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INTRODUCTION

Multiple attempts to analyze the phenomena 
of a crash between the vehicles in road traffic 
have been made so far. One of the concerns was 
the ability to create a mathematical model of the 
phenomena occurring during a road collision. As 
the potential scenarios in road traffic are varied, 
a mathematical description seems essential to, 
for example, properly reconstruct a road acci-
dent to point out the cause of it. In addition, a 
mathematical model of a collision does not need 
to be universal, since each road scenario can be 
different. Therefore, such a mathematical model 
should be easily transformable or adaptable to a 
specific case. 

The reviewed bibliography shows that the 
research on road traffic accidents covers differ-
ent areas, such as public health, social aspects, 
technical factors, methodological approaches, 
and more. For this paper, an analysis of the 

up-to-date selected works combining the state 
of knowledge was prepared and divided into the 
following scopes.

One of them is the ability to scale the problem 
of road accidents and fit it into a perspective of 
public health issues.

The works [1] and [2] highlight road traffic 
injuries and fatalities, which are often belittled, 
as a global health issue. Especially in [1], the 
authors emphasized the impact of effects of road 
accidents on both the low- and the middle-devel-
oped countries. In [2] a review of causes of the 
road accident along with their measures was pre-
pared, including selected factors based on human, 
environmental, and vehicle dependencies.

A comparative view of both accident risks 
and safety challenges in high developed and low 
developed countries were presented in [3] where 
the authors, among others, compared the accident 
prediction techniques and congestion manage-
ment for the discussed types of countries.
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The research of this kind conducted by select-
ed authors provides the global approach towards 
the importance of road accidents as a problem 
requiring a multidisciplinary approach.

The second major issue is the causes and the 
main factors of road accidents. Here, selected 
works dealt with the so-called infrastructure and 
environmental factors, such as the blackspots [4] 
and their influence on accidents, with the infra-
structure, human behavior, and traffic conditions 
as additional factors. Other issues related to road 
accidents are the weather conditions.

The forecasts regarding the number of acci-
dents in Poland with the use of the weather condi-
tion forecast models were presented in [5], show-
ing the relations between the weather conditions 
and frequency of road accidents.

Accident duration and spatial distribution 
on the example of Houston was analyzed in [6]. 
The results showed how location and statistical 
patterns may influence both traffic recovery and 
congestion. On the other hand, urban accident 
behavior was examined in [7], considering spatial 
and temporal patterns of road accidents and their 
potential connection to dynamics in urban traffic.

Third main area included in this analysis of 
knowledge considers the causes related to vehi-
cle motion.

In [8, 9], a review of the potential vehicle 
systems failures and the influence of the techni-
cal condition of braking systems as causes of road 
accidents was presented, while a vehicle-trailer 
stability in multiple configurations was examined 
in [10], showing the potential dependence of an 
accident scenario on the altering spread of load 
distribution in a trailer.

Crashworthiness is one of the main features 
of road vehicles in terms of passive safety. There-
fore, for example, in [11, 12] mathematical mod-
els for assessment of vehicle crashworthiness 
were reviewed, with the advances in vehicle safe-
ty modeling and simulation considered.

Structural damage in thin-walled components 
during vehicle collisions were analyzed in [13] with 
implications for design of more crash protective 
structures which, combined with the scopes pre-
sented in this section indicates the complex nature 
of road accidents and the interaction of the com-
ponents involved, i.e., the road infrastructure, the 
environment, vehicles and behavior of road users.

The next important issue is mathematical 
modeling of road collisions, presented e.g., in 
[14] (variable mass dynamics), [15] (equation 

for generalized variable mass systems) and [16] 
(equation of motion for variable mass systems) 
from the theoretical point of view. Also essential 
in this paper, as one of the main approaches, will 
be to treat the trailer as a mass separating during 
a collision.

Potential post-impact vehicle motion control 
was discussed in [17] with stability and safety as 
the general direction of approach to post colli-
sion analysis. The above-mentioned works com-
bine fundamental mechanics with the applied 
vehicle dynamics.

Although the vehicle collision was properly 
described before, there is still a trend to imple-
ment more advanced dynamics, especially for 
mathematical modeling, to better understand 
road collisions and, above all post collision 
behavior of the vehicles involved. Therefore, in 
[18] some explainable machine learning mod-
els for accident prediction were used, while the 
authors of [19] applied deep learning for crash 
detection possibility.

Coordinated control systems which could be 
used for active collision avoidance were proposed 
in [20], and in [21] a study of the effective reduc-
tion of operational accidents, including case stud-
ies on vehicle safety management was presented. 
This approach shows the attempts to use AI sup-
port and data-driven methods for collision analy-
sis and prevention.

Finally, in the general approach towards road 
collisions is the mechanics of injuries and the 
resulting conclusions for further safety develop-
ment. For example, in [22] driver injuries in rear 
collisions with various impact conditions were 
examined. Such an approach relates biomechan-
ics and crash severity to road accident modeling.

Various attempts are either easy or complex 
and sometimes require knowing the additional 
factors, such as the trigonometrical dependencies 
or even a combination of several factors that may 
have influenced the course of a specific road col-
lision and its consequences, e.g. the influence on 
traffic safety, even if momentarily [23].

The aim of this paper was to analyze wheth-
er it is possible to include the equation of vari-
able mass (in this case the Meschersky equation) 
into a collision model specifying the scenario of 
car to car with trailer crash. The specific of this 
approach is to assume that the trailer disconnected 
during the discussed collision. Such attempt can 
become a starting point to analyze such examples 
as potentially life threatening.
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The originality of this approach lies in mixing 
the variable mass mechanics with the theory of 
road collision analysis. It is based on its simplic-
ity which can be useful especially when evaluat-
ing the simulation results with the use of analyti-
cal calculations. At the same time, such approach 
can be modified and complicated to obtain more 
specific results, for example when three-dimen-
sional motion would be considered.

MATERIALS AND METHODS

General assumptions

To describe a mathematical model of an 
impact between two vehicles, one of which is 
towing a trailer, the following assumptions were 
made. The collision occurred on a flat road with-
out any slants and is regarded as a two-dimen-
sional model with vehicles moving on a road 
plane. The collision was frontal, oblique and 
eccentric. Both vehicles involved were passenger 
cars and one of them was towing a trailer which 
detached from it due to the collision. At first the 
vehicle and the trailer were considered one body 
having a mass consisting of a vehicle and a trailer 
combined. The mass of a vehicle was assumed as 
greater than that of a trailer. The discussed colli-
sion is presented in Figure 1.

When the trailer detached, its mass was con-
sidered as a particle (smaller amount of mass) 
that separated from the vehicle (greater amount 
of mass) which allowed using the equation for the 
variable mass systems. The vehicles were regard-
ed as quasi stiff bodies that could deform but 
could not lose their parts, except for the detach-
ing trailer. The suspension of both vehicles and 
the trailer did not play any role in the discussed 
phenomena, because the collision took place on 
a flat road and no vibrations were assumed. The 
collision took place on a clean and dry road sur-
face with a coefficient of adhesion 0.8. The global 
Oxy coordinate system was adopted as an inertial 

system with respect to which moved the O’nt sys-
tem located in the so-called geometric center of a 
collision, i.e. a point of the initial contact between 
two vehicles O’ (Figure 2). The non-inertial coor-
dinate system O’nt two consisted of two coordi-
nates: n (normal) and t (tangential) along the axes 
O’n and O’t respectively, as the vehicles were 
moving on a road plane (Figure 2). The O’nt sys-
tem was selected in an easy way, so that the tan-
gential axis O’t would mark the mutual plane of 
a collision and the normal axis O’n would pass 
through the center of mass of the vehicle no 1. 
The components of the impulse of the collision 
forces were assumed to lay along the normal 
O’n and the tangential O’t directions, separately 
for each vehicle. Normal impulse components 
Sn were oriented contrary to the normal veloci-
ties, while the tangential impulse components St 
were oriented positively for the vehicle no. 1, 
and negatively for the vehicle no. 2 (Figure 3). 
The external forces and moments resulting from 
a towed trailer were not considered, because dur-
ing the collision the vehicle-trailer set was con-
sidered as one body having a common mass. The 
pitch angles of both the wheels and the body as 
well as any impulses of the additional momentary 
forces that might have occurred during the colli-
sion were neglected.

The presented model of road collision has its 
limitations resulting from the fact that momentary 
phenomena have been discussed and the use of a 
variable mass equation was the primary aim of 
this paper. However, to specify the problem dis-
cussed here, these limitations include:
	• lack of the suspension effect which, in the 

authors’ opinion, would be of a crucial matter 
if the post impact phenomena and the effect of 
such collision were discussed;

	• the constant value of a coefficient of friction 
which, for the momentary nature of the dis-
cussed problem, does not play an essential 
role, but in a matter of a collision duration, i.e. 
pre-collision and post-collision motion, could 

Figure 1. The discussed example
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be an important factor, for example altering 
certain parameters of the collision;

	• lack of deformation of the vehicles. In terms 
of the presented example, deformations of 
the vehicles as a result of the collision are not 
as important as the phenomenon of a trailer 
detaching from one of the vehicles.

In Figure 3, the centers of mass of both vehi-
cles (C1 and C2 respectively) are marked. Fol-
lowing [23], basic equations of motion for the 
discussed example may be presented. The trans-
lational and angular velocities after the collision 
were marked with an apostrophe, which was also 
used in the further parts of the paper:

	

𝑚𝑚i(𝑣𝑣i𝑛𝑛′ − 𝑣𝑣i𝑛𝑛) = ±𝑆𝑆𝑛𝑛, 𝑖𝑖 = 1.2 
𝑚𝑚i(𝑣𝑣i𝑡𝑡′ − 𝑣𝑣i𝑡𝑡) = ±𝑆𝑆𝑡𝑡, 𝑖𝑖 = 1.2 

(1) 
𝐼𝐼i(𝜔𝜔i

′ − 𝜔𝜔i) = ±𝑆𝑆𝑡𝑡𝑛𝑛i ± 𝑆𝑆𝑛𝑛𝑡𝑡i, 𝑖𝑖 = 1.2 
 

 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣1𝑛𝑛′ ) = −𝑆𝑆𝑛𝑛1 
𝑚𝑚2(𝑣𝑣2𝑛𝑛′ − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 
𝑚𝑚1(𝑣𝑣1𝑡𝑡′ − 0) = −𝑆𝑆𝑡𝑡1 

   
𝑚𝑚2(𝑣𝑣2𝑡𝑡 − 𝑣𝑣2𝑡𝑡′ ) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔1

′ − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 
𝐼𝐼2(𝜔𝜔2 − 𝜔𝜔2

′ ) = −𝑆𝑆𝑡𝑡2𝑛𝑛2 − 𝑆𝑆𝑛𝑛2𝑡𝑡2 
 
 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣𝑐𝑐𝑐𝑐) = −𝑆𝑆𝑛𝑛1 
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 

𝑚𝑚1(𝑣𝑣𝑐𝑐𝑐𝑐 − 0) = −𝑆𝑆𝑡𝑡1 
  (3) 

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣2𝑡𝑡 − 𝑣𝑣𝑐𝑐𝑐𝑐) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔c − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 

𝐼𝐼2a(𝜔𝜔2 − 𝜔𝜔c) = −𝑆𝑆𝑡𝑡2𝑛𝑛2a − 𝑆𝑆𝑛𝑛2𝑡𝑡2a 
 
 
 
 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛1
𝑚𝑚1

+ 𝑣𝑣1𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛2
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)

+ 𝑣𝑣2𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 =
𝑆𝑆𝑡𝑡1
𝑚𝑚1

 

  (4) 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑣𝑣2𝑡𝑡 −
𝑆𝑆𝑡𝑡2

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)
 

𝜔𝜔c = 𝜔𝜔1 −
𝑆𝑆𝑡𝑡1𝑛𝑛1
𝐼𝐼1

 

𝜔𝜔c = 𝜔𝜔2 +
𝑆𝑆𝑡𝑡2𝑛𝑛2a
𝐼𝐼2a

+ 𝑆𝑆𝑛𝑛2𝑡𝑡2a
𝐼𝐼2a

 

 
 

𝑚𝑚𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝐹𝐹 + 𝜇𝜇𝜇𝜇 

 
 

𝑚𝑚2
𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑 = 𝐹𝐹 ±𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′ 

 

 

𝑚𝑚2𝑑𝑑𝑑𝑑2 = 𝐹𝐹𝑑𝑑𝑑𝑑 ± 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′𝑑𝑑𝑑𝑑 

	 (1)

where: 	mi – the mass of the i-th vehicle (i.e. vehi-
cles 1 or 2), vit  – velocity of the i-th vehicle 
tangential to the plane of collision, 	
vin – velocity of the i-th vehicle normal to 
the plane of collision, ωi – angular velocity 
of the i-th vehicle, Ii – the moment of inertia 
around the vertical axis passing through the 
center of mass of the i-th vehicle, Sn, St – 
the normal and the tangential components 
of the resultant collision force impulse.

The presented assumptions relate to the dis-
cussed example and do not influence the generali-
ty of the presented approach. They mainly depend 
on the analyzed example, but can be adjusted to 
obtain conclusions for other cases, which makes 
them universal. First, the adopted coordinate sys-
tem O’nt can be altered by changing direction of 
its axes with its origin (O’) always located at the 

Figure 2. The adopted coordinate systems

Figure 3. The components of the impulse used in the discussed example
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point of an initial contact. Moreover, including 
suspension response to, e.g. the random irregu-
larities of the road may require adding additional 
impulses resulting from the normal reactions at 
the tire-road contact. This would of course com-
plicate the collision model, but the methodology 
will be the same. Perhaps the coefficient of adhe-
sion between the tires and the road could also 
matter in terms of the additional force impulses, 
but it should be clear that such analyses are usu-
ally conducted for the momentary phenomena.

All in all, the equations of collision would 
have additional factors which would make it more 
difficult to solve, requiring the knowledge of the 
adopted forces complicating these equations.

The simplified collision model

In general, the equations of both vehicles 
involved in a collision are quite simple, if no 
additional factors are included that could com-
plicate the collision model. Such situation is pre-
sented in Figure 4.

To complete this simple model of collision the 
components of the longitudinal velocities of both 
vehicles will be necessary as well as marking of 
the positive angular velocities. In Figure 5, these 
parameters are marked along with the adopted 
positive rotation, according to which the proper 
equations could be composed.

In the case of this simplified model of col-
lision, i.e. without moving the center of mass 
towards the rear of vehicle 2, such equations 
could be used in accordance with the positive 
axes of the local O’nt system (Figure 5 – the posi-
tive rotation is marked as well):

	

𝑚𝑚i(𝑣𝑣i𝑛𝑛′ − 𝑣𝑣i𝑛𝑛) = ±𝑆𝑆𝑛𝑛, 𝑖𝑖 = 1.2 
𝑚𝑚i(𝑣𝑣i𝑡𝑡′ − 𝑣𝑣i𝑡𝑡) = ±𝑆𝑆𝑡𝑡, 𝑖𝑖 = 1.2 

(1) 
𝐼𝐼i(𝜔𝜔i

′ − 𝜔𝜔i) = ±𝑆𝑆𝑡𝑡𝑛𝑛i ± 𝑆𝑆𝑛𝑛𝑡𝑡i, 𝑖𝑖 = 1.2 
 

 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣1𝑛𝑛′ ) = −𝑆𝑆𝑛𝑛1 
𝑚𝑚2(𝑣𝑣2𝑛𝑛′ − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 
𝑚𝑚1(𝑣𝑣1𝑡𝑡′ − 0) = −𝑆𝑆𝑡𝑡1 

   
𝑚𝑚2(𝑣𝑣2𝑡𝑡 − 𝑣𝑣2𝑡𝑡′ ) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔1

′ − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 
𝐼𝐼2(𝜔𝜔2 − 𝜔𝜔2

′ ) = −𝑆𝑆𝑡𝑡2𝑛𝑛2 − 𝑆𝑆𝑛𝑛2𝑡𝑡2 
 
 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣𝑐𝑐𝑐𝑐) = −𝑆𝑆𝑛𝑛1 
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 

𝑚𝑚1(𝑣𝑣𝑐𝑐𝑐𝑐 − 0) = −𝑆𝑆𝑡𝑡1 
  (3) 

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣2𝑡𝑡 − 𝑣𝑣𝑐𝑐𝑐𝑐) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔c − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 

𝐼𝐼2a(𝜔𝜔2 − 𝜔𝜔c) = −𝑆𝑆𝑡𝑡2𝑛𝑛2a − 𝑆𝑆𝑛𝑛2𝑡𝑡2a 
 
 
 
 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛1
𝑚𝑚1

+ 𝑣𝑣1𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛2
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)

+ 𝑣𝑣2𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 =
𝑆𝑆𝑡𝑡1
𝑚𝑚1

 

  (4) 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑣𝑣2𝑡𝑡 −
𝑆𝑆𝑡𝑡2

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)
 

𝜔𝜔c = 𝜔𝜔1 −
𝑆𝑆𝑡𝑡1𝑛𝑛1
𝐼𝐼1

 

𝜔𝜔c = 𝜔𝜔2 +
𝑆𝑆𝑡𝑡2𝑛𝑛2a
𝐼𝐼2a

+ 𝑆𝑆𝑛𝑛2𝑡𝑡2a
𝐼𝐼2a

 

 
 

𝑚𝑚𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝐹𝐹 + 𝜇𝜇𝜇𝜇 

 
 

𝑚𝑚2
𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑 = 𝐹𝐹 ±𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′ 

 

 

𝑚𝑚2𝑑𝑑𝑑𝑑2 = 𝐹𝐹𝑑𝑑𝑑𝑑 ± 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′𝑑𝑑𝑑𝑑 

	 (2)

where:	 m1, m2 – the mass of vehicles 1 and 2, I1, I2 
– the moment of inertia around the vertical 
axis passing through the center of mass of 
vehicles 1 and 2, v1t, v2t, v'1t, v'2t – velocity 
of vehicles 1 and 2 tangential to the plane 
of collision before and after the crash, v1n, 
v2n, v’1n, v’2n – velocity of vehicles 1 and 
2 normal to the plane of collision before 
and after the crash, ω1, ω2, ω’1, ω’2 – angu-
lar velocity of vehicles 1 and 2 before and 
after the crash, Sn1, Sn2, St1, St2 – the normal 
and the tangential components of the crash 
impulse of vehicles 1 and 2.

If the loss of mass through the detaching 
trailer were not included, such simple approach 
would be enough to solve this problem, with 
the knowledge of the angles between the col-
liding vehicles, of course. These angles are 
marked in Figure 6, from which the necessary 
trigonometric dependencies can be drawn. In 
Figure 6, the α angle is between the forward 
velocity of vehicle 1 and the Ox axis of the Oxy 
system, while the β angle is between the for-
ward velocity of vehicle 2 and the Ox axis of 
the Oxy system.

However, in this simplified approach it was 
assumed that the center of mass of vehicle 2 (i.e. 
the one with the trailer) is located incorrectly, yet 

Figure 4. The basic collision model
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close to the initial position. Its location marked 
with C2 (the center of mass of vehicle 2 alone). 
This is a result of an assumption that the mass 
of the trailer was a lot lower than that of vehicle 
2. If the vehicle-trailer set is to be regarded as 
one body, then placing its center of mass in C2 
may seem wrong. Therefore, for this simplified 
model of collision the center of vehicle 2 should 
be moved towards the rear of this vehicle due to 
an extra mass in the form of a trailer. In the next 
chapter this approach will be considered.

Summing up, this example has two major 
faults. One, this case did not include the detach-
ment of the trailer. Two, the center of mass of 
the vehicle-trailer set was located at the same 
point as the center of mass of vehicle 2 alone, 
which can be used only in simplified cases. 
Therefore, these two faults were reconsidered 
in the next chapter.

Collision model with the detaching trailer

Since the problem requires complication and 
the use of the selected principles of variable mass 
mechanics, some modifications and additions to 
the equations (2) will be necessary. Detaching 
requires adding certain essential components to 
develop the collision model. Let us assume that 
two phases of the collision were considered:
a)	before detaching when the trailer remains at-

tached to the vehicle and can be considered as 
one mass,

b)	after detaching when the trailer moves along its 
own way and is the mass that was lost by the 
vehicle-trailer set.

Phase a)

First, in Figure 7 the location of the center of 
mass of vehicle 2 with trailer is marked. It was 

Figure 5. The positive directions of the forward and angular velocity

Figure 6. The angles between the colliding vehicles
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moved towards the rear of vehicle 2 so that it 
reflects the actual location of this special point 
for the vehicle-trailer set. Let us mark this point 
as C2a, because its location was altered. At the 
same time, both C1 and the C2a were marked 
with black dots. The mass of the trailer was 
marked with mt.

Now, it seems important to include every 
necessary parameter and component used in the 
mathematical model, which was presented in Fig-
ure 8. Also, the initial angular velocities were pre-
sented in Figure 8 along with the positive direc-
tion of rotation.

Let us assume two additional things important 
to solve the given problem. First, let us assume 
that the mass of the vehicle-trailer set will con-
sist of the mass of vehicle 2 alone (let us call it 
m2v) and that of the trailer (mt). Hence, the mass 
marked m2 here will consist of 2 parts joined 

together before the detachment, i.e. m2 = m2v + 
mt. That is why, in Figures 7 and 8 the center of 
mass of the vehicle-trailer set was moved to the 
back versus the initial location.

Second assumption can be related to the vari-
able mass problem. Let us assume that in the mid-
dle of the collision, i.e. when the impulse gains the 
greatest value, the vehicles move with a common 
velocity which can be marked as vc. Let the first 
phase end with this common velocity vc which can 
be decomposed into two parts (Figure 9):
	• the normal common velocity vcn,
	• the tangential common velocity vct,
	• the angular common velocity ωc,

The second phase will begin with this com-
mon velocity.

In this case, Equations 2 can be modified to 
reflect the discussed phase:

Figure 7. Accident – the components necessary for the completion of the mathematical model of the 
discussed collision with the altered location of the vehicle-trailer set

Figure 8. The phase of the collision before detaching of the trailer
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𝑚𝑚i(𝑣𝑣i𝑛𝑛′ − 𝑣𝑣i𝑛𝑛) = ±𝑆𝑆𝑛𝑛, 𝑖𝑖 = 1.2 
𝑚𝑚i(𝑣𝑣i𝑡𝑡′ − 𝑣𝑣i𝑡𝑡) = ±𝑆𝑆𝑡𝑡, 𝑖𝑖 = 1.2 

(1) 
𝐼𝐼i(𝜔𝜔i

′ − 𝜔𝜔i) = ±𝑆𝑆𝑡𝑡𝑛𝑛i ± 𝑆𝑆𝑛𝑛𝑡𝑡i, 𝑖𝑖 = 1.2 
 

 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣1𝑛𝑛′ ) = −𝑆𝑆𝑛𝑛1 
𝑚𝑚2(𝑣𝑣2𝑛𝑛′ − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 
𝑚𝑚1(𝑣𝑣1𝑡𝑡′ − 0) = −𝑆𝑆𝑡𝑡1 

   
𝑚𝑚2(𝑣𝑣2𝑡𝑡 − 𝑣𝑣2𝑡𝑡′ ) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔1

′ − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 
𝐼𝐼2(𝜔𝜔2 − 𝜔𝜔2

′ ) = −𝑆𝑆𝑡𝑡2𝑛𝑛2 − 𝑆𝑆𝑛𝑛2𝑡𝑡2 
 
 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣𝑐𝑐𝑐𝑐) = −𝑆𝑆𝑛𝑛1 
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 

𝑚𝑚1(𝑣𝑣𝑐𝑐𝑐𝑐 − 0) = −𝑆𝑆𝑡𝑡1 
  (3) 

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣2𝑡𝑡 − 𝑣𝑣𝑐𝑐𝑐𝑐) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔c − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 

𝐼𝐼2a(𝜔𝜔2 − 𝜔𝜔c) = −𝑆𝑆𝑡𝑡2𝑛𝑛2a − 𝑆𝑆𝑛𝑛2𝑡𝑡2a 
 
 
 
 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛1
𝑚𝑚1

+ 𝑣𝑣1𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛2
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)

+ 𝑣𝑣2𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 =
𝑆𝑆𝑡𝑡1
𝑚𝑚1

 

  (4) 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑣𝑣2𝑡𝑡 −
𝑆𝑆𝑡𝑡2

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)
 

𝜔𝜔c = 𝜔𝜔1 −
𝑆𝑆𝑡𝑡1𝑛𝑛1
𝐼𝐼1

 

𝜔𝜔c = 𝜔𝜔2 +
𝑆𝑆𝑡𝑡2𝑛𝑛2a
𝐼𝐼2a

+ 𝑆𝑆𝑛𝑛2𝑡𝑡2a
𝐼𝐼2a

 

 
 

𝑚𝑚𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝐹𝐹 + 𝜇𝜇𝜇𝜇 

 
 

𝑚𝑚2
𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑 = 𝐹𝐹 ±𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′ 

 

 

𝑚𝑚2𝑑𝑑𝑑𝑑2 = 𝐹𝐹𝑑𝑑𝑑𝑑 ± 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′𝑑𝑑𝑑𝑑 

	 (3) 

where:	m1, m2 – the mass of vehicles 1 and 2, 
with m2 = m2v + mt, I1, I2a – the moment 
of inertia around the vertical axis passing 
through the center of mass of vehicles 1 
and 2, while the moment of inertia I2a 
has been altered by moving the center of 
mass to the C2a point, v1t, v2t, vct – veloc-
ity of vehicles 1 and 2 tangential to the 
plane of collision before the crash and 
the common tangential velocity at the 
middle of the crash, v1n, v2n, vcn – velocity 
of vehicles 1 and 2 normal to the plane of 
collision before the crash and the com-
mon normal velocity at the middle of the 
crash, ω1, ω2, ωc – angular velocity of 
vehicles 1 and 2 before the crash and the 
common angular velocity at the middle 
of the crash, Sn1, Sn2, St1, St2, – te noal and 
the tangential components of the crash 
impulse of vehicles 1 and 2, n1, t1 n2a, 
t2a – the coordinates of center of mass of 
each vehicle with respect to the geomet-
ric center of the impact O'.

The kinematic state of the colliding vehicles 
can be presented to determine the mutual veloci-
ties at the time of switching from phase a) to 
phase b), determining the common velocity vc:

	

𝑚𝑚i(𝑣𝑣i𝑛𝑛′ − 𝑣𝑣i𝑛𝑛) = ±𝑆𝑆𝑛𝑛, 𝑖𝑖 = 1.2 
𝑚𝑚i(𝑣𝑣i𝑡𝑡′ − 𝑣𝑣i𝑡𝑡) = ±𝑆𝑆𝑡𝑡, 𝑖𝑖 = 1.2 

(1) 
𝐼𝐼i(𝜔𝜔i

′ − 𝜔𝜔i) = ±𝑆𝑆𝑡𝑡𝑛𝑛i ± 𝑆𝑆𝑛𝑛𝑡𝑡i, 𝑖𝑖 = 1.2 
 

 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣1𝑛𝑛′ ) = −𝑆𝑆𝑛𝑛1 
𝑚𝑚2(𝑣𝑣2𝑛𝑛′ − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 
𝑚𝑚1(𝑣𝑣1𝑡𝑡′ − 0) = −𝑆𝑆𝑡𝑡1 

   
𝑚𝑚2(𝑣𝑣2𝑡𝑡 − 𝑣𝑣2𝑡𝑡′ ) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔1

′ − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 
𝐼𝐼2(𝜔𝜔2 − 𝜔𝜔2

′ ) = −𝑆𝑆𝑡𝑡2𝑛𝑛2 − 𝑆𝑆𝑛𝑛2𝑡𝑡2 
 
 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣𝑐𝑐𝑐𝑐) = −𝑆𝑆𝑛𝑛1 
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 

𝑚𝑚1(𝑣𝑣𝑐𝑐𝑐𝑐 − 0) = −𝑆𝑆𝑡𝑡1 
  (3) 

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣2𝑡𝑡 − 𝑣𝑣𝑐𝑐𝑐𝑐) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔c − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 

𝐼𝐼2a(𝜔𝜔2 − 𝜔𝜔c) = −𝑆𝑆𝑡𝑡2𝑛𝑛2a − 𝑆𝑆𝑛𝑛2𝑡𝑡2a 
 
 
 
 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛1
𝑚𝑚1

+ 𝑣𝑣1𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛2
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)

+ 𝑣𝑣2𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 =
𝑆𝑆𝑡𝑡1
𝑚𝑚1

 

  (4) 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑣𝑣2𝑡𝑡 −
𝑆𝑆𝑡𝑡2

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)
 

𝜔𝜔c = 𝜔𝜔1 −
𝑆𝑆𝑡𝑡1𝑛𝑛1
𝐼𝐼1

 

𝜔𝜔c = 𝜔𝜔2 +
𝑆𝑆𝑡𝑡2𝑛𝑛2a
𝐼𝐼2a

+ 𝑆𝑆𝑛𝑛2𝑡𝑡2a
𝐼𝐼2a

 

 
 

𝑚𝑚𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝐹𝐹 + 𝜇𝜇𝜇𝜇 

 
 

𝑚𝑚2
𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑 = 𝐹𝐹 ±𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′ 

 

 

𝑚𝑚2𝑑𝑑𝑑𝑑2 = 𝐹𝐹𝑑𝑑𝑑𝑑 ± 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′𝑑𝑑𝑑𝑑 

	 (4)

Phase b)

The second phase of the discussed collision 
involves the phenomenon of detaching the trailer 
from vehicle 2. The common velocity vc was also 
used here. In this phase the trailer was regarded as 
the mass separating from the vehicle 2 – trailer set. 
It is also necessary to assume that the components of 
impulses Sn1, Sn2, St1, St2 will not change in phase b) 
because the duration of this collision was assumed 
as short as in each collision, i.e. less than 0.1 s. 

In Figure 10, the second phase of the dis-
cussed example was presented, where the trail-
er has just detached from the vehicle and this 
allows some certain phenomena to be discussed.

In Figure 10, the velocity of the trailer was 
divided into the normal (v’tn) and the tangential 
(v’tt) velocity, relative to the O’nt coordinate sys-
tem and it was in the center of mass of the trailer. 
It was assumed that the location of the center of 
mass in vehicle 2 moved back to its initial location. 

Figure 9. The common velocity in the middle of the collision
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The distances between the O’ point and the center 
of mass of vehicle 2 adopted the same values as in 
Figure 5. This allows assuming that at the beginning 
of phase b), when the trailer detached, the situation 
switched back to the simple example from Figure 5.

It is necessary to mention that the returns of 
the normal and tangential velocities in Figure 10 
are opposite to those from Figure 9, which depicts 
the kinematic state of both vehicles after the mid-
dle of the collision. It is more of a schematic than 
the actual meaning due to the fact that the equa-
tions of collision describe the momentary state, 
rather than the long lasting phenomena.

Still, the variable mass equation must be used 
here, because vehicle 2 – trailer set lost the mass 
of the trailer (mt).

First, let us call in the variable mass equa-
tion, based on, e.g. [24] where the Meschersky 
equation was used for the dynamics of the vari-
able mass systems, such as rockets. In its simplest 
form, this equation is as follows:

	

𝑚𝑚i(𝑣𝑣i𝑛𝑛′ − 𝑣𝑣i𝑛𝑛) = ±𝑆𝑆𝑛𝑛, 𝑖𝑖 = 1.2 
𝑚𝑚i(𝑣𝑣i𝑡𝑡′ − 𝑣𝑣i𝑡𝑡) = ±𝑆𝑆𝑡𝑡, 𝑖𝑖 = 1.2 

(1) 
𝐼𝐼i(𝜔𝜔i

′ − 𝜔𝜔i) = ±𝑆𝑆𝑡𝑡𝑛𝑛i ± 𝑆𝑆𝑛𝑛𝑡𝑡i, 𝑖𝑖 = 1.2 
 

 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣1𝑛𝑛′ ) = −𝑆𝑆𝑛𝑛1 
𝑚𝑚2(𝑣𝑣2𝑛𝑛′ − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 
𝑚𝑚1(𝑣𝑣1𝑡𝑡′ − 0) = −𝑆𝑆𝑡𝑡1 

   
𝑚𝑚2(𝑣𝑣2𝑡𝑡 − 𝑣𝑣2𝑡𝑡′ ) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔1

′ − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 
𝐼𝐼2(𝜔𝜔2 − 𝜔𝜔2

′ ) = −𝑆𝑆𝑡𝑡2𝑛𝑛2 − 𝑆𝑆𝑛𝑛2𝑡𝑡2 
 
 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣𝑐𝑐𝑐𝑐) = −𝑆𝑆𝑛𝑛1 
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 

𝑚𝑚1(𝑣𝑣𝑐𝑐𝑐𝑐 − 0) = −𝑆𝑆𝑡𝑡1 
  (3) 

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣2𝑡𝑡 − 𝑣𝑣𝑐𝑐𝑐𝑐) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔c − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 

𝐼𝐼2a(𝜔𝜔2 − 𝜔𝜔c) = −𝑆𝑆𝑡𝑡2𝑛𝑛2a − 𝑆𝑆𝑛𝑛2𝑡𝑡2a 
 
 
 
 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛1
𝑚𝑚1

+ 𝑣𝑣1𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛2
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)

+ 𝑣𝑣2𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 =
𝑆𝑆𝑡𝑡1
𝑚𝑚1

 

  (4) 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑣𝑣2𝑡𝑡 −
𝑆𝑆𝑡𝑡2

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)
 

𝜔𝜔c = 𝜔𝜔1 −
𝑆𝑆𝑡𝑡1𝑛𝑛1
𝐼𝐼1

 

𝜔𝜔c = 𝜔𝜔2 +
𝑆𝑆𝑡𝑡2𝑛𝑛2a
𝐼𝐼2a

+ 𝑆𝑆𝑛𝑛2𝑡𝑡2a
𝐼𝐼2a

 

 
 

𝑚𝑚𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝐹𝐹 + 𝜇𝜇𝜇𝜇 

 
 

𝑚𝑚2
𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑 = 𝐹𝐹 ±𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′ 

 

 

𝑚𝑚2𝑑𝑑𝑑𝑑2 = 𝐹𝐹𝑑𝑑𝑑𝑑 ± 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′𝑑𝑑𝑑𝑑 

	 (5)

where:	m – mass of the object, 

𝑚𝑚i(𝑣𝑣i𝑛𝑛′ − 𝑣𝑣i𝑛𝑛) = ±𝑆𝑆𝑛𝑛, 𝑖𝑖 = 1.2 
𝑚𝑚i(𝑣𝑣i𝑡𝑡′ − 𝑣𝑣i𝑡𝑡) = ±𝑆𝑆𝑡𝑡, 𝑖𝑖 = 1.2 

(1) 
𝐼𝐼i(𝜔𝜔i

′ − 𝜔𝜔i) = ±𝑆𝑆𝑡𝑡𝑛𝑛i ± 𝑆𝑆𝑛𝑛𝑡𝑡i, 𝑖𝑖 = 1.2 
 

 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣1𝑛𝑛′ ) = −𝑆𝑆𝑛𝑛1 
𝑚𝑚2(𝑣𝑣2𝑛𝑛′ − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 
𝑚𝑚1(𝑣𝑣1𝑡𝑡′ − 0) = −𝑆𝑆𝑡𝑡1 

   
𝑚𝑚2(𝑣𝑣2𝑡𝑡 − 𝑣𝑣2𝑡𝑡′ ) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔1

′ − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 
𝐼𝐼2(𝜔𝜔2 − 𝜔𝜔2

′ ) = −𝑆𝑆𝑡𝑡2𝑛𝑛2 − 𝑆𝑆𝑛𝑛2𝑡𝑡2 
 
 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣𝑐𝑐𝑐𝑐) = −𝑆𝑆𝑛𝑛1 
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 

𝑚𝑚1(𝑣𝑣𝑐𝑐𝑐𝑐 − 0) = −𝑆𝑆𝑡𝑡1 
  (3) 

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣2𝑡𝑡 − 𝑣𝑣𝑐𝑐𝑐𝑐) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔c − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 

𝐼𝐼2a(𝜔𝜔2 − 𝜔𝜔c) = −𝑆𝑆𝑡𝑡2𝑛𝑛2a − 𝑆𝑆𝑛𝑛2𝑡𝑡2a 
 
 
 
 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛1
𝑚𝑚1

+ 𝑣𝑣1𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛2
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)

+ 𝑣𝑣2𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 =
𝑆𝑆𝑡𝑡1
𝑚𝑚1

 

  (4) 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑣𝑣2𝑡𝑡 −
𝑆𝑆𝑡𝑡2

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)
 

𝜔𝜔c = 𝜔𝜔1 −
𝑆𝑆𝑡𝑡1𝑛𝑛1
𝐼𝐼1

 

𝜔𝜔c = 𝜔𝜔2 +
𝑆𝑆𝑡𝑡2𝑛𝑛2a
𝐼𝐼2a

+ 𝑆𝑆𝑛𝑛2𝑡𝑡2a
𝐼𝐼2a

 

 
 

𝑚𝑚𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝐹𝐹 + 𝜇𝜇𝜇𝜇 

 
 

𝑚𝑚2
𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑 = 𝐹𝐹 ±𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′ 

 

 

𝑚𝑚2𝑑𝑑𝑑𝑑2 = 𝐹𝐹𝑑𝑑𝑑𝑑 ± 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′𝑑𝑑𝑑𝑑 

 – accelera-
tion of the object, F – the force acting on 
the object, µ – mass detaching from the 
object, v – velocity of the detaching mass.

Let us transform this equation a little to obtain 
the more applicable form for the discussed example:

	

𝑚𝑚i(𝑣𝑣i𝑛𝑛′ − 𝑣𝑣i𝑛𝑛) = ±𝑆𝑆𝑛𝑛, 𝑖𝑖 = 1.2 
𝑚𝑚i(𝑣𝑣i𝑡𝑡′ − 𝑣𝑣i𝑡𝑡) = ±𝑆𝑆𝑡𝑡, 𝑖𝑖 = 1.2 

(1) 
𝐼𝐼i(𝜔𝜔i

′ − 𝜔𝜔i) = ±𝑆𝑆𝑡𝑡𝑛𝑛i ± 𝑆𝑆𝑛𝑛𝑡𝑡i, 𝑖𝑖 = 1.2 
 

 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣1𝑛𝑛′ ) = −𝑆𝑆𝑛𝑛1 
𝑚𝑚2(𝑣𝑣2𝑛𝑛′ − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 
𝑚𝑚1(𝑣𝑣1𝑡𝑡′ − 0) = −𝑆𝑆𝑡𝑡1 

   
𝑚𝑚2(𝑣𝑣2𝑡𝑡 − 𝑣𝑣2𝑡𝑡′ ) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔1

′ − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 
𝐼𝐼2(𝜔𝜔2 − 𝜔𝜔2

′ ) = −𝑆𝑆𝑡𝑡2𝑛𝑛2 − 𝑆𝑆𝑛𝑛2𝑡𝑡2 
 
 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣𝑐𝑐𝑐𝑐) = −𝑆𝑆𝑛𝑛1 
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 

𝑚𝑚1(𝑣𝑣𝑐𝑐𝑐𝑐 − 0) = −𝑆𝑆𝑡𝑡1 
  (3) 

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣2𝑡𝑡 − 𝑣𝑣𝑐𝑐𝑐𝑐) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔c − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 

𝐼𝐼2a(𝜔𝜔2 − 𝜔𝜔c) = −𝑆𝑆𝑡𝑡2𝑛𝑛2a − 𝑆𝑆𝑛𝑛2𝑡𝑡2a 
 
 
 
 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛1
𝑚𝑚1

+ 𝑣𝑣1𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛2
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)

+ 𝑣𝑣2𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 =
𝑆𝑆𝑡𝑡1
𝑚𝑚1

 

  (4) 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑣𝑣2𝑡𝑡 −
𝑆𝑆𝑡𝑡2

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)
 

𝜔𝜔c = 𝜔𝜔1 −
𝑆𝑆𝑡𝑡1𝑛𝑛1
𝐼𝐼1

 

𝜔𝜔c = 𝜔𝜔2 +
𝑆𝑆𝑡𝑡2𝑛𝑛2a
𝐼𝐼2a

+ 𝑆𝑆𝑛𝑛2𝑡𝑡2a
𝐼𝐼2a

 

 
 

𝑚𝑚𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝐹𝐹 + 𝜇𝜇𝜇𝜇 

 
 

𝑚𝑚2
𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑 = 𝐹𝐹 ±𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′ 

 

 

𝑚𝑚2𝑑𝑑𝑑𝑑2 = 𝐹𝐹𝑑𝑑𝑑𝑑 ± 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′𝑑𝑑𝑑𝑑 

	 (6)

where:	m2 – mass of vehicle 2 – trailer set,	  

𝑚𝑚i(𝑣𝑣i𝑛𝑛′ − 𝑣𝑣i𝑛𝑛) = ±𝑆𝑆𝑛𝑛, 𝑖𝑖 = 1.2 
𝑚𝑚i(𝑣𝑣i𝑡𝑡′ − 𝑣𝑣i𝑡𝑡) = ±𝑆𝑆𝑡𝑡, 𝑖𝑖 = 1.2 

(1) 
𝐼𝐼i(𝜔𝜔i

′ − 𝜔𝜔i) = ±𝑆𝑆𝑡𝑡𝑛𝑛i ± 𝑆𝑆𝑛𝑛𝑡𝑡i, 𝑖𝑖 = 1.2 
 

 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣1𝑛𝑛′ ) = −𝑆𝑆𝑛𝑛1 
𝑚𝑚2(𝑣𝑣2𝑛𝑛′ − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 
𝑚𝑚1(𝑣𝑣1𝑡𝑡′ − 0) = −𝑆𝑆𝑡𝑡1 

   
𝑚𝑚2(𝑣𝑣2𝑡𝑡 − 𝑣𝑣2𝑡𝑡′ ) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔1

′ − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 
𝐼𝐼2(𝜔𝜔2 − 𝜔𝜔2

′ ) = −𝑆𝑆𝑡𝑡2𝑛𝑛2 − 𝑆𝑆𝑛𝑛2𝑡𝑡2 
 
 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣𝑐𝑐𝑐𝑐) = −𝑆𝑆𝑛𝑛1 
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 

𝑚𝑚1(𝑣𝑣𝑐𝑐𝑐𝑐 − 0) = −𝑆𝑆𝑡𝑡1 
  (3) 

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣2𝑡𝑡 − 𝑣𝑣𝑐𝑐𝑐𝑐) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔c − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 

𝐼𝐼2a(𝜔𝜔2 − 𝜔𝜔c) = −𝑆𝑆𝑡𝑡2𝑛𝑛2a − 𝑆𝑆𝑛𝑛2𝑡𝑡2a 
 
 
 
 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛1
𝑚𝑚1

+ 𝑣𝑣1𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛2
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)

+ 𝑣𝑣2𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 =
𝑆𝑆𝑡𝑡1
𝑚𝑚1

 

  (4) 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑣𝑣2𝑡𝑡 −
𝑆𝑆𝑡𝑡2

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)
 

𝜔𝜔c = 𝜔𝜔1 −
𝑆𝑆𝑡𝑡1𝑛𝑛1
𝐼𝐼1

 

𝜔𝜔c = 𝜔𝜔2 +
𝑆𝑆𝑡𝑡2𝑛𝑛2a
𝐼𝐼2a

+ 𝑆𝑆𝑛𝑛2𝑡𝑡2a
𝐼𝐼2a

 

 
 

𝑚𝑚𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝐹𝐹 + 𝜇𝜇𝜇𝜇 

 
 

𝑚𝑚2
𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑 = 𝐹𝐹 ±𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′ 

 

 

𝑚𝑚2𝑑𝑑𝑑𝑑2 = 𝐹𝐹𝑑𝑑𝑑𝑑 ± 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′𝑑𝑑𝑑𝑑 

 – acceleration of vehicle 2 – trailer set, 
F – the force acting on the vehicle 2 – 
trailer set, mt – mass of the detaching trail-
er, vt – velocity of the detaching trailer.

The ± sign means that the mass can be added 
or subtracted (detached). The apostrophe at the trail-
er velocity (

𝑚𝑚i(𝑣𝑣i𝑛𝑛′ − 𝑣𝑣i𝑛𝑛) = ±𝑆𝑆𝑛𝑛, 𝑖𝑖 = 1.2 
𝑚𝑚i(𝑣𝑣i𝑡𝑡′ − 𝑣𝑣i𝑡𝑡) = ±𝑆𝑆𝑡𝑡, 𝑖𝑖 = 1.2 

(1) 
𝐼𝐼i(𝜔𝜔i

′ − 𝜔𝜔i) = ±𝑆𝑆𝑡𝑡𝑛𝑛i ± 𝑆𝑆𝑛𝑛𝑡𝑡i, 𝑖𝑖 = 1.2 
 

 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣1𝑛𝑛′ ) = −𝑆𝑆𝑛𝑛1 
𝑚𝑚2(𝑣𝑣2𝑛𝑛′ − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 
𝑚𝑚1(𝑣𝑣1𝑡𝑡′ − 0) = −𝑆𝑆𝑡𝑡1 

   
𝑚𝑚2(𝑣𝑣2𝑡𝑡 − 𝑣𝑣2𝑡𝑡′ ) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔1

′ − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 
𝐼𝐼2(𝜔𝜔2 − 𝜔𝜔2

′ ) = −𝑆𝑆𝑡𝑡2𝑛𝑛2 − 𝑆𝑆𝑛𝑛2𝑡𝑡2 
 
 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣𝑐𝑐𝑐𝑐) = −𝑆𝑆𝑛𝑛1 
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 

𝑚𝑚1(𝑣𝑣𝑐𝑐𝑐𝑐 − 0) = −𝑆𝑆𝑡𝑡1 
  (3) 

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣2𝑡𝑡 − 𝑣𝑣𝑐𝑐𝑐𝑐) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔c − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 

𝐼𝐼2a(𝜔𝜔2 − 𝜔𝜔c) = −𝑆𝑆𝑡𝑡2𝑛𝑛2a − 𝑆𝑆𝑛𝑛2𝑡𝑡2a 
 
 
 
 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛1
𝑚𝑚1

+ 𝑣𝑣1𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛2
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)

+ 𝑣𝑣2𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 =
𝑆𝑆𝑡𝑡1
𝑚𝑚1

 

  (4) 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑣𝑣2𝑡𝑡 −
𝑆𝑆𝑡𝑡2

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)
 

𝜔𝜔c = 𝜔𝜔1 −
𝑆𝑆𝑡𝑡1𝑛𝑛1
𝐼𝐼1

 

𝜔𝜔c = 𝜔𝜔2 +
𝑆𝑆𝑡𝑡2𝑛𝑛2a
𝐼𝐼2a

+ 𝑆𝑆𝑛𝑛2𝑡𝑡2a
𝐼𝐼2a

 

 
 

𝑚𝑚𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝐹𝐹 + 𝜇𝜇𝜇𝜇 

 
 

𝑚𝑚2
𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑 = 𝐹𝐹 ±𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′ 

 

 

𝑚𝑚2𝑑𝑑𝑑𝑑2 = 𝐹𝐹𝑑𝑑𝑑𝑑 ± 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′𝑑𝑑𝑑𝑑 

) means the velocity obtained after 
detachment, because in phase a) the trailer moved 
with a car as a combined set. Such an attempt will 
enable using the equations of collision with the 
inclusion of Equation 6 which in this case should be 
modified by multiplying both sides by dt, as follows:

	

𝑚𝑚i(𝑣𝑣i𝑛𝑛′ − 𝑣𝑣i𝑛𝑛) = ±𝑆𝑆𝑛𝑛, 𝑖𝑖 = 1.2 
𝑚𝑚i(𝑣𝑣i𝑡𝑡′ − 𝑣𝑣i𝑡𝑡) = ±𝑆𝑆𝑡𝑡, 𝑖𝑖 = 1.2 

(1) 
𝐼𝐼i(𝜔𝜔i

′ − 𝜔𝜔i) = ±𝑆𝑆𝑡𝑡𝑛𝑛i ± 𝑆𝑆𝑛𝑛𝑡𝑡i, 𝑖𝑖 = 1.2 
 

 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣1𝑛𝑛′ ) = −𝑆𝑆𝑛𝑛1 
𝑚𝑚2(𝑣𝑣2𝑛𝑛′ − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 
𝑚𝑚1(𝑣𝑣1𝑡𝑡′ − 0) = −𝑆𝑆𝑡𝑡1 

   
𝑚𝑚2(𝑣𝑣2𝑡𝑡 − 𝑣𝑣2𝑡𝑡′ ) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔1

′ − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 
𝐼𝐼2(𝜔𝜔2 − 𝜔𝜔2

′ ) = −𝑆𝑆𝑡𝑡2𝑛𝑛2 − 𝑆𝑆𝑛𝑛2𝑡𝑡2 
 
 

𝑚𝑚1(𝑣𝑣1𝑛𝑛 − 𝑣𝑣𝑐𝑐𝑐𝑐) = −𝑆𝑆𝑛𝑛1 
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣2𝑛𝑛) = 𝑆𝑆𝑛𝑛2 

𝑚𝑚1(𝑣𝑣𝑐𝑐𝑐𝑐 − 0) = −𝑆𝑆𝑡𝑡1 
  (3) 

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)(𝑣𝑣2𝑡𝑡 − 𝑣𝑣𝑐𝑐𝑐𝑐) = 𝑆𝑆𝑡𝑡2 
𝐼𝐼1(𝜔𝜔c − 𝜔𝜔1) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 

𝐼𝐼2a(𝜔𝜔2 − 𝜔𝜔c) = −𝑆𝑆𝑡𝑡2𝑛𝑛2a − 𝑆𝑆𝑛𝑛2𝑡𝑡2a 
 
 
 
 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛1
𝑚𝑚1

+ 𝑣𝑣1𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑆𝑆𝑛𝑛2
(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)

+ 𝑣𝑣2𝑛𝑛 

𝑣𝑣𝑐𝑐𝑐𝑐 =
𝑆𝑆𝑡𝑡1
𝑚𝑚1

 

  (4) 

𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑣𝑣2𝑡𝑡 −
𝑆𝑆𝑡𝑡2

(𝑚𝑚2v + 𝑚𝑚𝑡𝑡)
 

𝜔𝜔c = 𝜔𝜔1 −
𝑆𝑆𝑡𝑡1𝑛𝑛1
𝐼𝐼1

 

𝜔𝜔c = 𝜔𝜔2 +
𝑆𝑆𝑡𝑡2𝑛𝑛2a
𝐼𝐼2a

+ 𝑆𝑆𝑛𝑛2𝑡𝑡2a
𝐼𝐼2a

 

 
 

𝑚𝑚𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝐹𝐹 + 𝜇𝜇𝜇𝜇 

 
 

𝑚𝑚2
𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑 = 𝐹𝐹 ±𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′ 

 

 

𝑚𝑚2𝑑𝑑𝑑𝑑2 = 𝐹𝐹𝑑𝑑𝑑𝑑 ± 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡′𝑑𝑑𝑑𝑑 	 (7)

which will enable us to use it in the equations of 
motion for phase b) of the discussed example in 
this final form:

	 𝑚𝑚2(𝑣𝑣𝑐𝑐 −  𝑣𝑣2
′ ) = 𝑆𝑆2 ± 𝑚𝑚𝑡𝑡(𝑣𝑣𝑡𝑡

′ − 𝑣𝑣𝑐𝑐) 

 

 

𝑚𝑚1(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣1𝑛𝑛
′ ) = −𝑆𝑆𝑛𝑛1 

𝑚𝑚2(𝑣𝑣2𝑛𝑛
′ − 𝑣𝑣𝑐𝑐𝑐𝑐) = 𝑆𝑆𝑛𝑛2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐 
𝑚𝑚1(𝑣𝑣1𝑡𝑡

′ − 𝑣𝑣𝑐𝑐𝑐𝑐) = −𝑆𝑆𝑡𝑡1 
  (9) 

𝑚𝑚2(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣2𝑡𝑡
′ ) = 𝑆𝑆𝑡𝑡2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐 
𝐼𝐼1(𝜔𝜔1

′ − 𝜔𝜔c) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 
𝐼𝐼2(𝜔𝜔c − 𝜔𝜔2

′ ) = −𝑆𝑆𝑡𝑡2𝑛𝑛2 − 𝑆𝑆𝑛𝑛2𝑡𝑡2 
 

 

= 𝑚𝑚1𝑣𝑣𝑐𝑐𝑐𝑐 + 𝑆𝑆𝑛𝑛1
𝑚𝑚1

 

𝑣𝑣2𝑛𝑛
′ = 𝑣𝑣𝑐𝑐𝑐𝑐 + 𝑆𝑆𝑛𝑛2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐
𝑚𝑚2

 

𝑣𝑣1𝑡𝑡
′ = 𝑚𝑚1𝑣𝑣𝑐𝑐𝑐𝑐−𝑆𝑆𝑡𝑡1

𝑚𝑚1
 

  (10) 

𝑣𝑣2𝑡𝑡
′ = 𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑆𝑆𝑡𝑡2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐
𝑚𝑚2

 

𝜔𝜔1
′ = 𝜔𝜔c − 𝑆𝑆𝑡𝑡1𝑛𝑛1

𝐼𝐼1
 

𝜔𝜔2
′ = 𝜔𝜔c + 𝑆𝑆𝑡𝑡2𝑛𝑛2 + 𝑆𝑆𝑛𝑛2𝑡𝑡2

𝐼𝐼2
 

 

 

𝑣𝑣𝑡𝑡𝑡𝑡
′ = 𝑣𝑣𝑐𝑐𝑐𝑐, 𝑣𝑣𝑡𝑡𝑡𝑡

′ = 𝑣𝑣𝑐𝑐𝑐𝑐 

 

 

𝑅𝑅 = 𝑆𝑆𝑛𝑛2
𝑆𝑆𝑛𝑛1

, 𝜃𝜃 = 𝑆𝑆𝑡𝑡2
𝑆𝑆𝑡𝑡1

, 

	 (8)

where: S2 – the impulse of the second phase of 
collision for vehicle 2, vc – the common 
velocity at the end of phase a).

Of course, this equation should be divided 
into two components: normal and tangential to 
the common plane of collision.

On the basis of Figure 10, Equation 8 and the 
common velocity of both vehicles introduced in 
Equations 3 such a set can be provided:

	

𝑚𝑚2(𝑣𝑣𝑐𝑐 −  𝑣𝑣2
′ ) = 𝑆𝑆2 ± 𝑚𝑚𝑡𝑡(𝑣𝑣𝑡𝑡

′ − 𝑣𝑣𝑐𝑐) 

 

 

𝑚𝑚1(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣1𝑛𝑛
′ ) = −𝑆𝑆𝑛𝑛1 

𝑚𝑚2(𝑣𝑣2𝑛𝑛
′ − 𝑣𝑣𝑐𝑐𝑐𝑐) = 𝑆𝑆𝑛𝑛2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐 
𝑚𝑚1(𝑣𝑣1𝑡𝑡

′ − 𝑣𝑣𝑐𝑐𝑐𝑐) = −𝑆𝑆𝑡𝑡1 
  (9) 

𝑚𝑚2(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣2𝑡𝑡
′ ) = 𝑆𝑆𝑡𝑡2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐 
𝐼𝐼1(𝜔𝜔1

′ − 𝜔𝜔c) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 
𝐼𝐼2(𝜔𝜔c − 𝜔𝜔2

′ ) = −𝑆𝑆𝑡𝑡2𝑛𝑛2 − 𝑆𝑆𝑛𝑛2𝑡𝑡2 
 

 

= 𝑚𝑚1𝑣𝑣𝑐𝑐𝑐𝑐 + 𝑆𝑆𝑛𝑛1
𝑚𝑚1

 

𝑣𝑣2𝑛𝑛
′ = 𝑣𝑣𝑐𝑐𝑐𝑐 + 𝑆𝑆𝑛𝑛2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐
𝑚𝑚2

 

𝑣𝑣1𝑡𝑡
′ = 𝑚𝑚1𝑣𝑣𝑐𝑐𝑐𝑐−𝑆𝑆𝑡𝑡1

𝑚𝑚1
 

  (10) 

𝑣𝑣2𝑡𝑡
′ = 𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑆𝑆𝑡𝑡2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐
𝑚𝑚2

 

𝜔𝜔1
′ = 𝜔𝜔c − 𝑆𝑆𝑡𝑡1𝑛𝑛1

𝐼𝐼1
 

𝜔𝜔2
′ = 𝜔𝜔c + 𝑆𝑆𝑡𝑡2𝑛𝑛2 + 𝑆𝑆𝑛𝑛2𝑡𝑡2

𝐼𝐼2
 

 

 

𝑣𝑣𝑡𝑡𝑡𝑡
′ = 𝑣𝑣𝑐𝑐𝑐𝑐, 𝑣𝑣𝑡𝑡𝑡𝑡

′ = 𝑣𝑣𝑐𝑐𝑐𝑐 

 

 

𝑅𝑅 = 𝑆𝑆𝑛𝑛2
𝑆𝑆𝑛𝑛1

, 𝜃𝜃 = 𝑆𝑆𝑡𝑡2
𝑆𝑆𝑡𝑡1

, 

	(9)

where:	 m1, m2 – the mass of vehicles 1 and 2, I1, I2 
– the moment of inertia around the vertical 
axis passing through the center of mass of 
vehicles 1 and 2 without the trailer attached 
to vehicle 2. Of course, it is fair to assume 
that the moment of inertia of vehicle 2 will 
not change noticeably due to the collision, 
𝑣𝑣1𝑡𝑡′ , 𝑣𝑣2𝑡𝑡′ , 𝑣𝑣𝑐𝑐𝑐𝑐 

 

𝑣𝑣1𝑛𝑛′ , 𝑣𝑣2𝑛𝑛′ , 𝑣𝑣𝑐𝑐𝑐𝑐 

 

𝑣𝑣𝑡𝑡𝑡𝑡′ , 𝑣𝑣𝑡𝑡𝑡𝑡′  

 

𝜔𝜔1
′ ,𝜔𝜔2

′ , 𝜔𝜔𝑐𝑐 

 

𝑣𝑣𝑡𝑡𝑡𝑡′ , 𝑣𝑣𝑡𝑡𝑡𝑡′  

 – velocity of vehicles 1 and 2 
tangential to the plane of collision after the 
crash and the common tangential velocity 
at the middle of the crash, 

𝑣𝑣1𝑡𝑡′ , 𝑣𝑣2𝑡𝑡′ , 𝑣𝑣𝑐𝑐𝑐𝑐 
 

𝑣𝑣1𝑛𝑛′ , 𝑣𝑣2𝑛𝑛′ , 𝑣𝑣𝑐𝑐𝑐𝑐 

 

𝑣𝑣𝑡𝑡𝑡𝑡′ , 𝑣𝑣𝑡𝑡𝑡𝑡′  

 

𝜔𝜔1
′ ,𝜔𝜔2

′ , 𝜔𝜔𝑐𝑐 

 

𝑣𝑣𝑡𝑡𝑡𝑡′ , 𝑣𝑣𝑡𝑡𝑡𝑡′  

 
– velocity of vehicles 1 and 2 normal to the 
plane of collision after the crash and the 
common normal velocity at the middle of 
the crash, 

𝑣𝑣1𝑡𝑡′ , 𝑣𝑣2𝑡𝑡′ , 𝑣𝑣𝑐𝑐𝑐𝑐 
 

𝑣𝑣1𝑛𝑛′ , 𝑣𝑣2𝑛𝑛′ , 𝑣𝑣𝑐𝑐𝑐𝑐 

 

𝑣𝑣𝑡𝑡𝑡𝑡′ , 𝑣𝑣𝑡𝑡𝑡𝑡′  

 

𝜔𝜔1
′ ,𝜔𝜔2

′ , 𝜔𝜔𝑐𝑐 

 

𝑣𝑣𝑡𝑡𝑡𝑡′ , 𝑣𝑣𝑡𝑡𝑡𝑡′  

 – velocity of the detach-
ing trailer in the normal and the tangential 
direction versus the adopted common plane 
of collision, 

𝑣𝑣1𝑡𝑡′ , 𝑣𝑣2𝑡𝑡′ , 𝑣𝑣𝑐𝑐𝑐𝑐 
 

𝑣𝑣1𝑛𝑛′ , 𝑣𝑣2𝑛𝑛′ , 𝑣𝑣𝑐𝑐𝑐𝑐 

 

𝑣𝑣𝑡𝑡𝑡𝑡′ , 𝑣𝑣𝑡𝑡𝑡𝑡′  

 

𝜔𝜔1
′ ,𝜔𝜔2

′ , 𝜔𝜔𝑐𝑐 

 

𝑣𝑣𝑡𝑡𝑡𝑡′ , 𝑣𝑣𝑡𝑡𝑡𝑡′  

 – angular veloc-
ity of vehicles 1 and 2 after the crash and 
the common angular velocity at the middle 
of the crash, Sn1, Sn2, St1, St2 – the normal 
and the tangential components of the crash 
impulse of vehicles 1 and 2, n1, t1, n2, t2 – 
the coordinates of center of mass of each 
vehicle with respect to the geometric center 
of the impact O' without the trailer.

This approach allows using the obtained 
mutual velocities to determine the post-collision 
velocities for both vehicles involved. The kine-
matic state of the colliding vehicles can be pre-
sented to determine the mutual velocities at the 
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time of switching from phase a) to phase b), 
determining the common velocity vc:

	

𝑚𝑚2(𝑣𝑣𝑐𝑐 −  𝑣𝑣2
′ ) = 𝑆𝑆2 ± 𝑚𝑚𝑡𝑡(𝑣𝑣𝑡𝑡

′ − 𝑣𝑣𝑐𝑐) 

 

 

𝑚𝑚1(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣1𝑛𝑛
′ ) = −𝑆𝑆𝑛𝑛1 

𝑚𝑚2(𝑣𝑣2𝑛𝑛
′ − 𝑣𝑣𝑐𝑐𝑐𝑐) = 𝑆𝑆𝑛𝑛2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐 
𝑚𝑚1(𝑣𝑣1𝑡𝑡

′ − 𝑣𝑣𝑐𝑐𝑐𝑐) = −𝑆𝑆𝑡𝑡1 
  (9) 

𝑚𝑚2(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣2𝑡𝑡
′ ) = 𝑆𝑆𝑡𝑡2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐 
𝐼𝐼1(𝜔𝜔1

′ − 𝜔𝜔c) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 
𝐼𝐼2(𝜔𝜔c − 𝜔𝜔2

′ ) = −𝑆𝑆𝑡𝑡2𝑛𝑛2 − 𝑆𝑆𝑛𝑛2𝑡𝑡2 
 

 

= 𝑚𝑚1𝑣𝑣𝑐𝑐𝑐𝑐 + 𝑆𝑆𝑛𝑛1
𝑚𝑚1

 

𝑣𝑣2𝑛𝑛
′ = 𝑣𝑣𝑐𝑐𝑐𝑐 + 𝑆𝑆𝑛𝑛2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐
𝑚𝑚2

 

𝑣𝑣1𝑡𝑡
′ = 𝑚𝑚1𝑣𝑣𝑐𝑐𝑐𝑐−𝑆𝑆𝑡𝑡1

𝑚𝑚1
 

  (10) 

𝑣𝑣2𝑡𝑡
′ = 𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑆𝑆𝑡𝑡2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐
𝑚𝑚2

 

𝜔𝜔1
′ = 𝜔𝜔c − 𝑆𝑆𝑡𝑡1𝑛𝑛1

𝐼𝐼1
 

𝜔𝜔2
′ = 𝜔𝜔c + 𝑆𝑆𝑡𝑡2𝑛𝑛2 + 𝑆𝑆𝑛𝑛2𝑡𝑡2

𝐼𝐼2
 

 

 

𝑣𝑣𝑡𝑡𝑡𝑡
′ = 𝑣𝑣𝑐𝑐𝑐𝑐, 𝑣𝑣𝑡𝑡𝑡𝑡

′ = 𝑣𝑣𝑐𝑐𝑐𝑐 

 

 

𝑅𝑅 = 𝑆𝑆𝑛𝑛2
𝑆𝑆𝑛𝑛1

, 𝜃𝜃 = 𝑆𝑆𝑡𝑡2
𝑆𝑆𝑡𝑡1

, 

	 (10) 

As it can be observed in Equations 10, the 
final velocities in both the normal and the tangen-
tial direction require knowing the common veloc-
ity vc in these directions along with the compo-
nents of impulses Sn1, Sn2, St1, St2 and the mass of 
the detaching trailer as well as its velocity in both 
adopted directions (

𝑣𝑣1𝑡𝑡′ , 𝑣𝑣2𝑡𝑡′ , 𝑣𝑣𝑐𝑐𝑐𝑐 
 

𝑣𝑣1𝑛𝑛′ , 𝑣𝑣2𝑛𝑛′ , 𝑣𝑣𝑐𝑐𝑐𝑐 

 

𝑣𝑣𝑡𝑡𝑡𝑡′ , 𝑣𝑣𝑡𝑡𝑡𝑡′  

 

𝜔𝜔1
′ ,𝜔𝜔2

′ , 𝜔𝜔𝑐𝑐 

 

𝑣𝑣𝑡𝑡𝑡𝑡′ , 𝑣𝑣𝑡𝑡𝑡𝑡′  ).
In order to simplify this problem, it could 

be assumed that the velocity of the trailer at the 
beginning of phase b) is equal to the common 
velocity in the middle of the crash, i.e.:

	

𝑚𝑚2(𝑣𝑣𝑐𝑐 −  𝑣𝑣2
′ ) = 𝑆𝑆2 ± 𝑚𝑚𝑡𝑡(𝑣𝑣𝑡𝑡

′ − 𝑣𝑣𝑐𝑐) 

 

 

𝑚𝑚1(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣1𝑛𝑛
′ ) = −𝑆𝑆𝑛𝑛1 

𝑚𝑚2(𝑣𝑣2𝑛𝑛
′ − 𝑣𝑣𝑐𝑐𝑐𝑐) = 𝑆𝑆𝑛𝑛2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐 
𝑚𝑚1(𝑣𝑣1𝑡𝑡

′ − 𝑣𝑣𝑐𝑐𝑐𝑐) = −𝑆𝑆𝑡𝑡1 
  (9) 

𝑚𝑚2(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣2𝑡𝑡
′ ) = 𝑆𝑆𝑡𝑡2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐 
𝐼𝐼1(𝜔𝜔1

′ − 𝜔𝜔c) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 
𝐼𝐼2(𝜔𝜔c − 𝜔𝜔2

′ ) = −𝑆𝑆𝑡𝑡2𝑛𝑛2 − 𝑆𝑆𝑛𝑛2𝑡𝑡2 
 

 

= 𝑚𝑚1𝑣𝑣𝑐𝑐𝑐𝑐 + 𝑆𝑆𝑛𝑛1
𝑚𝑚1

 

𝑣𝑣2𝑛𝑛
′ = 𝑣𝑣𝑐𝑐𝑐𝑐 + 𝑆𝑆𝑛𝑛2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐
𝑚𝑚2

 

𝑣𝑣1𝑡𝑡
′ = 𝑚𝑚1𝑣𝑣𝑐𝑐𝑐𝑐−𝑆𝑆𝑡𝑡1

𝑚𝑚1
 

  (10) 

𝑣𝑣2𝑡𝑡
′ = 𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑆𝑆𝑡𝑡2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐
𝑚𝑚2

 

𝜔𝜔1
′ = 𝜔𝜔c − 𝑆𝑆𝑡𝑡1𝑛𝑛1

𝐼𝐼1
 

𝜔𝜔2
′ = 𝜔𝜔c + 𝑆𝑆𝑡𝑡2𝑛𝑛2 + 𝑆𝑆𝑛𝑛2𝑡𝑡2

𝐼𝐼2
 

 

 

𝑣𝑣𝑡𝑡𝑡𝑡
′ = 𝑣𝑣𝑐𝑐𝑐𝑐, 𝑣𝑣𝑡𝑡𝑡𝑡

′ = 𝑣𝑣𝑐𝑐𝑐𝑐 

 

 

𝑅𝑅 = 𝑆𝑆𝑛𝑛2
𝑆𝑆𝑛𝑛1

, 𝜃𝜃 = 𝑆𝑆𝑡𝑡2
𝑆𝑆𝑡𝑡1

, 

	 (11)

which would make Equations 10 easier to 
solve. Nevertheless, solving these equations 
requires some additional factors which will be 
discussed in the next chapter.

Potential applicability

The presented example relates the specific 
case of a road traffic collision where the trailer 
is detached from the towing car. Such types of 
road collisions are more seldom than the typical 
ones between vehicles with no trailers. However, 
the potential consequences of such may be more 
harmful for other road users. This example allowed 
the authors to use the simplified method including 
variable mass mechanics which was the main aim 
of this paper. Although Equation 5 was simplified, 
it seems that it can be used in such cases. In addi-
tion, the mass of the trailer detached only once, 
rather than continuously like in the case of the fuel 
in a rocket. The remaining question is whether such 
attempt towards analyzing such a road accident 
can be applicable in any solution, apart from a pure 
scientific problem. For a forensic expert, it would 
seem difficult because there may not be enough 
data to calculate the pre-crash velocities, i.e. at the 
beginning of collision, especially when the trailer 
detachment is included. Moreover, the coefficient 
of restitution would be necessary to specify, e.g. 
the impulses in phase b) in relation to phase a). For 
the discussed problem two coefficients of restitu-
tion are required: one in the normal (let us call it R) 
and one in the tangential direction (let us call it θ). 
They can be described by formula (12), assuming 
that the collision is non-slip, i.e. the bodies of the 
vehicles remain in contact for the whole duration 
of the collision, and they do not slide on each other:

	

𝑚𝑚2(𝑣𝑣𝑐𝑐 −  𝑣𝑣2
′ ) = 𝑆𝑆2 ± 𝑚𝑚𝑡𝑡(𝑣𝑣𝑡𝑡

′ − 𝑣𝑣𝑐𝑐) 

 

 

𝑚𝑚1(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣1𝑛𝑛
′ ) = −𝑆𝑆𝑛𝑛1 

𝑚𝑚2(𝑣𝑣2𝑛𝑛
′ − 𝑣𝑣𝑐𝑐𝑐𝑐) = 𝑆𝑆𝑛𝑛2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐 
𝑚𝑚1(𝑣𝑣1𝑡𝑡

′ − 𝑣𝑣𝑐𝑐𝑐𝑐) = −𝑆𝑆𝑡𝑡1 
  (9) 

𝑚𝑚2(𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑣𝑣2𝑡𝑡
′ ) = 𝑆𝑆𝑡𝑡2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐 
𝐼𝐼1(𝜔𝜔1

′ − 𝜔𝜔c) = −𝑆𝑆𝑡𝑡1𝑛𝑛1 
𝐼𝐼2(𝜔𝜔c − 𝜔𝜔2

′ ) = −𝑆𝑆𝑡𝑡2𝑛𝑛2 − 𝑆𝑆𝑛𝑛2𝑡𝑡2 
 

 

= 𝑚𝑚1𝑣𝑣𝑐𝑐𝑐𝑐 + 𝑆𝑆𝑛𝑛1
𝑚𝑚1

 

𝑣𝑣2𝑛𝑛
′ = 𝑣𝑣𝑐𝑐𝑐𝑐 + 𝑆𝑆𝑛𝑛2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐
𝑚𝑚2

 

𝑣𝑣1𝑡𝑡
′ = 𝑚𝑚1𝑣𝑣𝑐𝑐𝑐𝑐−𝑆𝑆𝑡𝑡1

𝑚𝑚1
 

  (10) 

𝑣𝑣2𝑡𝑡
′ = 𝑣𝑣𝑐𝑐𝑐𝑐 − 𝑆𝑆𝑡𝑡2 − 𝑚𝑚𝑡𝑡𝑣𝑣𝑡𝑡𝑡𝑡

′ − 𝑚𝑚𝑡𝑡𝑣𝑣𝑐𝑐𝑐𝑐
𝑚𝑚2

 

𝜔𝜔1
′ = 𝜔𝜔c − 𝑆𝑆𝑡𝑡1𝑛𝑛1

𝐼𝐼1
 

𝜔𝜔2
′ = 𝜔𝜔c + 𝑆𝑆𝑡𝑡2𝑛𝑛2 + 𝑆𝑆𝑛𝑛2𝑡𝑡2

𝐼𝐼2
 

 

 

𝑣𝑣𝑡𝑡𝑡𝑡
′ = 𝑣𝑣𝑐𝑐𝑐𝑐, 𝑣𝑣𝑡𝑡𝑡𝑡

′ = 𝑣𝑣𝑐𝑐𝑐𝑐 

 

 

𝑅𝑅 = 𝑆𝑆𝑛𝑛2
𝑆𝑆𝑛𝑛1

, 𝜃𝜃 = 𝑆𝑆𝑡𝑡2
𝑆𝑆𝑡𝑡1

, 	 (12)

Figure 10. The phase of the collision after the trailer detaching
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where:	R – coefficient of restitution in the normal 
direction versus the plane of collision, 	
θ – coefficient of restitution in the tangen-
tial direction versus the plane of collision, 
Sn1, Sn2 – components of normal impulse 
in phase a) and b), respectively, 		
St1, St2 – components of tangential impulse 
in phase a) and b), respectively.

The impulses introduced here were used in 
chapter 3 for phase a) and phase b). Of course, 
ability to calculate those from phase b) requires 
knowing the ones from phase a). In the case of the 
R coefficient, it is necessary that Sn1 > Sn2 because 
the normal coefficient of restitution R takes values 
between 0 and 1. Knowing the tangential coeffi-
cient of restitution θ is more difficult, although 
there have been works, mainly by Japanese scien-
tists, providing some details on this subject.

As for dividing the impulse into the normal and 
the tangential component, a simple trigonometric 
dependency stemming from angular calculations 
can be used as in Figure 6. Of course, this would 
deal with only half the problem, allowing calcula-
tion of the Sn1, St1 components. However, knowing 
them and being able to specify the R and θ coef-
ficients may lead to specify the Sn2, St2 components.

For a forensic expert this may be troublesome 
due to inability to determine some essential param-
eters to solve it. However, for certain algorithms 
allowing approximations, this would be possible.

The discussed model of a collision in which a 
trailer detaches form one of the vehicles involved 
could be validated with the use of proper software, 
e.g. PC-Crash or V-SIM where such a scenario 
is possible. The main problem would be analyz-
ing to what extent a trailer could alter the motion 
of a vehicle, from which it detached, especially in 
the post-collision phase, where the vehicles move 
after impact. Of course, there are many real-world 
accident data, for example collected by the Volvo 
experts to improve the work of the Safety Centre. 
This could also be useful as a mathematical model 
validation platform. Maybe one of the gravest ques-
tions is whether a trailer could cause the 3D motion 
instead of a planar which has been assumed here.

CONCLUSIONS 

The present study provided tangible results 
and conclusions which offer an application value. 
The aim of this paper was to implement the basic 

principles of variable mass mechanics to a model 
of road collision. This was possible owing to sim-
plifying the Meschersky equation so that the mass 
detached at once instead of continuously. Model-
ing road traffic events such as collisions is a com-
plicated process which requires knowing not only 
the basic factors but also those that may com-
plicate a collision model or enable it to provide 
greater realism reflecting the actual occurrence 
that may have happened on the road.

As long as people drive, the unexpected road 
traffic collisions seem inevitable, but the abil-
ity to describe and understand them may lead to 
predicting the potential consequences and intro-
ducing the procedures, policies or even technical 
factors which will provide greater road safety, 
especially in the areas of the more common road 
accident occurrence.

Modeling road accidents with the use of some 
additional factors, such as variable mass mechan-
ics as in this case, can also help improve the soft-
ware dedicated to simulation and reconstruction 
of road accidents which will be also an added 
value to, e.g. forensics.

In the next step of research, the authors 
would like to present the possible application 
of such an approach as presented here, mainly 
through validating the proposed model of colli-
sion with the use of V-SIM simulations and the 
actual data, e.g. the masses and velocities of the 
vehicles selected for the simulations. Further-
more, this research would be completed with the 
real-life accident data as a reference point to use 
the presented collision model.
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