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INTRODUCTION

Steel frame structures are widely used in 
high-rise buildings. For simplicity, beam-column 
connections are often idealized as fully rigid or 
hinged. In reality, however, these connections 
deform and exhibit intermediate stiffness, which 
may lead to inaccurate predictions of structur-
al response. Therefore, more reliable analysis 
methods should explicitly account for semi-rig-
id connection behavior. Previous studies [1–5] 
have shown that semi-rigid connections signifi-
cantly influence frame performance. Because 
steel frames consist of slender members, P-Delta 
effects are also important and should be consid-
ered. Although these issues are recognized in 
design standards such as American steel structure 
design standards [6] and European steel struc-
ture design standards [7], specific computational 
procedures for analyzing semi-rigid steel frames 
including P-Delta effects are not fully developed 
in these standards.

For complex structural configurations such as 
semi-rigid steel frames, obtaining exact analyti-
cal solutions for dynamic behavior is inherently 
challenging. Consequently, most studies rely on 
numerical methods, particularly the finite ele-
ment method (FEM). Therefore, developing an 
effective finite element formulation that incorpo-
rates both dynamic loading and P–Delta effects 
is essential. General procedures for constructing 
linear elastic and geometric stiffness matrices in 
evaluating the second-order static behavior of 
steel frames with semi-rigid connections under 
P-Delta actions were presented in [8]. For accu-
rate dynamic analysis, however, a consistent mass
matrix must be derived in addition to these stiff-
ness matrices and the conventional lumped mass
matrix. This mass matrix should vary with the
instantaneous rotational stiffness at beam ends,
which depends on the evolving geometric con-
figuration. Hence, dynamic analysis of semi-rigid
steel frames fundamentally depends on appropri-
ate stiffness and mass formulations.
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Chan and Ho (1994) [9] idealized the rotation-
al flexibility of the joint as an independent spring 
element and combined it with a beam element 
possessing fully rigid end connections to estab-
lish a hybrid beam-column formulation. In this 
configuration, the stiffness of the hybrid element 
was obtained by embedding the joint stiffness into 
the bending components of the conventional elas-
tic beam matrix. Based on this approach, Batelo 
et al. (2015) [10] developed a dynamic analysis 
method that considers geometric nonlinearity; 
however, the procedure for constructing the mass 
matrix was not clearly described.

Chen and Lui (1987) [2] modified beam-end 
rotations in the slope-deflection formulation using 
stability functions to construct stiffness matrices 
for beam-column elements with semi-rigid ends. 
The extension of this formulation to dynamic 
applications was later undertaken by Lui and 
Lopes (1997) [11] and Awkar and Lui (1999) [12], 
who adopted bilinear connection models together 
with a constant mass matrix assumption. Nguyen 
and Kim [13–15] analyzed elastic, inelastic, and 
spread-of-plasticity dynamics for semi-rigid steel 
frames, although the mass matrix formulation was 
not explicitly detailed. The P-Delta effect was con-
sidered in [11–15].

Nguyen (2012) [4] modified beam-end rota-
tions by employing third-order Hermitian poly-
nomials to interpolate the horizontal displace-
ment, thereby deriving the linear elastic stiffness 
and consistent mass matrices for beam elements 
with semi-rigid ends. These formulations were 
subsequently applied to dynamic analysis using 
an elastic-plastic model; however, P-Delta effects 
were not included.

Chan and Ho (1994) [16] and Chan and Chui 
(2000) [5] established displacement functions and 
derived linear elastic stiffness, geometric stiffness, 
and consistent mass matrices for semi-rigid beam-
column elements. Later studies [17] extended these 
formulations to second-order dynamic analysis of 
planar steel frames. Suarez et al. (1996) [18] and 
subsequent researchers [19, 20] derived consistent 
mass matrices considering eccentric connections 
and damping effects, though P-Delta effects were 
not fully incorporated in some cases. Zlatkov and 
co-authors [21–23] proposed alternative shape-
function-based formulations and established con-
sistent mass matrices for structures with semi-rigid 
connections.

Despite the significant contributions of 
the aforementioned studies, comprehensive 

investigations into the second-order dynamic 
behavior of semi-rigid steel frames remain rela-
tively limited, particularly when both geometric 
nonlinearity and inertia effects are considered. 
Recent studies have further explored nonlinear 
modeling and dynamic response of semi-rigid 
steel frames [24–28]. In dynamic finite element 
analysis, inertia effects may be represented either 
by lumped mass matrices or by consistent mass 
matrices. While the lumped mass matrix is often 
adopted for computational simplicity, the con-
sistent mass matrix generally provides improved 
accuracy in representing the distributed inertia 
of beam elements [29, 30]. Therefore, deriving 
a consistent mass matrix based on appropriate 
shape functions for beam elements with semi-
rigid end connections is essential for reliable 
dynamic analysis.

To address these limitations, this study pro-
poses a finite element formulation for the second-
order dynamic analysis of semi-rigid steel frames 
based on a consistent mass matrix derived from 
newly developed displacement shape functions 
for beam–column elements with semi-rigid end 
connections. These shape functions, together 
with the corresponding stiffness matrices, were 
previously verified in static stability analysis [31] 
and provide a coherent framework for dynamic 
analysis. The proposed mass matrix consists of 
polynomial coefficients directly expressed in 
terms of instantaneous connection stiffness and 
element properties, ensuring computational sim-
plicity. Limiting cases, including fully rigid and 
hinged connections, are also examined to verify 
the formulation.

Recent studies have made significant con-
tributions to the development of finite element 
formulations for steel frames with semi-rigid 
connections. For example, Özel et al. [32] devel-
oped consistent matrices that account for shear 
deformation and rotary inertia effects, providing 
improved accuracy in structural modeling. In 
addition, Nguyen and Vu [33] proposed a con-
densed finite element formulation for semi-rigid 
steel frames, improving computational efficiency 
while maintaining acceptable accuracy.

Despite these valuable contributions, existing 
studies still treat key aspects of the problem sepa-
rately. In particular, the combined effects of (i) con-
sistent mass matrix formulation explicitly depen-
dent on instantaneous connection stiffness, (ii) sec-
ond-order (P–Δ) effects, and (iii) nonlinear hyster-
etic behavior of semi-rigid connections in dynamic 



310

Advances in Science and Technology Research Journal 2026, 20(7), 308–324

analysis have not been simultaneously incorporated 
within a unified finite element framework.

Therefore, the present study is the first to 
develop a unified formulation that integrates all 
these aspects into a single computational frame-
work, enabling a more realistic and comprehen-
sive representation of the dynamic response of 
semi-rigid steel frames.

The main contributions of this study can be 
summarized as follows:
1)	A consistent mass matrix formulation is devel-

oped for beam–column elements with semi-
rigid end connections based on newly estab-
lished displacement shape functions.

2)	A numerical framework is proposed for sec-
ond-order dynamic analysis of steel frames 
considering both P–Delta effects and nonlinear 
semi-rigid connection behavior.

3)	An efficient criterion is introduced to identify 
loading and unloading phases of semi-rigid 
connections during dynamic response analysis.

4)	The effectiveness of the proposed formulation 
is verified through numerical examples and 
comparison with previously published results.

To overcome these limitations, the present 
study proposes a novel finite element formula-
tion for the second-order dynamic analysis of 
semi-rigid steel frames using a consistent mass 
matrix. Unlike previous approaches, the proposed 
formulation explicitly incorporates a stiffness-
dependent mass matrix together with geometric 
nonlinearity (P–Δ effects) and nonlinear hyster-
etic behavior of semi-rigid connections within a 
unified framework.

The remainder of this paper is organized as 
follows. First, the formulation of the element 
mass matrix is presented. Next, the modeling of 
semi-rigid connections under static and dynamic 
loading is described. The numerical procedure for 
second-order dynamic analysis is then introduced. 

Finally, numerical verification and discussion are 
presented, followed by the conclusions.

FORMULATION OF THE ELEMENT MASS 
MATRIX 

The purpose of the present formulation is 
to develop a consistent mass matrix and a com-
putational procedure suitable for second-order 
dynamic analysis of steel frames with semi-rigid 
connections. The proposed methodology combines 
the displacement-based finite element formulation 
with a nonlinear connection model and an incre-
mental time-integration scheme. The scope of the 
study focuses on planar steel frames subjected to 
dynamic loading while considering geometric non-
linearity and connection hysteresis. In the present 
formulation, the rotational flexibility of semi-rigid 
joints is represented by discrete rotational springs 
located at the ends of the beam-column element, 
resulting in a hybrid element eth configuration as 
illustrated in Figure 1. This multi-spring element 
is characterized by two end nodes, A and B. The 
instantaneous rotational stiffness values at these 
ends are denoted by kA and kB, with corresponding 
rotation angles θcA and θcB. The springs are assumed 
to be dimensionless. Let L  represent the element 
length. The kinematic assumptions and fundamen-
tal quantities adopted herein follow those described 
in [8]. The shape functions matrix for at these ends 
are denoted by and an element with semi-rigid end 
connections takes the following form:

Figure 1. Hybrid element model

( ) ( ) ( )
( ) ( ) ( ) ( )

1 4

2 3 5 6

0 0 0 0
0 0

N x N x
N x

N x N x N x N x
 

=    
 

				    (1)

where the shape functions are defined as follows

( )1 1 xN x
L

= − , ( ) 2 3
2 1 2 31 3N x d x d x d x= − − + , ( ) 2 3

3 4 5 2N x d x d x d x= − + ,

( )4
xN x
L

= , ( ) 2 3
5 1 2 33N x d x d x d x= + − , ( ) 2 3

6 6 7 8N x d x d x d x= − − + 	 (2)
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Reference [8] provides the explicit expressions for coefficients from d1 to d8. To achieve 
reliable dynamic analysis of frame structures, a consistent mass formulation is adopted. When 
semi-rigid end connections are considered, the element mass matrix must account for the rotational 
degrees of freedom associated with these joints. Following the approaches in [5], [16], [34], the 
consistent mass matrix of the semi-rigid beam-column element, denoted as [ms]e, is derived by 
integrating the displacement interpolation functions over the element length, with m representing 
the mass per unit length of the member: 

  ( ) ( )
0

L
T

s e
m m N x N x dx=         (3) 

The coefficients of the matrix in Equation 3 are rewritten in the form: 

 

1,1 1,4

2,2 2,3 2,5 2,6

3,2 3,3 3,5 3,6

4,1 4,4

5,2 5,3 5,5 5,6

6,2 6,3 6,5 6,6

0 0 0 0
0 0
0 0

0 0 0 0
0 0
0 0

s s

s s s s

s s s s
s e

s s

s s s s

s s s s

m m
m m m m
m m m m

m q
m m

m m m m
m m m m

 
 
 
 

=  
 
 
 
  

 (4) 

Substituting the shape functions from Equation 2 into Equation 3 yields the coefficients of the 
consistent mass matrix. For brevity, the detailed polynomial expressions are not repeated here and can 
be found in [8]. The resulting coefficients are summarized in Equation 5. 

1,1 4,4

3s s
Lm m= = , 1,4 4,1

6s s
Lm m= = , 

( ) ( ) ( )2 5 2 342 7
2 1 3 1 21 2 32,2 6 23

2 3 1

9 2 66 2
7 5 4 3s

d d d L d d Ld d d Ld Lm d d L d L L
− −+

= − + + + − + , 

( ) ( )

( ) ( )

2 6 57
2 3 5 1 2 2 5 3 42,3 3,2 2 3

4 3 2
1 5 2 4 2 1 4 5 4

3 3
7 6 5

3
4 3 2

s s

d d d L d d d d d d Ld d Lm m

d d d d d L d d d L d L

+ − + +
= = − +

− + +
+ − +

 

( ) ( ) ( )2 5 2 342 7 2
1 3 2 1 21 2 32,5 5,2 63 1

2 3

2 9 36
7 5 4 3 2s s

d d d L d d Ld d d Ld L d Lm m d d L
− − ++

= = − + + − + +  

( ) ( )

( ) ( )

6 57
2 8 3 7 1 8 2 7 3 62,6 6,2 3 8

4 3 2
1 7 2 6 8 1 6 7 6

3 3
7 6 5

3
4 3 2

s s

d d d d L d d d d d d Ld d Lm m

d d d d d L d d d L d L

+ − + −
= = − +

+ + −
+ + −

 

( )2 56 42 7 2 3
2 4 53,3 2 5 4 52 4

2
7 3 5 2 3s

d d d Ld d L d d Ld L d Lm
+

= − + − +  
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( ) ( ) ( )

3,5 5,3

2 6 5 47 3
2 3 5 1 2 2 5 3 4 1 5 2 42 3 1 4

3 3 3
7 6 5 4 3

s sm m

d d d L d d d d d d L d d d d Ld d L d d L

= =

+ − − − +
− + + + +

 

( ) ( ) ( )

3,6 6,3

6 5 47 3
2 7 5 8 2 6 4 8 5 7 4 7 5 62 8 4 6

7 6 5 4 3

s sm m
d d d d L d d d d d d L d d d d Ld d L d d L

= =

+ − + + − +
− + + −

 

( )2 52 7 4 2 3
1 3 25,5 63 1 2 1

2 3

2 9 3
7 5 2 3s

d d d Ld L d d L d Lm d d L
− +

= − + + +  

( ) ( ) ( )

5,6 6,5

6 5 47 3
2 8 3 7 1 8 2 7 3 6 1 7 2 63 8 1 63 3 3

7 6 5 4 3

s sm m
d d d d L d d d d d d L d d d d Ld d L d d L

= =

+ − + +
− + + − −

 

( )2 52 7 6 4 2 3
6 8 76,6 8 7 8 6 7 6

2
7 3 5 2 3s

d d d Ld L d d L d d L d Lm
− +

= − + + +  (5) 

Particular limiting configurations of the consistent mass matrix arise when the semi-rigid 
connection stiffness tends toward extreme values, corresponding either to hinged conditions or fully 
rigid restraints. Based on these limits, four representative boundary cases are examined: two ends fully 
rigid, two ends hinged, and the two mixed configurations in which one end is rigid while the other 
behaves as a hinge. The limiting values of the matrix coefficients defined in Equation 5 are evaluated 
accordingly, and the resulting expressions are summarized in Table 1. 
The data in Table 1 can be compiled into matrices for each special case as follows: 

Case 1. Fully rigid connections at both ends 

 

2 2

2 3 2 3

2 2

2 3 2 3

0 0 0 0
3 6

13 11 9 130 0
35 210 70 420

11 130 0
210 105 420 140

0 0 0 0
6 3

9 13 13 110 0
70 420 35 210
13 110 0
420 140 210 105

s e

L L

L L L
L

L L L L

m q
L L

L L L
L
L L L L

 
 
 
 − 
 
 − 

=  
 
 
 
 −
 
 
 − − −
 

 (6) 
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Case 2. End A fully rigid and end B hinged 

 

2

2 3 2

2

0 0 0 0
3 6

17 3 390 0 0
35 35 280
3 2 110 0 0
35 105 280

0 0 0 0
6 3

39 11 330 0 0
280 280 140

0 0 0 0 0 0

s e

L L

L L L

L L L
m q

L L

L L L

 
 
 
 
 
 
 
 =
 
 
 
 
 
 
  

 (7) 

Case 3. Hinged connection at end A and rigid connection at end B 

 

2

2

2 2 3

0 0 0 0
3 6

33 39 110 0 0
140 280 280

0 0 0 0 0 0

0 0 0 0
6 3

39 17 30 0 0
280 35 35
11 3 20 0 0
280 35 105

s e

L L

L L L

m q L L

L L L

L L L

 
 
 
 − 
 
 
 =
 
 
 

− 
 
 

− −  

 (8) 

Case 4. Hinged connections at both ends 

 

0 0 0 0
3 6

0 0 0 0
3 6

0 0 0 0 0 0

0 0 0 0
6 3

0 0 0 0
6 3

0 0 0 0 0 0

s e

L L

L L

m q
L L

L L

 
 
 
 
 
 
 =
 
 
 
 
 
 
 

 (9) 
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Table 1. Coefficient values of the consistent mass matrix for limiting boundary configurations

Matrix coefficient
[ ]s e
m

Two ends fully rigid
→∞Ak , →∞Bk

End A fully rigid while
end B hinged
→∞Ak , → 0Bk

End A hinged while end 
B fully rigid
→ 0Ak , →∞Bk

Two ends hinged
→ 0Ak , → 0Bk

2,2
sm

13
35

L 17
35

L 33
140

L
3
L

2,3 3,2,s sm m
211

210
L 23

35
L

0 0

2,5 5,2,s sm m
9
70
L 39

280
L 39

280
L

6
L

2,6 6,2,s sm m −
213

420
L

0 −
211

280
L

0

3,3
sm

3

105
L 32

105
L

0 0

3,5 5,3,s sm m
213

420
L 211

280
L

0 0

3,6 6,3,s sm m −
3

140
L

0 0 0

5,5
sm

13
35

L 33
140

L 17
35

L
3
L

5,6 6,5,s sm m −
211

210
L

0 −
23

35
L

0

6,6
sm

3

105
L

0
32

105
L

0

In the limiting case where both ends of the 
beam–column element are fully rigid, the consis-
tent mass matrix reduces to the classical formu-
lations reported by Przemieniecki (1968) [34], 
Kwon and Bang (2000) [35], and Chopra (2020) 
[29]. When both ends are hinged, the formulation 
degenerates to the conventional element mass 
matrix given in [34].

SEMI-RIGID CONNECTION MODELING

An accurate representation of semi-rigid con-
nection behavior is crucial for dynamic analysis of 
steel frame systems. Experimental investigations 
reported in [5] indicate that semi-rigid connections 
exhibit stable and repeatable hysteretic responses 
under cyclic loading, with pronounced ductility 
in their moment–rotation M – θc characteristics. 
For practical dynamic simulations, the nonlin-
ear moment–rotation relationship obtained from 
static monotonic tests may be employed within 
simplified computational schemes. In general, 

three principal approaches are available for mod-
eling cyclic joint behavior: independent hardening 
formulations, kinematic hardening models, and 
bounding surface techniques [5]. The present work 
adopts the independent hardening method.

Semi-rigid connection model under static 
loading

The mechanical response of a semi-rigid con-
nection is characterized by the instantaneous rela-
tionship between bending moment and rotation 
at the connection. When the connection stiffness 
remains constant, this relationship is linear. For 
connections exhibiting stiffness degradation, the 
moment–rotation behavior is commonly repre-
sented using empirical curve-fitting formulations 
derived from experimental observations [5]. These 
formulations constitute the mathematical models 
employed to describe semi-rigid joint behavior, 
with parameters calibrated from test data.

In contrast to the linear representation, non-
linear models capture the progressive reduction 
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of stiffness as the applied moment increases. Vari-
ous nonlinear formulations have been proposed in 
the literature; the present study adopts the expo-
nential model introduced by Chen and Lui (1986, 
1988) [5, 17, 36, 37], widely known as the Chen–
Lui model. This model has been widely adopted 
in previous studies to represent the nonlinear 
moment–rotation behavior of semi-rigid steel 
connections. It has also been experimentally vali-
dated for common steel beam–column connec-
tions such as flush end-plate and angle connec-
tions, which are similar to the types of connec-
tions considered in this study. The corresponding 
moment–rotation relationship is expressed as:

0
1

1 exp( )
2

n
c

j p c
j

M M C k
j
θ

θ
α=

 − 
= + − + 

 
∑ 	(10)

The associated tangent rotational stiffness kc 
is obtained by differentiating Equation 10 with 
respect to the rotation angle:

	
1

exp( )
2 2

c c

n
j c

c p
jc

CdMk k
d j j

θ θ

θ
θ α α==

−
= = +∑ 	(11)

The initial stiffness 0k  can be obtained as:

	 0
10

2
c

n
j

p
jc

CdMk k
d j

θ
θ α==

= = +∑ 	 (12)

Here, M0 denotes the initial moment, kp rep-
resents the strain-hardening stiffness, α is a scal-
ing parameter, Cj corresponds to the curve-fitting 
coefficient, and n indicates the number of expo-
nential terms considered in the formulation. The 
curve-fitting parameters for various connection 
configurations were calibrated by Lui and Chen 
(1988) [5], including single web angle, top-and-
bottom seated angle, flush end plate, and extend-
ed end plate joints.

The symbol Cj used in the Chen–Lui formu-
lation represents a curve-fitting coefficient of the 
moment–rotation model and should not be con-
fused with the damping matrix [C] appearing in 
the global dynamic equilibrium equation.

Semi-rigid connection model under dynamic 
loading

The present study uses the Independent Hard-
ening Method to model the connection under 
dynamic loading. According to this method, the 
properties of the connections are considered to 

remain constant during loading and unloading. 
In contrast, potential degradation phenomena, 
including variations in initial stiffness and initial 
yield moment, are neglected. Moreover, because 
the each hysteretic cycle is treated independently, 
no cumulative hardening effects are introduced. 
The hysteretic moment–rotation response of the 
semi-rigid connection subjected to dynamic load-
ing using the Independent Hardening Method is 
shown in Figure 2. Under dynamic load, the hys-
teresis loop and tangential stiffness of the connec-
tion change according to the instantaneous bend-
ing moment M, the relative rotation angle θc and 
the variation of the moment. The following section 
presents an algorithm for modeling the nonlinear 
response of semi-rigid connections during dynam-
ic excitation. This algorithm is already available in 
many open documents; however, the distinguish-
ing feature of this formulation is that the loading 
and unloading phases are determined based on the 
difference in the absolute values of the moment 
at two adjacent time steps. During forward time 
integration, this criterion effectively distinguishes 
loading from unloading in each hysteretic loop.

The fundamental moment–rotation M – θc  
relationship adopted from [5] is expressed as:

	 ( )cM f θ= 	 (13)

where:	M denotes the bending moment as a func-
tion of the rotation θc.

Figure 2. Connection behavior in the independent 
hardening method
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When the response trajectory originates from 
or intersects the point (θp, 0). If the path starts 
from or passes through a point (θp, 0) located on 
the x-axis (M = 0) and subsequently proceeds 
along the primary branches (e.g., OA, BC, or DE), 
the connection is considered to be in the loading 
phase (|Mi+1| – |Mi| > 0, and follow the curve of the 
model with (θp, 0) serving as the updated reference 
configuration, where θp represents the last perma-
nent connection rotation. |Mi| and |Mi+1| are the 
moments at the ith and (i + 1)th time step, respec-
tively. The M – θc relationship is then expressed 
by the following simple expression:

	 ( )c pM f θ θ= − 	 (14)

The corresponding tangent stiffness is obtained as:

	
c c p

c
c

dMk
d

θ θ θ
θ

= −

= 	 (15)

When the response enters the unloading 
phase (|Mi+1| – |Mi| < 0), and follows segments AB 
or CD, it will move towards the x-axis, along a 
linear path whose slope equals the initial stiffness 
k0 of connection. The unloading process initiates 
at the reversal point (θca, Ma). The M – θc relation-
ship is expressed as:

	 ( )0a ca cM M k θ θ= − − 	 (16)

and tangent connection stiffness is:

	 0c
c

dMk k
dθ

= = 	 (17)

where: the reversal moment Ma is evaluated as:

	 ( )a ca pM f θ θ= − 	 (18)

In the case of a connection during unloading, 
for example from A to B, but only going to F and 
then back to A, this path will follow a straight line 
parallel to the initial stiffness until it reaches the 
reversal moment Ma. Next, if the connection con-
tinues to be reloaded (|Mi+1| – |Mi| > 0, the response 
then returns along the primary loading branch AG, 
originating from the previously accumulated per-
manent rotation point (θp, 0). In the calculation 
process, upon completion of each unloading cycle, 
both the updated permanent rotation θp and the 
associated reversal moment Ma are recorded for 
subsequent time steps. Additionally, an adequately 
small time increment is required to ensure numeri-
cal accuracy. The loading or unloading phases of a 
hysteresis loop are depicted in Figure 2.

NUMERICAL FRAMEWORK FOR SECOND-
ORDER DYNAMIC ANALYSIS

In dynamic analysis of building structures, 
steel frames are subjected to both static and 
dynamic loads. Static loads act throughout the 
service life of the structure, whereas dynamic 
loads occur over specific time intervals. To accu-
rately capture load effects, static analysis is first 
performed, followed by dynamic analysis, and 
the results are combined to evaluate the over-
all response. In some cases, dynamic analysis is 
conducted separately to assess dynamic effects 
independently. The preliminary static analysis is 
performed only to establish the initial equilibrium 
configuration and internal force state of the struc-
ture. The subsequent dynamic analysis is then 
carried out using a nonlinear time-integration 
procedure, in which geometric nonlinearity and 
connection hysteresis are fully considered during 
the transient response.

The second-order static formulation account-
ing for P–Delta effects in semi-rigid steel frames 
has been detailed in [8], and the corresponding 
computational workflow is illustrated in Figure 
3. Upon completion of the ith load increment, the 
stiffness matrix, internal force vector, and geo-
metric configuration associated with large dis-
placements are updated before proceeding to the 
subsequent increment (i + 1)th. The parameters n 
and Eps denote the total number of load incre-
ments and the prescribed tolerance for variations 
in axial force between successive calculation 
steps. Furthermore, N0, N1, and Nmax refer to the 
axial force from the previous step, the axial force 
from the current step, and the maximum axial-
force change among all elements after each incre-
ment, respectively.

The dynamic response of steel frames sub-
jected to time-varying loads is evaluated within 
a finite element framework by discretizing the 
time domain into incremental steps. For geo-
metrically nonlinear systems, the governing equi-
librium equations are solved through incremental 
time-integration schemes for ordinary differential 
equations [29]. As discussed by Chan and Chui 
(2000) [5], in transient analysis the structural 
state at  is computed from the previously estab-
lished equilibrium configuration at time t. At the 
ith increment, the incremental equilibrium equa-
tions governing the global multi-degree-of-free-
dom system may therefore be expressed as [5, 29, 
30]:



317

Advances in Science and Technology Research Journal 2026, 20(7), 308–324

{ } [ ]{ } { } { }* * * * * *
s s s s s sM C K Pδ δ δ   ∆ + ∆ + ∆ = ∆   

  	 (19)

where:	 { }*
sδ∆  , { }*

sδ∆  , and { }*
sδ∆  denote the 

incremental acceleration, velocity, and 
displacement vectors, respectively. The 
matrix *

sM    represents the mass matrix 
assembled from the consistent mass for-
mulation in Equation 4 together with the 
lumped mass contribution. The viscous 
damping matrix [C] is neglected in the 
present analysis. The stiffness matrix 

*
sK   is formed from the linear elastic 

and geometric stiffness components given 
in [8], after imposing the relevant bound-
ary conditions. The vector { }*

sP∆  corre-
sponds to the incremental applied nodal 
loads defined in [8].

Equation 19 is integrated in time using New-
mark’s scheme, a widely adopted direct time-inte-
gration approach [30]. The time increment t∆  is 
selected to ensure sufficient accuracy, particularly 
with respect to the highest participating mode. In 
this study, the constant-average-acceleration vari-
ant of the Newmark method is employed, with 

parameters 
1
2

γ =  and 
1
4

β =

The total duration of the transient analysis is 

denoted by dT . Accordingly, the number of time 
steps nd is determined from Equation 20 as:

	 d
d

Tn
t

=
∆

	 (20)

Step 1. Calculate the coefficients of the sys-
tem of the equilibrium differential equations 

Figure 3. Numerical solution procedure for second-order dynamic analysis
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At time step i, based on the updated connec-
tion stiffnesses, matrices *

s i
K    and *

s i
M    are 

calculated. The viscous damping matrix [ ]iC  can 
be determined from damping models, but it is 
not considered in the present study. Calculate the 
dynamic load increment *

s i
P ∆  .

At the first-time stepping i = 1, and at time t = 
0, the initial conditions of dynamic analysis have 
the following form:

{ } { }( )
* *

0s s t
δ δ

=
=

, { } { }( )
* *

0s s t
δ δ

=
= 

, 

{ }
{ } [ ] { } { }* * * *

( 0) ( 0)( 0) ( 0)( 0)*
*

( 0)

s s s st tt tt
s

s t

P C K

M

δ δ
δ = == ==

=

 − −  
=

  


 	 (21)

If the calculation model is subjected to static 
loads, the initial quantities in the dynamic analy-
sis are inherited from the static analysis as shown 
in Equation 21. If the calculation model is not 
subjected to static loads, the initial stiffness of the 
connection is adopted.

Step 2. Establish the system of quasi-static 
equations

	 � [ ]
( )

* * *
2

1
s s sii ii

K K C M
t t

γ
β β

     = + +      ∆ ∆ 	(22)

	 [ ] [ ]*1
si ii

a M C
t

γ
β β

 = + ∆
	 (23)

	 [ ] [ ]*1 1
2 2si ii

b M t Cγ
β β

  = + ∆ −    
	 (24)

	 �{ } { } [ ] { } [ ] { }* * * *
s s s si ii i ii

P P a bδ δ∆ = ∆ + +  	 (25)

Step 3. Determination of displacement, veloc-
ity, and acceleration at the current time increment

	 { } �{ } �* **
s ss i i i

P Kδ  ∆ = ∆   
	 (26)

	 { } { } { } { }* * * *1
2s s s st

t
γ γ γδ δ δ δ
β β β

 
∆ = ∆ − + ∆ − ∆  
   	(27)

{ }
( )

{ } { } { }* * * *
2

1 1 1
2s s s stt

δ δ δ δ
β ββ

∆ = ∆ − −
∆∆

   	(28)

Step 4. Evaluation of internal force increments
The displacement vector is first expressed in 

the global coordinate system, and the correspond-
ing displacement increments are transformed to 
the local system. The internal force increments are 
then evaluated using the finite element formulation.

Step 5. Update of internal forces, displace-
ments, and connection rotations

At the current time increment, internal forc-
es, nodal displacements, and connection rota-
tion angles are obtained by adding the computed 
increments to their respective values from the 
previous step.

Step 6. Update of connection stiffness and 
axial force

Based on the adopted semi-rigid joint model, 
which defines the moment–rotation relationship, 
both the bending moment and the associated rota-
tion angle are updated. Using the structural dis-
placements obtained in Step 5, the geometric con-
figuration is revised, and the connection stiffness 
is recalculated for inclusion in the linear elastic, 
geometric stiffness, and mass matrices. Simulta-
neously, the axial force contribution in the geo-
metric stiffness formulation is updated.

If the analysis time has not yet reached the 
prescribed final time, the procedure returns to 
Step 1. Otherwise, the computation terminates 
and the results are reported. The computational 
workflow is summarized in Figure 3.

NUMERICAL VERIFICATION AND 
DISCUSSION

Example 1 – Frame under cyclic loads, 
without gravity loads

This benchmark problem follows the configu-
ration investigated by Chan and Chui (2000) [5] 
and later revisited by Silva et al. (2018) [17]. The 
example is used herein to assess the predictive 
capability of the proposed formulation by com-
paring the computed responses with previously 
published results.

The structure consists of an unbraced two-
story planar steel frame subjected to horizontal 
cyclic loading at the floor levels. Gravity effects 
are excluded from the analysis. Beam members 
adopt the W360×72 section, while columns use 
W310×143 profiles in accordance with US stan-
dards. The Young’s modulus is taken as 205 
GPa. The numerical model, depicted in Figure 4, 
includes lumped masses of 3730 kg and 7460 kg. 
A triangular cyclic loading history ranging from 
−7.5 kN to +7.5 kN over a duration of 2 s is applied.

The column bases are hinged supports. 
Beam–column joints are modeled as flush end-
plate connections, experimentally characterized 
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by Ostrander [5] and represented using the Chen–
Lui exponential formulation [17], with parame-
ters: k0 = 34804 kN · m/rad, M0 = 0, kp = 0.96415 
× 103 kip · in / rad, α = 0.31783 × 10-3, n = 6, 
C1 = –0.25038 × 10-3, C2 = 0.50736 × 106, C3 = 
-0.30396 × 105, C4 = 0.75338 × 105, C5 = -0.82873 
× 105, C6 = 0.33927 × 105.

The structural model represents the beam by 
two finite elements, whereas the column is mod-
eled using a single element. Second-order effects 
due to P–Delta are incorporated in the analysis. 
The computed responses are presented in graph-
ical form to facilitate comparison and validation. 
As illustrated in Figure 5, the time history of the 
top horizontal displacement under cyclic excita-
tion is obtained. During the transient stage, the 
response varies between −7.4 cm and +7.4 cm; 
after approximately 6 s, it stabilizes and fluctuates 
around ±5.9 cm. At this stage, a balance is estab-
lished between the externally supplied energy and 

the energy dissipated by the semi-rigid connec-
tions [17]. Although no explicit viscous damping 
matrix is included in the formulation, the nonlin-
ear hysteretic behavior of the semi-rigid connec-
tions results in energy dissipation during cyclic 
deformation, which produces an apparent damp-
ing effect in the dynamic response.

The moment–rotation response of connection 
“A” is presented in Figure 6. The diagram M – θc  
shows that the hysteresis loops are highly repro-
ducible and gradually stabilize after each oscil-
lation period. The close agreement among the 
response curves confirms the robustness of the 
proposed dynamic analysis approach.

Example 2 – Frame subjected to rectangular 
impact loading considering gravity effects

Using the same steel frame as in Example 1, 
the authors in [5], [19], [38] studied the effects of 
the presence and absence of gravity loads when 
frames were subjected to rectangular impact loads. 

This example uses the established second-
order dynamics analysis method to study the 
same problem and verify the results with the 
studies mentioned. Static gravity loads of 36.6 kN 
are placed at the nodes, and 73.2 kN are placed 
between the beams. These loads increase the axial 
force and induce additional bending moments, 
thereby affecting the frame stiffness and the 
investigated displacement w. Rectangular impact 
loads, acting over 1 s, are applied to the pavement 
of the stories. The analytical model adopted for 
the frame is presented in Figure 7. The dynamic 
analysis starts from the initial equilibrium con-
figuration with zero initial displacement and 

Figure 4. Model of frame under cyclic loads without gravity loads

Figure 5. Time history of horizontal
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velocity. In the analysis model, the beam is divid-
ed into two elements and the column into one ele-
ment. Figure 8 presents the transient second-floor 
displacement analysis with and without gravity 
loads. The predicted results closely match those 
reported in [5], [19], [38], confirming the reliabil-
ity of the proposed method. The frame with grav-
ity loads exhibits larger deflection amplitudes due 
to stiffness reduction caused by the P-Delta effect. 
This behavior occurs because the presence of 
axial forces reduces the effective lateral stiffness 
of the frame, thereby amplifying the dynamic dis-
placement response.

Although the initial structural system is sym-
metrical, permanent rotational deformations 
developing in the semi-rigid connections cause 
the displacement to gradually depart from the 
initial equilibrium position. The hysteresis damp-
ing induced in nonlinear semi-rigid connections 
also reduces the successive amplitude of the 
frame due to energy dissipation. Along with the 
above study and verification, this example also 

Figure 6. Moment–rotation relationship at connection 
“A”

Figure 7. Steel frame subjected to rectangular impact loading

Figure 8. Transient displacement response of the frame
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considers the effects of geometrically nonlinear 
computation cases, including P – δ (taking into 
account the effect of element deflection), P – ∆  
(taking into account the effects of displacement 
of frame nodes), and P-Delta (including P – δ and 
P – ∆) on this steel frame.

With no gravity loads (as shown in Figure 9), 
or with gravity loads but small impact load values 
(as in Figures 10a-10c), the responses from the 
P – δ and P-Delta approaches are almost indistin-
guishable. The difference between the two nonlin-
ear analysis methods becomes more pronounced 
as the impulse load increases, as shown in Figure 

9 and Figure 10d. These figures also demonstrate 
that geometric nonlinear analysis yields more 
unfavorable results than those obtained without 
considering geometric nonlinearity.

Figure 11 shows that axial forces play a very 
important role in geometric nonlinear analysis 
methods. The correlation between the longitudinal 
force diagrams is highly consistent with the cor-
relation between the displacement diagrams corre-
sponding to the geometric nonlinear analysis meth-
ods. To simplify the calculation, if the frame has 
only a few stories and is subjected to small loads, it 
is sufficient to consider only the P – δ effect.

Figure 9. Comparison of geometric nonlinear effects without gravity loading

Figure 10. Influence of geometric nonlinear effects under gravity loading
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CONCLUSIONS

In this study, semi-rigid beam–column con-
nections are represented by rotational spring 
elements located at the member ends. A novel 
analytical approach is proposed to capture the 
realistic dynamic response of steel frames incor-
porating semi-rigid joints, explicitly accounting 
for geometric nonlinearity and connection char-
acteristics. The formulation is based on a consis-
tent mass matrix established simultaneously with 
the stiffness matrices and equivalent nodal load 
vectors derived from the corresponding shape 
functions. For static analysis, a combined incre-
mental–iterative strategy is adopted, whereas the 
dynamic equilibrium equations are integrated 
using the Newmark time-stepping scheme. In 
addition, an efficient criterion is introduced to 
determine transition between loading and unload-
ing phases over time.

Equation 5 demonstrates that the consistent 
mass matrix developed in this study for beam-
column elements with semi-rigid end connec-
tions is both practical and effective for dynamic 
evaluation of steel frame systems with semi-rigid 
connections, which exhibit relatively complex 
behavior. This matrix consists entirely of poly-
nomial coefficients, with parameters directly and 
simply expressed in terms of the instantaneous 
stiffness of the connections, together with the 
geometric characteristics and material parameters 
of the element. Equations 6–9 represent special 
cases of this consistent mass matrix, correspond-
ing to situations where the connection stiffness 
at both ends approaches either infinity or zero. 
These cases are applicable to elements with fully 

rigid or fully pinned (hinged) ends. When semi-
rigid connections are introduced at both member 
ends, the resulting hybrid element decreases the 
computational effort required for the analysis. 

Numerical examples were conducted and 
validated against several related published stud-
ies. Although the results of the present study 
show minor deviations from previously pub-
lished results, the predicted response curves 
remain highly consistent and closely aligned. The 
numerical results show good agreement with pre-
viously published studies, indicating that the pro-
posed formulation is effective for analyzing the 
dynamic response of steel frames with semi-rigid 
connections considering P–Delta effects.

The numerical examples show that the hyster-
esis loops in nonlinear semi-rigid connections are 
highly reproducible and gradually stabilize after 
each oscillation cycle. Due to hysteresis damping 
in the connections, the steel frame gradually drifts 
from its initial equilibrium position, while the suc-
cessive amplitudes decrease as a result of energy 
dissipation. Structural analysis of frames that 
include the P-Delta effect yields less favorable 
results than analyses that neglect it. When gravity 
and lateral loads are absent or small, the effects 
of geometric nonlinearity P – δ and the P-Delta 
effect are approximately equivalent. These two 
geometric nonlinear analysis approaches only 
diverge when the lateral load becomes signifi-
cantly large. The present study also indicates that 
axial force has a pronounced effect on the frame’s 
dynamic response. To simplify calculations, for 
low-rise frames subjected to small loads, this P – 
δ effect only needs to be considered. It should be 
noted that the present validation is based on two 

Figure 11. Axial force response under gravity and a rectangular impact load of 18 kN
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representative numerical examples. Further stud-
ies involving larger structural systems and differ-
ent types of semi-rigid connections may provide 
additional insights into the applicability of the 
proposed formulation.

The proposed formulation provides a practi-
cal framework for evaluating the dynamic behav-
ior of steel frames with semi-rigid connections 
while accounting for geometric nonlinearity and 
connection hysteresis. From an engineering per-
spective, the method can support more realistic 
prediction of structural responses in steel frame 
systems subjected to dynamic loading.

Future studies may extend the proposed for-
mulation to larger structural systems and different 
types of semi-rigid connections, as well as incor-
porate additional effects such as damping models 
and three-dimensional structural behavior. These 
developments may further facilitate the practical 
application of the proposed approach in advanced 
structural analysis and design.
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