝐼
𝑒𝑒(𝑡𝑡)) 

 

𝛥𝛥𝑈𝑈𝑄𝑄(𝑡𝑡) = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 ∙ 𝑠𝑠 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝑒𝑒
𝑒𝑒(𝑡𝑡)) 

 

𝑠𝑠 = 𝑒̇𝑒 + 1
𝑇𝑇𝑒𝑒
𝑒𝑒 

 

𝑆𝑆 = [−𝑠𝑠𝑁𝑁,−𝑠𝑠𝑁𝑁−1, … ,−𝑠𝑠1, 𝑠𝑠1,… , 𝑠𝑠𝑁𝑁] 
 

𝐴𝐴 = [−𝑎𝑎𝑁𝑁,−𝑎𝑎𝑁𝑁−1, … ,−𝑎𝑎2, 𝑎𝑎1
= 0, 𝑎𝑎2, … , 𝑎𝑎𝑁𝑁−1, 𝑎𝑎𝑁𝑁 ] 

 

𝛥𝛥𝑈𝑈𝑄𝑄 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒 +
1
𝑇𝑇𝑒𝑒
𝑒𝑒) − ⁡𝑒𝑒⁡ ( 1𝑇𝑇𝑒𝑒

− 1
𝑇𝑇𝐼𝐼
) 

 

𝛥𝛥𝛥𝛥𝑄𝑄 = ⁡𝑎𝑎 − 𝑒𝑒 ( 1𝑇𝑇𝑒𝑒
− 1
𝑇𝑇𝐼𝐼
) 

 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (𝑇𝑇0𝑇𝑇𝑠𝑠
) 

	(8) 

which finally allows to define Q2d control 
law modified by the projection function:

	

𝑄𝑄(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) ⃪𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) + 𝛼𝛼 

[𝑅𝑅 + 𝛾𝛾 × maxa⁡ 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1) − 𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡)] 

 

𝑒̇𝑒 + ( 1𝑇𝑇𝑒𝑒
) 𝑒𝑒 = 0 

 

𝛥𝛥𝑈𝑈𝑃𝑃𝑃𝑃(𝑡𝑡) = 𝐾𝐾𝑃𝑃𝑃𝑃𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝐼𝐼
𝑒𝑒(𝑡𝑡)) 

 

𝛥𝛥𝑈𝑈𝑄𝑄(𝑡𝑡) = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 ∙ 𝑠𝑠 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝑒𝑒
𝑒𝑒(𝑡𝑡)) 

 

𝑠𝑠 = 𝑒̇𝑒 + 1
𝑇𝑇𝑒𝑒
𝑒𝑒 

 

𝑆𝑆 = [−𝑠𝑠𝑁𝑁,−𝑠𝑠𝑁𝑁−1, … ,−𝑠𝑠1, 𝑠𝑠1,… , 𝑠𝑠𝑁𝑁] 
 

𝐴𝐴 = [−𝑎𝑎𝑁𝑁,−𝑎𝑎𝑁𝑁−1, … ,−𝑎𝑎2, 𝑎𝑎1
= 0, 𝑎𝑎2, … , 𝑎𝑎𝑁𝑁−1, 𝑎𝑎𝑁𝑁 ] 

 

𝛥𝛥𝑈𝑈𝑄𝑄 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒 +
1
𝑇𝑇𝑒𝑒
𝑒𝑒) − ⁡𝑒𝑒⁡ ( 1𝑇𝑇𝑒𝑒

− 1
𝑇𝑇𝐼𝐼
) 

 

𝛥𝛥𝛥𝛥𝑄𝑄 = ⁡𝑎𝑎 − 𝑒𝑒 ( 1𝑇𝑇𝑒𝑒
− 1
𝑇𝑇𝐼𝐼
) 

 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (𝑇𝑇0𝑇𝑇𝑠𝑠
) 

	 (9)

where:	a is the action selected for current state 
s. From practical reasons, the con-
trol signal must be also saturated as 

𝑒̇𝑒 =  − ( 1
𝑇𝑇𝑒𝑒

) 𝑒𝑒 

 

ai = KQ·Ts·𝑠𝑠𝑖𝑖
𝑚𝑚 

 

𝑠𝑠𝑖𝑖
𝑚𝑚 = 𝑠𝑠𝑖𝑖−1 +  𝑠𝑠𝑖𝑖

2  

 

𝑈𝑈𝑄𝑄𝜖𝜖[𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚, 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚] 

 

(𝛾𝛾 × maxa 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1)) 

 

𝜎𝜎𝑑𝑑 = 0.5
3  

 

(IAE): ∫ |𝑒𝑒(𝑡𝑡)|𝑑𝑑𝑑𝑑𝑇𝑇
0  
 

max
𝑡𝑡

|𝑌𝑌(𝑡𝑡) − 𝑌𝑌𝑆𝑆𝑆𝑆| 
 

max
𝑡𝑡

|Δ𝑈𝑈Q(𝑡𝑡)| 
 

 

 

.

Such an approach to generating state and 
action vectors results in the 2-dimentional 
Q-matrix (2N-1) × (2N-1) that stores the corre-
lation between the current systems state and the 
corresponding so-far optimal action. At the same 
time, due to similarities of the discretized state-
action space to the PI controller, the initialization 
of Q2d controller is very easy. Adjusting Q matrix 
as the identity one ensures that after switching 
between the existing PI controller and its substi-
tute (Q2d controller), the switching is practically 
bumpless because Q2d controller performs prac-
tically the same as the existing PI controller.

To ensure learning abilities of Q2d controller, 
its exploration/exploitation problem is addressed 

Figure 1. Schematic diagram of the closed-loop 
control system with PI initialization ad subsequent 

Q-learning-based control
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using the modified ε-greedy method [24]. In con-
ventional Q-learning approach, the exploration 
phase requires an unrestricted range of random-
ized actions. However, this is unacceptable in 
industrial closed-loop systems where learning 
must be carried out during normal operation and 
thus the closed loop system cannot be disturbed 
by wide variety of randomized action. In Q2d 
approach the range of drawing actions is limited 
by introducing the parameter RD that directly 
limits the number of drawn actions around the 
optimal action represented by the highest value 
in the Q-matrix. This approach reduces the dis-
turbances intentionally applied to the closed loop 
system only by drawing actions whose values sig-
nificantly differ from the current optimal action.

In addition, the action randomness was addi-
tionally limited by limiting the permissible range 
of randomly selected actions to only those whose 
sign matches the sign of the action with the high-
est Q-value one. This prevents changing ΔU 
sign near goal state which can lead to oscillatory 
behavior near goal state.

MODIFICATION OF Q2d APPROACH 	
FOR PROCESSES WITH DEAD TIME

Q2d was validated by simulation and experi-
mentally with the assumption that the control 
process has no dead time in its dynamics [24]. 
In this section it is proposed how to extend the 
Q2d approach to the processes with a significant 
dead time.

Difficulties with process dead time

The presence of dead time T0 in the process 
dynamics poses a fundamental challenge for Q2d 
controller because the basic Q-learning policy 
(1) assumes that the direct effect of action at is 
observable in the next state st+1, When dead time 
exceeds the single sampling interval (T0 >> Ts), 
the control action ΔUQ affects the measured pro-
cess output at time (t + T0). This fact provides a 
significant difficulty with reward policy because 
in the presence of process dead time, Q2d con-
troller rewards the actions whose effect on the 
process output will be seen in the future after 
dead time T0. Without proper modifications in the 
reward policy, Q2d controller is unable to ensure 
proper update of the state-action pairs which leads 

to poor or even failed learning abilities. Such a 
modification is proposed in the next section.

Dead time compensation for Q2d approach

For Q2d approach, the major challenge with 
the presence of the process dead time T0. is to 
ensure that Q-value update policy can reward the 
correlated state-action pairs because the effect of 
the action at taken at time t becomes visible at 
time (t + T0). 

To deal with this difficulty, at this stage it 
is assumed the dead time T0 is known. Such 
approaches have been investigated in literature, 
for example through practical time-delay estima-
tion techniques designed for industrial implemen-
tation [31]. Then it is proposed to use the FIFO 
buffers that store state-action pairs and thus delay 
the Q-value updates until the effect of the applied 
action is visible. The buffer size is determined 
based on the knowledge of dead time:

	

𝑄𝑄(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) ⃪𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡) + 𝛼𝛼 

[𝑅𝑅 + 𝛾𝛾 × maxa⁡ 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1) − 𝑄𝑄𝑝𝑝(𝑠𝑠𝑡𝑡, 𝑎𝑎𝑡𝑡)] 

 

𝑒̇𝑒 + ( 1𝑇𝑇𝑒𝑒
) 𝑒𝑒 = 0 

 

𝛥𝛥𝑈𝑈𝑃𝑃𝑃𝑃(𝑡𝑡) = 𝐾𝐾𝑃𝑃𝑃𝑃𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝐼𝐼
𝑒𝑒(𝑡𝑡)) 

 

𝛥𝛥𝑈𝑈𝑄𝑄(𝑡𝑡) = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 ∙ 𝑠𝑠 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒(𝑡𝑡) +
1
𝑇𝑇𝑒𝑒
𝑒𝑒(𝑡𝑡)) 

 

𝑠𝑠 = 𝑒̇𝑒 + 1
𝑇𝑇𝑒𝑒
𝑒𝑒 

 

𝑆𝑆 = [−𝑠𝑠𝑁𝑁,−𝑠𝑠𝑁𝑁−1, … ,−𝑠𝑠1, 𝑠𝑠1,… , 𝑠𝑠𝑁𝑁] 
 

𝐴𝐴 = [−𝑎𝑎𝑁𝑁,−𝑎𝑎𝑁𝑁−1, … ,−𝑎𝑎2, 𝑎𝑎1
= 0, 𝑎𝑎2, … , 𝑎𝑎𝑁𝑁−1, 𝑎𝑎𝑁𝑁 ] 

 

𝛥𝛥𝑈𝑈𝑄𝑄 = 𝐾𝐾𝑄𝑄𝑇𝑇𝑠𝑠 (𝑒̇𝑒 +
1
𝑇𝑇𝑒𝑒
𝑒𝑒) − ⁡𝑒𝑒⁡ ( 1𝑇𝑇𝑒𝑒

− 1
𝑇𝑇𝐼𝐼
) 

 

𝛥𝛥𝛥𝛥𝑄𝑄 = ⁡𝑎𝑎 − 𝑒𝑒 ( 1𝑇𝑇𝑒𝑒
− 1
𝑇𝑇𝐼𝐼
) 

 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (𝑇𝑇0𝑇𝑇𝑠𝑠
) 	 (10)

and the application of this buffer results in the 
modification of the Q-matrix update policy:

	

𝑄𝑄 (𝑠𝑠𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏, 𝑎𝑎𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏) 

⃪𝑄𝑄𝑝𝑝 (𝑠𝑠𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏, 𝑎𝑎𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏) + 

+𝛼𝛼 [
𝑅𝑅 + 𝛾𝛾 × maxa 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1)
−𝑄𝑄𝑝𝑝 (𝑠𝑠𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏, 𝑎𝑎𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏)], 

 

𝑅𝑅 =  {
1 𝑖𝑖𝑖𝑖 𝑠𝑠𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 =

=  𝑠𝑠𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑎𝑎𝑎𝑎𝑎𝑎 𝑎𝑎𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑎𝑎𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔
0 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

 

 

𝐺𝐺1(𝑠𝑠) = 1
𝑠𝑠𝑠𝑠 + 1 𝑒𝑒−𝑇𝑇0𝑠𝑠 

 

 

	 (11)

which ensures that the properly delayed state/
action pair is rewarded. 

Another important issue is the proper choice 
of reward function because it significantly influ-
ences convergence of the Q-matrix and the on-
line learning process. Thus, the reward strategy is 
defined as follows: 

	

𝑄𝑄 (𝑠𝑠𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏, 𝑎𝑎𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏) 

⃪𝑄𝑄𝑝𝑝 (𝑠𝑠𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏, 𝑎𝑎𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏) + 

+𝛼𝛼 [
𝑅𝑅 + 𝛾𝛾 × maxa 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1)
−𝑄𝑄𝑝𝑝 (𝑠𝑠𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏, 𝑎𝑎𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏)], 

 

𝑅𝑅 =  {
1 𝑖𝑖𝑖𝑖 𝑠𝑠𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 =

=  𝑠𝑠𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑎𝑎𝑎𝑎𝑎𝑎 𝑎𝑎𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑎𝑎𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔
0 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

 

 

𝐺𝐺1(𝑠𝑠) = 1
𝑠𝑠𝑠𝑠 + 1 𝑒𝑒−𝑇𝑇0𝑠𝑠 

 

 

	(12)

to ensure the reward is applied only if after the 
dead time the closed-loop system reaches the goal 
state sgoal = 0 and reaching this state is the result of 
taking the action a = agoal = 0 which is equivalent 
to that the control signal remains unchanged.
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This reward policy ensures that:
	• Direct reward is applied only when the closed-

loop system is at the goal state; the value 
Q(sgoal, agoal) is always the highest value in the 
whole Q-matrix, no other state-action pair can 
achieve the same maximal value. 

	• Temporal-difference learning is applied; 
when the Q-value Q(sgoal, agoal) is rewarded, 
it is propagated to all other Q-values by the 
bootstrap term 

𝑒̇𝑒 =  − ( 1
𝑇𝑇𝑒𝑒

) 𝑒𝑒 

 

ai = KQ·Ts·𝑠𝑠𝑖𝑖
𝑚𝑚 

 

𝑠𝑠𝑖𝑖
𝑚𝑚 = 𝑠𝑠𝑖𝑖−1 +  𝑠𝑠𝑖𝑖

2  

 

𝑈𝑈𝑄𝑄𝜖𝜖[𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚, 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚] 

 

(𝛾𝛾 × maxa 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1)) 

 

𝜎𝜎𝑑𝑑 = 0.5
3  

 

(IAE): ∫ |𝑒𝑒(𝑡𝑡)|𝑑𝑑𝑑𝑑𝑇𝑇
0  
 

max
𝑡𝑡

|𝑌𝑌(𝑡𝑡) − 𝑌𝑌𝑆𝑆𝑆𝑆| 
 

max
𝑡𝑡

|Δ𝑈𝑈Q(𝑡𝑡)| 
 

 

 

  
existing in (11). States from which the closed-
loop system is most often transferred to states 
for which Q-values are large, themselves also 
obtain large Q-values by backward propaga-
tion through the state space. 

	• It is preferred that the closed-loop system 
remains in the goal state; because the direct 
reward is applied only when the closed-loop 
system is in the goal state, the Q-learning 
controller prefers to maintain the closed-loop 
closed-loop system in its goal state (at the tar-
get trajectory) rather than maintaining it in off-
trajectory states.

	• Because the reward is applied only when the 
action a = agoal = 0 was applied, it prevents the 
Q-learning controller from selecting non-zero 
action in the goal state, which would unneces-
sarily disturb the closed-loop system.

	• With progress in the on-line learning, the 
closed loop system will increasingly be in 
states closer to the target state. Consequently, 
the states corresponding to the fact that the 
system deviates more significantly from the 
target state obtain lower Q-values based on 
the expected cumulative discounted reward 
for following the optimal trajectory towards 
the goal state. This creates the gradient distri-
bution in the Q-matrix that forces selecting the 
actions leading toward the goal state.

VALIDATION AND RESULTS

Validation of the proposed Q2d controller with 
the proposed dead time compensation was done 
through simulation using the FOPDT dynamics rep-
resenting many industrial processes, such as simple 
thermal processes, flow processes or hydraulic pro-
cesses where the dynamics is characterized by a 
single time constant T and the dead time T0. 

	

𝑄𝑄 (𝑠𝑠𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏, 𝑎𝑎𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏) 

⃪𝑄𝑄𝑝𝑝 (𝑠𝑠𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏, 𝑎𝑎𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏) + 

+𝛼𝛼 [
𝑅𝑅 + 𝛾𝛾 × maxa 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1)
−𝑄𝑄𝑝𝑝 (𝑠𝑠𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏, 𝑎𝑎𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏)], 

 

𝑅𝑅 =  {
1 𝑖𝑖𝑖𝑖 𝑠𝑠𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 =

=  𝑠𝑠𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑎𝑎𝑎𝑎𝑎𝑎 𝑎𝑎𝑡𝑡−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑎𝑎𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔
0 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

 

 

𝐺𝐺1(𝑠𝑠) = 1
𝑠𝑠𝑠𝑠 + 1 𝑒𝑒−𝑇𝑇0𝑠𝑠 

 

 

	 (13)

For the process (13), three cases are considered:
	• T = 5, T0 = 0.5, strictly dominating first order 

dynamics with small but significant dead time
	• T = 5, T0 = 2, first order dynamics with a mod-

erate dead time
	• T = 5, T0 = 4, first order dynamics with a more 

significant dead time 

Because in practical cases the estimation of 
the real value of the dead time can be inaccurate, 
for each case, three different scenarios are con-
sidered representing different accuracies on the 
knowledge on the process dead time (the pro-
posed dead time compensation was applied using 
the estimated values T0,controller):
	• underestimation, T0,controller = 0.8 T0,
	• accurate estimation, T0,controller = T0,
	• overestimation, T0,controller = 1.2 T0.

The simulation experiments for each case are 
carried out with the same scenario. Q2d control-
ler always starts with the initialization ensuring 
its initial performance equivalent to the perfor-
mance of PI controller with Siemens PLC default 
tunings KPI = 1, TI = 20. They represent PI tun-
ings that even for the considered FOPDT pro-
cesses provide conservative closed-loop perfor-
mance. Thus, there is significant potential for the 
improvement of this performance due to on-line 
learning abilities of Q2d controller.

All experiments were conducted in MAT-
LAB/Simulink environment with sampling time 
Ts = 0.1 s and Q2d parameters adjusted as shown 
in Table 1.

In each case, the on-line learning was per-
formed by successive disturbing the closed loop 
system by applying the randomly drawn load 

Table 1. List of Q2d parameters used in verification

Parameter Symbol Value

Controller gain KQ 1 (=KPI)

Goal trajectory time constant Te 5s

PI Integral time TI 20 s

Learning rate α 0.1

Discount factor γ 0.99

Exploration rate ∈ 0.3

Random deviation RD 3

Precision precision 0.1%

Number of states N 50

Control limits [Umin, Umax] [0%, 100%]

Set point YSP 50%



302

Advances in Science and Technology Research Journal 2026, 20(8), 295–307

disturbance step changes of the normal distribu-

tion with 

𝑒̇𝑒 =  − ( 1
𝑇𝑇𝑒𝑒

) 𝑒𝑒 

 

ai = KQ·Ts·𝑠𝑠𝑖𝑖
𝑚𝑚 

 

𝑠𝑠𝑖𝑖
𝑚𝑚 = 𝑠𝑠𝑖𝑖−1 +  𝑠𝑠𝑖𝑖

2  

 

𝑈𝑈𝑄𝑄𝜖𝜖[𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚, 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚] 

 

(𝛾𝛾 × maxa 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1)) 

 

𝜎𝜎𝑑𝑑 = 0.5
3  

 

(IAE): ∫ |𝑒𝑒(𝑡𝑡)|𝑑𝑑𝑑𝑑𝑇𝑇
0  
 

max
𝑡𝑡

|𝑌𝑌(𝑡𝑡) − 𝑌𝑌𝑆𝑆𝑆𝑆| 
 

max
𝑡𝑡

|Δ𝑈𝑈Q(𝑡𝑡)| 
 

 

 

 (three sigma rule) and μ = 0  
amplitude. Time for which the randomly selected 
disturbance is kept at a constant value was also 
randomized using normal distribution σN = 3000 
and μ = 3000. It represents the realistic situation 
when the real process is disturbed by external dis-
turbances appearing in a natural way and when 
not every disturbance can be fully compensated 
before the new disturbing signal is randomized 
and applied. The applied normal distribution rep-
resents the most common industrial disturbances 
and ensures consistency of the obtained results, 
all drawings were carried out using the same ran-
dom number generator. 

Figures 2–4 show the results of the on-line 
learning of the proposed Q2d controller with a 
dead time compensation for three considered 

FOPDT processes (for three different dead time 
values T0 = 0.5, T0 = 2 and T0 = 4) with three dif-
ferent cases representing accuracy of dead time 
estimation. The results are presented using the 
verification experiments performed after 3000 
epochs of learning (3000 generated disturbances) 
for Q2d controller switched into the exploitation 
mode. The number of learning epochs was select-
ed based on preliminary studies, which indicated 
that further learning beyond this point does not 
yield significant performance improvement. Each 
experiment consists of the step change of the set-
point value (from 20% to 50%) and consecutive 
step change of the load disturbance d = -0.3 at t = 
200, both applied to the closed loop system.

Apart from visual validation, Table 2 summariz-
es the quantitative performance indicators obtained 
for the presented results. These indicators include:

Figure 2. Closed-loop responses after 3000 learning epochs (T0 = 0.5), (A) output Y, (B) control signal U,
for different dead-time estimation scenarios



303

Advances in Science and Technology Research Journal 2026, 20(8), 295–307

	• Integral absolute error (IAE): 

𝑒̇𝑒 =  − ( 1
𝑇𝑇𝑒𝑒

) 𝑒𝑒 

 

ai = KQ·Ts·𝑠𝑠𝑖𝑖
𝑚𝑚 

 

𝑠𝑠𝑖𝑖
𝑚𝑚 = 𝑠𝑠𝑖𝑖−1 +  𝑠𝑠𝑖𝑖

2  

 

𝑈𝑈𝑄𝑄𝜖𝜖[𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚, 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚] 

 

(𝛾𝛾 × maxa 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1)) 

 

𝜎𝜎𝑑𝑑 = 0.5
3  

 

(IAE): ∫ |𝑒𝑒(𝑡𝑡)|𝑑𝑑𝑑𝑑𝑇𝑇
0  
 

max
𝑡𝑡

|𝑌𝑌(𝑡𝑡) − 𝑌𝑌𝑆𝑆𝑆𝑆| 
 

max
𝑡𝑡

|Δ𝑈𝑈Q(𝑡𝑡)| 
 

 

 

 
	• Maximum overshoot: 

𝑒̇𝑒 =  − ( 1
𝑇𝑇𝑒𝑒

) 𝑒𝑒 

 

ai = KQ·Ts·𝑠𝑠𝑖𝑖
𝑚𝑚 

 

𝑠𝑠𝑖𝑖
𝑚𝑚 = 𝑠𝑠𝑖𝑖−1 +  𝑠𝑠𝑖𝑖

2  

 

𝑈𝑈𝑄𝑄𝜖𝜖[𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚, 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚] 

 

(𝛾𝛾 × maxa 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1)) 

 

𝜎𝜎𝑑𝑑 = 0.5
3  

 

(IAE): ∫ |𝑒𝑒(𝑡𝑡)|𝑑𝑑𝑑𝑑𝑇𝑇
0  
 

max
𝑡𝑡

|𝑌𝑌(𝑡𝑡) − 𝑌𝑌𝑆𝑆𝑆𝑆| 
 

max
𝑡𝑡

|Δ𝑈𝑈Q(𝑡𝑡)| 
 

 

 

 
	• Maximum control increment (Max u): 

𝑒̇𝑒 =  − ( 1
𝑇𝑇𝑒𝑒

) 𝑒𝑒 

 

ai = KQ·Ts·𝑠𝑠𝑖𝑖
𝑚𝑚 

 

𝑠𝑠𝑖𝑖
𝑚𝑚 = 𝑠𝑠𝑖𝑖−1 +  𝑠𝑠𝑖𝑖

2  

 

𝑈𝑈𝑄𝑄𝜖𝜖[𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚, 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚] 

 

(𝛾𝛾 × maxa 𝑄𝑄(𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1)) 

 

𝜎𝜎𝑑𝑑 = 0.5
3  

 

(IAE): ∫ |𝑒𝑒(𝑡𝑡)|𝑑𝑑𝑑𝑑𝑇𝑇
0  
 

max
𝑡𝑡

|𝑌𝑌(𝑡𝑡) − 𝑌𝑌𝑆𝑆𝑆𝑆| 
 

max
𝑡𝑡

|Δ𝑈𝑈Q(𝑡𝑡)| 
 

 

 

For the smallest dead time, T0 = 0.5, all 
compensation strategies lead to a significant 
improvement compared to the closed-loop per-
formance obtained for initialization. However, 
accurate estimation consistently provides the 
most balanced performance. For tracking, it 
ensures the lowest IAE (268.5) with a very small 
overshoot and control effort comparable to the 
case representing initialization. Although under-
estimation yields a slightly lower IAE for dis-
turbance rejection, this improvement is obtained 
by the price of more significant oscillations in 
the manipulating variable, as visible in Figure 

2(B). Accurate estimation, in contrast, provides 
a strong reduction in IAE value (83.6) while 
preserving smoother control action, indicating a 
better trade-off between performance improve-
ment and control aggressivity. However, in each 
case of dead time uncertainty, the closed-loop 
is improved compared to initialization case and 
acceptable from practical viewpoint if small 
chattering in control action is acceptable.

For moderate dead time T0 = 2, the advan-
tages of accurate estimation become more appar-
ent. While all learning-based strategies reduce 
the IAE for YSP changes to a similar level, accu-
rate estimation ensures negligible overshoot and 
moderate control effort. In disturbance rejection, 
underestimation provides the lowest IAE, howev-
er, this is achieved at the cost of increased control 
signal oscillations and higher values of maximum 

Figure 3. Closed-loop responses after 3000 learning epochs (T0  = 2), (A) output Y, (B) control signal U,
for different dead-time estimation scenarios
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control increment. Overestimation further ampli-
fies these effects, leading to increased overshoot. 
Accurate estimation offers more acceptable 
closed-loop performance, providing substantial 
improvement over the initialization case while 
avoiding excessive oscillations, as confirmed by 
the smoother trajectories in Figure 3.

For the largest dead time T0 = 4 and the most 
significant nominal differences between over 
and underestimation of dead time, the difficul-
ties resulting from an improper dead time com-
pensation become clearly visible. Underestima-
tion leads to a significant degradation of control 
performance, with IAE exceeding even the ini-
tialization case. Overestimation improves dis-
turbance-related IAE but introduces noticeable 
oscillatory behavior in both the controlled and 
manipulating variables. Although the accurate 

dead time estimation does not guarantee the 
minimal IAE, it provides the most acceptable 
closed loop performance preserving moderate 
overshoot and avoiding the pronounced oscilla-
tions observed for the inaccurate dead time esti-
mation cases. This behavior is clearly illustrated 
in Figure 4, where accurate estimation provides 
the smoothest closed-loop response among the 
depicted cases.

Overall, the results demonstrate the expected 
effect that accurate dead-time estimation yields 
the most robust and reliable on-line learning com-
pared to the considered inaccuracies in the dead-
time estimation. However, the results also show 
that the proposed approach is robust to slight 
uncertainty on the dead time estimated value, 
but this robustness decreases with the increase of 
dead time in the real process. 

Figure 4. Closed-loop responses after 3000 learning epochs (T0  = 4), (A) output Y, (B) control signal U,
for different dead-time estimation scenarios
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CONCLUSIONS

Based on the general Q-learning frame-
work, this paper presents an extension of the 
Q2d control algorithm for processes with sig-
nificant dead time. The primary contribution 
consists in modifying the standard Q-learning 
reward policy by introducing delayed Q-val-
ue updates using FIFO buffers synchronized 
with the process dead time. This modification 
enables correct correlation between applied 
control actions and their delayed effects on the 
process output, which is a fundamental require-
ment for successful learning in systems with 
transport delay.

The proposed solution preserves all essen-
tial advantages of the original Q2d approach. 
In particular, the controller does not require 
any knowledge of the mathematical model of 
the controlled process except the estimation 
of its dead time, and the control objective is 
defined by a reference trajectory formulated in 
terms of the control error and its time deriva-
tive decay. The Q2d initialization ensures prac-
tically bumpless switching from an existing PI 

controller, using only the PI tuning parameters 
and closed-loop sampling time. As a result, the 
extended Q2d method preserves the assump-
tions of being a self-improving controller also 
in the presence of dead time.

Simulation results confirm that the proposed 
method of compensation of dead time enables 
effective online learning for processes charac-
terized by small, moderate, and significant dead 
time. For all investigated scenarios, the Q2d 
controller initialized from PI tuning preserves 
the initial closed-loop performance both for set-
point tracking and disturbance rejection. After 
switching to exploration mode, the controller 
progressively improves performance as quanti-
fied by the reduction of IAE and, in most cases, 
by reducing overshoot and improving distur-
bance rejection. The results also demonstrate 
that the efficiency of on-line learning strongly 
depends on the accuracy of the estimation of the 
process dead time. For small nominal differenc-
es there are insignificant differences in closed-
loop performance after learning but as the abso-
lute difference increases, the effectiveness of 
online learning becomes increasingly limited.

Table 2. Quality indicators comparison for initialization and after 3000 epochs of learning for different FOPDT 
processes and dead time value estimations

Scenario Metric Initialization Accurate est. Underest. Overest

T0=0.5

SP change

IAE 634.9 268.5 271.5 294.8

Max u 30.2 29.2 29.2 29.2

Max overshoot 0.0 0.0 0.0 0.4

Disturbance

IAE 301.1 83.6 71.3 89.3

Max u 0.3 0.4 0.4 0.4

Max overshoot 6.8 5.4 4.5 5.0

T0=2

SP change

IAE 635.2 340.3 344.1 343.0

Max u 30.2 29.2 29.2 29.2

Max overshoot 0.0 0.0 0.1 0.0

Disturbance

IAE 301.0 135.4 113.6 125.6

Max u 0.3 0.5 0.8 0.8

Max overshoot 7.7 7.8 6.6 8.5

T0=4

SP change

IAE 635.6 526.7 547.9 490.4
Max u 30.2 29.2 29.2 29.2

Max overshoot 0.0 0.0 2.0 0.4

Disturbance

IAE 300.8 237.5 437.2 198.7
Max u 0.3 0.3 0.3 0.3

Max overshoot 9.6 9.8 10.3 9.2
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The obtained results indicate that the pro-
posed approach exhibits robustness to moderate 
inaccuracies in dead-time estimation (at the level 
of ±20%), particularly for processes with small 
and moderate delay. This suggests that in practi-
cal applications the proposed approach is resis-
tant to small variations of dead time. 

For small and moderate dead times, the learn-
ing process leads to substantial closed loop per-
formance improvements compared to the initial-
ization case. For larger dead times, as the plant 
dynamics become more challenging, improve-
ment is still visible but at the cost of increased 
oscillations and chattering of the control signal 
becomes increasingly evident. 

An important advantage of the proposed 
method is that learning still can be performed 
during normal closed-loop operation and in 
practice, it does not require any external exci-
tation signals. The controller can learn from 
naturally occurring disturbances, which makes 
the approach more suitable for industrial sys-
tems where intentional perturbation of the pro-
cess is often unacceptable. At the same time, the 
restriction of the exploration range through the 
RD parameter ensures that online learning does 
not introduce excessive changes in the control 
action required for efficient learning.

From the implementation point of view, the pro-
posed modification does not significantly increase 
computational complexity or memory require-
ments compared to the original Q2d controller. The 
only additional element is the FIFO buffer used for 
delayed updates, which requires storing a limited 
number of past samples. Therefore, the method 
remains suitable for real-time implementation on 
industrial control hardware.

The obtained results demonstrate that the Q2d 
approach can be successfully extended to pro-
cesses with dead time while preserving its com-
putational efficiency, partial model-free character, 
and bumpless initialization from existing PI con-
trollers. The proposed modification enables prac-
tical application of reinforcement learning-based 
control for a broader class of industrial processes 
where time delay is unavoidable. 
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