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ABSTRACT

This study presents a structured verification framework for assessing the applicability of the LS-DYNA finite
element solver to the dynamic analysis of beam-type structural systems. The reliability of LS-DYNA is evalu-
ated through representative benchmark problems involving free vibration, forced harmonic response, and mov-
ing load scenarios. Modal characteristics of straight beams with various boundary conditions are first analysed
and compared with classical analytical solutions. The accuracy of the finite element modelling strategy is
further examined for a simply supported beam subjected to a harmonic load applied at midspan. A moving har-
monic load is implemented using a nodal force approach along a predefined travel path and validated against
solutions obtained via the Bubnov—Galerkin method in Wolfram Mathematica. Additionally, a coupled model
of a sprung moving mass traversing a beam with a localized surface irregularity is developed using contact
algorithms to capture inertial interaction effects. Numerical results show close agreement with analytical solu-
tions and published reference data, confirming modelling accuracy and numerical stability. The study estab-
lishes a verification-based modelling procedure and supports the broader application of LS-DYNA in structural
dynamic analysis.

Keywords: structural dynamics, beam vibration, finite element modelling, LS-DYNA, moving load analysis,
contact interaction, verification framework.

INTRODUCTION

Dynamic loading represents one of the most
demanding aspects of structural engineering, par-
ticularly in the evaluation of vibration behaviour,
transient response, and stability of beam-type
structural systems widely employed in bridges,
building frames, industrial facilities, and transpor-
tation infrastructure. Despite decades of research
in beam dynamics, the transition from classical
analytical benchmark solutions to robust non-
linear numerical modelling frameworks suitable
for practical engineering applications remains an
ongoing challenge. Accurate prediction of struc-
tural response under dynamic excitation is essen-
tial to ensure serviceability, safety, and long-term
structural performance.

Classical analytical formulations based on
Euler—Bernoulli and Timoshenko beam theories
provide the theoretical foundation for structural
dynamics and remain indispensable reference
solutions for idealized systems and validation
studies [1,2]. These formulations enable closed-
form solutions for modal characteristics and forced
vibration problems under well-defined boundary
conditions. However, real engineering structures
frequently involve complex support configura-
tions, nonlinear material behaviour, damping
mechanisms, geometric imperfections, and real-
istic loading scenarios that cannot be adequately
captured by simplified analytical models alone.
Consequently, advanced numerical methods capa-
ble of representing such complexities are increas-
ingly required in engineering practice [3,4].
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The rapid development of computational
capabilities has led to the widespread adop-
tion of the finite element method (FEM) as the
principal framework for structural dynamic
analysis. FEM enables detailed modelling of
complex geometries, heterogeneous materials,
and nonlinear response mechanisms, thereby
allowing more realistic simulation of engi-
neering structures [5,6]. Over recent decades,
general-purpose commercial software pack-
ages such as ANSYS, ABAQUS, MIDAS,
and LS-DYNA have significantly expanded
the range of dynamic problems addressed in
practice. Among these tools, LS-DYNA has
attracted particular attention as a robust nonlin-
ear dynamic solver capable of handling contact
interaction, large deformations, high strain-rate
effects, and complex transient loading condi-
tions [7,8]. Originally developed for impact
and blast simulations, LS-DYNA has evolved
into a versatile multiphysics platform applied in
crashworthiness analysis, seismic simulations,
and fluid—structure interaction problems.

In parallel, extensive research has been con-
ducted on dynamic behaviour of beam systems
under moving and time-dependent loads, includ-
ing vehicle-bridge interaction models, acceler-
ating moving masses, and coupled train—struc-
ture dynamics [9-13]. Advanced formulations
accounting for shear deformation, inertial effects,
and damping have been proposed to improve
modelling fidelity [14—17]. Reduced-order mod-
elling approaches and specialised finite element
formulations have also been introduced to bal-
ance computational efficiency and engineering
accuracy [18,19]. Despite these advances, prac-
tical dynamic analysis of beam systems in civil
engineering is still frequently performed using
simplified analytical tools or dedicated structural
software with limited modelling flexibility.

One of the primary reasons for this situation
is the absence of systematic evaluation and struc-
tured verification of general-purpose nonlinear
solvers against well-established beam dynamics
benchmark problems. Without rigorous valida-
tion against analytical solutions and recognised
reference cases, uncertainties remain regard-
ing modelling assumptions, parameter selection,
numerical stability, and expected accuracy. As
a result, engineers may be reluctant to employ
advanced nonlinear solvers for conventional
structural problems that could benefit from their
enhanced modelling capabilities.
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Although several studies have applied nonlin-
ear dynamic solvers to structural systems [20-23],
and recent studies have further investigated the
dynamic behaviour of beam-type structures sub-
jected to moving loads and related numerical mod-
elling issues [28-30], a unified verification frame-
work addressing multiple representative beam-
type dynamic scenarios remains largely lacking.

From an engineering practice perspective,
establishing reliable numerical modelling pro-
cedures for beam-type structures subjected to
dynamic loading is essential for improving design
efficiency and broadening the applicability of
advanced analysis tools. Many practical problems
including vibration assessment of bridge girders,
dynamic response of floor systems, and evalu-
ation of structures subjected to moving loads
require modelling strategies that combine accu-
racy, robustness, and practical usability [24-30].

Developing validated modelling workflows
using general-purpose nonlinear solvers can
reduce dependence on overly simplified assump-
tions while providing greater flexibility in cap-
turing complex structural behaviour. Despite
the availability of advanced solvers, structured
verification linking analytical benchmark prob-
lems with practical finite element implementation
strategies remains limited in the literature.

Although the present study does not intro-
duce a new numerical formulation, its novelty
lies in the development of a structured verifica-
tion-oriented modelling workflow linking ana-
lytical benchmark problems with practical finite
element implementation strategies in LS-DYNA.

The objective of this study is therefore to
evaluate the applicability and reliability of LS-
DYNA for modelling the dynamic behaviour of
beam systems through a structured verification
framework. Several representative benchmark
cases are considered, including modal vibration
analysis, forced vibration response, and moving
load scenarios. Numerical results are systemati-
cally compared with analytical solutions and ref-
erence data reported in the literature in order to
assess modelling accuracy, numerical stability,
and practical implementation aspects. Rather than
proposing a new numerical formulation, this work
provides a scientifically grounded assessment of
modelling strategies and establishes practical rec-
ommendations to support the use of LS-DYNA
as a versatile tool for structural dynamic analysis.

The main contributions of this study can be
summarised as follows:
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e Systematic verification of LS-DYNA for clas-
sical beam dynamic problems using analytical
benchmark solutions;

e Comprehensive evaluation of modelling
assumptions and numerical performance
under multiple dynamic loading scenarios;

e C(ritical assessment of the applicability of a
general-purpose nonlinear solver to structural
engineering problems traditionally addressed
using simplified approaches;

e Development of practical modelling guidance
and verification-oriented workflows to facili-
tate broader adoption of LS-DYNA in struc-
tural dynamics applications.

PROBLEM STATEMENT AND
VERIFICATION FRAMEWORK

Reference beam system

To establish a consistent verification frame-
work, a reference beam-type structural system
is adopted as the fundamental modelling object
throughout this study. The structure is idealised as
a straight prismatic beam with uniform material
and geometric properties, characterised by span
length L, flexural rigidity EI, mass per unit length
pA, and structural damping parameters where
applicable. The beam behaviour is described
using classical beam theory assumptions, which
provide the analytical basis for verification
against numerical simulations.

A unified reference beam model is maintained
while different boundary conditions and dynamic
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loading scenarios are introduced to represent typ-
ical structural configurations encountered in engi-
neering practice. The investigated cases include a
cantilever beam with elastic end restraint, a beam
with intermediate support at midspan, and simply
supported beams subjected to stationary harmon-
ic excitation and moving harmonic loads.

These configurations are illustrated schemati-
cally in Figure 1(a—d) and serve as the reference
structural and loading models for all dynamic veri-
fication cases presented in subsequent sections.
By adopting a unified reference system, variations
in dynamic response can be attributed primarily
to loading conditions and modelling assumptions
rather than changes in structural definition.

Dynamic loading scenarios and verification
stages

To evaluate the applicability of the numerical
modelling approach under different dynamic con-
ditions, a series of representative loading scenar-
ios is considered within a structured verification
framework. The selected cases introduce progres-
sively increasing levels of modelling complexity
while maintaining the unified reference beam sys-
tem defined.

The verification process begins with modal
analysis of the beam system, which provides fun-
damental validation of discretisation accuracy
and numerical implementation through compari-
son of natural frequencies and mode shapes with
analytical solutions. This initial stage establishes
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Figure 1. Reference beam configurations: (a) cantilever beam with elastic end restraint;
(b) beam with intermediate support at midspan; (c) simply supported beam subjected to harmonic excitation;
(d) simply supported beam under moving harmonic load
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a baseline assessment of the finite element formu-
lation and numerical stability.

Subsequently, forced vibration under har-
monic excitation is investigated. A stationary
sinusoidal load is applied to the beam in order to
assess the solver’s capability to capture steady-
state dynamic response and resonance behaviour
under time-dependent loading.

The third stage considers a moving harmonic
load travelling along the beam span. This scenario
introduces coupled spatial-temporal effects and
allows evaluation of the numerical implementa-
tion of moving loads, time integration schemes,
and dynamic response accuracy.

Finally, a higher level of modelling complexity
is introduced through dynamic interaction effects
associated with moving loads, enabling assess-
ment of solver performance under conditions rep-
resentative of practical engineering applications.

Together, these loading stages establish a struc-
tured pathway for systematic verification of mod-
elling assumptions and numerical performance.

Analytical reference solutions

Verification of the numerical modelling
approach is performed through systematic com-
parison with established analytical solutions and
reference formulations available in the literature.
These analytical models provide benchmark
results for assessing the accuracy of modal char-
acteristics, forced vibration response, and dynam-
ic behaviour under moving loads.

For free vibration analysis, classical solutions
derived from Euler—Bernoulli beam theory are
employed to determine natural frequencies and
mode shapes under different boundary conditions.
These solutions serve as reference values for
evaluating discretisation accuracy and eigenvalue
extraction procedures in the numerical model.

In the case of forced harmonic excitation,
analytical expressions describing steady-state
response under sinusoidal loading are used to
assess amplitude and phase characteristics of the
dynamic response. Comparison with these solu-
tions allows validation of time integration accu-
racy and damping representation.

The moving harmonic load scenario is eval-
uated using analytical formulations based on
modal decomposition methods. In particular,
the Bubnov—Galerkin method is adopted as an
independent analytical approach for obtaining
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reference solutions implemented outside the
finite element environment.

Together, these analytical benchmarks pro-
vide a consistent basis for structured verification
of the numerical modelling framework across dif-
ferent levels of dynamic complexity.

The overall structured verification procedure
adopted in this study is summarised in Figure 2.

Numerical discretisation considerations

In explicit dynamic solvers such as LS-
DYNA, both spatial discretisation (mesh density)
and time-step size may influence the accuracy of
predicted dynamic response.

In the present study, the mesh density was
selected based on preliminary numerical tests to
ensure stable modal characteristics and consistent
dynamic response. The adopted element sizes
provide a reasonable balance between computa-
tional efficiency and numerical accuracy.

The explicit central difference integration
scheme determines a stable time step according
to the Courant stability condition. Although a
systematic mesh convergence and time-step sen-
sitivity study is beyond the scope of the present
verification-oriented work, the good agreement
observed between numerical results and analyti-
cal solutions indicates that the adopted discre-
tisation strategy is adequate for the considered
benchmark problems.

More detailed convergence investigations for
complex structural configurations represent an
important direction for future research.

MODAL VERIFICATION

The first stage of the verification framework
focuses on modal analysis of the reference beam
system. This stage provides a fundamental assess-
ment of the finite element formulation by com-
paring numerical predictions of natural frequen-
cies and mode shapes with analytical solutions
derived from classical beam theory.

Modal verification is essential for ensuring
that discretisation strategies, element formula-
tions, and boundary condition implementations
are correctly defined prior to introducing external
dynamic loading. Accurate prediction of modal
characteristics establishes confidence in the
numerical model and serves as a baseline for sub-
sequent forced and moving-load analyses.
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Figure 2. Schematic representation of the structured verification framework adopted in this study,
including modal analysis, harmonic excitation, moving load, and moving mass interaction cases

Several representative beam configurations
described in Section 2 are considered, including
cantilever beams with elastic restraint and beams
with intermediate supports. Natural frequencies
and corresponding mode shapes are extracted
using the explicit finite element formulation and
compared with analytical reference solutions.

Finite element formulations for modal
verification

The modal verification stage begins with eval-
uation of the finite element formulations adopted
for modelling the reference beam system. Ana-
lytical solutions for natural frequencies and mode
shapes of beam structures with different bound-
ary conditions are available in the literature and
are used as benchmark references for validating
numerical results. In particular, the analytical for-
mulations presented by Babkov [2] are employed
to establish reference modal characteristics.

The beam system considered in this study
has a span length L=1.0 m, cross-sectional width
b=4.0 cm, height h=0.4 cm, mass per unit length
m=1.256 kg/m, and flexural rigidity EI=42.667
N-m?. Boundary conditions are varied according
to the configurations defined in Section 2.

Two alternative finite element discretisa-
tion approaches are implemented in LS-DYNA
in order to evaluate modelling sensitivity and
numerical consistency:

e a fully integrated shell element formulation
based on Mindlin—Reissner theory, accounting
for transverse shear deformation effects;

e a two-node Hughes—Liu beam element with
six degrees of freedom per node.

The use of different element formulations
allows evaluation of the modelling flexibility of LS-
DYNA for beam-type structures. Beam elements
provide computational efficiency for slender struc-
tural members, while shell elements allow a more
detailed representation of cross-sectional behaviour
and shear deformation effects. Solid elements are
employed in cases where local geometry or contact
interaction must be explicitly represented.

The shell element formulation represents the
structural member as a thin-walled continuum
with five degrees of freedom per node, includ-
ing translational and rotational components. The
beam element formulation models the structure as
a one-dimensional member with additional inte-
gration points along the cross-section to capture
bending and shear effects.

The finite element formulations adopted for
modal verification are illustrated in Figure 3. Com-
parison between these discretisation strategies
enables assessment of modelling accuracy and pro-
vides insight into the suitability of different element
types for dynamic beam analysis within LS-DYNA.

The shell elements used in the numerical model
are four-node quadrilateral elements with five
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b)

Figure 3. Finite element formulations adopted for modal verification: (a) fully integrated shell element;
(b) Hughes—Liu beam element

degrees of freedom per node, including three trans-
lational components and two rotational compo-
nents. The formulation of this element is based on
the Mindlin—Reissner assumption, allowing trans-
verse shear deformation through the thickness to be
considered. Beam members are represented using
two-node Hughes—Liu beam elements with six
degrees of freedom per node (three translations and
three rotations). Additional integration points across
the beam cross-section are introduced to improve
the representation of shear deformation effects.

To evaluate the accuracy of the adopted dis-
cretisation strategies, the three lowest natural
frequencies of the beam are determined for each
boundary condition configuration together with
their corresponding mode shapes. Eigenvalue
extraction is performed using the block Lanczos

Table 1. Natural frequencies of beam vibrations

method with spectral shift, ensuring numerical
stability and computational efficiency.

The obtained modal characteristics are com-
pared with analytical reference solutions derived
from classical beam theory. Table 1 summarises
the numerical and analytical natural frequencies
for the considered boundary conditions.

Modal verification of classical
boundary conditions

Following the finite element modelling and
modal analysis procedure described in Section
3.1, the modal behaviour of beam configura-
tions with classical boundary conditions, name-
ly the simply supported and cantilever cases, is
examined in greater detail. These configurations

Natural frequencies, Hz
Boundary . Frequency | Theoretical LS-Dyna: beam LS-Dyna shell model
conditions Natural frequency equation number, i significance model (fully integrated shell
(Hughes — Liu Beam) elements)
2 o 1 9.151 9.157 9.158
Simply supported _p
beam D, I NEI | m 2 36.602 36.655 36.669
3 82.355 82.569 82.641
2
kl 1 3.263 3.261 3.271
. p= (k) NEI /m
Cantilever beam i /2 2 20.449 20.435 20.495
ch(kl)” Cos(kl)+1=10 3 57.264 57.241 57.423
2
(kl) 1 20.764 20.779 20.899
Fixed ended pi= =g NEIm 2 57.191 57.358 57.694
ch(kl)” Cos(kl)- 1=0 3 112.095 112.655 113.343
(kl)2 1 20.764 20.719 20.722
bovef hanging Pi= VEL/m 2 57.191 57.080 57.109
eam
ch(kl)’” Cos(kl)- 1= 10 3 112.095 111.889 112.006
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provide well-established benchmark problems
and allow evaluation of the consistency between
analytical solutions and numerical predictions.

Representative mode shapes obtained from
the numerical simulations are illustrated in Fig-
ures 4 and 5. The deformation patterns are consis-
tent with theoretical expectations for the respec-
tive boundary conditions, with symmetric mode
shapes observed for the simply supported beam
and zero displacement and rotation at the fixed
end for the cantilever configuration.

The close correspondence between analyti-
cal and numerical modal characteristics con-
firms that both the fully integrated shell element
and the Hughes—Liu beam element accurately
reproduce the fundamental vibration behaviour
of the beam system. Minor differences observed
in higher modes can be attributed to discretisa-
tion effects and variations in shear deformation
representation between the two element for-
mulations. This agreement establishes a reli-
able baseline for subsequent verification stages
involving more complex boundary conditions
and dynamic loading scenarios.

Modal verification of extended boundary
configurations

To further assess the robustness of the adopted
finite element formulations, modal verification is
extended to beam configurations involving non-
classical boundary conditions. These cases intro-
duce additional stiffness constraints and inter-
nal supports, thereby increasing the modelling

complexity while retaining analytical reference

solutions for validation.

Two representative configurations are considered:

e a cantilever beam with an elastic end restraint;

e a cantilever beam with an intermediate simple
support at midspan.

These cases allow evaluation of the numerical
model under conditions where boundary stiffness
and internal constraints modify the global vibra-
tion characteristics.

Cantilever beam with elastic end restraint

To further evaluate the capability of LS-
DYNA in modelling non-classical boundary
conditions, a cantilever beam with an elastic
end restraint is investigated. The beam is rig-
idly fixed at the left end while the right end is
connected to an elastic support characterised
by stiffness parameter c, as shown in Figure 6.
The structural parameters are identical to those
defined in previous verification cases to main-
tain consistency.

The stiffness of the elastic support is charac-
terised by the parameter ¢, which introduces an
additional boundary condition coupling displace-
ment and reaction force at the free end. The natu-
ral frequencies therefore depend on the stiffness
ratio of the elastic restraint, providing a conve-
nient benchmark for assessing numerical accu-
racy under varying boundary flexibility.

Analytical expressions for the natural fre-
quencies are derived from classical beam theory

Boundary Frequency Vibration modes
condtions number
Simply supported 1
e e —_—
beam
2 _ R = N— —
T
3 S - e
o
*Cantilever beam 1 - e
2 e
\
3 T - \

Figure. 4. Natural mode shapes of the simply supported and cantilever beam configurations obtained
using LS-DYNA
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Figure 5. Numerically obtained natural mode shapes for beam configurations with fixed
and free boundary conditions computed in LS-DYNA
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Figure 6. Computational model of a cantilever beam
with an elastically restrained end

and serve as reference solutions. The first natural
frequency is evaluated for several values of the
dimensionless stiffness parameter c-13/EI, repre-
senting different levels of elastic restraint. Modal
extraction in LS-DYNA is performed using the
block Lanczos method, consistent with the proce-
dure described in Section 3.1.

The numerical results obtained using the
Hughes—Liu beam element and the fully inte-
grated shell element are compared with analyti-
cal predictions, as summarised in Table 2. The
comparison shows good agreement between
analytical and numerical results across the con-
sidered stiffness range, confirming that both
finite element formulations accurately cap-
ture the transition between free and restrained
boundary behaviour.

As expected, when ¢—0, the system behav-
iour approaches that of a classical cantilever
beam with a free end. Conversely, when c—o0,
the boundary condition tends towards a rigid sup-
port, resulting in modal characteristics similar to
a beam with additional restraint at the right end.
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The results demonstrate that LS-DYNA is
capable of accurately modelling beams with
elastic boundary conditions, which are fre-
quently encountered in practical engineering
applications involving semi-rigid connections
and flexible supports.

Beam with intermediate support

The modal verification is further extended to
a beam configuration incorporating an intermedi-
ate support. In this case, the beam is rigidly fixed
at the left end, while an additional simple support
is introduced at midspan, as illustrated in Fig-
ure 7. The geometric and material parameters of
the beam remain identical to those defined in the
preceding verification cases.

The presence of the intermediate support alters
the global stiffness distribution and modifies the
vibration characteristics of the system. From an
analytical standpoint, the beam can be considered
as consisting of two segments connected through
compatibility conditions at the support location.
The displacement at the intermediate support is
constrained to zero, while continuity of rotation
and internal forces is preserved.

By applying classical Euler—Bernoulli beam
theory and enforcing the corresponding bound-
ary and compatibility conditions, the character-
istic frequency equation of the system can be
expressed in transcendental form as:

Sin[a]Cosh[a] — Sinh[a]Cos[a] — |
—Sinh[a] + Sin[a] = 0, o
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Table 2. Natural frequencies of a cantilever beam with an elastically restrained end

First frequency, Hz
LS-Dyna shell
cl’ . LS-Dyna: beam
Boudqc‘iary Natural frequency equation — Theoretical modeﬁ (Hughes model (fully
conditions EI significance | Liu Beam) integrated shell
elements)
kl)? 20 8.353 8.169 8.180
D= ( 2) NEI /md;
. [ 65 11.369 11.393 11.416
Cantilever beam
with elastically a = ki,
supported end o’ s chacosa+1 1000 14.334 14.222 14.264
El cha sina - sha cosa

where: o=k-I denotes the dimensionless frequen-
Cy parameter.

For the adopted beam parameters, the first
three roots of the characteristic equation are
obtained numerically as: o,=3.14, 0, =7.85,
a,=9.42 The corresponding natural frequencies
are then determined using the standard frequency
relation for bending vibrations of beams. Modal
analysis is performed in LS-DYNA using both
the Hughes—Liu beam element and the fully
integrated shell element formulations described.
The computed natural frequencies are compared
with the analytical reference values, and the
results are summarised in Table 3.

The comparison indicates very good agree-
ment between analytical and numerical solutions
for all three modes. The discrepancy between the
two finite element formulations remains small
and does not exceed approximately 1%. This con-
firms that both discretisation strategies accurately
capture the stiffness redistribution induced by the
intermediate support.

The corresponding mode shapes exhibit the
expected behaviour, with zero transverse dis-
placement enforced at the support location and
modified curvature distribution along the span.
The results demonstrate that the adopted model-
ling framework is capable of accurately repre-
senting beam systems with internal constraints,

m, EI

”7(/; );%//

2 172
/

P,
=1

Figure 7. Analytical model of a cantilever beam
with an elastic end support

completing the modal verification stage prior to
the introduction of external dynamic loading in
subsequent sections. The preceding modal veri-
fication cases confirm the accuracy of the finite
element formulations for a range of boundary
conditions. The study now proceeds to dynam-
ic response verification under external time-
dependent loading.

Forced vibration under harmonic excitation

Following the modal verification stage, the
numerical framework is further evaluated through
forced vibration analysis of a simply supported
beam subjected to harmonic excitation. This case
introduces time-dependent loading and allows
assessment of the dynamic response capabilities
of the LS-DYNA solver beyond eigenvalue anal-
ysis. The investigated system consists of a simply
supported beam subjected to a harmonic force
applied at the midspan, as illustrated in Figure 8.
The load is defined as: P(t)=P-sin(wt), where P
is the force amplitude and m\omegaw denotes the
excitation frequency. The beam parameters are
defined as:

e span length L=4.35m,
e mass per unit length m=26.3 kg/m,
e flexural rigidity EI=4.601x10°N/m?.

The excitation force has an amplitude P=5 kN
and excitation frequency =20 Hz.

The analytical solution for the steady-state
response is obtained using classical harmonic
response theory, which provides reference values
for displacement amplitude at midspan. Accord-
ing to the analytical formulation, the expected
amplitude of vibration at the beam midpoint is
approximately 2.82 mm. Dynamic simulations in
LS-DYNA are performed using direct time inte-
gration with an explicit central difference scheme
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Table 3. Comparison of natural frequencies for the beam with an intermediate support

First frequency, Hz
3
" Natural frequency cl . LS-Dyna: beam | LS-Dyna shell model
Boundary conditions equation — sTihﬁi?irg;Ir?c?el model (Hughes | (fully integrated shell
El 9 — Liu Beam) elements)
Cantilever beam with (kl)2 ! 9151 9.153 9.212
intermediate hinge = El/m; 2 57.191 57.210 57.381
pl 2 2
support ! 3 82.355 82.564 83.261
P(t)=Psin(wt) where: P is the load amplitude,  is the excitation
frequency, and ¢ denotes the spatial loca-
m, I — tion of the moving load.
X
77% 7% In contrast to the stationary harmonic excita-
12 1/ tion considered in Section 3.4, the moving load

Figure 8. Computational model of a simply
supported beam under harmonic loading

and automatic time stepping. Structural damping
is introduced using a damping coefficient D =0.01
to obtain stable steady-state oscillations after the
decay of transient effects.

Both beam and shell finite element formula-
tions are employed to ensure consistency with
previous verification stages. The harmonic force
is applied as a nodal load at the beam midpoint
with a time increment of 0.005 s. The resulting
steady-state vibration response at midspan is pre-
sented in Figure 9. The numerical results show
good agreement with analytical predictions, with
small discrepancies attributed primarily to differ-
ences in element formulations and treatment of
shear deformation effects.

Dynamic response under moving
harmonic load

To further extend the dynamic verification,
the beam response under a moving harmonic
load is investigated. This case introduces spa-
tial-temporal coupling between the excitation
and structural response, thereby providing a more
demanding benchmark for evaluating the numeri-
cal modelling capabilities of LS-DYNA. The ana-
lysed system consists of a simply supported beam
subjected to a harmonic force travelling along the
beam span with constant velocity v, as illustrated
in Figure 10.

The load is defined as:

P(x,t)=P-sin(wt) - o(x— V) (2)
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induces additional dynamic effects due to the
interaction between load velocity and structural
natural frequencies.

An analytical solution is obtained using the
Bubnov—Galerkin method, which provides a ref-
erence displacement field for comparison. The
numerical implementation in LS-DYNA employs
the nodal force approach, where the moving har-
monic load is applied sequentially along the beam
nodes according to the prescribed velocity.

The displacement response is evaluated at
midspan and compared with the analytical solu-
tion. The comparison, presented in Figure 11,
demonstrates good agreement between the finite
element predictions and the reference solution.
Minor deviations are attributed to discretisation
effects and the time integration scheme.

The results confirm that the adopted model-
ling strategy accurately reproduces the dynamic
response of beam systems subjected to moving
harmonic excitation, thereby extending the vali-
dation beyond stationary loading conditions.

The comparison between analytical and
numerical solutions is presented in Figure 12,
showing the time histories of forced vibrations
at the beam midspan. The results obtained using
the beam and shell finite element models in
LS-DYNA demonstrate good agreement with
the analytical prediction based on the Bubnov—
Galerkin method.

Minor discrepancies in the predicted vibration
frequencies are attributed primarily to the discrete
representation of the moving load as nodal forces.
Improved accuracy can be achieved by selecting
an optimal load application step; however, reduc-
ing this step significantly increases the computa-
tional effort required for model construction. In
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Figure 11. Comparison of midspan displacement histories under moving harmonic excitation
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Figure 12. Comparison of midspan displacement histories under moving harmonic load obtained
using the Bubnov—Galerkin method and LS-DYNA simulations

practical applications, auxiliary preprocessing
tools may therefore be employed to automate the
definition and assignment of nodal loads along
the travel path.

In cases where load inertia and feedback
effects must be considered, alternative modelling
strategies based on contact algorithms may be
adopted. Such approaches enable coupled simula-
tion of moving masses and structural systems and
have been implemented in previous studies using
general contact formulations.

Beam response under moving sprung mass
with surface irregularity

To further extend the verification framework
towards coupled vehicle—structure interaction
problems, a beam system subjected to a moving
sprung mass travelling over a local surface irregu-
larity is considered. This example introduces both
load inertia and contact interaction effects, thereby
representing a higher level of modelling complex-
ity compared to the previous moving force case.

The structural system consists of a simply
supported reinforced concrete beam with square
cross-section (15 x 15 c¢m). The material prop-
erties adopted in the model are: Young’s modu-
lus E=30000 MPa, Poisson’s ratio pu=0.2, and
unit weight y=24 kN/m?. Self-weight effects are
neglected in order to isolate the dynamic response
induced by the moving system.

The moving system is idealised as a single-
degree-of-freedom sprung mass travelling with
constant velocity V. The model includes mass
M, suspension stiffness ccc, and viscous damp-
ing coefficient k, forming a simplified represen-
tation of a vehicle axle—suspension system. The
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adopted parameters are: M=200 kg; c=150 kN/m;
k=1 kN-s/m, and velocity V=5 m/s

The description of materials and element
types used in the finite element model in LS-
DYNA is provided in Table 4.

The beam surface includes a localised geo-
metric irregularity representing a single depres-
sion. The profile of the irregularity is defined
analytically by:

l
0,V-t<(§—a>;

hy 2ty /1 !
— — - —__ <V- _ = 0-
2(1 Cos " ),(2 a)_V t<<2 a) 0;(3)
l
O,V't>§.

where: a=1 m is the irregularity length and
h=0.01 m is the depression depth. The
corresponding computational model is
illustrated in Figure 13.

In the LS-DYNA implementation, the interac-
tion between the sprung mass and the beam is sim-
ulated through contact-based coupling between the
moving mass element and the beam surface. Time
integration is performed using an explicit central
difference scheme with automatic time stepping.
Both beam and shell finite element formulations
are considered for the structural discretisation.

The modelling concept is illustrated sche-
matically in Figure 14. The beam is covered by
an upper orthotropic layer containing a local geo-
metric depression representing a surface irregu-
larity. The use of three-dimensional finite ele-
ments with orthotropic material properties allows
accurate representation of the irregularity geome-
try while maintaining realistic load transfer to the
main structural beam. Owing to the anisotropic
mechanical properties along and across the beam
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Table 4. Description of element types and material models

Object Element LS-DYNA element formulation Material model
Beam Beam Hughes—Liu beam element MAT_ELASTIC
system Upper Iaye_r with 8-node solid element with full integration scheme MAT _ORTHOTROPIC_ ELASTIC
depression (3 DOF per node)
Support part Hughes—Liu beam element MAT_RIGID

Sprung mass Elastic spring

2-node one-dimensional element

MAT_SPRING_ ELASTIC

system Damper

2-node one-dimensional element

MAT_DAMPER_ VISCOUS

Mass

Fully integrated shell element

MAT_RIGID

A

| R A R e AR

24

El, m

4m 1M SM

iy

10Mm

Figure 13. Computational model of a simply supported beam subjected to a moving sprung mass travelling
over a local surface irregularity

axis, the irregularity layer effectively transmits
the moving load without significantly altering the
global stiffness of the structural system.

The translational motion of the moving mass is
prescribed using the PRESCRIBED MOTION
RIGID option in LS-DYNA, which allows defini-
tion of velocity, acceleration, or displacement his-
tories for rigid bodies along a specified direction.
This approach is commonly applied in dynamic
analyses involving moving loads or seismic exci-
tation based on predefined motion histories.

Contact interaction between the support ele-
ment of the moving load and the beam surface
is modelled using the AUTOMATIC_BEAMS
TO SURFACE algorithm. This contact for-
mulation provides robust numerical stability in
problems involving large relative displacements
between interacting bodies. During each time
step, penetration between the support element
and the irregularity layer is detected, and a con-
tact force proportional to the penetration depth is
applied to both bodies. A fragment of the finite
element model with the moving mass is shown
in Figure 15.

Material models and element formula-
tions used in the simulation are summarised in
Table 4. Structural damping is introduced using
global mass-proportional damping (*DAMP-
ING_GLOBAL), defined as a fraction of criti-
cal damping. A damping coefficient D =1.0 cor-
responds approximately to 3% damping at the

fundamental vibration frequency of the beam
(0,=14.96 rad/s). The dynamic analysis is per-
formed using the explicit central difference inte-
gration scheme implemented in LS-DYNA with a
constant time step At=1.78 x 10°¢s. The resulting
midspan displacement histories are presented in
Figure 16, while Figure 17 shows the evolution
of dynamic contact pressure associated with the
moving sprung mass. The solid red curves rep-
resent results obtained in LS-DYNA, whereas
the dashed blue curves correspond to reference
solutions reported in [6]. The comparison dem-
onstrates satisfactory agreement between numeri-
cal predictions and reference data, confirming the
validity of the adopted modelling approach.

The obtained dynamic response demon-
strates clear amplification of beam vibrations as
the sprung mass traverses the irregularity region.
Compared to the moving harmonic force case,
this configuration produces additional response
components associated with load inertia and sus-
pension dynamics. The results confirm that the
finite element framework implemented in LS-
DYNA is capable of capturing coupled vehicle—
structure interaction phenomena, including tran-
sient contact effects and localised excitation due
to surface imperfections.

This final verification case completes the
structured hierarchy of benchmark problems,
progressing from classical modal analysis to
forced vibration and ultimately to coupled
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Figure 14. Conceptual model of the moving sprung mass interacting with the beam surface irregularity

Figure 15. Finite element model of the
dynamic system with moving sprung mas

moving-mass interaction. The consistent agree-
ment observed throughout the examples demon-
strates the robustness of the adopted modelling
strategy for analysing beam-type structural sys-
tems under dynamic loading.

Discussion of verification results

The structured sequence of verification cases
presented in this section provides a compre-
hensive evaluation of the numerical modelling

framework across increasing levels of com-
plexity, ranging from classical modal analysis
to coupled moving-mass interaction problems.
The results demonstrate that the adopted LS-
DYNA implementation is capable of accurately
reproducing both fundamental dynamic charac-
teristics and more advanced structural response
phenomena.

The modal verification stage confirms that
the finite element formulations employed in
this study, including the Hughes—Liu beam ele-
ment and fully integrated shell element, yield
natural frequencies and mode shapes in close
agreement with analytical solutions derived
from classical beam theory. The small discrep-
ancies observed between analytical and numer-
ical results are primarily attributed to discreti-
sation effects and differences in element formu-
lations, particularly regarding the treatment of
shear deformation.

The extended modal cases involving elastic
end restraint and intermediate support further
validate the ability of the modelling framework
to capture stiffness redistribution induced by non-
classical boundary conditions. The results indi-
cate that both finite element approaches remain

Free vibrations
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Figure 16. Midspan displacement response of the beam
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Figure 17. Time history of dynamic contact pressure

robust when internal constraints or elastic sup-
ports are introduced, with relative errors remain-
ing within acceptable engineering limits.

The transition to forced vibration analysis
demonstrates the capability of the numerical
model to accurately predict steady-state response
under harmonic excitation. The agreement
between analytical and numerical displacement
amplitudes confirms the reliability of the direct
time integration approach adopted in LS-DYNA
for dynamic response analysis.

More complex scenarios involving mov-
ing loads reveal additional modelling challeng-
es associated with spatial-temporal coupling
between excitation and structural response. The
moving harmonic load case highlights the impor-
tance of discretisation strategy in representing
travelling forces, as the accuracy of the solution
depends on the selection of nodal load spacing
along the load trajectory. Despite these challeng-
es, the numerical results remain consistent with
analytical reference solutions.

Finally, the moving sprung mass example
introduces load inertia and contact interaction
effects, representing a realistic vehicle—structure
interaction scenario. The successful reproduction
of transient response behaviour demonstrates the
versatility of the adopted modelling framework
and confirms its applicability to practical engi-
neering problems involving moving vehicles or
dynamic contact phenomena.

Overall, the progressive verification strat-
egy adopted in this study establishes a consis-
tent level of confidence in the numerical model-
ling approach. By validating the solver against
benchmark problems of increasing complexity,
the study provides practical guidance for apply-
ing general-purpose nonlinear dynamic solvers to
beam-type structural systems encountered in civil
engineering practice.

It should be noted that the present study focus-
es primarily on verification against analytical

solutions and reference numerical results. Experi-
mental validation is not included in the current
work and represents an important direction for
future research.

Further studies should also investigate mesh
convergence behaviour and time-step sensitivity
for more complex structural configurations and
nonlinear material models.

CONCLUSIONS

The agreement between the finite element
results obtained in LS-DYNA and known analyti-
cal or reference solutions for the considered beam
vibration problems allows the following conclu-
sions to be drawn:

e The eigenvalue extraction algorithm imple-
mented in LS-DYNA, when combined with
an adequate level of spatial discretisation,
enables accurate determination of natural fre-
quencies of beams with various boundary con-
ditions, even in cases where the spectrum of
eigenfrequencies is densely distributed.

e The explicit central difference method, form-
ing the basis of dynamic analysis in LS-
DYNA, can be effectively applied to the simu-
lation of forced vibrations of beam-type struc-
tural systems.

e Numerical results obtained using fully inte-
grated shell elements demonstrate satisfac-
tory agreement with beam-element models for
structures with the considered geometric and
mechanical parameters, confirming the consis-
tency of different finite element formulations.

e The use of contact algorithms enables reliable
simulation of inertial moving loads acting on
beam systems, including transient interaction
effects.

e The proposed approach for modelling sur-
face irregularities along the load trajectory
in coupled moving-mass analyses may be
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employed to account for the influence of
road micro-profile in the dynamic analysis of
highway bridge spans.

e Future research should focus on extending
the proposed verification framework to more
complex structural systems and investigating
mesh convergence and time-step sensitivity
for nonlinear dynamic problems.

e Experimental validation of moving-load inter-
action models also represents an important
direction for further studies.
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