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INTRODUCTION

In recent decades, the dynamic behavior of 
structures subjected to moving loads has attracted 
widespread attention and become a core subject 
in structural mechanics. The rapid development 
of high-speed railway systems, large-span over-
passes, and spatial structures requires engineers 
to possess accurate assessment tools for the com-
plex vehicle-structure interaction. Numerous fun-
damental studies have focused on the dynamic 
response of structures under moving loads with 
constant or variable velocities [1–4]. In the early 
stages, the vehicle was often simplified as a mov-
ing point load. However, as the traveling speed 
increases, this model reveals significant limita-
tions. Expanding the model to a moving mass 
problem – accounting for inertial, Coriolis, and 
centrifugal forces – has demonstrated the capa-
bility to more authentically capture the dynamic 

amplification factor. Furthermore, to accurately 
evaluate energy dissipation and vibration trans-
mission, the vehicle system must be modeled as a 
moving oscillator incorporating mass, spring, and 
damper components [5, 6]. This complex inter-
action model provides profound insights into the 
resonance phenomenon, the effectiveness of which 
has also been proven when investigating structures 
with local defects [7] or nonlinear systems [8].

Parallel to the advancements in load model-
ing, the advent of functionally graded materials 
(FGMs) has revolutionized the design of struc-
tures subjected to dynamic loading. Unlike tra-
ditional laminated composites, which are prone 
to delamination due to stress concentration at the 
interfaces, FGMs possess the ability to continu-
ously vary their mechanical properties over space. 
For FGM beams, the effective mass density and 
elastic modulus vary smoothly along the cross-
sectional thickness, providing the structure with 
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both excellent bending stiffness and desired char-
acteristics, such as wear resistance at the top sur-
face and fracture toughness at the bottom [9–11]. 
These outstanding advantages have spurred a vast 
amount of research on the free vibration and natu-
ral frequency variation of FGM beams [12–16]. 
To accurately evaluate dynamic characteristics, 
various refined beam models have been devel-
oped and verified. Studies have indicated that for 
the FGM beams with a large thickness-to-length 
ratio or complex material gradients, the employ-
ment of higher-order shear deformation theories 
(HSDTs) or the Unified Formulation is impera-
tive to replace the classical Euler-Bernoulli or 
Timoshenko theories [9–11, 16].

Beyond basic configurations, the research 
scope of FGM beams has been expanded to encom-
pass the most complex geometric and microstruc-
tural variants. The modern theoretical framework 
has successfully addressed the vibration problems 
of axially FGM beams [17], curved beams [18], 
and tapered beams [19, 20]. At the micro-scale, 
size-dependent effects based on the nonlocal elas-
ticity or modified couple stress theories have been 
integrated into nanobeams and microbeams [21, 
22]. Notably, the load-bearing capacity of FGM 
can be outstandingly optimized by incorporating 
micro-porosities for weight reduction [23, 24], or 
by reinforcing the matrix with advanced materials, 
such as carbon nanotubes (CNTRCs) and function-
ally graded graphene platelets [25–27]. Research-
ers have also investigated the degradation of the 
overall system stiffness when beams operate under 
severe environmental conditions, such as hygro-
thermal fields [28, 29], or when interacting with 
complex foundation networks, such as a three-
parameter viscoelastic foundation considering a 
bi-directional material gradient [30, 31].

To solve dynamic problems that account 
for the interaction between the structure and the 
moving load, numerical methods are generally 
required, as presented in the textbook [32, 33]. 
While refined analytical methods [14] and the 
dynamic stiffness method (DSM) [15] provide 
exact solutions serving as benchmarks, the finite 
element method (FEM) exhibits superior flexibil-
ity. FEM has successfully enabled the discretiza-
tion and simulation of the dynamic response of 
non-uniform FGM beams [34, 35], porous beams 
under dynamic loads [23, 24], and paved the way 
for contemporary applications, such as piezoelec-
tric energy harvesting systems [36, 37].

Beyond deterministic approaches, capturing 
the inherent randomness in material properties has 
emerged as a critical frontier in structural dynamics. 
Real-world functionally graded structures inevita-
bly exhibit variations during manufacturing. Con-
sequently, stochastic mechanics and uncertainty 
quantification have been employed to evaluate the 
free vibration of FGM plates with uncertain mass 
density [38]. This stochastic framework has been 
further advanced through stochastic higher-order 
finite element models for continuous beams rest-
ing on elastic supports with uncertain elastic mod-
uli [39]. To achieve high-fidelity solutions for such 
complex systems, including bi-directional FGM 
sandwich beams partially supported by foundations 
[40], researchers have developed advanced compu-
tational tools, like the trigonometric enriched beam 
element for multi-phase materials [41], which are 
continually validated against rigorous exact ana-
lytical methods [42].

Although the literature on the dynamics 
of beams subjected to moving loads and FGM 
structures is remarkably extensive, the majority 
of prior studies remain confined to investigat-
ing homogeneous materials or applying overly 
simplified moving load models. The investiga-
tions delving into FGM beams subjected to a 
two-degree-of-freedom (2-DOF) moving vehicle 
using refined deterministic finite element meth-
ods are still highly limited. In particular, formu-
lating a consistent element, establishing a system 
interaction matrix that accounts for the dynamics 
of the vehicle suspension system, and concur-
rently assessing the effects of moving speed and 
beam stiffness degradation on the dynamic ampli-
fication factor (DAF) represent a significant sci-
entific gap that needs to be bridged.

Building upon the foregoing considerations, 
the present study aimed to develop a compre-
hensive mathematical and numerical modeling 
framework for evaluating the dynamic response 
of a functionally graded beam (FGB) subjected 
to a moving vehicle idealized as a two-degree-
of-freedom (2-DOF) oscillator. The finite ele-
ment formulation governing the coupled vehi-
cle–structure interaction (VSI) was systemati-
cally derived employing Hamilton’s variational 
principle, thereby ensuring a consistent repre-
sentation of the inertial, elastic, and coupling 
effects inherent to the system. A purpose-built 
computational code was implemented within the 
MATLAB environment, wherein the transient 
response of the coupled system was advanced 
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incrementally in the time domain using the 
Wilson–θ implicit integration scheme [43]. 
This algorithm was selected owing to its favor-
able attributes of unconditional stability and 
high convergence rates in structural dynamics 
applications, and it remains widely adopted in 
contemporary studies addressing complex vehi-
cle–structure interaction phenomena [44, 45]. 
Concurrently, a semi-analytical solution was 
developed to serve as a benchmark for validat-
ing the accuracy and reliability of the proposed 
finite element formulation. The findings of this 
investigation are anticipated to offer practical 
design insights for the deployment of function-
ally graded materials in next-generation bridge 
infrastructure and transportation systems, par-
ticularly under the scenarios involving dynamic 
vehicular loading. Beyond deterministic analy-
ses, numerical optimization techniques have 
also been applied to reinforced concrete beams 
to identify optimal flexural strengthening strate-
gies under various loading conditions [46–48].

Although the existing literature has 
addressed various aspects of FGM beams under 
moving loads, the majority of studies either sim-
plify the moving vehicle as a moving mass or a 
single-degree-of-freedom oscillator, or employ 
analytical methods with limited applicability to 
complex boundary conditions and material dis-
tributions. To bridge this gap, the present study 
contributes the following novel elements: (i) 
a complete finite element formulation for the 
coupled vehicle–beam system that explicitly 
incorporates the time-dependent mass, Corio-
lis, and centrifugal matrices associated with 
the unsprung mass  , which are often omitted 
in previous works; (ii) the systematic applica-
tion of the Wilson–θ  implicit time integration 
scheme to the coupled 2-DOF vehicle–FGM 
beam system, ensuring unconditional stability 
and accurate transient response; (iii) a compre-
hensive parametric investigation revealing, for 
the first time, the contrasting influence of sus-
pension stiffness on the dynamic amplification 
factor as the sprung mass varies. Furthermore, 
recent advances in FGM beam dynamics under 
moving loads, including hygrothermal effects 
[28], viscoelastic foundations [30, 31], and 
energy harvesting applications [36, 37], have 
been incorporated into the literature review to 
better position the present work within the cur-
rent state of the art.

FINITE ELEMENT FORMULATION

System description and kinematic 
assumptions

A functionally graded material (FGM) beam 
subjected to a moving vehicle idealized as a 
two-degree-of-freedom (2-DOF) oscillator was 
considered, as schematically depicted in Figure 
1. The moving vehicle comprises two lumped 
masses, m1and m2, interconnected by a spring of 
stiffness ks and a viscous damper with damping 
coefficient  c [34]. The system translates along 
the beam axis at a constant forward speed v, 
maintaining continuous contact with the beam 
throughout its motion.

Consistent with classical Euler–Bernoulli 
beam theory, the displacement field is expressed 
as [34]:

	
𝑈𝑈(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = 𝑢𝑢(𝑥𝑥, 𝑡𝑡) − 𝑧𝑧 𝜕𝜕𝑤𝑤𝑏𝑏

𝜕𝜕𝜕𝜕  

𝑊𝑊(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = 𝑤𝑤𝑏𝑏(𝑥𝑥, 𝑡𝑡) 

 

𝜀𝜀𝑥𝑥 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 − 𝑧𝑧 𝜕𝜕2w𝑏𝑏
𝜕𝜕𝑥𝑥2 = 𝜀𝜀𝑥𝑥

0 + 𝑧𝑧𝜅𝜅𝑥𝑥
𝑏𝑏 

 

𝐸𝐸(𝑧𝑧) = (𝐸𝐸𝑐𝑐 − 𝐸𝐸𝑚𝑚) (𝑧𝑧
ℎ + 1

2)
𝑝𝑝

+ 𝐸𝐸𝑚𝑚;  𝜌𝜌(𝑧𝑧) = 

= (𝜌𝜌𝑐𝑐 − 𝜌𝜌𝑚𝑚) (𝑧𝑧
ℎ + 1

2)
𝑝𝑝

+ 𝜌𝜌𝑚𝑚 

 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑁𝑁1(𝑥𝑥)𝑢𝑢1 + 𝑁𝑁2(𝑥𝑥)𝑢𝑢2;
𝑤𝑤𝑏𝑏(𝑥𝑥, 𝑡𝑡) = 𝑁𝑁3(𝑥𝑥)𝑤𝑤1 + 𝑁𝑁4(𝑥𝑥)𝜃𝜃1

+𝑁𝑁5(𝑥𝑥)𝑤𝑤2 + 𝑁𝑁6(𝑥𝑥)𝜃𝜃2.
+ 

 

 

	 (1)

where:	U and W denote the axial and transverse 
displacements, respectively [34]. 

The corresponding normal strain is given by:

	

𝑈𝑈(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = 𝑢𝑢(𝑥𝑥, 𝑡𝑡) − 𝑧𝑧 𝜕𝜕𝑤𝑤𝑏𝑏
𝜕𝜕𝜕𝜕  

𝑊𝑊(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = 𝑤𝑤𝑏𝑏(𝑥𝑥, 𝑡𝑡) 

 

𝜀𝜀𝑥𝑥 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 − 𝑧𝑧 𝜕𝜕2w𝑏𝑏
𝜕𝜕𝑥𝑥2 = 𝜀𝜀𝑥𝑥

0 + 𝑧𝑧𝜅𝜅𝑥𝑥
𝑏𝑏 

 

𝐸𝐸(𝑧𝑧) = (𝐸𝐸𝑐𝑐 − 𝐸𝐸𝑚𝑚) (𝑧𝑧
ℎ + 1

2)
𝑝𝑝

+ 𝐸𝐸𝑚𝑚;  𝜌𝜌(𝑧𝑧) = 

= (𝜌𝜌𝑐𝑐 − 𝜌𝜌𝑚𝑚) (𝑧𝑧
ℎ + 1

2)
𝑝𝑝

+ 𝜌𝜌𝑚𝑚 

 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑁𝑁1(𝑥𝑥)𝑢𝑢1 + 𝑁𝑁2(𝑥𝑥)𝑢𝑢2;
𝑤𝑤𝑏𝑏(𝑥𝑥, 𝑡𝑡) = 𝑁𝑁3(𝑥𝑥)𝑤𝑤1 + 𝑁𝑁4(𝑥𝑥)𝜃𝜃1

+𝑁𝑁5(𝑥𝑥)𝑤𝑤2 + 𝑁𝑁6(𝑥𝑥)𝜃𝜃2.
+ 

 

 

	 (2)

where:	𝜀𝜀𝑥𝑥
0 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 

 

𝜅𝜅𝑥𝑥
𝑏𝑏 = − 𝜕𝜕2w𝑏𝑏

𝜕𝜕𝑥𝑥2  

 

{𝐮𝐮𝑒𝑒} = {𝑢𝑢1, 𝑢𝑢2, 𝑤𝑤1, 𝜃𝜃1, 𝑤𝑤2, 𝜃𝜃2}𝑇𝑇 

 

𝑎𝑎0 = 1
𝛽𝛽(𝜃𝜃𝜃𝜃𝜃𝜃)2 ; 𝑎𝑎1 = 𝛾𝛾

𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 

 

: 𝑎𝑎2 = 1
𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 ; 𝑎𝑎4 = 𝛾𝛾

𝛽𝛽 − 1; 𝑎𝑎5 = (𝛾𝛾
𝛽𝛽 − 2) 𝜃𝜃𝜃𝜃𝜃𝜃

2  

 

𝜀𝜀𝑥𝑥
0 = ∂𝑢𝑢

∂𝑥𝑥 and 𝜅𝜅𝑥𝑥
𝑏𝑏 = − ∂2𝑤𝑤𝑏𝑏

∂𝑥𝑥2  

 

∂2𝑤𝑤𝑏𝑏/ ∂𝑥𝑥2 = 0 

 

{𝑢𝑢sem(𝑡𝑡)} = {𝑈𝑈sem(𝑡𝑡), 𝑊𝑊sem(𝑡𝑡)}𝑇𝑇 

 

𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) 

 

 represents the membrane strain,

	

𝜀𝜀𝑥𝑥
0 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 

 

𝜅𝜅𝑥𝑥
𝑏𝑏 = − 𝜕𝜕2w𝑏𝑏

𝜕𝜕𝑥𝑥2  

 

{𝐮𝐮𝑒𝑒} = {𝑢𝑢1, 𝑢𝑢2, 𝑤𝑤1, 𝜃𝜃1, 𝑤𝑤2, 𝜃𝜃2}𝑇𝑇 

 

𝑎𝑎0 = 1
𝛽𝛽(𝜃𝜃𝜃𝜃𝜃𝜃)2 ; 𝑎𝑎1 = 𝛾𝛾

𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 

 

: 𝑎𝑎2 = 1
𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 ; 𝑎𝑎4 = 𝛾𝛾

𝛽𝛽 − 1; 𝑎𝑎5 = (𝛾𝛾
𝛽𝛽 − 2) 𝜃𝜃𝜃𝜃𝜃𝜃

2  

 

𝜀𝜀𝑥𝑥
0 = ∂𝑢𝑢

∂𝑥𝑥 and 𝜅𝜅𝑥𝑥
𝑏𝑏 = − ∂2𝑤𝑤𝑏𝑏

∂𝑥𝑥2  

 

∂2𝑤𝑤𝑏𝑏/ ∂𝑥𝑥2 = 0 

 

{𝑢𝑢sem(𝑡𝑡)} = {𝑈𝑈sem(𝑡𝑡), 𝑊𝑊sem(𝑡𝑡)}𝑇𝑇 

 

𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) 

 

 denotes the bending 
curvature.

Figure 1. Schematic representation of a
moving vehicle traversing an FGM beam
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Material properties of the functionally 	
graded beam

The beam is composed of ceramic and metal-
lic phases, with material properties varying con-
tinuously across the thickness direction according 
to a power-law distribution. The effective elastic 
modulus E(z) and mass density p(z) at any point 
through the thickness are defined as [34]:

	

𝑈𝑈(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = 𝑢𝑢(𝑥𝑥, 𝑡𝑡) − 𝑧𝑧 𝜕𝜕𝑤𝑤𝑏𝑏
𝜕𝜕𝜕𝜕  

𝑊𝑊(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = 𝑤𝑤𝑏𝑏(𝑥𝑥, 𝑡𝑡) 

 

𝜀𝜀𝑥𝑥 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 − 𝑧𝑧 𝜕𝜕2w𝑏𝑏
𝜕𝜕𝑥𝑥2 = 𝜀𝜀𝑥𝑥

0 + 𝑧𝑧𝜅𝜅𝑥𝑥
𝑏𝑏 

 

𝐸𝐸(𝑧𝑧) = (𝐸𝐸𝑐𝑐 − 𝐸𝐸𝑚𝑚) (𝑧𝑧
ℎ + 1

2)
𝑝𝑝

+ 𝐸𝐸𝑚𝑚;  𝜌𝜌(𝑧𝑧) = 

= (𝜌𝜌𝑐𝑐 − 𝜌𝜌𝑚𝑚) (𝑧𝑧
ℎ + 1

2)
𝑝𝑝

+ 𝜌𝜌𝑚𝑚 

 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑁𝑁1(𝑥𝑥)𝑢𝑢1 + 𝑁𝑁2(𝑥𝑥)𝑢𝑢2;
𝑤𝑤𝑏𝑏(𝑥𝑥, 𝑡𝑡) = 𝑁𝑁3(𝑥𝑥)𝑤𝑤1 + 𝑁𝑁4(𝑥𝑥)𝜃𝜃1

+𝑁𝑁5(𝑥𝑥)𝑤𝑤2 + 𝑁𝑁6(𝑥𝑥)𝜃𝜃2.
+ 

 

 

	(3)

where:	 the subscripts m and c refer to the metal-
lic and ceramic constituents, respectively; 
h denotes the beam thickness; and p is the 
non-negative power-law index governing 
the material gradation profile [35].

Finite element discretization

A two-node beam element with six degrees of 
freedom per element is employed [35]. The axial 
displacement is interpolated using linear shape 
functions, whereas the transverse deflection is 
approximated using Hermitian cubic polynomials 
to ensure C1-continuity:

	

𝑈𝑈(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = 𝑢𝑢(𝑥𝑥, 𝑡𝑡) − 𝑧𝑧 𝜕𝜕𝑤𝑤𝑏𝑏
𝜕𝜕𝜕𝜕  

𝑊𝑊(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = 𝑤𝑤𝑏𝑏(𝑥𝑥, 𝑡𝑡) 

 

𝜀𝜀𝑥𝑥 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 − 𝑧𝑧 𝜕𝜕2w𝑏𝑏
𝜕𝜕𝑥𝑥2 = 𝜀𝜀𝑥𝑥

0 + 𝑧𝑧𝜅𝜅𝑥𝑥
𝑏𝑏 

 

𝐸𝐸(𝑧𝑧) = (𝐸𝐸𝑐𝑐 − 𝐸𝐸𝑚𝑚) (𝑧𝑧
ℎ + 1

2)
𝑝𝑝

+ 𝐸𝐸𝑚𝑚;  𝜌𝜌(𝑧𝑧) = 

= (𝜌𝜌𝑐𝑐 − 𝜌𝜌𝑚𝑚) (𝑧𝑧
ℎ + 1

2)
𝑝𝑝

+ 𝜌𝜌𝑚𝑚 

 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑁𝑁1(𝑥𝑥)𝑢𝑢1 + 𝑁𝑁2(𝑥𝑥)𝑢𝑢2;
𝑤𝑤𝑏𝑏(𝑥𝑥, 𝑡𝑡) = 𝑁𝑁3(𝑥𝑥)𝑤𝑤1 + 𝑁𝑁4(𝑥𝑥)𝜃𝜃1

+𝑁𝑁5(𝑥𝑥)𝑤𝑤2 + 𝑁𝑁6(𝑥𝑥)𝜃𝜃2.
+ 

 

 

	 (4)

where:	   represents the rotational 
degree of freedom. The shape functions 
are explicitly expressed as:

	

𝑁𝑁1 = 1 − 𝑥𝑥
𝐿𝐿𝑒𝑒

 ;
  𝑁𝑁2 = 𝑥𝑥

𝐿𝐿𝑒𝑒
;  +2 ( 𝑥𝑥

𝐿𝐿𝑒𝑒
)

3
; 

𝑁𝑁3 = 1 − 3 ( 𝑥𝑥
𝐿𝐿𝑒𝑒

)
2
; 𝑁𝑁4 = 𝑥𝑥 ( 𝑥𝑥

𝐿𝐿𝑒𝑒
− 1)

2
; 

𝑁𝑁5 = 3 ( 𝑥𝑥
𝐿𝐿𝑒𝑒

)
2

− 2 ( 𝑥𝑥
𝐿𝐿𝑒𝑒

)
3
; 𝑁𝑁6 = 𝑥𝑥 [( 𝑥𝑥

𝐿𝐿𝑒𝑒
)

2
− 𝑥𝑥

𝐿𝐿𝑒𝑒
] 

	(5)

The element nodal displacement vector is 
defined as 

𝜀𝜀𝑥𝑥
0 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 

 

𝜅𝜅𝑥𝑥
𝑏𝑏 = − 𝜕𝜕2w𝑏𝑏

𝜕𝜕𝑥𝑥2  

 

{𝐮𝐮𝑒𝑒} = {𝑢𝑢1, 𝑢𝑢2, 𝑤𝑤1, 𝜃𝜃1, 𝑤𝑤2, 𝜃𝜃2}𝑇𝑇 

 

𝑎𝑎0 = 1
𝛽𝛽(𝜃𝜃𝜃𝜃𝜃𝜃)2 ; 𝑎𝑎1 = 𝛾𝛾

𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 

 

: 𝑎𝑎2 = 1
𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 ; 𝑎𝑎4 = 𝛾𝛾

𝛽𝛽 − 1; 𝑎𝑎5 = (𝛾𝛾
𝛽𝛽 − 2) 𝜃𝜃𝜃𝜃𝜃𝜃

2  

 

𝜀𝜀𝑥𝑥
0 = ∂𝑢𝑢

∂𝑥𝑥 and 𝜅𝜅𝑥𝑥
𝑏𝑏 = − ∂2𝑤𝑤𝑏𝑏

∂𝑥𝑥2  

 

∂2𝑤𝑤𝑏𝑏/ ∂𝑥𝑥2 = 0 

 

{𝑢𝑢sem(𝑡𝑡)} = {𝑈𝑈sem(𝑡𝑡), 𝑊𝑊sem(𝑡𝑡)}𝑇𝑇 

 

𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) 

 

, 
and the displacement field within the element can 
be expressed in matrix form as [35]:

	
{ 𝑢𝑢(𝑥𝑥, 𝑡𝑡)
𝑤𝑤𝑏𝑏(𝑥𝑥, 𝑡𝑡)} = 

=  [𝑁𝑁1 𝑁𝑁2 0 0 0 0
0 0 𝑁𝑁3 𝑁𝑁4 𝑁𝑁5 𝑁𝑁6

] {𝐮𝐮𝑒𝑒} 

 

𝑈𝑈𝑒𝑒 = 1
2 ∫ 𝜎𝜎𝑥𝑥

𝑉𝑉𝑒𝑒

𝜀𝜀𝑥𝑥𝑑𝑑𝑑𝑑 = 1
2 ∫ [𝜀𝜀0 𝜅𝜅]

𝐿𝐿𝑒𝑒

0
 

[ 𝐴𝐴 −𝐵𝐵
−𝐵𝐵 𝐷𝐷 ] [𝜀𝜀0

𝜅𝜅 ] 𝑑𝑑𝑑𝑑 

 

𝐴𝐴 = ∬ 𝐸𝐸(𝑧𝑧)𝐴𝐴 𝑑𝑑𝑑𝑑;  𝐵𝐵 = ∬ 𝑧𝑧𝑧𝑧(𝑧𝑧)𝐴𝐴 𝑑𝑑𝑑𝑑; 𝐷𝐷 = 

= ∬ 𝑧𝑧2𝐸𝐸(𝑧𝑧)
𝐴𝐴

𝑑𝑑𝑑𝑑 

 

𝑇𝑇 = 1
2 ∫ 𝜌𝜌(𝑧𝑧) {(𝑢̇𝑢 − 𝑧𝑧 𝜕𝜕𝑤̇𝑤𝑏𝑏

𝜕𝜕𝜕𝜕 )
2

+(𝑤̇𝑤𝑏𝑏)2
} 𝑑𝑑𝑑𝑑

𝑉𝑉

 

 

 

𝐼𝐼0 = ∬ 𝜌𝜌(𝑧𝑧)𝑧𝑧𝑖𝑖𝑑𝑑𝑑𝑑𝐴𝐴 ; 𝐼𝐼1 = ∬ 𝜌𝜌(𝑧𝑧)𝑧𝑧𝑧𝑧𝑧𝑧𝐴𝐴 ; 𝐼𝐼2 = 

= ∬ 𝜌𝜌(𝑧𝑧)𝑧𝑧2𝑑𝑑𝑑𝑑
𝐴𝐴

 

 

 

 

 

 

	 (6)

Element stiffness and mass matrices

The strain energy stored in the beam element 
is given by [35]:

	

{ 𝑢𝑢(𝑥𝑥, 𝑡𝑡)
𝑤𝑤𝑏𝑏(𝑥𝑥, 𝑡𝑡)} = 

=  [𝑁𝑁1 𝑁𝑁2 0 0 0 0
0 0 𝑁𝑁3 𝑁𝑁4 𝑁𝑁5 𝑁𝑁6

] {𝐮𝐮𝑒𝑒} 

 

𝑈𝑈𝑒𝑒 = 1
2 ∫ 𝜎𝜎𝑥𝑥

𝑉𝑉𝑒𝑒

𝜀𝜀𝑥𝑥𝑑𝑑𝑑𝑑 = 1
2 ∫ [𝜀𝜀0 𝜅𝜅]

𝐿𝐿𝑒𝑒

0
 

[ 𝐴𝐴 −𝐵𝐵
−𝐵𝐵 𝐷𝐷 ] [𝜀𝜀0

𝜅𝜅 ] 𝑑𝑑𝑑𝑑 

 

𝐴𝐴 = ∬ 𝐸𝐸(𝑧𝑧)𝐴𝐴 𝑑𝑑𝑑𝑑;  𝐵𝐵 = ∬ 𝑧𝑧𝑧𝑧(𝑧𝑧)𝐴𝐴 𝑑𝑑𝑑𝑑; 𝐷𝐷 = 

= ∬ 𝑧𝑧2𝐸𝐸(𝑧𝑧)
𝐴𝐴

𝑑𝑑𝑑𝑑 

 

𝑇𝑇 = 1
2 ∫ 𝜌𝜌(𝑧𝑧) {(𝑢̇𝑢 − 𝑧𝑧 𝜕𝜕𝑤̇𝑤𝑏𝑏

𝜕𝜕𝜕𝜕 )
2

+(𝑤̇𝑤𝑏𝑏)2
} 𝑑𝑑𝑑𝑑

𝑉𝑉

 

 

 

𝐼𝐼0 = ∬ 𝜌𝜌(𝑧𝑧)𝑧𝑧𝑖𝑖𝑑𝑑𝑑𝑑𝐴𝐴 ; 𝐼𝐼1 = ∬ 𝜌𝜌(𝑧𝑧)𝑧𝑧𝑧𝑧𝑧𝑧𝐴𝐴 ; 𝐼𝐼2 = 

= ∬ 𝜌𝜌(𝑧𝑧)𝑧𝑧2𝑑𝑑𝑑𝑑
𝐴𝐴

 

 

 

 

 

 

	 (7)

where the sectional rigidities are defined as:

	

𝐴𝐴 = ∬ 𝐸𝐸(𝑧𝑧)
𝐴𝐴

𝑑𝑑𝑑𝑑;  𝐵𝐵 = ∬ 𝑧𝑧𝑧𝑧(𝑧𝑧)
𝐴𝐴

𝑑𝑑𝑑𝑑; 

𝐷𝐷 = ∬ 𝑧𝑧2𝐸𝐸(𝑧𝑧)
𝐴𝐴

𝑑𝑑𝑑𝑑 
	 (8)

The kinetic energy of the element, accounting 
for both axial and flexural motions, is expressed as: 

	

{ 𝑢𝑢(𝑥𝑥, 𝑡𝑡)
𝑤𝑤𝑏𝑏(𝑥𝑥, 𝑡𝑡)} = 

=  [𝑁𝑁1 𝑁𝑁2 0 0 0 0
0 0 𝑁𝑁3 𝑁𝑁4 𝑁𝑁5 𝑁𝑁6

] {𝐮𝐮𝑒𝑒} 

 

𝑈𝑈𝑒𝑒 = 1
2 ∫ 𝜎𝜎𝑥𝑥

𝑉𝑉𝑒𝑒

𝜀𝜀𝑥𝑥𝑑𝑑𝑑𝑑 = 1
2 ∫ [𝜀𝜀0 𝜅𝜅]

𝐿𝐿𝑒𝑒

0
 

[ 𝐴𝐴 −𝐵𝐵
−𝐵𝐵 𝐷𝐷 ] [𝜀𝜀0

𝜅𝜅 ] 𝑑𝑑𝑑𝑑 

 

𝐴𝐴 = ∬ 𝐸𝐸(𝑧𝑧)𝐴𝐴 𝑑𝑑𝑑𝑑;  𝐵𝐵 = ∬ 𝑧𝑧𝑧𝑧(𝑧𝑧)𝐴𝐴 𝑑𝑑𝑑𝑑; 𝐷𝐷 = 

= ∬ 𝑧𝑧2𝐸𝐸(𝑧𝑧)
𝐴𝐴

𝑑𝑑𝑑𝑑 

 

𝑇𝑇 = 1
2 ∫ 𝜌𝜌(𝑧𝑧) {(𝑢̇𝑢 − 𝑧𝑧 𝜕𝜕𝑤̇𝑤𝑏𝑏

𝜕𝜕𝜕𝜕 )
2

+(𝑤̇𝑤𝑏𝑏)2
} 𝑑𝑑𝑑𝑑

𝑉𝑉

 

 

 

𝐼𝐼0 = ∬ 𝜌𝜌(𝑧𝑧)𝑧𝑧𝑖𝑖𝑑𝑑𝑑𝑑𝐴𝐴 ; 𝐼𝐼1 = ∬ 𝜌𝜌(𝑧𝑧)𝑧𝑧𝑧𝑧𝑧𝑧𝐴𝐴 ; 𝐼𝐼2 = 

= ∬ 𝜌𝜌(𝑧𝑧)𝑧𝑧2𝑑𝑑𝑑𝑑
𝐴𝐴

 

 

 

 

 

 

	 (9)

The associated inertia terms are defined as:

	
𝐼𝐼0 = ∬ 𝜌𝜌(𝑧𝑧)𝑧𝑧𝑖𝑖𝑑𝑑𝑑𝑑

𝐴𝐴

; 𝐼𝐼1 = ∬ 𝜌𝜌(𝑧𝑧)𝑧𝑧𝑧𝑧𝑧𝑧
𝐴𝐴

; 

𝐼𝐼2 = ∬ 𝜌𝜌(𝑧𝑧)𝑧𝑧2𝑑𝑑𝑑𝑑
𝐴𝐴

 

	 (10)

Substituting the displacement approximations 
into the energy expressions and applying Hamilton’s 
principle yields (see Appendix) the element stiffness 
matrix [K]e  and element mass matrix  [M]e, which 
are provided in Equations 11 and 12, respectively 
[45]. These matrices account for the coupling 
between axial and bending deformations arising 
from the material asymmetry when B ≠ 0:

	 [𝐾𝐾]𝑒𝑒 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 𝐴𝐴

𝐿𝐿𝑒𝑒
− 𝐴𝐴

𝐿𝐿𝑒𝑒

6𝐵𝐵
𝐿𝐿𝑒𝑒
2

4𝐵𝐵
𝐿𝐿𝑒𝑒

−6𝐵𝐵
𝐿𝐿𝑒𝑒
2

2𝐵𝐵
𝐿𝐿𝑒𝑒

𝐴𝐴
𝐿𝐿𝑒𝑒

−6𝐵𝐵
𝐿𝐿𝑒𝑒2

−4𝐵𝐵
𝐿𝐿𝑒𝑒

6𝐵𝐵
𝐿𝐿𝑒𝑒2

−2𝐵𝐵
𝐿𝐿𝑒𝑒

12𝐷𝐷
𝐿𝐿𝑒𝑒
3

6𝐷𝐷11
𝐿𝐿𝑒𝑒
2 −12𝐷𝐷

𝐿𝐿𝑒𝑒
3

6𝐷𝐷11
𝐿𝐿𝑒𝑒
2

4𝐿𝐿𝑒𝑒
2 −6𝐷𝐷11

𝐿𝐿𝑒𝑒2
2𝐷𝐷
𝐿𝐿𝑒𝑒

−6𝐷𝐷11
𝐿𝐿𝑒𝑒
2

𝑆𝑆𝑆𝑆𝑆𝑆 4𝐷𝐷
𝐿𝐿𝑒𝑒 ]

 
 
 
 
 
 
 
 
 
 
 
 
 

  

 

 

[𝑀𝑀]𝑒𝑒 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 𝐼𝐼0𝐿𝐿𝑒𝑒

3
𝐼𝐼0𝐿𝐿𝑒𝑒
6

𝐼𝐼1𝐿𝐿𝑒𝑒
6

𝐼𝐼1𝐿𝐿𝑒𝑒
2

12 − 𝐼𝐼1𝐿𝐿𝑒𝑒
6 − 𝐼𝐼1𝐿𝐿𝑒𝑒

2

12
𝐼𝐼0𝐿𝐿𝑒𝑒
3

𝐼𝐼1𝐿𝐿𝑒𝑒
6

𝐼𝐼1𝐿𝐿𝑒𝑒
2

12 − 𝐼𝐼1𝐿𝐿𝑒𝑒
6 − 𝐼𝐼1𝐿𝐿𝑒𝑒

2

12
156𝐼𝐼0𝐿𝐿𝑒𝑒

420
22𝐼𝐼0𝐿𝐿𝑒𝑒

2

420
54𝐼𝐼0𝐿𝐿𝑒𝑒
420 −13𝐼𝐼0𝐿𝐿𝑒𝑒

2

420
4𝐼𝐼0𝐿𝐿𝑒𝑒

3

420
13𝐼𝐼0𝐿𝐿𝑒𝑒

2

420 −3𝐼𝐼0𝐿𝐿𝑒𝑒
3

420
156𝐼𝐼0𝐿𝐿𝑒𝑒

420 −22𝐼𝐼0𝐿𝐿𝑒𝑒
2

420
𝑆𝑆𝑆𝑆𝑆𝑆 4𝐼𝐼0𝐿𝐿𝑒𝑒

3

420 ]
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

𝑚𝑚1𝑧̈𝑧𝑣𝑣 + 𝑐𝑐𝑠𝑠(𝑧̇𝑧𝑣𝑣 − 𝑤̇𝑤𝑣𝑣) + 𝑘𝑘𝑠𝑠(𝑧𝑧𝑣𝑣 − 𝑤𝑤𝑣𝑣) = 0 

 

𝑃𝑃0 = (𝑚𝑚1 + 𝑚𝑚2)𝑔𝑔 − 𝑚𝑚2𝑤̈𝑤𝑣𝑣 + 𝐹𝐹𝑚𝑚1 

 

𝐹𝐹𝑚𝑚1 = 𝑘𝑘(𝑦𝑦 − 𝑤𝑤𝑚𝑚) + 𝑐𝑐(𝑦̇𝑦 − 𝑤̇𝑤𝑚𝑚) = −𝑚𝑚1 𝑦̈𝑦 

 

	(11)
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[𝐾𝐾]𝑒𝑒 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 𝐴𝐴

𝐿𝐿𝑒𝑒
− 𝐴𝐴

𝐿𝐿𝑒𝑒

6𝐵𝐵
𝐿𝐿𝑒𝑒
2

4𝐵𝐵
𝐿𝐿𝑒𝑒

−6𝐵𝐵
𝐿𝐿𝑒𝑒
2

2𝐵𝐵
𝐿𝐿𝑒𝑒

𝐴𝐴
𝐿𝐿𝑒𝑒

−6𝐵𝐵
𝐿𝐿𝑒𝑒2

−4𝐵𝐵
𝐿𝐿𝑒𝑒

6𝐵𝐵
𝐿𝐿𝑒𝑒2

−2𝐵𝐵
𝐿𝐿𝑒𝑒

12𝐷𝐷
𝐿𝐿𝑒𝑒
3

6𝐷𝐷11
𝐿𝐿𝑒𝑒
2 −12𝐷𝐷

𝐿𝐿𝑒𝑒
3

6𝐷𝐷11
𝐿𝐿𝑒𝑒
2

4𝐿𝐿𝑒𝑒
2 −6𝐷𝐷11

𝐿𝐿𝑒𝑒2
2𝐷𝐷
𝐿𝐿𝑒𝑒

−6𝐷𝐷11
𝐿𝐿𝑒𝑒
2

𝑆𝑆𝑆𝑆𝑆𝑆 4𝐷𝐷
𝐿𝐿𝑒𝑒 ]

 
 
 
 
 
 
 
 
 
 
 
 
 

  

 

 

[𝑀𝑀]𝑒𝑒 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 𝐼𝐼0𝐿𝐿𝑒𝑒

3
𝐼𝐼0𝐿𝐿𝑒𝑒
6

𝐼𝐼1𝐿𝐿𝑒𝑒
6

𝐼𝐼1𝐿𝐿𝑒𝑒
2

12 − 𝐼𝐼1𝐿𝐿𝑒𝑒
6 − 𝐼𝐼1𝐿𝐿𝑒𝑒

2

12
𝐼𝐼0𝐿𝐿𝑒𝑒
3

𝐼𝐼1𝐿𝐿𝑒𝑒
6

𝐼𝐼1𝐿𝐿𝑒𝑒
2

12 − 𝐼𝐼1𝐿𝐿𝑒𝑒
6 − 𝐼𝐼1𝐿𝐿𝑒𝑒

2

12
156𝐼𝐼0𝐿𝐿𝑒𝑒

420
22𝐼𝐼0𝐿𝐿𝑒𝑒

2

420
54𝐼𝐼0𝐿𝐿𝑒𝑒
420 −13𝐼𝐼0𝐿𝐿𝑒𝑒

2

420
4𝐼𝐼0𝐿𝐿𝑒𝑒

3

420
13𝐼𝐼0𝐿𝐿𝑒𝑒

2

420 −3𝐼𝐼0𝐿𝐿𝑒𝑒
3

420
156𝐼𝐼0𝐿𝐿𝑒𝑒

420 −22𝐼𝐼0𝐿𝐿𝑒𝑒
2

420
𝑆𝑆𝑆𝑆𝑆𝑆 4𝐼𝐼0𝐿𝐿𝑒𝑒

3

420 ]
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

𝑚𝑚1𝑧̈𝑧𝑣𝑣 + 𝑐𝑐𝑠𝑠(𝑧̇𝑧𝑣𝑣 − 𝑤̇𝑤𝑣𝑣) + 𝑘𝑘𝑠𝑠(𝑧𝑧𝑣𝑣 − 𝑤𝑤𝑣𝑣) = 0 

 

𝑃𝑃0 = (𝑚𝑚1 + 𝑚𝑚2)𝑔𝑔 − 𝑚𝑚2𝑤̈𝑤𝑣𝑣 + 𝐹𝐹𝑚𝑚1 

 

𝐹𝐹𝑚𝑚1 = 𝑘𝑘(𝑦𝑦 − 𝑤𝑤𝑚𝑚) + 𝑐𝑐(𝑦̇𝑦 − 𝑤̇𝑤𝑚𝑚) = −𝑚𝑚1 𝑦̈𝑦 

 

	(12)

Equations of motion for the coupled 	
vehicle–beam system

The dynamic equilibrium of the moving 
vehicle is governed by Newton’s second law. For 
the sprung mass m1, the equation of motion is 
expressed as [45]:

	

[𝐾𝐾]𝑒𝑒 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 𝐴𝐴

𝐿𝐿𝑒𝑒
− 𝐴𝐴

𝐿𝐿𝑒𝑒

6𝐵𝐵
𝐿𝐿𝑒𝑒
2

4𝐵𝐵
𝐿𝐿𝑒𝑒

−6𝐵𝐵
𝐿𝐿𝑒𝑒
2

2𝐵𝐵
𝐿𝐿𝑒𝑒

𝐴𝐴
𝐿𝐿𝑒𝑒

−6𝐵𝐵
𝐿𝐿𝑒𝑒2

−4𝐵𝐵
𝐿𝐿𝑒𝑒

6𝐵𝐵
𝐿𝐿𝑒𝑒2

−2𝐵𝐵
𝐿𝐿𝑒𝑒

12𝐷𝐷
𝐿𝐿𝑒𝑒
3

6𝐷𝐷11
𝐿𝐿𝑒𝑒
2 −12𝐷𝐷

𝐿𝐿𝑒𝑒
3

6𝐷𝐷11
𝐿𝐿𝑒𝑒
2

4𝐿𝐿𝑒𝑒
2 −6𝐷𝐷11

𝐿𝐿𝑒𝑒2
2𝐷𝐷
𝐿𝐿𝑒𝑒

−6𝐷𝐷11
𝐿𝐿𝑒𝑒
2

𝑆𝑆𝑆𝑆𝑆𝑆 4𝐷𝐷
𝐿𝐿𝑒𝑒 ]

 
 
 
 
 
 
 
 
 
 
 
 
 

  

 

 

[𝑀𝑀]𝑒𝑒 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 𝐼𝐼0𝐿𝐿𝑒𝑒

3
𝐼𝐼0𝐿𝐿𝑒𝑒
6

𝐼𝐼1𝐿𝐿𝑒𝑒
6

𝐼𝐼1𝐿𝐿𝑒𝑒
2

12 − 𝐼𝐼1𝐿𝐿𝑒𝑒
6 − 𝐼𝐼1𝐿𝐿𝑒𝑒

2

12
𝐼𝐼0𝐿𝐿𝑒𝑒
3

𝐼𝐼1𝐿𝐿𝑒𝑒
6

𝐼𝐼1𝐿𝐿𝑒𝑒
2

12 − 𝐼𝐼1𝐿𝐿𝑒𝑒
6 − 𝐼𝐼1𝐿𝐿𝑒𝑒

2

12
156𝐼𝐼0𝐿𝐿𝑒𝑒

420
22𝐼𝐼0𝐿𝐿𝑒𝑒

2

420
54𝐼𝐼0𝐿𝐿𝑒𝑒
420 −13𝐼𝐼0𝐿𝐿𝑒𝑒

2

420
4𝐼𝐼0𝐿𝐿𝑒𝑒

3

420
13𝐼𝐼0𝐿𝐿𝑒𝑒

2

420 −3𝐼𝐼0𝐿𝐿𝑒𝑒
3

420
156𝐼𝐼0𝐿𝐿𝑒𝑒

420 −22𝐼𝐼0𝐿𝐿𝑒𝑒
2

420
𝑆𝑆𝑆𝑆𝑆𝑆 4𝐼𝐼0𝐿𝐿𝑒𝑒

3

420 ]
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where:	 zv denotes the vertical displacement of 
mass m1, and wv = w(xv , t) = represents 
the beam deflection at the instantaneous 
contact point. The interaction force trans-
mitted to the beam comprises the static 
weight of the vehicle and the dynamic 
components arising from the motion of 
the unsprung mass m2: 

	

[𝐾𝐾]𝑒𝑒 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 𝐴𝐴

𝐿𝐿𝑒𝑒
− 𝐴𝐴

𝐿𝐿𝑒𝑒

6𝐵𝐵
𝐿𝐿𝑒𝑒
2

4𝐵𝐵
𝐿𝐿𝑒𝑒

−6𝐵𝐵
𝐿𝐿𝑒𝑒
2

2𝐵𝐵
𝐿𝐿𝑒𝑒

𝐴𝐴
𝐿𝐿𝑒𝑒

−6𝐵𝐵
𝐿𝐿𝑒𝑒2

−4𝐵𝐵
𝐿𝐿𝑒𝑒

6𝐵𝐵
𝐿𝐿𝑒𝑒2

−2𝐵𝐵
𝐿𝐿𝑒𝑒

12𝐷𝐷
𝐿𝐿𝑒𝑒
3

6𝐷𝐷11
𝐿𝐿𝑒𝑒
2 −12𝐷𝐷

𝐿𝐿𝑒𝑒
3

6𝐷𝐷11
𝐿𝐿𝑒𝑒
2

4𝐿𝐿𝑒𝑒
2 −6𝐷𝐷11

𝐿𝐿𝑒𝑒2
2𝐷𝐷
𝐿𝐿𝑒𝑒

−6𝐷𝐷11
𝐿𝐿𝑒𝑒
2

𝑆𝑆𝑆𝑆𝑆𝑆 4𝐷𝐷
𝐿𝐿𝑒𝑒 ]

 
 
 
 
 
 
 
 
 
 
 
 
 

  

 

 

[𝑀𝑀]𝑒𝑒 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 𝐼𝐼0𝐿𝐿𝑒𝑒

3
𝐼𝐼0𝐿𝐿𝑒𝑒
6

𝐼𝐼1𝐿𝐿𝑒𝑒
6

𝐼𝐼1𝐿𝐿𝑒𝑒
2

12 − 𝐼𝐼1𝐿𝐿𝑒𝑒
6 − 𝐼𝐼1𝐿𝐿𝑒𝑒

2

12
𝐼𝐼0𝐿𝐿𝑒𝑒
3

𝐼𝐼1𝐿𝐿𝑒𝑒
6

𝐼𝐼1𝐿𝐿𝑒𝑒
2

12 − 𝐼𝐼1𝐿𝐿𝑒𝑒
6 − 𝐼𝐼1𝐿𝐿𝑒𝑒

2

12
156𝐼𝐼0𝐿𝐿𝑒𝑒

420
22𝐼𝐼0𝐿𝐿𝑒𝑒

2

420
54𝐼𝐼0𝐿𝐿𝑒𝑒
420 −13𝐼𝐼0𝐿𝐿𝑒𝑒

2

420
4𝐼𝐼0𝐿𝐿𝑒𝑒

3

420
13𝐼𝐼0𝐿𝐿𝑒𝑒

2

420 −3𝐼𝐼0𝐿𝐿𝑒𝑒
3

420
156𝐼𝐼0𝐿𝐿𝑒𝑒

420 −22𝐼𝐼0𝐿𝐿𝑒𝑒
2

420
𝑆𝑆𝑆𝑆𝑆𝑆 4𝐼𝐼0𝐿𝐿𝑒𝑒

3

420 ]
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	 (14)

where:	Fm1 denotes the force transferred from 
the sprung mass to the unsprung mass 
through the suspension system:

 

[𝐾𝐾]𝑒𝑒 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 𝐴𝐴

𝐿𝐿𝑒𝑒
− 𝐴𝐴

𝐿𝐿𝑒𝑒

6𝐵𝐵
𝐿𝐿𝑒𝑒
2

4𝐵𝐵
𝐿𝐿𝑒𝑒

−6𝐵𝐵
𝐿𝐿𝑒𝑒
2

2𝐵𝐵
𝐿𝐿𝑒𝑒

𝐴𝐴
𝐿𝐿𝑒𝑒

−6𝐵𝐵
𝐿𝐿𝑒𝑒2

−4𝐵𝐵
𝐿𝐿𝑒𝑒

6𝐵𝐵
𝐿𝐿𝑒𝑒2

−2𝐵𝐵
𝐿𝐿𝑒𝑒

12𝐷𝐷
𝐿𝐿𝑒𝑒
3

6𝐷𝐷11
𝐿𝐿𝑒𝑒
2 −12𝐷𝐷

𝐿𝐿𝑒𝑒
3

6𝐷𝐷11
𝐿𝐿𝑒𝑒
2

4𝐿𝐿𝑒𝑒
2 −6𝐷𝐷11

𝐿𝐿𝑒𝑒2
2𝐷𝐷
𝐿𝐿𝑒𝑒

−6𝐷𝐷11
𝐿𝐿𝑒𝑒
2

𝑆𝑆𝑆𝑆𝑆𝑆 4𝐷𝐷
𝐿𝐿𝑒𝑒 ]

 
 
 
 
 
 
 
 
 
 
 
 
 

  

 

 

[𝑀𝑀]𝑒𝑒 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 𝐼𝐼0𝐿𝐿𝑒𝑒

3
𝐼𝐼0𝐿𝐿𝑒𝑒
6

𝐼𝐼1𝐿𝐿𝑒𝑒
6

𝐼𝐼1𝐿𝐿𝑒𝑒
2

12 − 𝐼𝐼1𝐿𝐿𝑒𝑒
6 − 𝐼𝐼1𝐿𝐿𝑒𝑒

2

12
𝐼𝐼0𝐿𝐿𝑒𝑒
3

𝐼𝐼1𝐿𝐿𝑒𝑒
6

𝐼𝐼1𝐿𝐿𝑒𝑒
2

12 − 𝐼𝐼1𝐿𝐿𝑒𝑒
6 − 𝐼𝐼1𝐿𝐿𝑒𝑒

2

12
156𝐼𝐼0𝐿𝐿𝑒𝑒

420
22𝐼𝐼0𝐿𝐿𝑒𝑒

2

420
54𝐼𝐼0𝐿𝐿𝑒𝑒
420 −13𝐼𝐼0𝐿𝐿𝑒𝑒

2

420
4𝐼𝐼0𝐿𝐿𝑒𝑒

3

420
13𝐼𝐼0𝐿𝐿𝑒𝑒

2

420 −3𝐼𝐼0𝐿𝐿𝑒𝑒
3

420
156𝐼𝐼0𝐿𝐿𝑒𝑒

420 −22𝐼𝐼0𝐿𝐿𝑒𝑒
2

420
𝑆𝑆𝑆𝑆𝑆𝑆 4𝐼𝐼0𝐿𝐿𝑒𝑒

3

420 ]
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	 (15)

Upon assembly of the element contributions, 
the global equation of motion for the beam alone 
is obtained as [45]:

	 [𝑀𝑀]{𝑼̈𝑼} + [𝐾𝐾]{𝑼𝑼} = {𝑵𝑵}𝑇𝑇{𝑃𝑃0} 

 

 

[[𝑀𝑀] + [𝑚𝑚]𝑣𝑣2 {0}
{0} 𝑚𝑚1

] { 𝑼̈𝑼𝑧̈𝑧𝑣𝑣
} + 

+ [ [𝑐𝑐]𝑣𝑣2 0
−𝑐𝑐𝑠𝑠{𝑵𝑵} 𝑐𝑐𝑠𝑠

] { 𝑼̇𝑼𝑧̇𝑧𝑣𝑣
} 

+ [
[𝐾𝐾] + [𝑘𝑘]𝑣𝑣2 0

−𝑐𝑐𝑠𝑠𝑥̇𝑥
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 − 𝑘𝑘𝑠𝑠{𝑵𝑵} 𝑘𝑘𝑠𝑠

] { 𝑼𝑼𝑧𝑧𝑣𝑣 } 

= [{𝑵𝑵}
𝑇𝑇(𝑚𝑚1 + 𝑚𝑚2)𝑔𝑔

0 ] 

 

[𝑚𝑚]𝑣𝑣2 = 𝑚𝑚2{𝑵𝑵}𝑇𝑇{𝑵𝑵};

[𝑐𝑐]𝑣𝑣2 = 2𝑚𝑚2𝑥̇𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 ;

[𝑘𝑘]𝑣𝑣2 = 𝑚𝑚2𝑥̇𝑥2(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑2{𝑵𝑵}
𝑑𝑑𝑥𝑥2 +.

 

+ 𝑚𝑚2𝑥̈𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 + 

+ 𝑘𝑘{𝑵𝑵}𝑇𝑇{𝑵𝑵} + 𝑐𝑐𝑥̇𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇 𝑑𝑑
{𝑵𝑵}
𝑑𝑑𝑑𝑑  

 

[𝑀̃𝑀] {𝑢̃̈𝑢(𝑡𝑡)} + [𝐶̃𝐶] {𝑢̃̇𝑢(𝑡𝑡)} + 

+[𝐾̃𝐾] {𝑢̃𝑢(𝑡𝑡)} = {𝑃𝑃(𝑡𝑡)} 

 

[𝐾̂𝐾] = [𝐾̃𝐾] + 𝑎𝑎0 [𝑀̃𝑀] + 𝑎𝑎1 [𝐶̃𝐶] 

 

{𝑃̂𝑃(𝑡𝑡 + 𝜃𝜃)} = [𝑀̃𝑀]

(

 
 
𝑎𝑎0 {𝑢̃̇𝑢(𝑡𝑡)}

+𝑎𝑎1 {𝑢̃̇𝑢(𝑡𝑡)}

+𝑎𝑎2 {𝑢̃̈𝑢(𝑡𝑡)})

 
 {𝑃𝑃(𝑡𝑡)}+. . .

+𝜃𝜃({𝑃𝑃(𝑡𝑡 + 𝜃𝜃)} − {𝑃𝑃(𝑡𝑡)}) + [𝐶̃𝐶]

 

(𝑎𝑎1 {𝑢̃̇𝑢(𝑡𝑡)} + 𝑎𝑎4 {𝑢̃̇𝑢(𝑡𝑡)} + 𝑎𝑎5 {𝑢̃̈𝑢(𝑡𝑡)}) 

	 (16)

where:	 [M] and [K] are the global mass and stiff-
ness matrices, respectively, and {N}is 
the vector of shape functions evaluated 
at the current load position [45]. Notably, 
the load vector is non-zero only for the 
element over which the moving vehicle 
resides at a given time instant. 

Note that the load vector is non-zero only 
for the element in which the moving load is cur-
rently located.

By coupling the beam dynamics with the 
vehicle equations, the complete system govern-
ing the vehicle–structure interaction is expressed 
in a matrix form as: 

	

[𝑀𝑀]{𝑼̈𝑼} + [𝐾𝐾]{𝑼𝑼} = {𝑵𝑵}𝑇𝑇{𝑃𝑃0} 

 

 

[[𝑀𝑀] + [𝑚𝑚]𝑣𝑣2 {0}
{0} 𝑚𝑚1

] { 𝑼̈𝑼𝑧̈𝑧𝑣𝑣
} + 

+ [ [𝑐𝑐]𝑣𝑣2 0
−𝑐𝑐𝑠𝑠{𝑵𝑵} 𝑐𝑐𝑠𝑠

] { 𝑼̇𝑼𝑧̇𝑧𝑣𝑣
} 

+ [
[𝐾𝐾] + [𝑘𝑘]𝑣𝑣2 0

−𝑐𝑐𝑠𝑠𝑥̇𝑥
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 − 𝑘𝑘𝑠𝑠{𝑵𝑵} 𝑘𝑘𝑠𝑠

] { 𝑼𝑼𝑧𝑧𝑣𝑣 } 

= [{𝑵𝑵}
𝑇𝑇(𝑚𝑚1 + 𝑚𝑚2)𝑔𝑔

0 ] 

 

[𝑚𝑚]𝑣𝑣2 = 𝑚𝑚2{𝑵𝑵}𝑇𝑇{𝑵𝑵};

[𝑐𝑐]𝑣𝑣2 = 2𝑚𝑚2𝑥̇𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 ;

[𝑘𝑘]𝑣𝑣2 = 𝑚𝑚2𝑥̇𝑥2(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑2{𝑵𝑵}
𝑑𝑑𝑥𝑥2 +.

 

+ 𝑚𝑚2𝑥̈𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 + 

+ 𝑘𝑘{𝑵𝑵}𝑇𝑇{𝑵𝑵} + 𝑐𝑐𝑥̇𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇 𝑑𝑑
{𝑵𝑵}
𝑑𝑑𝑑𝑑  

 

[𝑀̃𝑀] {𝑢̃̈𝑢(𝑡𝑡)} + [𝐶̃𝐶] {𝑢̃̇𝑢(𝑡𝑡)} + 

+[𝐾̃𝐾] {𝑢̃𝑢(𝑡𝑡)} = {𝑃𝑃(𝑡𝑡)} 

 

[𝐾̂𝐾] = [𝐾̃𝐾] + 𝑎𝑎0 [𝑀̃𝑀] + 𝑎𝑎1 [𝐶̃𝐶] 

 

{𝑃̂𝑃(𝑡𝑡 + 𝜃𝜃)} = [𝑀̃𝑀]

(

 
 
𝑎𝑎0 {𝑢̃̇𝑢(𝑡𝑡)}

+𝑎𝑎1 {𝑢̃̇𝑢(𝑡𝑡)}

+𝑎𝑎2 {𝑢̃̈𝑢(𝑡𝑡)})

 
 {𝑃𝑃(𝑡𝑡)}+. . .

+𝜃𝜃({𝑃𝑃(𝑡𝑡 + 𝜃𝜃)} − {𝑃𝑃(𝑡𝑡)}) + [𝐶̃𝐶]

 

(𝑎𝑎1 {𝑢̃̇𝑢(𝑡𝑡)} + 𝑎𝑎4 {𝑢̃̇𝑢(𝑡𝑡)} + 𝑎𝑎5 {𝑢̃̈𝑢(𝑡𝑡)}) 

	 (17) 

The auxiliary matrices introduced in Equation 
17 account for the inertial, centrifugal, and Corio-
lis effects induced by the moving unsprung mass 
m2, and are defined as:

[𝑚𝑚]𝑣𝑣2 = 𝑚𝑚2{𝑵𝑵}𝑇𝑇{𝑵𝑵};

[𝑐𝑐]𝑣𝑣2 = 2𝑚𝑚2𝑥̇𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 ;

[𝑘𝑘]𝑣𝑣2 = 𝑚𝑚2𝑥̇𝑥2(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑2{𝑵𝑵}
𝑑𝑑𝑥𝑥2 +

 

+𝑚𝑚2𝑥̈𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 + 𝑘𝑘{𝑵𝑵}𝑇𝑇{𝑵𝑵} + 

+𝑐𝑐𝑥̇𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇 𝑑𝑑
{𝑵𝑵}
𝑑𝑑𝑑𝑑  

 
 
 
 

These expressions encapsulate the time-
dependent nature of the coupling between the 
moving vehicle and the deformable beam struc-
ture, thereby providing a complete framework for 
transient dynamic analysis.

To further justify the use of the two-degree-
of-freedom (2-DOF) vehicle model, a brief com-
parison with simpler load models is warranted. 
The simplest representation, the moving point 
load, neglects all inertia effects of the vehicle and 
therefore cannot capture the dynamic interaction 
between the vehicle and the beam. The mov-
ing mass model accounts for the inertia of the 
unsprung mass but omits the suspension system, 
thereby failing to represent the filtering and phase-
lag effects introduced by the spring and damper. 
In contrast, the 2-DOF oscillator model adopted 
herein incorporates both the sprung and unsprung 
masses, as well as the suspension stiffness and 
damping, enabling it to capture essential phenom-
ena, such as vehicle bounce, energy dissipation, 
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and the phase lag that can reduce the dynamic 
amplification factor under certain conditions (see 
Section ‘Influence of the moving load velocity’). 
For the parameter ranges considered in this study 
(vehicle speeds up to 30 m/s and suspension stiff-
ness from 10⁶ to 10⁷ N/m), the moving point load 
overestimates the peak displacement by as much 
as 30% compared to the 2-DOF model, confirm-
ing that the additional complexity of the 2-DOF 
model is necessary for accurate predictions.

SOLUTION OF THE COUPLED EQUATIONS 
OF MOTION USING THE WILSON–Θ 
METHOD

To solve the coupled governing equations of 
motion derived in the preceding section, a step-
by-step time integration procedure is required 
owing to the time-dependent nature of the vehi-
cle–structure interaction. Among the various 
implicit integration schemes available in structur-
al dynamics, the Wilson–θ method was employed 
herein due to its favorable stability characteristics 
and numerical accuracy for systems with time-
varying parameters.

The global equations of motion for the cou-
pled vehicle–beam system, as expressed in Equa-
tion 17, can be recast in the following compact 
matrix form [35]:

	

[𝑀𝑀]{𝑼̈𝑼} + [𝐾𝐾]{𝑼𝑼} = {𝑵𝑵}𝑇𝑇{𝑃𝑃0} 

 

 

[[𝑀𝑀] + [𝑚𝑚]𝑣𝑣2 {0}
{0} 𝑚𝑚1

] { 𝑼̈𝑼𝑧̈𝑧𝑣𝑣
} + 

+ [ [𝑐𝑐]𝑣𝑣2 0
−𝑐𝑐𝑠𝑠{𝑵𝑵} 𝑐𝑐𝑠𝑠

] { 𝑼̇𝑼𝑧̇𝑧𝑣𝑣
} 

+ [
[𝐾𝐾] + [𝑘𝑘]𝑣𝑣2 0

−𝑐𝑐𝑠𝑠𝑥̇𝑥
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 − 𝑘𝑘𝑠𝑠{𝑵𝑵} 𝑘𝑘𝑠𝑠

] { 𝑼𝑼𝑧𝑧𝑣𝑣 } 

= [{𝑵𝑵}
𝑇𝑇(𝑚𝑚1 + 𝑚𝑚2)𝑔𝑔

0 ] 

 

[𝑚𝑚]𝑣𝑣2 = 𝑚𝑚2{𝑵𝑵}𝑇𝑇{𝑵𝑵};

[𝑐𝑐]𝑣𝑣2 = 2𝑚𝑚2𝑥̇𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 ;

[𝑘𝑘]𝑣𝑣2 = 𝑚𝑚2𝑥̇𝑥2(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑2{𝑵𝑵}
𝑑𝑑𝑥𝑥2 +.

 

+ 𝑚𝑚2𝑥̈𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 + 

+ 𝑘𝑘{𝑵𝑵}𝑇𝑇{𝑵𝑵} + 𝑐𝑐𝑥̇𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇 𝑑𝑑
{𝑵𝑵}
𝑑𝑑𝑑𝑑  

 

[𝑀̃𝑀] {𝑢̃̈𝑢(𝑡𝑡)} + [𝐶̃𝐶] {𝑢̃̇𝑢(𝑡𝑡)} + 

+[𝐾̃𝐾] {𝑢̃𝑢(𝑡𝑡)} = {𝑃𝑃(𝑡𝑡)} 

 

[𝐾̂𝐾] = [𝐾̃𝐾] + 𝑎𝑎0 [𝑀̃𝑀] + 𝑎𝑎1 [𝐶̃𝐶] 

 

{𝑃̂𝑃(𝑡𝑡 + 𝜃𝜃)} = [𝑀̃𝑀]

(

 
 
𝑎𝑎0 {𝑢̃̇𝑢(𝑡𝑡)}

+𝑎𝑎1 {𝑢̃̇𝑢(𝑡𝑡)}

+𝑎𝑎2 {𝑢̃̈𝑢(𝑡𝑡)})

 
 {𝑃𝑃(𝑡𝑡)}+. . .

+𝜃𝜃({𝑃𝑃(𝑡𝑡 + 𝜃𝜃)} − {𝑃𝑃(𝑡𝑡)}) + [𝐶̃𝐶]

 

(𝑎𝑎1 {𝑢̃̇𝑢(𝑡𝑡)} + 𝑎𝑎4 {𝑢̃̇𝑢(𝑡𝑡)} + 𝑎𝑎5 {𝑢̃̈𝑢(𝑡𝑡)}) 

	 (18)

where:	 [M], [C], and [K] denote the global mass, 
damping, and stiffness matrices of the 
coupled system, respectively; {u(t)} rep-
resents the vector of unknown displace-
ments, including both beam nodal degrees 
of freedom and the vehicle displacement; 
and {P(t)}  is the corresponding external 
force vector [45].

Formulation of the effective stiffness matrix

Within the framework of the Wilson–θ meth-
od, the solution proceeds by assuming a linear 
variation of the acceleration over an extended 
time step θΔ, where θ ≥ 1.37  to ensure uncon-
ditional stability [35]. The effective stiffness 
matrix, which remains constant throughout the 

integration procedure for linear systems, is for-
mulated as:

	

[𝑀𝑀]{𝑼̈𝑼} + [𝐾𝐾]{𝑼𝑼} = {𝑵𝑵}𝑇𝑇{𝑃𝑃0} 

 

 

[[𝑀𝑀] + [𝑚𝑚]𝑣𝑣2 {0}
{0} 𝑚𝑚1

] { 𝑼̈𝑼𝑧̈𝑧𝑣𝑣
} + 

+ [ [𝑐𝑐]𝑣𝑣2 0
−𝑐𝑐𝑠𝑠{𝑵𝑵} 𝑐𝑐𝑠𝑠

] { 𝑼̇𝑼𝑧̇𝑧𝑣𝑣
} 

+ [
[𝐾𝐾] + [𝑘𝑘]𝑣𝑣2 0

−𝑐𝑐𝑠𝑠𝑥̇𝑥
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 − 𝑘𝑘𝑠𝑠{𝑵𝑵} 𝑘𝑘𝑠𝑠

] { 𝑼𝑼𝑧𝑧𝑣𝑣 } 

= [{𝑵𝑵}
𝑇𝑇(𝑚𝑚1 + 𝑚𝑚2)𝑔𝑔

0 ] 

 

[𝑚𝑚]𝑣𝑣2 = 𝑚𝑚2{𝑵𝑵}𝑇𝑇{𝑵𝑵};

[𝑐𝑐]𝑣𝑣2 = 2𝑚𝑚2𝑥̇𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 ;

[𝑘𝑘]𝑣𝑣2 = 𝑚𝑚2𝑥̇𝑥2(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑2{𝑵𝑵}
𝑑𝑑𝑥𝑥2 +.

 

+ 𝑚𝑚2𝑥̈𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 + 

+ 𝑘𝑘{𝑵𝑵}𝑇𝑇{𝑵𝑵} + 𝑐𝑐𝑥̇𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇 𝑑𝑑
{𝑵𝑵}
𝑑𝑑𝑑𝑑  

 

[𝑀̃𝑀] {𝑢̃̈𝑢(𝑡𝑡)} + [𝐶̃𝐶] {𝑢̃̇𝑢(𝑡𝑡)} + 

+[𝐾̃𝐾] {𝑢̃𝑢(𝑡𝑡)} = {𝑃𝑃(𝑡𝑡)} 

 

[𝐾̂𝐾] = [𝐾̃𝐾] + 𝑎𝑎0 [𝑀̃𝑀] + 𝑎𝑎1 [𝐶̃𝐶] 

 

{𝑃̂𝑃(𝑡𝑡 + 𝜃𝜃)} = [𝑀̃𝑀]

(

 
 
𝑎𝑎0 {𝑢̃̇𝑢(𝑡𝑡)}

+𝑎𝑎1 {𝑢̃̇𝑢(𝑡𝑡)}

+𝑎𝑎2 {𝑢̃̈𝑢(𝑡𝑡)})

 
 {𝑃𝑃(𝑡𝑡)}+. . .

+𝜃𝜃({𝑃𝑃(𝑡𝑡 + 𝜃𝜃)} − {𝑃𝑃(𝑡𝑡)}) + [𝐶̃𝐶]

 

(𝑎𝑎1 {𝑢̃̇𝑢(𝑡𝑡)} + 𝑎𝑎4 {𝑢̃̇𝑢(𝑡𝑡)} + 𝑎𝑎5 {𝑢̃̈𝑢(𝑡𝑡)}) 

	 (19)

The integration constants appearing in Eq. 

(19) are defined as: 

𝜀𝜀𝑥𝑥
0 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 

 

𝜅𝜅𝑥𝑥
𝑏𝑏 = − 𝜕𝜕2w𝑏𝑏

𝜕𝜕𝑥𝑥2  

 

{𝐮𝐮𝑒𝑒} = {𝑢𝑢1, 𝑢𝑢2, 𝑤𝑤1, 𝜃𝜃1, 𝑤𝑤2, 𝜃𝜃2}𝑇𝑇 

 

𝑎𝑎0 = 1
𝛽𝛽(𝜃𝜃𝜃𝜃𝜃𝜃)2 ; 𝑎𝑎1 = 𝛾𝛾

𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 

 

: 𝑎𝑎2 = 1
𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 ; 𝑎𝑎4 = 𝛾𝛾

𝛽𝛽 − 1; 𝑎𝑎5 = (𝛾𝛾
𝛽𝛽 − 2) 𝜃𝜃𝜃𝜃𝜃𝜃

2  

 

𝜀𝜀𝑥𝑥
0 = ∂𝑢𝑢

∂𝑥𝑥 and 𝜅𝜅𝑥𝑥
𝑏𝑏 = − ∂2𝑤𝑤𝑏𝑏

∂𝑥𝑥2  

 

∂2𝑤𝑤𝑏𝑏/ ∂𝑥𝑥2 = 0 

 

{𝑢𝑢sem(𝑡𝑡)} = {𝑈𝑈sem(𝑡𝑡), 𝑊𝑊sem(𝑡𝑡)}𝑇𝑇 

 

𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) 

 

 

Following the standard implementation of the 
Wilson–θ algorithm, the parametersγ  and β  are 
selected as γ = 1/2 and β = 1/6 which correspond 
to a linear acceleration assumption within the 
extended time interval.

Effective force vector and solution procedure

The effective force vector at the extended 
time station t + θΔ is constructed from the known 
system states at time t and the prescribed external 
forces. This vector is expressed as [45]:

	

[𝑀𝑀]{𝑼̈𝑼} + [𝐾𝐾]{𝑼𝑼} = {𝑵𝑵}𝑇𝑇{𝑃𝑃0} 

 

 

[[𝑀𝑀] + [𝑚𝑚]𝑣𝑣2 {0}
{0} 𝑚𝑚1

] { 𝑼̈𝑼𝑧̈𝑧𝑣𝑣
} + 

+ [ [𝑐𝑐]𝑣𝑣2 0
−𝑐𝑐𝑠𝑠{𝑵𝑵} 𝑐𝑐𝑠𝑠

] { 𝑼̇𝑼𝑧̇𝑧𝑣𝑣
} 

+ [
[𝐾𝐾] + [𝑘𝑘]𝑣𝑣2 0

−𝑐𝑐𝑠𝑠𝑥̇𝑥
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 − 𝑘𝑘𝑠𝑠{𝑵𝑵} 𝑘𝑘𝑠𝑠

] { 𝑼𝑼𝑧𝑧𝑣𝑣 } 

= [{𝑵𝑵}
𝑇𝑇(𝑚𝑚1 + 𝑚𝑚2)𝑔𝑔

0 ] 

 

[𝑚𝑚]𝑣𝑣2 = 𝑚𝑚2{𝑵𝑵}𝑇𝑇{𝑵𝑵};

[𝑐𝑐]𝑣𝑣2 = 2𝑚𝑚2𝑥̇𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 ;

[𝑘𝑘]𝑣𝑣2 = 𝑚𝑚2𝑥̇𝑥2(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑2{𝑵𝑵}
𝑑𝑑𝑥𝑥2 +.

 

+ 𝑚𝑚2𝑥̈𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇
𝑑𝑑{𝑵𝑵}
𝑑𝑑𝑑𝑑 + 

+ 𝑘𝑘{𝑵𝑵}𝑇𝑇{𝑵𝑵} + 𝑐𝑐𝑥̇𝑥(𝑡𝑡){𝑵𝑵}𝑇𝑇 𝑑𝑑
{𝑵𝑵}
𝑑𝑑𝑑𝑑  

 

[𝑀̃𝑀] {𝑢̃̈𝑢(𝑡𝑡)} + [𝐶̃𝐶] {𝑢̃̇𝑢(𝑡𝑡)} + 

+[𝐾̃𝐾] {𝑢̃𝑢(𝑡𝑡)} = {𝑃𝑃(𝑡𝑡)} 

 

[𝐾̂𝐾] = [𝐾̃𝐾] + 𝑎𝑎0 [𝑀̃𝑀] + 𝑎𝑎1 [𝐶̃𝐶] 

 

{𝑃̂𝑃(𝑡𝑡 + 𝜃𝜃)} = [𝑀̃𝑀]

(

 
 
𝑎𝑎0 {𝑢̃̇𝑢(𝑡𝑡)}

+𝑎𝑎1 {𝑢̃̇𝑢(𝑡𝑡)}

+𝑎𝑎2 {𝑢̃̈𝑢(𝑡𝑡)})

 
 {𝑃𝑃(𝑡𝑡)}+. . .

+𝜃𝜃({𝑃𝑃(𝑡𝑡 + 𝜃𝜃)} − {𝑃𝑃(𝑡𝑡)}) + [𝐶̃𝐶]

 

(𝑎𝑎1 {𝑢̃̇𝑢(𝑡𝑡)} + 𝑎𝑎4 {𝑢̃̇𝑢(𝑡𝑡)} + 𝑎𝑎5 {𝑢̃̈𝑢(𝑡𝑡)}) 

	(20)

where the auxiliary inte-
gration constants are given by: 

𝜀𝜀𝑥𝑥
0 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 

 

𝜅𝜅𝑥𝑥
𝑏𝑏 = − 𝜕𝜕2w𝑏𝑏

𝜕𝜕𝑥𝑥2  

 

{𝐮𝐮𝑒𝑒} = {𝑢𝑢1, 𝑢𝑢2, 𝑤𝑤1, 𝜃𝜃1, 𝑤𝑤2, 𝜃𝜃2}𝑇𝑇 

 

𝑎𝑎0 = 1
𝛽𝛽(𝜃𝜃𝜃𝜃𝜃𝜃)2 ; 𝑎𝑎1 = 𝛾𝛾

𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 

 

: 𝑎𝑎2 = 1
𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 ; 𝑎𝑎4 = 𝛾𝛾

𝛽𝛽 − 1; 𝑎𝑎5 = (𝛾𝛾
𝛽𝛽 − 2) 𝜃𝜃𝜃𝜃𝜃𝜃

2  

 

𝜀𝜀𝑥𝑥
0 = ∂𝑢𝑢

∂𝑥𝑥 and 𝜅𝜅𝑥𝑥
𝑏𝑏 = − ∂2𝑤𝑤𝑏𝑏

∂𝑥𝑥2  

 

∂2𝑤𝑤𝑏𝑏/ ∂𝑥𝑥2 = 0 

 

{𝑢𝑢sem(𝑡𝑡)} = {𝑈𝑈sem(𝑡𝑡), 𝑊𝑊sem(𝑡𝑡)}𝑇𝑇 

 

𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) 

 

Upon assembly of the effective stiffness 
matrix and the effective force vector, the dis-
placement solution at the extended time step is 
obtained by solving the system of linear algebraic 
equations [35]: 

	 [𝐾̃𝐾] {𝑢̃𝑢(𝑡𝑡 + 𝜃𝜃)} = {𝑃̂𝑃(𝑡𝑡 + 𝜃𝜃)} 

 

{𝑢̃̈𝑢(𝑡𝑡 + 𝜃𝜃)} = 𝑎𝑎0 ({𝑢̃𝑢(𝑡𝑡 + 𝜃𝜃)} − {𝑢̃𝑢(𝑡𝑡)}) − 

−𝑎𝑎2 {𝑢̃̇𝑢(𝑡𝑡)} − ( 1
2𝛽𝛽 − 1) {𝑢̃̈𝑢(𝑡𝑡)} 

 

 

 

{𝑢̃̈𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} = {𝑢̈𝑢(𝑡𝑡)} + 

1
𝜃𝜃 ({𝑢̃̈𝑢(𝑡𝑡 + 𝜃𝜃)} − {𝑢̃̈𝑢(𝑡𝑡)}) ; 

{𝑢̃̇𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} = {𝑢̃̇𝑢(𝑡𝑡)} + 

{𝑢̃̇𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} = {𝑢̃̇𝑢(𝑡𝑡)} + 

(1 − 𝛾𝛾)𝛥𝛥𝛥𝛥 {𝑢̃̈𝑢(𝑡𝑡)} + 𝛾𝛾𝛾𝛾𝛾𝛾 {𝑢̃̈𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} ; 

{𝑢̃𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} = {𝑢̃𝑢(𝑡𝑡)} + 𝛥𝛥𝛥𝛥 {𝑢̃̇𝑢(𝑡𝑡)} + 

(1
2 − 𝛽𝛽) 𝛥𝛥𝑡𝑡2 {𝑢̃̈𝑢(𝑡𝑡)} + 𝛽𝛽𝛽𝛽𝑡𝑡2 {𝑢̃̈𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} 

 

 

𝑁𝑁 = ∬ 𝜎𝜎𝑥𝑥
𝐴𝐴

𝑑𝑑𝑑𝑑 = 𝐴𝐴𝜀𝜀𝑥𝑥
0 + 𝐵𝐵𝜅𝜅𝑥𝑥

𝑏𝑏; 

 𝑀𝑀 = ∬ 𝑧𝑧𝜎𝜎𝑥𝑥
𝐴𝐴

𝑑𝑑𝑑𝑑 = 𝐵𝐵𝜀𝜀𝑥𝑥
0 + 𝐷𝐷𝜅𝜅𝑥𝑥

𝑏𝑏 

 

 

	 (21)

Computation of acceleration, velocity, 	
and displacement

Once the displacements at time t + θΔ  are 
determined, the corresponding acceleration vec-
tor is evaluated as [45]:

	

[𝐾̃𝐾] {𝑢̃𝑢(𝑡𝑡 + 𝜃𝜃)} = {𝑃̂𝑃(𝑡𝑡 + 𝜃𝜃)} 

 

{𝑢̃̈𝑢(𝑡𝑡 + 𝜃𝜃)} = 𝑎𝑎0 ({𝑢̃𝑢(𝑡𝑡 + 𝜃𝜃)} − {𝑢̃𝑢(𝑡𝑡)}) − 

−𝑎𝑎2 {𝑢̃̇𝑢(𝑡𝑡)} − ( 1
2𝛽𝛽 − 1) {𝑢̃̈𝑢(𝑡𝑡)} 

 

 

 

{𝑢̃̈𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} = {𝑢̈𝑢(𝑡𝑡)} + 

1
𝜃𝜃 ({𝑢̃̈𝑢(𝑡𝑡 + 𝜃𝜃)} − {𝑢̃̈𝑢(𝑡𝑡)}) ; 

{𝑢̃̇𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} = {𝑢̃̇𝑢(𝑡𝑡)} + 

{𝑢̃̇𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} = {𝑢̃̇𝑢(𝑡𝑡)} + 

(1 − 𝛾𝛾)𝛥𝛥𝛥𝛥 {𝑢̃̈𝑢(𝑡𝑡)} + 𝛾𝛾𝛾𝛾𝛾𝛾 {𝑢̃̈𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} ; 

{𝑢̃𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} = {𝑢̃𝑢(𝑡𝑡)} + 𝛥𝛥𝛥𝛥 {𝑢̃̇𝑢(𝑡𝑡)} + 

(1
2 − 𝛽𝛽) 𝛥𝛥𝑡𝑡2 {𝑢̃̈𝑢(𝑡𝑡)} + 𝛽𝛽𝛽𝛽𝑡𝑡2 {𝑢̃̈𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} 

 

 

𝑁𝑁 = ∬ 𝜎𝜎𝑥𝑥
𝐴𝐴

𝑑𝑑𝑑𝑑 = 𝐴𝐴𝜀𝜀𝑥𝑥
0 + 𝐵𝐵𝜅𝜅𝑥𝑥

𝑏𝑏; 

 𝑀𝑀 = ∬ 𝑧𝑧𝜎𝜎𝑥𝑥
𝐴𝐴

𝑑𝑑𝑑𝑑 = 𝐵𝐵𝜀𝜀𝑥𝑥
0 + 𝐷𝐷𝜅𝜅𝑥𝑥

𝑏𝑏 

 

 

	 (22)
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Since the Wilson–θ method employs an 
extended time step for prediction, the accelera-
tion at the actual time step t + Δ t  is obtained 
through linear interpolation between the known 
acceleration at time t and the computed accelera-
tion at time t + θΔ [35]:

	

 

{𝑢̃̈𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} = {𝑢̈𝑢(𝑡𝑡)} + 

+ 1𝜃𝜃 ({𝑢̃̈𝑢(𝑡𝑡 + 𝜃𝜃)} − {𝑢̃̈𝑢(𝑡𝑡)}) ; 

{𝑢̃̇𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} = {𝑢̃̇𝑢(𝑡𝑡)} + 

+ (1 − 𝛾𝛾)𝛥𝛥𝛥𝛥 {𝑢̃̈𝑢(𝑡𝑡)} + 

𝛾𝛾𝛾𝛾𝛾𝛾 {𝑢̃̈𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} ; 

{𝑢̃𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} = {𝑢̃𝑢(𝑡𝑡)} + 𝛥𝛥𝛥𝛥 {𝑢̃̇𝑢(𝑡𝑡)} + 

+ (12 − 𝛽𝛽)𝛥𝛥𝑡𝑡2 {𝑢̃̈𝑢(𝑡𝑡)} + 𝛽𝛽𝛽𝛽𝑡𝑡2 {𝑢̃̈𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} 

	(23)

The recurrence scheme defined by Eq. (23) 
allows for the stepwise propagation of the solution in 
the time domain, commencing from the prescribed 
initial conditions. The algorithm was implemented 
in the MATLAB environment, enabling efficient 
computation of the transient dynamic response of 
the coupled vehicle–beam sy stem.

SEMI-ANALYTICAL FORMULATION 	
FOR VALIDATION

To verify the accuracy of the finite element 
formulation presented in Section 2, a semi-analyt-
ical solution was developed in this section. This 
approach serves as an independent benchmark, 
enabling rigorous validation of the numerical 
results obtained from the coupled vehicle–beam 
finite element model.

Governing differential equations

Based on the classical Euler–Bernoulli beam 
theory, the equations governing the forced vibra-
tion of a functionally graded beam subjected to a 
moving point load can be derived from the equi-
librium of internal forces and external loading. 
The axial force and bending moment resultants 
are defined as [45]:

	

[𝐾̃𝐾] {𝑢̃𝑢(𝑡𝑡 + 𝜃𝜃)} = {𝑃̂𝑃(𝑡𝑡 + 𝜃𝜃)} 

 

{𝑢̃̈𝑢(𝑡𝑡 + 𝜃𝜃)} = 𝑎𝑎0 ({𝑢̃𝑢(𝑡𝑡 + 𝜃𝜃)} − {𝑢̃𝑢(𝑡𝑡)}) − 

−𝑎𝑎2 {𝑢̃̇𝑢(𝑡𝑡)} − ( 1
2𝛽𝛽 − 1) {𝑢̃̈𝑢(𝑡𝑡)} 

 

 

 

{𝑢̃̈𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} = {𝑢̈𝑢(𝑡𝑡)} + 

1
𝜃𝜃 ({𝑢̃̈𝑢(𝑡𝑡 + 𝜃𝜃)} − {𝑢̃̈𝑢(𝑡𝑡)}) ; 

{𝑢̃̇𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} = {𝑢̃̇𝑢(𝑡𝑡)} + 

{𝑢̃̇𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} = {𝑢̃̇𝑢(𝑡𝑡)} + 

(1 − 𝛾𝛾)𝛥𝛥𝛥𝛥 {𝑢̃̈𝑢(𝑡𝑡)} + 𝛾𝛾𝛾𝛾𝛾𝛾 {𝑢̃̈𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} ; 

{𝑢̃𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} = {𝑢̃𝑢(𝑡𝑡)} + 𝛥𝛥𝛥𝛥 {𝑢̃̇𝑢(𝑡𝑡)} + 

(1
2 − 𝛽𝛽) 𝛥𝛥𝑡𝑡2 {𝑢̃̈𝑢(𝑡𝑡)} + 𝛽𝛽𝛽𝛽𝑡𝑡2 {𝑢̃̈𝑢(𝑡𝑡 + 𝛥𝛥𝛥𝛥)} 

 

 

𝑁𝑁 = ∬ 𝜎𝜎𝑥𝑥
𝐴𝐴

𝑑𝑑𝑑𝑑 = 𝐴𝐴𝜀𝜀𝑥𝑥
0 + 𝐵𝐵𝜅𝜅𝑥𝑥

𝑏𝑏; 

 𝑀𝑀 = ∬ 𝑧𝑧𝜎𝜎𝑥𝑥
𝐴𝐴

𝑑𝑑𝑑𝑑 = 𝐵𝐵𝜀𝜀𝑥𝑥
0 + 𝐷𝐷𝜅𝜅𝑥𝑥

𝑏𝑏 

 

 

	 (24)

where:	

𝜀𝜀𝑥𝑥
0 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 

 

𝜅𝜅𝑥𝑥
𝑏𝑏 = − 𝜕𝜕2w𝑏𝑏

𝜕𝜕𝑥𝑥2  

 

{𝐮𝐮𝑒𝑒} = {𝑢𝑢1, 𝑢𝑢2, 𝑤𝑤1, 𝜃𝜃1, 𝑤𝑤2, 𝜃𝜃2}𝑇𝑇 

 

𝑎𝑎0 = 1
𝛽𝛽(𝜃𝜃𝜃𝜃𝜃𝜃)2 ; 𝑎𝑎1 = 𝛾𝛾

𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 

 

: 𝑎𝑎2 = 1
𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 ; 𝑎𝑎4 = 𝛾𝛾

𝛽𝛽 − 1; 𝑎𝑎5 = (𝛾𝛾
𝛽𝛽 − 2) 𝜃𝜃𝜃𝜃𝜃𝜃

2  

 

𝜀𝜀𝑥𝑥
0 = ∂𝑢𝑢

∂𝑥𝑥 and 𝜅𝜅𝑥𝑥
𝑏𝑏 = − ∂2𝑤𝑤𝑏𝑏

∂𝑥𝑥2  

 

∂2𝑤𝑤𝑏𝑏/ ∂𝑥𝑥2 = 0 

 

{𝑢𝑢sem(𝑡𝑡)} = {𝑈𝑈sem(𝑡𝑡), 𝑊𝑊sem(𝑡𝑡)}𝑇𝑇 

 

𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) 

 

. The sectional 
rigidities A, B, and D  have been previ-
ously defined in Equation 8. Incorporat-
ing these resultant expressions into the 
equations of motion yields the following 
coupled differential equations:

	

𝜕𝜕𝑁𝑁
𝜕𝜕𝜕𝜕 = 𝐼𝐼0 𝑢̈𝑢 − 𝐼𝐼1

𝜕𝜕𝑤̈𝑤𝑏𝑏
𝜕𝜕𝜕𝜕 ;

𝜕𝜕2𝑀𝑀
𝜕𝜕𝑥𝑥2 + 𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) =

 

= 𝐼𝐼0 𝑤̈𝑤𝑏𝑏 + 𝐼𝐼1
𝜕𝜕𝑢̈𝑢
𝜕𝜕𝜕𝜕 − 𝐼𝐼2

𝜕𝜕2 𝑤̈𝑤𝑏𝑏
𝜕𝜕𝑥𝑥2  

 

𝐴𝐴𝜕𝜕
2𝑢𝑢

𝜕𝜕𝑥𝑥2 − 𝐵𝐵 𝜕𝜕
3𝑤𝑤𝑏𝑏
𝜕𝜕𝑥𝑥3 = 𝐼𝐼0 𝑢̈𝑢 − 𝐼𝐼1

𝜕𝜕𝑤̈𝑤𝑏𝑏
𝜕𝜕𝜕𝜕 ;

𝐵𝐵 𝜕𝜕
3𝑢𝑢

𝜕𝜕𝑥𝑥3 − 𝐷𝐷 𝜕𝜕4𝑤𝑤𝑏𝑏
𝜕𝜕𝑥𝑥4 + 𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) =

 

= 𝐼𝐼0 𝑤̈𝑤𝑏𝑏 + 𝐼𝐼1 (𝜕𝜕𝑢̈𝑢𝜕𝜕𝜕𝜕) − 𝐼𝐼2
𝜕𝜕2 𝑤̈𝑤𝑏𝑏
𝜕𝜕𝑥𝑥2  

 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)cos (
𝜋𝜋
𝐿𝐿 𝑥𝑥)

𝑤𝑤𝑏𝑏(𝑥𝑥, 𝑡𝑡) = 𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)sin (
𝜋𝜋
𝐿𝐿 𝑥𝑥)

 

 

−𝐴𝐴𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿)

2
cos (𝜋𝜋𝐿𝐿 𝑥𝑥) + 

+ 𝐵𝐵𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿) cos (

𝜋𝜋
𝐿𝐿 𝑥𝑥) = 

= 𝐼𝐼0 𝑈̈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)cos (
𝜋𝜋
𝐿𝐿 𝑥𝑥) − 

−𝐼𝐼1 𝑊̈𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿) 𝑐𝑐𝑐𝑐𝑐𝑐 (

𝜋𝜋
𝐿𝐿 𝑥𝑥) 

 

 

𝐵𝐵𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿)

3
sin (𝜋𝜋𝐿𝐿 𝑥𝑥) − 

𝐷𝐷𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿)

4
sin (𝜋𝜋𝐿𝐿 𝑥𝑥) + 𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) = 

= 𝐼𝐼0 𝑊̈𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)sin (
𝜋𝜋
𝐿𝐿 𝑥𝑥) − 

−𝐼𝐼1 𝑈̈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿) sin (

𝜋𝜋
𝐿𝐿 𝑥𝑥) − 𝐼𝐼2 𝑊̈𝑊𝑠𝑠𝑠𝑠𝑠𝑠 (𝜋𝜋𝐿𝐿)

2
sin (𝜋𝜋𝐿𝐿 𝑥𝑥)

 

 

	 (25) 

Substituting the internal force expressions 
from Equation 24 into Equation 25 leads to the 
following system of partial differential equa-
tions expressed in terms of the axial displacement 
u(x,t) and transverse displacement wb(x,t) [45]:

	

𝜕𝜕𝑁𝑁
𝜕𝜕𝜕𝜕 = 𝐼𝐼0 𝑢̈𝑢 − 𝐼𝐼1

𝜕𝜕𝑤̈𝑤𝑏𝑏
𝜕𝜕𝜕𝜕 ;

𝜕𝜕2𝑀𝑀
𝜕𝜕𝑥𝑥2 + 𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) =

 

= 𝐼𝐼0 𝑤̈𝑤𝑏𝑏 + 𝐼𝐼1
𝜕𝜕𝑢̈𝑢
𝜕𝜕𝜕𝜕 − 𝐼𝐼2

𝜕𝜕2 𝑤̈𝑤𝑏𝑏
𝜕𝜕𝑥𝑥2  

 

𝐴𝐴𝜕𝜕
2𝑢𝑢

𝜕𝜕𝑥𝑥2 − 𝐵𝐵 𝜕𝜕
3𝑤𝑤𝑏𝑏
𝜕𝜕𝑥𝑥3 = 𝐼𝐼0 𝑢̈𝑢 − 𝐼𝐼1

𝜕𝜕𝑤̈𝑤𝑏𝑏
𝜕𝜕𝜕𝜕 ;

𝐵𝐵 𝜕𝜕
3𝑢𝑢

𝜕𝜕𝑥𝑥3 − 𝐷𝐷 𝜕𝜕4𝑤𝑤𝑏𝑏
𝜕𝜕𝑥𝑥4 + 𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) =

 

= 𝐼𝐼0 𝑤̈𝑤𝑏𝑏 + 𝐼𝐼1 (𝜕𝜕𝑢̈𝑢𝜕𝜕𝜕𝜕) − 𝐼𝐼2
𝜕𝜕2 𝑤̈𝑤𝑏𝑏
𝜕𝜕𝑥𝑥2  

 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)cos (
𝜋𝜋
𝐿𝐿 𝑥𝑥)

𝑤𝑤𝑏𝑏(𝑥𝑥, 𝑡𝑡) = 𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)sin (
𝜋𝜋
𝐿𝐿 𝑥𝑥)

 

 

−𝐴𝐴𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿)

2
cos (𝜋𝜋𝐿𝐿 𝑥𝑥) + 

+ 𝐵𝐵𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿) cos (

𝜋𝜋
𝐿𝐿 𝑥𝑥) = 

= 𝐼𝐼0 𝑈̈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)cos (
𝜋𝜋
𝐿𝐿 𝑥𝑥) − 

−𝐼𝐼1 𝑊̈𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿) 𝑐𝑐𝑐𝑐𝑐𝑐 (

𝜋𝜋
𝐿𝐿 𝑥𝑥) 

 

 

𝐵𝐵𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿)

3
sin (𝜋𝜋𝐿𝐿 𝑥𝑥) − 

𝐷𝐷𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿)

4
sin (𝜋𝜋𝐿𝐿 𝑥𝑥) + 𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) = 

= 𝐼𝐼0 𝑊̈𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)sin (
𝜋𝜋
𝐿𝐿 𝑥𝑥) − 

−𝐼𝐼1 𝑈̈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿) sin (

𝜋𝜋
𝐿𝐿 𝑥𝑥) − 𝐼𝐼2 𝑊̈𝑊𝑠𝑠𝑠𝑠𝑠𝑠 (𝜋𝜋𝐿𝐿)

2
sin (𝜋𝜋𝐿𝐿 𝑥𝑥)

 

 

	 (26)

It is noteworthy that the coupling between 
axial and flexural responses arises from the mate-
rial asymmetry characterized by the B  term, 
which is non-zero when the material properties 
are not symmetric about the neutral axis [45].

Modal discretization using trigonometric 
shape functions

To obtain a semi-analytical solution, the 
displacement fields were approximated using a 
single-mode expansion that satisfies the simply 
supported boundary conditions. Specifically, the 
axial and transverse displacements were assumed 
to take the following forms:

	

𝜕𝜕𝑁𝑁
𝜕𝜕𝜕𝜕 = 𝐼𝐼0 𝑢̈𝑢 − 𝐼𝐼1

𝜕𝜕𝑤̈𝑤𝑏𝑏
𝜕𝜕𝜕𝜕 ;

𝜕𝜕2𝑀𝑀
𝜕𝜕𝑥𝑥2 + 𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) =

 

= 𝐼𝐼0 𝑤̈𝑤𝑏𝑏 + 𝐼𝐼1
𝜕𝜕𝑢̈𝑢
𝜕𝜕𝜕𝜕 − 𝐼𝐼2

𝜕𝜕2 𝑤̈𝑤𝑏𝑏
𝜕𝜕𝑥𝑥2  

 

𝐴𝐴𝜕𝜕
2𝑢𝑢

𝜕𝜕𝑥𝑥2 − 𝐵𝐵 𝜕𝜕
3𝑤𝑤𝑏𝑏
𝜕𝜕𝑥𝑥3 = 𝐼𝐼0 𝑢̈𝑢 − 𝐼𝐼1

𝜕𝜕𝑤̈𝑤𝑏𝑏
𝜕𝜕𝜕𝜕 ;

𝐵𝐵 𝜕𝜕
3𝑢𝑢

𝜕𝜕𝑥𝑥3 − 𝐷𝐷 𝜕𝜕4𝑤𝑤𝑏𝑏
𝜕𝜕𝑥𝑥4 + 𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) =

 

= 𝐼𝐼0 𝑤̈𝑤𝑏𝑏 + 𝐼𝐼1 (𝜕𝜕𝑢̈𝑢𝜕𝜕𝜕𝜕) − 𝐼𝐼2
𝜕𝜕2 𝑤̈𝑤𝑏𝑏
𝜕𝜕𝑥𝑥2  

 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)cos (
𝜋𝜋
𝐿𝐿 𝑥𝑥)

𝑤𝑤𝑏𝑏(𝑥𝑥, 𝑡𝑡) = 𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)sin (
𝜋𝜋
𝐿𝐿 𝑥𝑥)

 

 

−𝐴𝐴𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿)

2
cos (𝜋𝜋𝐿𝐿 𝑥𝑥) + 

+ 𝐵𝐵𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿) cos (

𝜋𝜋
𝐿𝐿 𝑥𝑥) = 

= 𝐼𝐼0 𝑈̈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)cos (
𝜋𝜋
𝐿𝐿 𝑥𝑥) − 

−𝐼𝐼1 𝑊̈𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿) 𝑐𝑐𝑐𝑐𝑐𝑐 (

𝜋𝜋
𝐿𝐿 𝑥𝑥) 

 

 

𝐵𝐵𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿)

3
sin (𝜋𝜋𝐿𝐿 𝑥𝑥) − 

𝐷𝐷𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿)

4
sin (𝜋𝜋𝐿𝐿 𝑥𝑥) + 𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) = 

= 𝐼𝐼0 𝑊̈𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)sin (
𝜋𝜋
𝐿𝐿 𝑥𝑥) − 

−𝐼𝐼1 𝑈̈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿) sin (

𝜋𝜋
𝐿𝐿 𝑥𝑥) − 𝐼𝐼2 𝑊̈𝑊𝑠𝑠𝑠𝑠𝑠𝑠 (𝜋𝜋𝐿𝐿)

2
sin (𝜋𝜋𝐿𝐿 𝑥𝑥)

 

 

	 (27)
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These assumed modes satisfy the essen-
tial boundary conditions for a simply supported 
beam, namely wb = 0 and 

𝜀𝜀𝑥𝑥
0 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 

 

𝜅𝜅𝑥𝑥
𝑏𝑏 = − 𝜕𝜕2w𝑏𝑏

𝜕𝜕𝑥𝑥2  

 

{𝐮𝐮𝑒𝑒} = {𝑢𝑢1, 𝑢𝑢2, 𝑤𝑤1, 𝜃𝜃1, 𝑤𝑤2, 𝜃𝜃2}𝑇𝑇 

 

𝑎𝑎0 = 1
𝛽𝛽(𝜃𝜃𝜃𝜃𝜃𝜃)2 ; 𝑎𝑎1 = 𝛾𝛾

𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 

 

: 𝑎𝑎2 = 1
𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 ; 𝑎𝑎4 = 𝛾𝛾

𝛽𝛽 − 1; 𝑎𝑎5 = (𝛾𝛾
𝛽𝛽 − 2) 𝜃𝜃𝜃𝜃𝜃𝜃

2  

 

𝜀𝜀𝑥𝑥
0 = ∂𝑢𝑢

∂𝑥𝑥 and 𝜅𝜅𝑥𝑥
𝑏𝑏 = − ∂2𝑤𝑤𝑏𝑏

∂𝑥𝑥2  

 

∂2𝑤𝑤𝑏𝑏/ ∂𝑥𝑥2 = 0 

 

{𝑢𝑢sem(𝑡𝑡)} = {𝑈𝑈sem(𝑡𝑡), 𝑊𝑊sem(𝑡𝑡)}𝑇𝑇 

 

𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) 

 

 at x = 
0 and x = L, as well as the natural boundary con-
ditions for axial motion [45].

Substituting the displacement approximations 
from Equation 27 into the governing Equation 26 
yields the following residual expressions.
	• For the axial equilibrium equation:

	

𝜕𝜕𝑁𝑁
𝜕𝜕𝜕𝜕 = 𝐼𝐼0 𝑢̈𝑢 − 𝐼𝐼1

𝜕𝜕𝑤̈𝑤𝑏𝑏
𝜕𝜕𝜕𝜕 ;

𝜕𝜕2𝑀𝑀
𝜕𝜕𝑥𝑥2 + 𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) =

 

= 𝐼𝐼0 𝑤̈𝑤𝑏𝑏 + 𝐼𝐼1
𝜕𝜕𝑢̈𝑢
𝜕𝜕𝜕𝜕 − 𝐼𝐼2

𝜕𝜕2 𝑤̈𝑤𝑏𝑏
𝜕𝜕𝑥𝑥2  

 

𝐴𝐴𝜕𝜕
2𝑢𝑢

𝜕𝜕𝑥𝑥2 − 𝐵𝐵 𝜕𝜕
3𝑤𝑤𝑏𝑏
𝜕𝜕𝑥𝑥3 = 𝐼𝐼0 𝑢̈𝑢 − 𝐼𝐼1

𝜕𝜕𝑤̈𝑤𝑏𝑏
𝜕𝜕𝜕𝜕 ;

𝐵𝐵 𝜕𝜕
3𝑢𝑢

𝜕𝜕𝑥𝑥3 − 𝐷𝐷 𝜕𝜕4𝑤𝑤𝑏𝑏
𝜕𝜕𝑥𝑥4 + 𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) =

 

= 𝐼𝐼0 𝑤̈𝑤𝑏𝑏 + 𝐼𝐼1 (𝜕𝜕𝑢̈𝑢𝜕𝜕𝜕𝜕) − 𝐼𝐼2
𝜕𝜕2 𝑤̈𝑤𝑏𝑏
𝜕𝜕𝑥𝑥2  

 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)cos (
𝜋𝜋
𝐿𝐿 𝑥𝑥)

𝑤𝑤𝑏𝑏(𝑥𝑥, 𝑡𝑡) = 𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)sin (
𝜋𝜋
𝐿𝐿 𝑥𝑥)

 

 

−𝐴𝐴𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿)

2
cos (𝜋𝜋𝐿𝐿 𝑥𝑥) + 

+ 𝐵𝐵𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿) cos (

𝜋𝜋
𝐿𝐿 𝑥𝑥) = 

= 𝐼𝐼0 𝑈̈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)cos (
𝜋𝜋
𝐿𝐿 𝑥𝑥) − 

−𝐼𝐼1 𝑊̈𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿) 𝑐𝑐𝑐𝑐𝑐𝑐 (

𝜋𝜋
𝐿𝐿 𝑥𝑥) 

 

 

𝐵𝐵𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿)

3
sin (𝜋𝜋𝐿𝐿 𝑥𝑥) − 

𝐷𝐷𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿)

4
sin (𝜋𝜋𝐿𝐿 𝑥𝑥) + 𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) = 

= 𝐼𝐼0 𝑊̈𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)sin (
𝜋𝜋
𝐿𝐿 𝑥𝑥) − 

−𝐼𝐼1 𝑈̈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿) sin (

𝜋𝜋
𝐿𝐿 𝑥𝑥) − 𝐼𝐼2 𝑊̈𝑊𝑠𝑠𝑠𝑠𝑠𝑠 (𝜋𝜋𝐿𝐿)

2
sin (𝜋𝜋𝐿𝐿 𝑥𝑥)

 

 

	 (28)

	• For the transverse equilibrium equation:

	

𝜕𝜕𝑁𝑁
𝜕𝜕𝜕𝜕 = 𝐼𝐼0 𝑢̈𝑢 − 𝐼𝐼1

𝜕𝜕𝑤̈𝑤𝑏𝑏
𝜕𝜕𝜕𝜕 ;

𝜕𝜕2𝑀𝑀
𝜕𝜕𝑥𝑥2 + 𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) =

 

= 𝐼𝐼0 𝑤̈𝑤𝑏𝑏 + 𝐼𝐼1
𝜕𝜕𝑢̈𝑢
𝜕𝜕𝜕𝜕 − 𝐼𝐼2

𝜕𝜕2 𝑤̈𝑤𝑏𝑏
𝜕𝜕𝑥𝑥2  

 

𝐴𝐴𝜕𝜕
2𝑢𝑢

𝜕𝜕𝑥𝑥2 − 𝐵𝐵 𝜕𝜕
3𝑤𝑤𝑏𝑏
𝜕𝜕𝑥𝑥3 = 𝐼𝐼0 𝑢̈𝑢 − 𝐼𝐼1

𝜕𝜕𝑤̈𝑤𝑏𝑏
𝜕𝜕𝜕𝜕 ;

𝐵𝐵 𝜕𝜕
3𝑢𝑢

𝜕𝜕𝑥𝑥3 − 𝐷𝐷 𝜕𝜕4𝑤𝑤𝑏𝑏
𝜕𝜕𝑥𝑥4 + 𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) =

 

= 𝐼𝐼0 𝑤̈𝑤𝑏𝑏 + 𝐼𝐼1 (𝜕𝜕𝑢̈𝑢𝜕𝜕𝜕𝜕) − 𝐼𝐼2
𝜕𝜕2 𝑤̈𝑤𝑏𝑏
𝜕𝜕𝑥𝑥2  

 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)cos (
𝜋𝜋
𝐿𝐿 𝑥𝑥)

𝑤𝑤𝑏𝑏(𝑥𝑥, 𝑡𝑡) = 𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)sin (
𝜋𝜋
𝐿𝐿 𝑥𝑥)

 

 

−𝐴𝐴𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿)

2
cos (𝜋𝜋𝐿𝐿 𝑥𝑥) + 

+ 𝐵𝐵𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿) cos (

𝜋𝜋
𝐿𝐿 𝑥𝑥) = 

= 𝐼𝐼0 𝑈̈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)cos (
𝜋𝜋
𝐿𝐿 𝑥𝑥) − 

−𝐼𝐼1 𝑊̈𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿) 𝑐𝑐𝑐𝑐𝑐𝑐 (

𝜋𝜋
𝐿𝐿 𝑥𝑥) 

 

 

𝐵𝐵𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿)

3
sin (𝜋𝜋𝐿𝐿 𝑥𝑥) − 

𝐷𝐷𝑊𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿)

4
sin (𝜋𝜋𝐿𝐿 𝑥𝑥) + 𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) = 

= 𝐼𝐼0 𝑊̈𝑊𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)sin (
𝜋𝜋
𝐿𝐿 𝑥𝑥) − 

−𝐼𝐼1 𝑈̈𝑈𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) (
𝜋𝜋
𝐿𝐿) sin (

𝜋𝜋
𝐿𝐿 𝑥𝑥) − 𝐼𝐼2 𝑊̈𝑊𝑠𝑠𝑠𝑠𝑠𝑠 (𝜋𝜋𝐿𝐿)

2
sin (𝜋𝜋𝐿𝐿 𝑥𝑥)

 

 

	(29)

Reduction to ordinary differential equations

The orthogonality properties of the trigo-
nometric functions over the domain [0, L] were 
exploited to eliminate the spatial dependence. 
Specifically, multiplying Equation 28 by 
cos(πx/L)  and Equation 29 by sin(πx/L)  , fol-
lowed by integration from 0 to L, yields a sys-
tem of ordinary differential equations governing 
the time evolution of the generalized coordinates 
Usem(t) and Wsem(t).

The resulting system can be expressed in the 
following compact matrix form [45]:

	
[𝑀𝑀𝑠𝑠𝑠𝑠𝑠𝑠]{𝑢̈𝑢𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)} + [𝐶𝐶𝑠𝑠𝑠𝑠𝑠𝑠]{𝑢̇𝑢𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)} + 

+[𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠]{𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)} = {𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)} 
 

𝐼𝐼𝐼𝐼 = 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚
𝑣𝑣0

 

 

 

	(30)

where:	

𝜀𝜀𝑥𝑥
0 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 

 

𝜅𝜅𝑥𝑥
𝑏𝑏 = − 𝜕𝜕2w𝑏𝑏

𝜕𝜕𝑥𝑥2  

 

{𝐮𝐮𝑒𝑒} = {𝑢𝑢1, 𝑢𝑢2, 𝑤𝑤1, 𝜃𝜃1, 𝑤𝑤2, 𝜃𝜃2}𝑇𝑇 

 

𝑎𝑎0 = 1
𝛽𝛽(𝜃𝜃𝜃𝜃𝜃𝜃)2 ; 𝑎𝑎1 = 𝛾𝛾

𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 

 

: 𝑎𝑎2 = 1
𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 ; 𝑎𝑎4 = 𝛾𝛾

𝛽𝛽 − 1; 𝑎𝑎5 = (𝛾𝛾
𝛽𝛽 − 2) 𝜃𝜃𝜃𝜃𝜃𝜃

2  

 

𝜀𝜀𝑥𝑥
0 = ∂𝑢𝑢

∂𝑥𝑥 and 𝜅𝜅𝑥𝑥
𝑏𝑏 = − ∂2𝑤𝑤𝑏𝑏

∂𝑥𝑥2  

 

∂2𝑤𝑤𝑏𝑏/ ∂𝑥𝑥2 = 0 

 

{𝑢𝑢sem(𝑡𝑡)} = {𝑈𝑈sem(𝑡𝑡), 𝑊𝑊sem(𝑡𝑡)}𝑇𝑇 

 

𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) 

 

 is 
the vector of generalized displacements, 
[Msem] and [Ksem] represent the generalized 

mass and stiffness matrices, respectively, 
while [Csem] accounts for any damping 
effects, if present. The generalized force 
vector {Psem(t)}  arises from the moving 
load term 

𝜀𝜀𝑥𝑥
0 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 

 

𝜅𝜅𝑥𝑥
𝑏𝑏 = − 𝜕𝜕2w𝑏𝑏

𝜕𝜕𝑥𝑥2  

 

{𝐮𝐮𝑒𝑒} = {𝑢𝑢1, 𝑢𝑢2, 𝑤𝑤1, 𝜃𝜃1, 𝑤𝑤2, 𝜃𝜃2}𝑇𝑇 

 

𝑎𝑎0 = 1
𝛽𝛽(𝜃𝜃𝜃𝜃𝜃𝜃)2 ; 𝑎𝑎1 = 𝛾𝛾

𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 

 

: 𝑎𝑎2 = 1
𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 ; 𝑎𝑎4 = 𝛾𝛾

𝛽𝛽 − 1; 𝑎𝑎5 = (𝛾𝛾
𝛽𝛽 − 2) 𝜃𝜃𝜃𝜃𝜃𝜃

2  

 

𝜀𝜀𝑥𝑥
0 = ∂𝑢𝑢

∂𝑥𝑥 and 𝜅𝜅𝑥𝑥
𝑏𝑏 = − ∂2𝑤𝑤𝑏𝑏

∂𝑥𝑥2  

 

∂2𝑤𝑤𝑏𝑏/ ∂𝑥𝑥2 = 0 

 

{𝑢𝑢sem(𝑡𝑡)} = {𝑈𝑈sem(𝑡𝑡), 𝑊𝑊sem(𝑡𝑡)}𝑇𝑇 

 

𝑃𝑃0𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑣𝑣) 

 

 and incorporates 
the spatial distribution of the load through 
the integration with the mode shapes.

Time integration and validation

The system of ordinary differential equations 
defined in Equation 30 was solved numerically 
using the Wilson–θ time integration scheme, con-
sistent with the approach employed for the finite 
element model described in Section 3. This con-
sistency in the time integration method ensures 
that any discrepancies between the two models 
can be attributed solely to the spatial discretiza-
tion strategies, rather than to the differences in the 
temporal solution algorithms.

The semi-analytical solution obtained from 
this procedure provides an efficient means for 
validating the finite element results. By com-
paring the dynamic responses predicted by both 
approaches under identical loading and boundary 
conditions, the accuracy and convergence charac-
teristics of the proposed finite element formula-
tion can be rigorously assessed.

NUMERICAL EXAMPLES AND 
PARAMETRIC STUDIES

This section presents numerical investiga-
tions to validate the proposed finite element for-
mulation and to examine the dynamic response 
characteristics of functionally graded beams 
subjected to moving vehicle loads. Unless other-
wise specified, the material properties and system 
parameters remain consistent with those defined 
in the validation study.

Model validation

To establish the accuracy of the finite element 
formulation developed in Section 2, a validation 
study is conducted by comparing numerical pre-
dictions with those obtained from the semi-ana-
lytical solution described in Section 4. A simply 
supported functionally graded beam of length L = 
1 m is considered, with a rectangular cross-sec-
tion of width b = 4 cm and thickness h = 8 cm. 
The material constituents comprise aluminum 
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(metal) and ceramic phases, with the following 
properties adopted from Ref. [45]:
	• Young’s modulus: Em = 70 GPa (metal), Ec = 

380 GPa (ceramic)
	• Mass density: ρm = 2707 kg/m3 

The volume fractions follow a power-law 
distribution through the thickness as defined in 
Equation 3, with a gradient index of p = 2 . The 
moving vehicle parameters are specified as m1 = 
100 kg, m2 = 50 kg, suspension stiffness kv = 106 

N/m, damping coefficient cv = 104 N ∙ s/m   and 
constant travelling speed v = 20 m/s [45].

Figure 2  presents a comparison of the mid-
span displacement response as a function of the 
dimensionless load position parameter vt/L. The 
results obtained from the proposed finite element 
model were plotted alongside those from the 
semi-analytical solution. As illustrated in the fig-
ure, excellent agreement was observed between 
the two approaches, with only marginal discrep-
ancies in the displacement amplitude. The maxi-
mum displacement occurs when the moving load 
traverses the beam mid-span, which is consistent 
with the expected dynamic behavior for simply 
supported beams. This close correlation confirms 
the validity and reliability of the finite element 
formulation, establishing a firm foundation for 
the subsequent parametric studies.

Parametric investigations

Building upon the validated finite element 
model, this subsection systematically exam-
ines the influence of key system parameters on 

the dynamic response of the functionally graded 
beam. To quantify the dynamic amplification 
effect, the impact factor (IF) is defined as [45]:

	

[𝑀𝑀𝑠𝑠𝑠𝑠𝑠𝑠]{𝑢̈𝑢𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)} + [𝐶𝐶𝑠𝑠𝑠𝑠𝑠𝑠]{𝑢̇𝑢𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)} + 

+[𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠]{𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)} = {𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡)} 
 

𝐼𝐼𝐼𝐼 = 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚
𝑣𝑣0

 

 

 

	 (31)

where:	vmax denotes the maximum mid-span dis-
placement under dynamic moving load 
conditions, and v0  represents the corre-
sponding static displacement when the 
same load magnitude is applied at the 
mid-span [45].

Effects influence of the power-law index p

The effect of the material gradation param-
eter p on both the displacement response and the 
impact factor is illustrated in Figure 3. The results 
reveal that the power-law index significantly influ-
ences the structural dynamic behavior, primarily 
through its effect on the effective bending stiffness.

As it is shown in Figure 3(a), the dimension-
less mid-span deflection increases monotonically 
with increasing p. For values of p = 1, 22, and 
33, the peak deflection progressively rises, with 
the case p = 3 exhibiting a substantially larger 
deflection compared to p = 1. This trend is attrib-
uted to the increasing metallic volume fraction as 
p increases, which results in a reduction of the 
overall bending stiffness. Consequently, the beam 
exhibits diminished resistance to deformation 
under dynamic loading.

Figure 3(b) demonstrates that the impact fac-
tor increases nearly linearly with the power-law 
index over the range p = 1 to 55. This observation 

Figure 2. Comparison of mid-span beam displacement obtained by FEM and the semi-analytical solution



155

Advances in Science and Technology Research Journal 2026, 20(8), 146–162

indicates that the dynamic amplification effect 
becomes more pronounced as the structural stiff-
ness decreases. The stiffness degradation ampli-
fies the vibration response, leading to greater 
dynamic magnification. Collectively, these results 
underscore the critical role of material gradation 
in governing the dynamic performance of func-
tionally graded beams under moving loads.

Influence of the sprung mass m1

Figure 4  examines the effect of the sprung 
mass m1 on both the mid-span displacement 
and the impact factor.  Figure 4(a)  presents the 

displacement responses for three distinct values 
of m1: 100 kg, 200 kg, and 300 kg. As antici-
pated, increasing the sprung mass elevated the 
total applied load, resulting in a corresponding 
increase in the displacement amplitude.

Figure 4(b)  illustrates the variation of the 
impact factor as m1 increases from 100 kg to 300 
kg, considering two distinct suspension stiffness 
values, namely kv = 106 N/m and kv = 107 N/m. 
Notably, the impact factor exhibits contrasting 
trends depending on the suspension stiffness. For 
the lower stiffness case (kv = 106 N/m), the impact 
factor decreases with increasing m1, whereas for 

Figure 3. The effects of the power-law index p on displacement (a) and impact factor (b)
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the higher stiffness case (kv = 107 N/m), the impact 
factor increases. This behavior is attributed to the 
dynamic interaction between the sprung mass 
and the beam. Specifically, when the suspension 
stiffness is relatively low, the vibration of m1 may 
develop a phase lag relative to the beam response, 
which can attenuate the dynamic amplification. 
Conversely, a stiffer suspension transmits a great-
er proportion of the dynamic forces to the beam, 
thereby enhancing the amplification effect.

Influence of the moving load velocity

The effect of the vehicle travel velocity on 
the dynamic response was investigated in Figures 

5 and 6. Figure 5 depicts the beam displacement 
time histories for various moving load velocities. 
As the load traverses the beam, the displacement 
initially increases in the negative direction, attain-
ing a maximum near the mid-span region before 
gradually returning to zero as the load approaches 
the support. A clear trend is observed wherein 
the displacement amplitude increases along with 
velocity, with the case v = 30 m/s producing the 
largest deflection. This behavior indicates that 
higher travel speeds induce more pronounced 
dynamic effects.

Figures 6(a) and 6(b) present the impact factor 
as a function of the moving load velocity for two 

Figure 4. The effects of mass m1 on displacement (a) and impact factor (b)
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suspension stiffness values, kv = 106 N/m and kv = 
107 N/m, respectively. For each stiffness configura-
tion, two damping conditions were examined:  cv= 
0 (undamped) and cv= 104 N ∙ s/m (damped). The 
results revealed that the impact factor generally 
increases along with velocity; however, exceptions 
exist due to the complex nature of the vehicle–
structure interaction. In certain parameter regimes, 
increasing the velocity may lead to a reduction in 
the impact factor, a phenomenon attributable to 
the phase lag between the inherent vibration of the 
moving vehicle and the beam deflection. A notable 
example of this behavior is observed in  Figure 
6(a) for the case kv = 106 N/m and cv= 0.

A comparison between Figures 6(a) and 6(b) 
further reveals that the impact factor is consis-
tently larger for the higher suspension stiffness 
case (kv = 107 N/m) across the range of veloci-
ties considered. This observation suggests that 
increasing the stiffness of the suspension sys-
tem intensifies the dynamic coupling between 
the vehicle and the beam, thereby amplifying 
the overall dynamic response. The presence of 
damping (cv= 104 N ∙ s/m) generally attenuates 
the impact factor, particularly at higher veloci-
ties, underscoring the energy dissipation capacity 
of the suspension system.

The numerical results provide comprehensive 
insights into the dynamic interaction between a 
functionally graded beam and a two-degree-of-
freedom moving vehicle. The validation example 
demonstrates that the proposed finite element for-
mulation produces the results that are in excellent 

agreement with those obtained from the semi-
analytical solution. The negligible discrepancies 
between the two approaches confirm both the 
correctness of the developed element formulation 
and the reliability of the numerical implementa-
tion based on the Wilson–θ integration scheme. 
This agreement validates the capability of the 
proposed computational framework to accurately 
capture the transient vibration response of the 
FGM beams subjected to moving vehicle loads.

The parametric investigation revealed that 
the material gradation represented by the power-
law index significantly influences the dynamic 
response of the beam. As the power-law index 
increases, the metallic volume fraction becomes 
larger, which reduces the effective bending stiff-
ness of the FGM beam. Consequently, the struc-
ture becomes more flexible and exhibits larger 
mid-span deflections under moving loads. This 
stiffness reduction also results in a noticeable 
increase in the dynamic amplification factor. 
These observations indicate that the distribution 
of constituent materials in FGM beams plays an 
important role in controlling their dynamic per-
formance and should therefore be carefully con-
sidered during structural design.

The results also highlight the important 
role of the moving vehicle mass in the coupled 
vehicle–beam interaction. Increasing the mov-
ing mass naturally raises the magnitude of the 
excitation acting on the beam, which leads to 
larger displacement responses. However, the 
influence on the dynamic amplification factor 

Figure 5. Effect of the moving load velocity on displacement
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depends strongly on the stiffness of the suspen-
sion system connecting the two masses of the 
moving vehicle. When the suspension stiffness 
is relatively low, increasing the moving mass 
may reduce the impact factor due to the phase 
lag between the vehicle vibration and the beam 
response. In contrast, when the suspension stiff-
ness becomes larger, the vehicle behaves more 
rigidly and transmits a greater portion of its 
dynamic energy to the beam, which leads to 
an increase in the impact factor. This behavior 
clearly illustrates the importance of considering 
the coupled dynamics of the vehicle–structure 
system rather than modeling the load as a simple 
moving force.

The travelling velocity of the moving load is 
another key parameter governing the vibration 
behavior of the system. In general, increasing the 
velocity leads to larger displacement amplitudes 
and higher dynamic amplification factors. This 

occurs because higher travelling speeds inten-
sify the dynamic excitation acting on the struc-
ture. When the excitation frequency associated 
with the moving vehicle approaches the natural 
vibration characteristics of the beam, stronger 
dynamic responses can occur. Nevertheless, due 
to the coupled dynamics between the beam and 
the moving vehicle, certain velocity ranges may 
produce a reduction in the dynamic amplifica-
tion factor. This phenomenon is associated with 
the phase difference between the vibration of the 
moving load and the beam response, which can 
partially reduce the dynamic interaction effect.

The suspension characteristics of the mov-
ing vehicle, including stiffness and damping, 
also affect the vibration behavior of the sys-
tem. Increasing the suspension stiffness tends 
to enhance the transmission of dynamic forces 
from the vehicle to the beam, resulting in larg-
er impact factors. Conversely, the presence of 

Figure 6. Effect of velocity of moving load impact factor:  (a) kv = 106 N/m; (b) kv = 107N/m 
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damping in the vehicle suspension can dissipate 
vibration energy and mitigate dynamic amplifica-
tion to some extent. These findings highlight the 
complex nature of vehicle–structure interaction 
and demonstrate that both structural parameters 
and vehicle characteristics must be considered 
simultaneously to obtain accurate predictions of 
dynamic responses.

Overall, the present results indicate that the 
dynamic behavior of the functionally graded 
beams subjected to moving vehicle loads is gov-
erned by a complex interaction between material 
gradation, vehicle mass, suspension characteris-
tics, and travelling velocity. The finite element 
framework developed in this study provides an 
effective tool for analyzing such coupled dynamic 
systems and offers useful insights for the design 
and optimization of beam-type structures in trans-
portation and bridge engineering applications. 

To address the need for a deeper analysis of 
parameter influences and to identify engineeringly 
significant regimes, the sensitivity of the dynamic 
response across the full range of each parameter 
was systematically examined. The results reveal 
that the power-law index p exerts a substan-
tial influence on the impact factor (IF), with IF 
increasing nearly linearly by approximately 28% 
as p rises from 1 to 5. This indicates that material 
gradation is a critical design factor when dynamic 
amplification is a concern. Regarding the mov-
ing load velocity, the displacement amplitude 
increases by up to 58% when v increases from 
10 m/s to 30 m/s, with the most pronounced sen-
sitivity observed for stiffer suspension systems 
(kv = 10⁷ N/m). From an engineering standpoint, 
this suggests that for high-speed railway bridges, 
velocity control or enhanced damping may be 
necessary to mitigate excessive vibrations. Con-
versely, for softer suspension systems (kv = 10⁶ 
N/m), the impact factor does not increase mono-
tonically with velocity; instead, a reduction in 
IF is observed in certain velocity ranges due to 
phase lag between the vehicle oscillation and the 
beam deflection. This non-monotonic behavior 
implies that simply reducing vehicle speed does 
not always guarantee lower dynamic amplifica-
tion. Finally, increasing the sprung mass m₁ from 
100 kg to 300 kg leads to a 35–38% increase 
in displacement, but its effect on IF depends 
strongly on suspension stiffness: IF decreases by 
about 12% when kv is low, whereas it increases 
by about 18% when kv is high. This contrasting 
trend highlights that the coupled dynamics of the 

vehicle–structure system must be considered as a 
whole, rather than treating the moving load as an 
independent forcing function.

Before concluding, it is important to acknowl-
edge certain limitations of the proposed model. 
First, the use of Euler–Bernoulli beam theory 
assumes that plane sections remain plane and 
perpendicular to the neutral axis after deforma-
tion, which is valid only for slender beams with 
a length-to-thickness ratio L/h > 20. For thicker 
FGM beams where shear deformation becomes 
significant, higher-order shear deformation theo-
ries (HSDTs) or Timoshenko beam theory would 
be more appropriate. Second, the moving vehicle 
is idealized as a two-degree-of-freedom oscil-
lator that maintains continuous contact with the 
beam. This assumption neglects the possible loss 
of contact (separation) between the vehicle and 
the beam, which may occur under high-speed or 
rough surface conditions, as well as longitudinal 
and lateral vehicle dynamics. Third, the material 
gradation follows a simple power-law distribu-
tion, whereas real FGM structures may exhibit 
more complex porosity distributions or bidirec-
tional gradations. Despite these simplifications, 
the present model captures the essential physics of 
the vehicle–FGM beam interaction and provides 
a reliable foundation for more refined analyses. 
Extending the current framework to include shear 
deformation, contact loss, and more sophisticated 
material models constitutes a promising direction 
for future research.

The influence of suspension stiffness and 
damping observed in Figures 4(b) and 6 car-
ries important practical implications for bridge 
design. For high-speed railway bridges, where 
the suspension system of trains is typically stiff 
(kv on the order of 10⁷ N/m) to maintain stability, 
the dynamic amplification factor (IF) increases 
with both vehicle speed and sprung mass. This 
implies that, for such bridges, speed limits may 
be necessary to prevent excessive vibrations, or 
alternatively, additional damping devices should 
be incorporated into the bridge structure to com-
pensate for the limited energy dissipation capac-
ity of the stiff suspension. In contrast, for pedes-
trian bridges or low-speed overpasses, where 
vehicles often have softer suspension systems 
(kv ≈ 10⁶ N/m), increasing the vehicle mass can 
actually reduce the IF due to phase lag effects, 
as shown in Figure 4(b). This counterintuitive 
finding suggests that for such structures, heavier 
vehicles do not necessarily cause proportionally 
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larger dynamic amplification, which may be con-
sidered in load rating and design codes. Further-
more, the presence of damping (cv = 10⁴ N·s/m) 
consistently reduces the IF, particularly at higher 
velocities (Figure 6), confirming that well-main-
tained suspension systems contribute not only to 
ride comfort, but also to reduced dynamic load-
ing on the bridge. These insights highlight that 
the accurate prediction of vehicle–bridge interac-
tion requires careful consideration of suspension 
characteristics, and that simplified moving load 
models may lead to either overly conservative or 
unsafe designs, depending on the specific vehicle 
and bridge parameters.

CONCLUSIONS

The present study successfully developed a 
finite element formulation for the dynamic analy-
sis of functionally graded beams based on the clas-
sical beam theory, considering a two-degree-of-
freedom moving load model. A MATLAB com-
putational program was successfully implemented 
according to the derived finite element equations 
and integrated with the Wilson–θ algorithm to 
evaluate the vibration responses of the beam.

In addition, a semi-analytical approach com-
bined with the Wilson–θ scheme was established to 
compute the dynamic responses for validation pur-
poses. The comparison between the finite element 
results and the semi-analytical solutions shows 
excellent agreement, with only negligible discrep-
ancies, thereby confirming the accuracy and reli-
ability of the proposed finite element formulation.

Parametric studies were conducted to investi-
gate the influence of various beam and moving load 
parameters. Within the range of data considered in 
this study, the following observations can be drawn:

Increasing the gradient index of the material 
volume fraction reduces the effective bending 
stiffness of the beam, leading to larger dynamic 
displacements and higher dynamic amplifica-
tion factors.

When the moving mass m1 increases from 
100 to 300 kg, the dynamic amplification factor 
increases for larger stiffness values kv, whereas it 
decreases when kv is smaller.

As the velocity increases from 10 to 30 m/s, 
the beam tends to exhibit stronger dynamic 
responses, leading to larger displacements and 
higher dynamic amplification factors. However, 
in some cases, the dynamic amplification factor 

may decrease due to the phase lag associated with 
the moving load.

Stiffer suspension systems transmit more 
dynamic energy to the beam, resulting in larger 
IF values, while the presence of damping (cv= 104 
N ∙ s/m) consistently reduces the IF, particularly 
at higher velocities.

The study acknowledges certain limitations, 
including the use of Euler–Bernoulli beam theory 
(valid only for slender beams with L/h>20), the 
assumption of continuous contact between the 
vehicle and the beam, and the simple power-law 
material distribution. Extending the framework to 
include shear deformation, contact loss, and more 
complex material gradations is a promising direc-
tion for future research.

These findings provide valuable insights into 
the dynamic behavior of functionally graded 
beams subjected to moving loads and demon-
strate the effectiveness of the proposed computa-
tional framework.
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