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INTRODUCTION

Bioethanol is simply ethanol that can be made 
from organic wastes containing sugars. As tradi-
tional fossil fuels are about to deplete, there is a 
growing interest in efficient production of the bio-
ethanol [1]. To improve efficiency of the fermen-
tation process continuous reactors are preferred. 
They do not require additional processing time for 
emptying, cleaning, or filling up the reactor vessel 
as in the case of batch processes. Moreover, con-
tinuous reactors are more flexible in control [2]. 
However, in the case of continuous ethanol fer-
mentation processes, it is not unusual to observe 
self-sustained oscillations in key process variables 
at constant inlet conditions [3]. It is believed that 
oscillatory behavior results from delayed response 
of microorganisms to high ethanol concentrations 
and this hypothesis was studied experimentally in 
[3,4] and theoretically in [5,6].

The oscillatory mode of operation is often 
avoided in practice because it may lead to lower 
average ethanol concentrations and increased 

energy expenditure in downstream distillation 
processes [4,7,8]. Different approaches aiming 
to eliminate the oscillations can be classified into 
open-loop and closed-loop control strategies. 
Examples of the open-loop strategies include the 
use of selective membranes [9], cascade of reac-
tors [10], additional substrates [11], and manipu-
lation of the flow rate of substrate or its inlet con-
centration [12–16]. However, in the presence of 
plant-model mismatch or external disturbances, 
the open-loop strategies may be inefficient. In 
that case one can apply closed-loop strategies 
that constantly adjust their control actions based 
on the measured process variables. Among the 
various closed-loop control techniques, the most 
common control algorithm is the classical propor-
tional-integral (PI) controller. When the manipu-
lated variable is properly chosen and the PI con-
troller is properly tuned, it can be very effective 
in stabilizing nonlinear processes [17,18]. How-
ever, when the process parameters are not known 
exactly (parameter uncertainty), the PI controller 
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must be tuned more conservatively, which may 
affect control performance [19].

An alternative to classical PI controllers is the 
use of advanced control techniques such as model 
predictive control (MPC). In MPCs algorithms, 
control actions are computed based on the mini-
mization of an objective function subject to con-
strains. As a result, these algorithms can be very 
effective in control of fermentation processes 
[20,21]. However, in the presence of plant-model 
mismatch, MPC algorithms often produce a non-
zero offset and the inaccurate models used for 
prediction may degrade control performance. To 
deal with plant-model mismatch in the control of 
fermentation processes, an offset-free nonlinear 
MCP (NMPC) was proposed in [22] and studied 
for the fermentation process in [23]. The offset-
free NMPC ensured very good setpoint track-
ing without offset, but the controller was tested 
assuming no structural differences between the 
model and the process. Another approach is to 
use neural‑network models to describe the rela-
tionships between the process inputs and outputs. 
While the application of neural‑network models 
for nonlinear systems is very common, they may 
require large amounts of measurement data to 
achieve accurate predictions. Thus, a recent study 
by Bannoud et al. [24] proposes a mixed model 
predictive control (MMPC) approach to find bal-
ance between robustness and computational effi-
ciency in neural‑network‑based MPCs. In turn, a 
robust MPC with integral action proposed in [25], 
outperformed neural‑network‑based MPC.

To improve the accuracy of fermentation 
models used for prediction and to ensure zero off-
set, parameter observers can be employed to esti-
mate unknown model parameters [26]. However, 
the number of unknown parameters that can be 
estimated usually depends on the available mea-
surement data. Another issue is how the observ-
er dynamics influence control performance. 
Therefore, in this paper an alternative approach 
is presented, in which the NMPC is based on a 
parameter observer that estimates only one of the 
unknown kinetic parameters. The effectiveness of 
the proposed controller is studied in the presence 
of parameter uncertainty, differences in process-
model structure, and measurement noise. The rest 
of the paper is organized as follows. The next 
section gives details on the mathematical model 
of the fermentation process and stability analy-
sis of the open-loop system is caried out. Sec-
tion 3 describes the NMPC design and Section 4 

presents closed-loop simulation results. Finally, 
Section 5 concludes the paper.

MATHEMATICAL MODEL AND 	
STABILITY ANALYSIS OF THE 		
OPEN-LOOP FERMENTATION PROCESS

Mathematical model of the continuous etha-
nol fermentation process is derived using the 
following assumptions [6]: the reactor content 
is well-mixed, the growth of microorganisms is 
limited by a single substrate and inhibited by high 
ethanol concentrations, but the inhibitory effect 
is delayed in time. Moreover, the model includes 
the decay of microorganisms cells. Thus, equa-
tions for the open-loop system are as follows:
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where:	Sin, S are the inlet and outlet substrate 
concentrations; X is the microorganisms 
concentration; P is the product (ethanol) 
concentration; Pτ:=P(t–τ) is the delayed 
product concentration and τ is the delay 
time; D is the dilution rate; Yxs is the bio-
mass yield coefficient (the amount of bio-
mass produced per one gram of the sub-
strate consumed); Yp is the product yield 
coefficient (the amount of product formed 
per one gram of the biomass); kd is the 
microorganisms death rate; µ(S,Pτ) is the 
specific growth rate; μm is the maximum 
specific growth rate; Ks is the half-satura-
tion constant; Ki is the inhibitory constant.

The mathematical model (1–4) with kd=0 was 
verified against the experimental data in [6] and 
numerical values of its parameters are shown in 
Table 1. In this study, a nonzero microorganism 
death rate kd>0 is added to the model (1–4).

First, the fermentation system given by 
(1–4) is analyzed in the open-loop configuration. 
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The system (1–4) has two equilibrium points: 

1 1 1 1( ) ( 0 0)inE S ,X ,P S , ,∗ ∗ ∗= =  when the micro-
organisms are washed out of the reactor vessel 
and the nonzero equilibrium 2 2 2 2( )E S ,X ,P∗ ∗ ∗= , 
where 2 2 2 0S ,X ,P∗ ∗ ∗ > . The nonzero equilibrium 
can be found from the following equations:
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= − + −     (2) 

 

( )τ p
dP DP μ S,P Y X
dt

= − +      (3) 

 

( ) m i
τ

s τ i

μ S Kμ S,P
S K P K

= 
+ +

     (4) 

 
 

2 2( ) dμ S ,P k D  = +      (5) 
 

2 2( )d pDP k D Y X = +      (6) 
 

2 2( )in xs pP S S Y Y = −      (7) 
 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = −(𝐷𝐷 + 𝑋𝑋𝑖𝑖∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑆𝑆 ) 

𝑠𝑠 − μ∗

𝑌𝑌𝑥𝑥𝑥𝑥
𝑥𝑥 − 𝑋𝑋𝑖𝑖∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑃𝑃𝜏𝜏
𝑝𝑝𝜏𝜏 

 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝑋𝑋𝑖𝑖∗

∂μ∗
∂𝑆𝑆 𝑠𝑠 − 

−(𝐷𝐷 + 𝑘𝑘𝑑𝑑 − μ∗)𝑥𝑥 + 𝑋𝑋𝑖𝑖∗
∂μ∗
∂𝑃𝑃𝜏𝜏

𝑝𝑝𝜏𝜏 

 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝑌𝑌𝑝𝑝𝑋𝑋𝑖𝑖∗

∂μ∗
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∂μ∗
∂𝑃𝑃𝜏𝜏

𝑝𝑝𝜏𝜏 

 
 

3 0 1det( ) 0I J J e  −− − =  
 
 

2( ) ( ( ,0)) 0d inD D k μ S + + + − =  
 
 

( ) ( ) 0e   − + =  
 

Φ(𝜆𝜆) = (𝜆𝜆 + 𝐷𝐷) 
(𝜆𝜆2 + (𝐷𝐷 + 𝑋𝑋2∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑆𝑆 ) 𝜆𝜆 +
𝑋𝑋2∗
𝑌𝑌𝑥𝑥𝑥𝑥

⋅ ∂μ
∗

∂𝑆𝑆 (𝐷𝐷 + 𝑘𝑘𝑑𝑑)) 

	 (6)

	

( )( ) τ
in

xs

μ S,PdS D S S X
dt Y

= − −      (1) 

 

( )τ d
dX DX μ S,P X k X
dt

= − + −     (2) 

 

( )τ p
dP DP μ S,P Y X
dt

= − +      (3) 

 

( ) m i
τ

s τ i

μ S Kμ S,P
S K P K

= 
+ +

     (4) 

 
 

2 2( ) dμ S ,P k D  = +      (5) 
 

2 2( )d pDP k D Y X = +      (6) 
 

2 2( )in xs pP S S Y Y = −      (7) 
 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = −(𝐷𝐷 + 𝑋𝑋𝑖𝑖∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑆𝑆 ) 

𝑠𝑠 − μ∗

𝑌𝑌𝑥𝑥𝑥𝑥
𝑥𝑥 − 𝑋𝑋𝑖𝑖∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑃𝑃𝜏𝜏
𝑝𝑝𝜏𝜏 

 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝑋𝑋𝑖𝑖∗

∂μ∗
∂𝑆𝑆 𝑠𝑠 − 

−(𝐷𝐷 + 𝑘𝑘𝑑𝑑 − μ∗)𝑥𝑥 + 𝑋𝑋𝑖𝑖∗
∂μ∗
∂𝑃𝑃𝜏𝜏

𝑝𝑝𝜏𝜏 

 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝑌𝑌𝑝𝑝𝑋𝑋𝑖𝑖∗

∂μ∗
∂𝑆𝑆 𝑠𝑠 + 

+μ∗𝑌𝑌𝑝𝑝𝑥𝑥 − 𝐷𝐷𝐷𝐷 + 𝑌𝑌𝑝𝑝𝑋𝑋𝑖𝑖∗
∂μ∗
∂𝑃𝑃𝜏𝜏

𝑝𝑝𝜏𝜏 

 
 

3 0 1det( ) 0I J J e  −− − =  
 
 

2( ) ( ( ,0)) 0d inD D k μ S + + + − =  
 
 

( ) ( ) 0e   − + =  
 

Φ(𝜆𝜆) = (𝜆𝜆 + 𝐷𝐷) 
(𝜆𝜆2 + (𝐷𝐷 + 𝑋𝑋2∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑆𝑆 ) 𝜆𝜆 +
𝑋𝑋2∗
𝑌𝑌𝑥𝑥𝑥𝑥

⋅ ∂μ
∗

∂𝑆𝑆 (𝐷𝐷 + 𝑘𝑘𝑑𝑑)) 

	 (7)

Local stability conditions for the open-loop 
fermentation system can be determined by lin-
earizing the system Equations 1–4 at each of the 
equilibrium points assuming that the dilution rate 
D and inlet substrate concentration Sin are con-
stant parameters:

	

( )( ) τ
in

xs

μ S,PdS D S S X
dt Y

= − −      (1) 

 

( )τ d
dX DX μ S,P X k X
dt

= − + −     (2) 

 

( )τ p
dP DP μ S,P Y X
dt

= − +      (3) 

 

( ) m i
τ

s τ i

μ S Kμ S,P
S K P K

= 
+ +

     (4) 

 
 

2 2( ) dμ S ,P k D  = +      (5) 
 

2 2( )d pDP k D Y X = +      (6) 
 

2 2( )in xs pP S S Y Y = −      (7) 
 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = −(𝐷𝐷 + 𝑋𝑋𝑖𝑖∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑆𝑆 ) 

𝑠𝑠 − μ∗

𝑌𝑌𝑥𝑥𝑥𝑥
𝑥𝑥 − 𝑋𝑋𝑖𝑖∗
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⋅ ∂μ

∗
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∂μ∗
∂𝑃𝑃𝜏𝜏

𝑝𝑝𝜏𝜏 

 
 

𝑑𝑑𝑑𝑑
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∂𝑃𝑃𝜏𝜏

𝑝𝑝𝜏𝜏 

 
 

3 0 1det( ) 0I J J e  −− − =  
 
 

2( ) ( ( ,0)) 0d inD D k μ S + + + − =  
 
 

( ) ( ) 0e   − + =  
 

Φ(𝜆𝜆) = (𝜆𝜆 + 𝐷𝐷) 
(𝜆𝜆2 + (𝐷𝐷 + 𝑋𝑋2∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑆𝑆 ) 𝜆𝜆 +
𝑋𝑋2∗
𝑌𝑌𝑥𝑥𝑥𝑥

⋅ ∂μ
∗

∂𝑆𝑆 (𝐷𝐷 + 𝑘𝑘𝑑𝑑)) 

	 (8)

	

( )( ) τ
in

xs

μ S,PdS D S S X
dt Y

= − −      (1) 

 

( )τ d
dX DX μ S,P X k X
dt

= − + −     (2) 

 

( )τ p
dP DP μ S,P Y X
dt

= − +      (3) 

 

( ) m i
τ

s τ i

μ S Kμ S,P
S K P K

= 
+ +

     (4) 

 
 

2 2( ) dμ S ,P k D  = +      (5) 
 

2 2( )d pDP k D Y X = +      (6) 
 

2 2( )in xs pP S S Y Y = −      (7) 
 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = −(𝐷𝐷 + 𝑋𝑋𝑖𝑖∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑆𝑆 ) 

𝑠𝑠 − μ∗

𝑌𝑌𝑥𝑥𝑥𝑥
𝑥𝑥 − 𝑋𝑋𝑖𝑖∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑃𝑃𝜏𝜏
𝑝𝑝𝜏𝜏 

 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝑋𝑋𝑖𝑖∗

∂μ∗
∂𝑆𝑆 𝑠𝑠 − 

−(𝐷𝐷 + 𝑘𝑘𝑑𝑑 − μ∗)𝑥𝑥 + 𝑋𝑋𝑖𝑖∗
∂μ∗
∂𝑃𝑃𝜏𝜏

𝑝𝑝𝜏𝜏 

 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝑌𝑌𝑝𝑝𝑋𝑋𝑖𝑖∗
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∂𝑆𝑆 𝑠𝑠 + 

+μ∗𝑌𝑌𝑝𝑝𝑥𝑥 − 𝐷𝐷𝐷𝐷 + 𝑌𝑌𝑝𝑝𝑋𝑋𝑖𝑖∗
∂μ∗
∂𝑃𝑃𝜏𝜏

𝑝𝑝𝜏𝜏 

 
 

3 0 1det( ) 0I J J e  −− − =  
 
 

2( ) ( ( ,0)) 0d inD D k μ S + + + − =  
 
 

( ) ( ) 0e   − + =  
 

Φ(𝜆𝜆) = (𝜆𝜆 + 𝐷𝐷) 
(𝜆𝜆2 + (𝐷𝐷 + 𝑋𝑋2∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ
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∂𝑆𝑆 ) 𝜆𝜆 +
𝑋𝑋2∗
𝑌𝑌𝑥𝑥𝑥𝑥

⋅ ∂μ
∗

∂𝑆𝑆 (𝐷𝐷 + 𝑘𝑘𝑑𝑑)) 

	 (9)

	

( )( ) τ
in

xs

μ S,PdS D S S X
dt Y

= − −      (1) 

 

( )τ d
dX DX μ S,P X k X
dt

= − + −     (2) 

 

( )τ p
dP DP μ S,P Y X
dt

= − +      (3) 

 

( ) m i
τ

s τ i

μ S Kμ S,P
S K P K

= 
+ +

     (4) 

 
 

2 2( ) dμ S ,P k D  = +      (5) 
 

2 2( )d pDP k D Y X = +      (6) 
 

2 2( )in xs pP S S Y Y = −      (7) 
 
 

𝑑𝑑𝑑𝑑
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∗

∂𝑆𝑆 (𝐷𝐷 + 𝑘𝑘𝑑𝑑)) 

	 (10)

where:	 s, x, p, pτ are state variables in the linear-
ized system and asterisk symbols indicate 
calculations at the equilibrium point Ei 
(i=1,2).

The characteristic equation at the i-th equilib-
rium point Ei (i=1,2) has the following form:

	

( )( ) τ
in

xs

μ S,PdS D S S X
dt Y

= − −      (1) 

 

( )τ d
dX DX μ S,P X k X
dt

= − + −     (2) 

 

( )τ p
dP DP μ S,P Y X
dt
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( ) m i
τ
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μ S Kμ S,P
S K P K

= 
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     (4) 
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where:	 I3 is a 3 × 3 identity matrix, and J0 and J1 
are 3 × 3 matrices with coefficients of the 
linearized system (8–10).

Thus, the characteristic equation at the wash-

out equilibrium point 1 ( 0 0)inE S , ,= :
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∂μ∗
∂𝑃𝑃𝜏𝜏

𝑝𝑝𝜏𝜏 

 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝑌𝑌𝑝𝑝𝑋𝑋𝑖𝑖∗

∂μ∗
∂𝑆𝑆 𝑠𝑠 + 

+μ∗𝑌𝑌𝑝𝑝𝑥𝑥 − 𝐷𝐷𝐷𝐷 + 𝑌𝑌𝑝𝑝𝑋𝑋𝑖𝑖∗
∂μ∗
∂𝑃𝑃𝜏𝜏

𝑝𝑝𝜏𝜏 

 
 

3 0 1det( ) 0I J J e  −− − =  
 
 

2( ) ( ( ,0)) 0d inD D k μ S + + + − =  
 
 

( ) ( ) 0e   − + =  
 

Φ(𝜆𝜆) = (𝜆𝜆 + 𝐷𝐷) 
(𝜆𝜆2 + (𝐷𝐷 + 𝑋𝑋2∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑆𝑆 ) 𝜆𝜆 +
𝑋𝑋2∗
𝑌𝑌𝑥𝑥𝑥𝑥

⋅ ∂μ
∗

∂𝑆𝑆 (𝐷𝐷 + 𝑘𝑘𝑑𝑑)) 

	 (12)

and at the nonzero equilibrium point
2 2 2 2( )E S ,X ,P∗ ∗ ∗= :

	

( )( ) τ
in

xs

μ S,PdS D S S X
dt Y

= − −      (1) 

 

( )τ d
dX DX μ S,P X k X
dt

= − + −     (2) 

 

( )τ p
dP DP μ S,P Y X
dt

= − +      (3) 

 

( ) m i
τ

s τ i

μ S Kμ S,P
S K P K

= 
+ +

     (4) 

 
 

2 2( ) dμ S ,P k D  = +      (5) 
 

2 2( )d pDP k D Y X = +      (6) 
 

2 2( )in xs pP S S Y Y = −      (7) 
 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = −(𝐷𝐷 + 𝑋𝑋𝑖𝑖∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑆𝑆 ) 

𝑠𝑠 − μ∗

𝑌𝑌𝑥𝑥𝑥𝑥
𝑥𝑥 − 𝑋𝑋𝑖𝑖∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑃𝑃𝜏𝜏
𝑝𝑝𝜏𝜏 

 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝑋𝑋𝑖𝑖∗

∂μ∗
∂𝑆𝑆 𝑠𝑠 − 

−(𝐷𝐷 + 𝑘𝑘𝑑𝑑 − μ∗)𝑥𝑥 + 𝑋𝑋𝑖𝑖∗
∂μ∗
∂𝑃𝑃𝜏𝜏

𝑝𝑝𝜏𝜏 

 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝑌𝑌𝑝𝑝𝑋𝑋𝑖𝑖∗

∂μ∗
∂𝑆𝑆 𝑠𝑠 + 

+μ∗𝑌𝑌𝑝𝑝𝑥𝑥 − 𝐷𝐷𝐷𝐷 + 𝑌𝑌𝑝𝑝𝑋𝑋𝑖𝑖∗
∂μ∗
∂𝑃𝑃𝜏𝜏

𝑝𝑝𝜏𝜏 

 
 

3 0 1det( ) 0I J J e  −− − =  
 
 

2( ) ( ( ,0)) 0d inD D k μ S + + + − =  
 
 

( ) ( ) 0e   − + =  
 

Φ(𝜆𝜆) = (𝜆𝜆 + 𝐷𝐷) 
(𝜆𝜆2 + (𝐷𝐷 + 𝑋𝑋2∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑆𝑆 ) 𝜆𝜆 +
𝑋𝑋2∗
𝑌𝑌𝑥𝑥𝑥𝑥

⋅ ∂μ
∗

∂𝑆𝑆 (𝐷𝐷 + 𝑘𝑘𝑑𝑑)) 

	 (13)

where:

	

( )( ) τ
in

xs

μ S,PdS D S S X
dt Y

= − −      (1) 

 

( )τ d
dX DX μ S,P X k X
dt

= − + −     (2) 

 

( )τ p
dP DP μ S,P Y X
dt

= − +      (3) 

 

( ) m i
τ

s τ i

μ S Kμ S,P
S K P K

= 
+ +

     (4) 

 
 

2 2( ) dμ S ,P k D  = +      (5) 
 

2 2( )d pDP k D Y X = +      (6) 
 

2 2( )in xs pP S S Y Y = −      (7) 
 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = −(𝐷𝐷 + 𝑋𝑋𝑖𝑖∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑆𝑆 ) 

𝑠𝑠 − μ∗

𝑌𝑌𝑥𝑥𝑥𝑥
𝑥𝑥 − 𝑋𝑋𝑖𝑖∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑃𝑃𝜏𝜏
𝑝𝑝𝜏𝜏 

 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝑋𝑋𝑖𝑖∗

∂μ∗
∂𝑆𝑆 𝑠𝑠 − 

−(𝐷𝐷 + 𝑘𝑘𝑑𝑑 − μ∗)𝑥𝑥 + 𝑋𝑋𝑖𝑖∗
∂μ∗
∂𝑃𝑃𝜏𝜏

𝑝𝑝𝜏𝜏 

 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = 𝑌𝑌𝑝𝑝𝑋𝑋𝑖𝑖∗

∂μ∗
∂𝑆𝑆 𝑠𝑠 + 

+μ∗𝑌𝑌𝑝𝑝𝑥𝑥 − 𝐷𝐷𝐷𝐷 + 𝑌𝑌𝑝𝑝𝑋𝑋𝑖𝑖∗
∂μ∗
∂𝑃𝑃𝜏𝜏

𝑝𝑝𝜏𝜏 

 
 

3 0 1det( ) 0I J J e  −− − =  
 
 

2( ) ( ( ,0)) 0d inD D k μ S + + + − =  
 
 

( ) ( ) 0e   − + =  
 

Φ(𝜆𝜆) = (𝜆𝜆 + 𝐷𝐷) 
(𝜆𝜆2 + (𝐷𝐷 + 𝑋𝑋2∗

𝑌𝑌𝑥𝑥𝑥𝑥
⋅ ∂μ

∗

∂𝑆𝑆 ) 𝜆𝜆 +
𝑋𝑋2∗
𝑌𝑌𝑥𝑥𝑥𝑥

⋅ ∂μ
∗

∂𝑆𝑆 (𝐷𝐷 + 𝑘𝑘𝑑𝑑)) 	(14)

	 Ψ(𝜆𝜆) = −𝑌𝑌𝑝𝑝𝑋𝑋2
∗ ∂μ∗

∂𝑃𝑃𝜏𝜏
(𝜆𝜆 + 𝐷𝐷) 

(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑) 
 

𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎)𝜆𝜆 + 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) + 
+ 𝑏𝑏(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑)𝑒𝑒−𝜆𝜆𝜆𝜆 = 0 

 
𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎 + 𝑏𝑏)𝜆𝜆 + 

+ (𝑎𝑎 + 𝑏𝑏)(𝐷𝐷 + 𝑘𝑘𝑑𝑑) = 0 
 

𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) + 
+ 𝜔𝜔𝜔𝜔 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 𝜔𝜔2 − 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 

 
 

𝜔𝜔𝜔𝜔 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) − 𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 
=  𝜔𝜔(𝐷𝐷 + 𝑎𝑎) 

 
 
2 2

2 2

( ) (2 )cos( )
( )

d d

d

a D k D a k
b D k b



+ − + +

=
+ +

 

 
 

2

2 2

( )sin( ) ( )
( )

d

d

D k D a
b D k b

 


+ +
= − +

+ +
    (21) 

 
𝑧𝑧2 + 𝑧𝑧(𝐷𝐷2 − 2𝑎𝑎𝑘𝑘𝑑𝑑 + 𝑎𝑎2 − 𝑏𝑏2) + 

+ (𝑎𝑎2 − 𝑏𝑏2)(𝐷𝐷 + 𝑘𝑘𝑑𝑑)2 = 0 
 
 
0   

 
2 2 22 0dD ak a b− + −   

 
2 2 2( )( ) 0da b D k− +   

 
2 2 2( )( ) 0da b D k− +   

 
𝜏𝜏𝑘𝑘 = 1

𝜔𝜔𝑘𝑘
𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (𝑎𝑎(𝐷𝐷+𝑘𝑘𝑑𝑑)2−𝜔𝜔2(2𝐷𝐷+𝑎𝑎+𝑘𝑘𝑑𝑑)

𝜔𝜔2𝑏𝑏+(𝐷𝐷+𝑘𝑘𝑑𝑑)2𝑏𝑏 ) + 

+ 2𝑛𝑛𝑛𝑛
𝜔𝜔𝑘𝑘

 

 
 

	 (15)

Since D>0, the washout equilibrium 

1 ( 0 0)inE S , ,=  is locally asymptotically stable 
when D>Dc and Dc=µ(Sin,0)−kd is a critical dilu-
tion rate. It means that the microorganisms are 
washout of the reactor vessel when the dilution 
rate D is too high. Thus, the dilution rate D must 
be kept below its critical value Dc.

Regarding the nonzero equilibrium 

2 2 2 2( )E S ,X ,P∗ ∗ ∗=  the stability conditions not 
only depend on the dilution rate D, but also on 
the delay time τ. Since λ=−D is one of the roots 
of (13), further analysis is carried out for the 
reduced order equation:

	

Ψ(𝜆𝜆) = −𝑌𝑌𝑝𝑝𝑋𝑋2
∗ ∂μ∗

∂𝑃𝑃𝜏𝜏
(𝜆𝜆 + 𝐷𝐷) 

(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑) 
 

𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎)𝜆𝜆 + 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) + 
+ 𝑏𝑏(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑)𝑒𝑒−𝜆𝜆𝜆𝜆 = 0 

 
𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎 + 𝑏𝑏)𝜆𝜆 + 

+ (𝑎𝑎 + 𝑏𝑏)(𝐷𝐷 + 𝑘𝑘𝑑𝑑) = 0 
 

𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) + 
+ 𝜔𝜔𝜔𝜔 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 𝜔𝜔2 − 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 

 
 

𝜔𝜔𝜔𝜔 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) − 𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 
=  𝜔𝜔(𝐷𝐷 + 𝑎𝑎) 

 
 
2 2

2 2

( ) (2 )cos( )
( )

d d

d

a D k D a k
b D k b



+ − + +

=
+ +

 

 
 

2

2 2

( )sin( ) ( )
( )

d

d

D k D a
b D k b

 


+ +
= − +

+ +
    (21) 

 
𝑧𝑧2 + 𝑧𝑧(𝐷𝐷2 − 2𝑎𝑎𝑘𝑘𝑑𝑑 + 𝑎𝑎2 − 𝑏𝑏2) + 

+ (𝑎𝑎2 − 𝑏𝑏2)(𝐷𝐷 + 𝑘𝑘𝑑𝑑)2 = 0 
 
 
0   

 
2 2 22 0dD ak a b− + −   

 
2 2 2( )( ) 0da b D k− +   

 
2 2 2( )( ) 0da b D k− +   

 
𝜏𝜏𝑘𝑘 = 1

𝜔𝜔𝑘𝑘
𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (𝑎𝑎(𝐷𝐷+𝑘𝑘𝑑𝑑)2−𝜔𝜔2(2𝐷𝐷+𝑎𝑎+𝑘𝑘𝑑𝑑)

𝜔𝜔2𝑏𝑏+(𝐷𝐷+𝑘𝑘𝑑𝑑)2𝑏𝑏 ) + 

+ 2𝑛𝑛𝑛𝑛
𝜔𝜔𝑘𝑘

 

 
 

	 (16)

where:	  2

xs

X ìa
Y S

∗ ∗∂
= ⋅

∂
, 2p

ìb Y X
Pτ

∗
∗ ∂= −
∂

. Please note 

that all the coefficients in (16) are posi-

tive numbers as 2 0X ∗ > , 0ì
S

∗∂
>

∂ , 0ì
Pτ

∗∂
− >
∂ , 

and the distribution of roots of (16) can 
be studied using the following lemma by 
Ruan and Wei [27].

Lemma [27]: Let W be a quasi-polynomial 
and τi≥0 (i=1,2,...,m) are constant delay times:

Table 1. Model parameter values

Parameter Sin μm Ks Ki Yxs Yp τ kd

Value 50 g/L 0.78 1/h 1.73 g/L 3.89 g/L 0.0486 g/g 9.098 g/g 23.0 h 0.02 1/h
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( ) 1(0) 1 (0) (0) (1) 1 (1) (1)
1 2 1 1 1 1( , , ,...., ) .... ....n n n

m n n n nW p p p p p p e λτλ τ τ τ λ λ λ λ λ −− −
− −= + + + + + + + + +

( ) 1(0) 1 (0) (0) (1) 1 (1) (1)
1 2 1 1 1 1( , , ,...., ) .... ....n n n

m n n n nW p p p p p p e λτλ τ τ τ λ λ λ λ λ −− −
− −= + + + + + + + + +

( )( ) 1 ( ) ( )
1 1... .... 0mm n m m

n np p p e λτλ λ −−
−+ + + + + =

where:	 ( )i
jp  (i=0,1,...,m; j=1,2,...,n) are real 

numbers. Then, as (τ1,τ2,...,τm) varies, the 
sum of the multiplicities of zeros of W 
on the open right half-plane can change 
only if a zero appears on or crosses the 
imaginary axis.

First, the stability analysis is caried out for 
τ=0, then (16) is rewritten to:

	

Ψ(𝜆𝜆) = −𝑌𝑌𝑝𝑝𝑋𝑋2
∗ ∂μ∗

∂𝑃𝑃𝜏𝜏
(𝜆𝜆 + 𝐷𝐷) 

(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑) 
 

𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎)𝜆𝜆 + 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) + 
+ 𝑏𝑏(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑)𝑒𝑒−𝜆𝜆𝜆𝜆 = 0 

 
𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎 + 𝑏𝑏)𝜆𝜆 + 

+ (𝑎𝑎 + 𝑏𝑏)(𝐷𝐷 + 𝑘𝑘𝑑𝑑) = 0 
 

𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) + 
+ 𝜔𝜔𝜔𝜔 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 𝜔𝜔2 − 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 

 
 

𝜔𝜔𝜔𝜔 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) − 𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 
=  𝜔𝜔(𝐷𝐷 + 𝑎𝑎) 

 
 
2 2

2 2

( ) (2 )cos( )
( )

d d

d

a D k D a k
b D k b



+ − + +

=
+ +

 

 
 

2

2 2

( )sin( ) ( )
( )

d

d

D k D a
b D k b

 


+ +
= − +

+ +
    (21) 

 
𝑧𝑧2 + 𝑧𝑧(𝐷𝐷2 − 2𝑎𝑎𝑘𝑘𝑑𝑑 + 𝑎𝑎2 − 𝑏𝑏2) + 

+ (𝑎𝑎2 − 𝑏𝑏2)(𝐷𝐷 + 𝑘𝑘𝑑𝑑)2 = 0 
 
 
0   

 
2 2 22 0dD ak a b− + −   

 
2 2 2( )( ) 0da b D k− +   

 
2 2 2( )( ) 0da b D k− +   

 
𝜏𝜏𝑘𝑘 = 1

𝜔𝜔𝑘𝑘
𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (𝑎𝑎(𝐷𝐷+𝑘𝑘𝑑𝑑)2−𝜔𝜔2(2𝐷𝐷+𝑎𝑎+𝑘𝑘𝑑𝑑)

𝜔𝜔2𝑏𝑏+(𝐷𝐷+𝑘𝑘𝑑𝑑)2𝑏𝑏 ) + 

+ 2𝑛𝑛𝑛𝑛
𝜔𝜔𝑘𝑘

 

 
 

	 (17)

and the open-loop fermentation process (1) is 
locally asymptotically stable at 2 2 2 2( )E S ,X ,P∗ ∗ ∗=  
for any positive 2X ∗

 >0 that can be achieved for 
0<D<Dc.

If τ>0, then the open-loop fermentation pro-
cess (1–4) can only be destabilized, if there exists 
a pair of complex roots of (16) that crosses the 
imaginary axis. Thus, substituting λ=iω (ω>0) 
into the equation (16) and separating real and 
imaginary parts one can obtain:

	

Ψ(𝜆𝜆) = −𝑌𝑌𝑝𝑝𝑋𝑋2
∗ ∂μ∗

∂𝑃𝑃𝜏𝜏
(𝜆𝜆 + 𝐷𝐷) 

(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑) 
 

𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎)𝜆𝜆 + 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) + 
+ 𝑏𝑏(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑)𝑒𝑒−𝜆𝜆𝜆𝜆 = 0 

 
𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎 + 𝑏𝑏)𝜆𝜆 + 

+ (𝑎𝑎 + 𝑏𝑏)(𝐷𝐷 + 𝑘𝑘𝑑𝑑) = 0 
 

𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) + 
+ 𝜔𝜔𝜔𝜔 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 𝜔𝜔2 − 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 

 
 

𝜔𝜔𝜔𝜔 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) − 𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 
=  𝜔𝜔(𝐷𝐷 + 𝑎𝑎) 
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𝑧𝑧2 + 𝑧𝑧(𝐷𝐷2 − 2𝑎𝑎𝑘𝑘𝑑𝑑 + 𝑎𝑎2 − 𝑏𝑏2) + 

+ (𝑎𝑎2 − 𝑏𝑏2)(𝐷𝐷 + 𝑘𝑘𝑑𝑑)2 = 0 
 
 
0   
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2 2 2( )( ) 0da b D k− +   

 
2 2 2( )( ) 0da b D k− +   
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𝜔𝜔𝑘𝑘
𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (𝑎𝑎(𝐷𝐷+𝑘𝑘𝑑𝑑)2−𝜔𝜔2(2𝐷𝐷+𝑎𝑎+𝑘𝑘𝑑𝑑)

𝜔𝜔2𝑏𝑏+(𝐷𝐷+𝑘𝑘𝑑𝑑)2𝑏𝑏 ) + 

+ 2𝑛𝑛𝑛𝑛
𝜔𝜔𝑘𝑘

 

 
 

	 (18)

	

Ψ(𝜆𝜆) = −𝑌𝑌𝑝𝑝𝑋𝑋2
∗ ∂μ∗

∂𝑃𝑃𝜏𝜏
(𝜆𝜆 + 𝐷𝐷) 

(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑) 
 

𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎)𝜆𝜆 + 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) + 
+ 𝑏𝑏(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑)𝑒𝑒−𝜆𝜆𝜆𝜆 = 0 

 
𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎 + 𝑏𝑏)𝜆𝜆 + 

+ (𝑎𝑎 + 𝑏𝑏)(𝐷𝐷 + 𝑘𝑘𝑑𝑑) = 0 
 

𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) + 
+ 𝜔𝜔𝜔𝜔 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 𝜔𝜔2 − 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 

 
 

𝜔𝜔𝜔𝜔 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) − 𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 
=  𝜔𝜔(𝐷𝐷 + 𝑎𝑎) 
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𝑧𝑧2 + 𝑧𝑧(𝐷𝐷2 − 2𝑎𝑎𝑘𝑘𝑑𝑑 + 𝑎𝑎2 − 𝑏𝑏2) + 

+ (𝑎𝑎2 − 𝑏𝑏2)(𝐷𝐷 + 𝑘𝑘𝑑𝑑)2 = 0 
 
 
0   

 
2 2 22 0dD ak a b− + −   

 
2 2 2( )( ) 0da b D k− +   
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𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (𝑎𝑎(𝐷𝐷+𝑘𝑘𝑑𝑑)2−𝜔𝜔2(2𝐷𝐷+𝑎𝑎+𝑘𝑘𝑑𝑑)

𝜔𝜔2𝑏𝑏+(𝐷𝐷+𝑘𝑘𝑑𝑑)2𝑏𝑏 ) + 

+ 2𝑛𝑛𝑛𝑛
𝜔𝜔𝑘𝑘

 

 
 

	 (19)

and then:

	

Ψ(𝜆𝜆) = −𝑌𝑌𝑝𝑝𝑋𝑋2
∗ ∂μ∗

∂𝑃𝑃𝜏𝜏
(𝜆𝜆 + 𝐷𝐷) 

(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑) 
 

𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎)𝜆𝜆 + 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) + 
+ 𝑏𝑏(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑)𝑒𝑒−𝜆𝜆𝜆𝜆 = 0 

 
𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎 + 𝑏𝑏)𝜆𝜆 + 

+ (𝑎𝑎 + 𝑏𝑏)(𝐷𝐷 + 𝑘𝑘𝑑𝑑) = 0 
 

𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) + 
+ 𝜔𝜔𝜔𝜔 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 𝜔𝜔2 − 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 

 
 

𝜔𝜔𝜔𝜔 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) − 𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 
=  𝜔𝜔(𝐷𝐷 + 𝑎𝑎) 
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𝑧𝑧2 + 𝑧𝑧(𝐷𝐷2 − 2𝑎𝑎𝑘𝑘𝑑𝑑 + 𝑎𝑎2 − 𝑏𝑏2) + 

+ (𝑎𝑎2 − 𝑏𝑏2)(𝐷𝐷 + 𝑘𝑘𝑑𝑑)2 = 0 
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2 2 2( )( ) 0da b D k− +   
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𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (𝑎𝑎(𝐷𝐷+𝑘𝑘𝑑𝑑)2−𝜔𝜔2(2𝐷𝐷+𝑎𝑎+𝑘𝑘𝑑𝑑)

𝜔𝜔2𝑏𝑏+(𝐷𝐷+𝑘𝑘𝑑𝑑)2𝑏𝑏 ) + 

+ 2𝑛𝑛𝑛𝑛
𝜔𝜔𝑘𝑘

 

 
 

	(20)

	

Ψ(𝜆𝜆) = −𝑌𝑌𝑝𝑝𝑋𝑋2
∗ ∂μ∗

∂𝑃𝑃𝜏𝜏
(𝜆𝜆 + 𝐷𝐷) 

(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑) 
 

𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎)𝜆𝜆 + 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) + 
+ 𝑏𝑏(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑)𝑒𝑒−𝜆𝜆𝜆𝜆 = 0 

 
𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎 + 𝑏𝑏)𝜆𝜆 + 

+ (𝑎𝑎 + 𝑏𝑏)(𝐷𝐷 + 𝑘𝑘𝑑𝑑) = 0 
 

𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) + 
+ 𝜔𝜔𝜔𝜔 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 𝜔𝜔2 − 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 

 
 

𝜔𝜔𝜔𝜔 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) − 𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 
=  𝜔𝜔(𝐷𝐷 + 𝑎𝑎) 
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𝑧𝑧2 + 𝑧𝑧(𝐷𝐷2 − 2𝑎𝑎𝑘𝑘𝑑𝑑 + 𝑎𝑎2 − 𝑏𝑏2) + 

+ (𝑎𝑎2 − 𝑏𝑏2)(𝐷𝐷 + 𝑘𝑘𝑑𝑑)2 = 0 
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𝜔𝜔2𝑏𝑏+(𝐷𝐷+𝑘𝑘𝑑𝑑)2𝑏𝑏 ) + 

+ 2𝑛𝑛𝑛𝑛
𝜔𝜔𝑘𝑘

 

 
 

	 (21)

Then, from the Pythagorean trigonometric 
identity one can obtain the equation for z:=ω2>0:

	

Ψ(𝜆𝜆) = −𝑌𝑌𝑝𝑝𝑋𝑋2
∗ ∂μ∗

∂𝑃𝑃𝜏𝜏
(𝜆𝜆 + 𝐷𝐷) 

(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑) 
 

𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎)𝜆𝜆 + 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) + 
+ 𝑏𝑏(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑)𝑒𝑒−𝜆𝜆𝜆𝜆 = 0 

 
𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎 + 𝑏𝑏)𝜆𝜆 + 

+ (𝑎𝑎 + 𝑏𝑏)(𝐷𝐷 + 𝑘𝑘𝑑𝑑) = 0 
 

𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) + 
+ 𝜔𝜔𝜔𝜔 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 𝜔𝜔2 − 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 

 
 

𝜔𝜔𝜔𝜔 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) − 𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 
=  𝜔𝜔(𝐷𝐷 + 𝑎𝑎) 
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𝑧𝑧2 + 𝑧𝑧(𝐷𝐷2 − 2𝑎𝑎𝑘𝑘𝑑𝑑 + 𝑎𝑎2 − 𝑏𝑏2) + 

+ (𝑎𝑎2 − 𝑏𝑏2)(𝐷𝐷 + 𝑘𝑘𝑑𝑑)2 = 0 
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𝜔𝜔2𝑏𝑏+(𝐷𝐷+𝑘𝑘𝑑𝑑)2𝑏𝑏 ) + 

+ 2𝑛𝑛𝑛𝑛
𝜔𝜔𝑘𝑘
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The Equation 22 has two positive roots if the 
following conditions are satisfied:

	

Ψ(𝜆𝜆) = −𝑌𝑌𝑝𝑝𝑋𝑋2
∗ ∂μ∗

∂𝑃𝑃𝜏𝜏
(𝜆𝜆 + 𝐷𝐷) 

(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑) 
 

𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎)𝜆𝜆 + 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) + 
+ 𝑏𝑏(𝜆𝜆 + 𝐷𝐷 + 𝑘𝑘𝑑𝑑)𝑒𝑒−𝜆𝜆𝜆𝜆 = 0 

 
𝜆𝜆2 + (𝐷𝐷 + 𝑎𝑎 + 𝑏𝑏)𝜆𝜆 + 

+ (𝑎𝑎 + 𝑏𝑏)(𝐷𝐷 + 𝑘𝑘𝑑𝑑) = 0 
 

𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) + 
+ 𝜔𝜔𝜔𝜔 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 𝜔𝜔2 − 𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 

 
 

𝜔𝜔𝜔𝜔 𝑐𝑐𝑐𝑐𝑐𝑐( 𝜔𝜔𝜔𝜔) − 𝑏𝑏(𝐷𝐷 + 𝑘𝑘𝑑𝑑) 𝑠𝑠𝑠𝑠𝑠𝑠( 𝜔𝜔𝜔𝜔) = 
=  𝜔𝜔(𝐷𝐷 + 𝑎𝑎) 
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where:	Δ is the discriminant of Equation 22.

Since the open-loop fermentation system is 
asymptotically stable for τ=0, the equilibrium 
point 2 2 2 2( )E S ,X ,P∗ ∗ ∗=  may become unstable for 
a sufficiently long delay time τ. If the conditions 
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roots z1 and z2 with the corresponding ω1 and ω2, 
and the corresponding delay times can be found 
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where:	k=1,2, n=0,±1,±2,…

In the same way, the corresponding delay time 
can be obtained when the Equation 22 has only one 
positive root. Now, the crossing direction of a pair 
of purely imaginary roots λk=±iωk as τ increases 
can be determined from the following condition:

	

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 {𝑅𝑅𝑅𝑅 (𝑑𝑑λ𝑑𝑑τ|λ=𝑖𝑖ω𝑘𝑘
)} = 

=  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
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(2𝜔𝜔𝑘𝑘2 + 𝐷𝐷2 − 2𝑎𝑎𝑘𝑘𝑑𝑑)

(𝜔𝜔𝑘𝑘2(𝐷𝐷 + 𝑎𝑎)2 + (𝑎𝑎(𝐷𝐷 + 𝑘𝑘𝑑𝑑) − 𝜔𝜔𝑘𝑘2)2)
(𝜔𝜔𝑘𝑘2 + (𝐷𝐷 + 𝑘𝑘𝑑𝑑)2) } 
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2
2 2

1 0
min ( )

n

Np Nc

sp n
u n n

Q P P R u
−

= =

− +      

 

1 1 ˆ( , , , )n n n nx x x u p+ += , n=0,1,…,Np–1    (30) 
 

0 (0)x x=        (31) 
 

min max
nu u u  , n=0,1,…,Np–1    (32) 

 

1
1

ˆ ˆ( )in xs
dZ D S Y Z
dt

= −      (33) 

 

2
2

ˆ ˆdZ DZ
dt

= −       (34) 

 

1 2
ˆ ˆ

ˆ p

xs p

Y Z Z P
S

Y Y
+ −

=      (35) 

 

2
ˆˆ

p

P ZX
Y
−

=       (36) 

 
ˆ ˆ ˆˆ ( )p

dP DP Y X P P
dt

= − + + −     (37) 

 
ˆ ˆ( )d P P

dt

=  −       (38) 

 
ˆ

ˆ ˆ ˆ
i

m
is

KS
K PS K 

 = 
++

  

 
 

	(28)

If the sign of (28) is positive, then a pair of 
purely imaginary roots λk=±iωk crosses the imagi-
nary axis from the left to the right half-plane as 
the delay time τ increases and the open-loop fer-
mentation process becomes unstable. As a result, 
one can also observe self-sustained oscillations of 
the ethanol concentration.

Figure 1 (left plot) shows steady-state ethanol 
concentrations for the nominal parameter values 
given in Table 1. The continuous lines represent 
stable behavior, while the dotted lines represent 
unstable behavior. For dilution rates between 
0.1426 and 0.6444 1/h, the fermentation process 
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is unstable and self-sustained oscillations of the 
ethanol concentration can be observed. This is 
clearly shown in Figure 1 (right plot), when the 
dilution rate is changed from 0.1 to 0.15 1/h in the 
open-loop system.

By using (23)–(27), the effect of differ-
ent kinetic parameters on steady-state ethanol 
concentrations and dynamical behavior of the 
fermentation process can be studied. Figure 2 
shows steady-state diagrams for two kinetic 
parameters (the maximum specific growth rate 
µm and the inhibitory coefficient Ki) that have the 
most significant effect on the dynamical behav-
ior of the process. The diagrams are obtained for 
nominal parameter values (Table 1) and kinetic 
parameters that are increased or decreased by 
30%. As it is clearly seen, the range of dilution 
rates with unstable behavior strongly depends on 
the kinetic parameters. Thus, in order to stabilize 
the fermentation process, a closed-loop control 
strategy is required. Note that not only can the 
dynamical behavior change depending on the 
dilution rate D, but the process gain can also 
change (Figures 1 and 2), which poses an extra 
challenge for a controller.

PREDICTIVE CONTROLLER DESIGN

The control goal is to stabilize the fermen-
tation process in a wide range of operating 
conditions. The manipulated variable is the 
dilution rate D and the process variable is the 
ethanol concentration P. In this work an adap-
tive NMPC algorithm is proposed to stabilize 

the process and its effectiveness is compared 
with the classical and the offset-free NMCPs 
designed according to [22].

The predictive controllers are designed using 
the model (1–4) and based on the following 
assumptions:
	• the microorganism death rate is set to zero 

kd=0
	• the only measured variable is the ethanol con-

centration P(t)
	• only nominal values of kinetic parameters 

(µm, Ks, Ki) and the inlet substrate concentra-
tion Sin are known and their true values can 
differ up to ±30% (parameter uncertainty). 
The nominal parameters are used for design-
ing predictive controllers.

The assumption (i) is often made as the 
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known in practice, but has smaller value com-
pared to the applied dilution rate D. According 
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sured online, but the measurements can be cor-
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ables (substrate and microorganism concentra-
tions) are estimated by using an observer. As 
the adaptive NMPC is designed for the nominal 
parameter values given in Table 1 (assumption 
(iii)), the control algorithm is implemented with 
an extra parameter observer to ensure zero off-
set. Thus, the adaptive NMPC can be presented 
as follows:
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Figure 1. Dynamical behavior of the open-loop fermentation system. The left plot: the steady-state
ethanol concentration P versus dilution rate D. The right plot: the response of the fermentation process

to a step change in the dilution rate D(t)
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where: Np, Nc are prediction and control hori-
zons, respectively; Q, R are weighting 
coefficients.

The first term in (29) is for driving the fer-
mentation system to the setpoint product con-
centration Psp. The last term is usually added 
to suppress too large increments in the control 
signal computed by the NMPC. The equality 
constraints in (30) are discretized state-space 
Equations 1–4 using implicit Euler method 
with xn=[Sn Xn Pn]

T. To ensure zero offset, the 
discretized state-space Equation 30 contain the 

estimated parameter p̂. The equality constraints 
(31) result from initial conditions that change at 
each sampling time instant (initialization of the 
optimization problem). Finally, the last inequal-
ity constraints (32) are typical constraints on 
the manipulated variable (dilution rate D). For 
the fermentation system, it is required that D 
is always positive (continuous flow reactor) 
and, as shown in the stability analysis of the 
open-loop system, D should be smaller than 
the critical dilution rate Dc=µ(Sin,0). Hence, 
Dmin≤D(t)≤Dmax<Dc.

Estimation of unmeasured state variables

Due to specific structure of the model Equa-
tions 1–4 and assuming zero death rate (kd=0), 
the unmeasured substrate S(t) and microorgan-
ism X(t) concentrations can be estimated using 
the asymptotic observer [30] and measured etha-
nol concentrations:
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where:	Ẑ1 and Ẑ2 are observer state variables; 	
Ŝ and X̂  are estimated substrate and micro-
organism concentrations, respectively.

Please note that according to (34), Ẑ2 tends to 
0 with the rate specified by the dilution rate D>0, 
irrespective of the changes in other process param-
eters (e.g., changes in the inlet concentration Sin). 
When Ẑ2 is very close to zero, the microorganism 
concentration X can be directly estimated from (36) 
based only on the measured ethanol concentra-
tion P. The convergence rate of Ẑ1 also depends on 

Figure 2. The effect of kinetic parameters on steady-state ethanol concentration and dynamical behavior
of the open-loop fermentation system. Stable and unstable behavior is represented by continuous

and dotted lines, respectively
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the dilution rate D. Thus, there are not any tuning 
parameters. Cell decay (kd>0) can also be included 
in the asymptotic observer design, but as previous-
ly mentioned, the exact value of kd is not always 
known in practical applications. Assuming kd=0 in 
the observer Equations 33–36 does not affect its sta-
bility, but this will introduce estimation errors in the 
estimate X̂ . It should also be noted that uncertainty 
in the inlet substrate concentration Sin also contrib-
utes to estimation errors in the estimate Ŝ, but does 
not affect the stability of the observer (33–36).

Estimation of specific growth rate

Although the specific growth rate µ(S,Pτ) in 
(1–4) is a function of substrate and delayed etha-
nol concentrations, it is treated as a time-varying 
model parameter µ(t) and estimated using a param-
eter observer. Treating µ(S,Pτ) as one of the model 
parameters greatly simplifies the observer design, 
since there is no need to specify the structure for 
µ(t). Therefore this approach was previously 
applied in various bioreactor systems [31–34]. The 
parameter observer is designed according to [30, 
31] and, regarding the parameter µ(t), one of the 
design assumptions is that the time derivative of 
µ(t) is bounded. Assuming no cell decay (kd=0) the 
observer equations are as follows:
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where:	Ω and Γ are the observer parameters to be 
tuned.

As soon as the new estimate µ is available, the 
maximum specific growth rate µm in the model 
(1–4) is updated using the Equation 39 and the 
corrected model (1–4) with kd=0 is used by the 
adaptive NMPC algorithm (29–32). As explained 
earlier, when Ẑ2 is very close to zero, the esti-
mated microorganism concentration X̂  is very 
close to P/Yp and this does not change as long 
as D(t)>0, which is ensured by the predictive 
controller. It should be noted that the estimate 
X̂  is not exactly equal to its true value X when 

Ẑ2 ≈ 0 in (34), which results form nonzero death 
rate (kd>0) in the real process (1–4). However, 
at steady-state conditions the true concentration 
X can be obtained from X̂  by multiplying it by 
D/(D+kd) provided that kd is known. Hence, by 
using the observer (37–39) with X̂ ≠X, the esti-
mated specific growth rate parameter µ will differ 
from its true value µ, because the estimation error 
in X̂  is compensated by µ.

Then, the observer parameters Ω and Γ are 
chosen by studying the error dynamics for (37–39) 
and assuming no cell decay (kd=0). In that case, X̂  
in (37) can be replaced with its true value X:
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where:	 1
ˆe P P= −  and 2 ˆe µ µ= − . 

The eigenvalues of (40–41) can be easily 
determined by analyzing the characteristic equa-
tion of (40–41) and the parameters Ω and Γ can 
be chosen by placing both poles of the observer 
(40–41) at λ1=λ2=ω0. Hence, the observer param-

eters are: 02ωΩ =  and 2
0 / ( )pY XωΓ = , where ω0 

is the only tuning parameter and provided that 
X>0. Although the observer (40–41) is designed 
assuming no cell decay (kd=0), it will be shown 
in simulation experiments that the estimate µ 
ensures zero offset in the adaptive NMPC and the 

observer is stable with 2
0

ˆ/ ( )pY XωΓ =  where X̂
≠X and X̂ >0.

Finally, the structure of the proposed adaptive 
NMPC including the asymptotic and parameter 
observers is shown in Figure 3.

Classical and offset-free NMPCs

As mentioned earlier, the adaptive NMPC 
(29–32) is compared with the classical and offset-
free NMPCs. The offset-free NMPC is designed 
as follows [22,35]:
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Compared to the adaptive NMPC (29–32), 
the offset-free NMPC is designed for nomi-
nal parameter values (Table 1) with kd=0 and 
without the parameter observer (29–32). The 
state-space equations are also discretized using 
the implicit Euler method and the unmeasured 
substrate and microorganism concentrations 
are estimated using the asymptotic observer 
(33–36). The zero offset property is achieved by 
adding a constant correction term v to each of 
the state equations in (43), which is based on the 
measured state, previously estimated state vari-
ables, and previously applied manipulated vari-
able: 0 0 1 1( , , )v x x x uϕ − −= − .

In turn, the classical NMPC is designed 
according to (42–45), but assuming v=0 in (43), 
which means that no model correction is made.

Irrespective of the NMPC algorithm used, 
the optimization problem (29–32) or (42–45) is 
solved at each sampling time instant Ts in Matlab 
using IPOPT solver [36] and 2-core Intel i3-4150 
CPU (3.5 GHz) with 12GB RAM. The simulation 
results are presented in the next section.

CLOSED-LOOP SIMULATION RESULTS

As mentioned earlier, the NMPCs are designed 
with kd=0, while in the simulated fermentation 
process (1–4), a fraction of the microbial popu-
lation undergoes decay at a rate given by kd>0. 

Thus, including cell decay in the simulated “real” 
fermentation process allows testing the control 
performance in the presence of structural differ-
ences between the real process and its mathemati-
cal model. Hence, the predictive controllers are 
studied under differences in the model structure 
and taking into account three different scenarios.
	• Scenario 1: all model parameters apart from 

Sin in the model Equations 1–4 are perfectly 
known only the inlet substrate concentration Sin 
is not know precisely and may differ up to 30% 
with respect to its nominal value of 50 g/L.

	• Scenario 2: true kinetic parameters may differ 
up to 30% with respect to their nominal val-
ues, but are constant. The inlet concentration 
Sin is also not known precisely.

	• Scenario 3: true kinetic parameters may vary 
over time and differ up to 30% with respect to 
their nominal values. The inlet concentration Sin 
is also not known precisely and the measured 
ethanol concentrations are corrupted by noise.

In each scenario, the same controller parame-
ters and the same initial conditions for the observ-
ers are used. The controller sampling time is 
Ts=0.5 h, and the prediction and control horizons 
are set to Np=100, Nc=50. The preliminary results 
show that the prediction horizon should be suffi-
ciently long to capture both the effect of delayed 
ethanol concentration (τ=23 h) and the response 
that follows this delayed ethanol effect. No sig-
nificant improvement was observed for longer 
prediction horizons. Although, no rigorous stabil-
ity analysis is provided in the paper, in many prac-
tical cases, increasing the length of the prediction 
horizon promotes the stability of the closed-loop 

Figure 3. The control framework with the adaptive NMPC
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system. Also, adding some terminal constraints 
to the optimization problem may help to ensure 
the stability of the closed-loop system [37]. In the 
presented case, the assumed length of the predic-
tion horizon (Np=100) ensured stable behavior 
of the closed-loop system. The weighting coeffi-
cients in the NMPC’s objective functions are set 
to Q=1.0, R=0.5, and the only tuning parameter 
in the parameter observer (37–39) is set to ω0=5.0 
1/h. To avoid washout conditions in each scenario, 
the lower and upper constraints for dilution rate 
are set to umin=Dmin=0.01 1/h, umax=Dmax=0.5 1/h. 
The effectiveness of each control algorithm is 
additionally evaluated by computing the integral 
of squared error (ISE) indicator:
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Scenario 1

In the first scenario, effectiveness of the 
NMPC is studied under the assumption that all 
model parameters apart from Sin in the system 
Equations 1–4 are perfectly known. Only the 
nominal value of Sin=50 g/L is known and used 
by the NMPC, but the true inlet substrate concen-
tration may vary depending on the sugar content 
in various organic wastes used in bioethanol pro-
duction. Hence, it is assumed that the true inlet 
substrate concentration Sin varies in a step-wise 
manner between 40 and 60 g/L.

As shown in Figure 4, both the adaptive and 
offset-free NMPCs can perfectly track the setpoint 
ethanol concentration Psp. The zero offset can be 
achieved even for step changes in the unmeasured 
inlet substrate concentration Sin and the comput-
ed ISE indicators are: ISEadapt.=1579.6 (adaptive 
NMPC) and ISEof.=1580.6 (offset-free NMPC). 
In the case of the classical NMPC, it is not a sur-
prise to observe a nonzero offset that results from 
the plant-model mismatch and the resulting per-
formance indicator is ISEclass.=1639.1. Regarding 
the oscillatory behavior that was observed in the 
open-loop system, each NMPC controller is able 
to stabilize the fermentation process and elimi-
nate the oscillations (Figure 4).

The corresponding time courses of the esti-

mated substrate Ŝ(t) and microorganism ˆ ( )X t  con-
centrations are shown in Figure 5. It can be noted 
that Ŝ(t) converges to its true value S(t) with a rate 
specified by the dilution rate D only when the true 
inlet substrate concentration is exactly equal to its 

nominal value of Sin=50 g/L. Otherwise, the esti-
mates Ŝ(t) can be highly inaccurate. In turn, the 

estimates ˆ ( )X t  do not converge to their true val-
ues X(t) and this results from the lack of knowl-
edge of the nonzero death rate kd when designing 
the asymptotic observer. In spite of errors in the 
estimated substrate and microorganism concentra-
tions, the adaptive and offset-free NMPCs ensure 
very good control performance and zero offset, 
while the classical NMPC drives the fermentation 
process close to the desired setpoint concentrations.

Scenario 2

In this scenario it is assumed that all the kinetic 
parameters (μm, Ks, and Ki) are constant, but not 
known exactly (parameter uncertainty). This is 
quite frequent situation, when the model parameters 
can be identified based on the available measure-
ment data, but their values are determined with an 
uncertainty. Thus, only nominal values of the model 
parameters are known (Table 1), but true kinetic 
parameters (μm, Ks, and Ki) may differ by ±30% 
with respect to their nominal values: μm(true)=1.01 
1/h; Ks(true)=1.21 g/L; Ki(true)=5.06 g/L. More-
over, only the nominal value of the inlet substrate 
concentration Sin=50 g/L is known and used by the 
NMPCs, but the true Sin may vary in a step-wise 
manner between 40 and 60 g/L.

The results presented in Figure 6, show that the 
adaptive and offset-free NMPCs are robust to mod-
eling errors and the setpoint ethanol concentration 
can be tracked very well with zero offset. The 
resulting ISE indicators are: ISEadapt.=941.1 (adap-
tive NMPC) and ISEof.=940.0 (offset-free NMPC). 
In turn, the effectiveness of the classical NMPC 
is worse than in the Scenario 1 as the steady-state 
error has larger values and the performance indi-
cator is ISEclass.=1145.5. In this scenario, all the 
NMPCs are also able to stabilize the fermentation 
process and eliminate the oscillatory behavior.

Scenario 3

Many experimental studies have shown that 
the specific growth rate µ not only depends on the 
substrate or product concentrations, but can also 
vary over time due to changes in temperature, 
pH, or the physiological state of microorganisms 
[38–40]. Therefore, in this scenario, it is addition-
ally assumed that true kinetic parameters vary in 
time, but no more than ±30% with respect to its 
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nominal values, which poses an extra challenge 
for the predictive controllers:
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where:	µm0=0.78 1/h, Ks0=1.73 g/L, and Ki0=3.89 
g/L are known nominal values of kinetic 
parameters. 

Moreover, it is assumed that the measured 
ethanol concentration is corrupted by noise. Thus, 
a Gaussian white noise of mean zero and standard 
deviation of σ=0.05 g/L is added to the measured 

Figure 4. Time courses of ethanol concentration and corresponding dilution rate computed by
three different NMPC algorithms (Scenario 1: variation in the unmeasured Sin;

all other model parameters are constant and known)
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ethanol concentration P. This noise level is typi-
cal when measuring ethanol concentration on-
line [29]. In order to compare all the NMPCs, in 
each simulation experiment the random numbers 
are generated using the same seed. 

In this most challenging scenario, the adap-
tive and offset-free NMPCs again provided 
very good setpoint tracking. In the case of the 

adaptive NMPC, estimation of the maximum 
specific growth rate µm compensates for chang-
es in other kinetic parameters. In turn, the clas-
sical NMPC is able to track the setpoint, but 
with small offset. Significant differences can 
be noticed when studying time courses of the 
manipulated variable (dilution rate D), which is 
manifested by its strong variations, especially 

Figure 5. True and estimated substrate and microorganisms concentrations (Scenario 1: variation
in the unmeasured Sin; all other model parameters are constant and known)
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for the offset-free NMPC. This is also reflected 
in the standard deviation σu of the manipulated 
variable calculated over the first 40 hours of 
the simulation (Table 2). A reason for the noise 
amplification probably lies in the offset-free 
mechanism. A correction term v, which is added 
to the discretized state-space Equation 43, is 
computed based on the noisy measurements. 

In the adaptive NMPC, the noisy measure-
ments are additionally filtered by the observer 
Equations 37–39. It is expected that after add-
ing noise filtering to the offset-free NMPC, the 
effect of the amplified noise can be reduced.

The average computation times in each con-
troller sampling period were: 71 ms (but no more 
than 350 ms) for the adaptive NMPC, 121 ms (but 

Figure 6. Time courses of ethanol concentration and corresponding dilution rate computed by
three different NMPC algorithms (Scenario 2: variation in the unmeasured Sin;

true kinetic parameters are unknown but constant)
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no more than 500 ms) for the offset-free NMPC, 
and 62 milliseconds (but no more than 350 ms) 
for the classical NMPC. As the controller sam-
pling time was set to Ts=0.5 h, the computation 
time poses no implementation problems.

Finally, all performance indicators calculated 
for each scenario and each control algorithm are 
presented in Table 2 and the smallest values of 
ISE indicators are bolded.

Figure 7. Time courses of ethanol concentration and corresponding dilution rate computed
by three different NMPC algorithms (Scenario 3: variation in the unmeasured Sin;

true kinetic parameters are unknown vary in time)



467

Advances in Science and Technology Research Journal 2026, 20(7), 454–469

CONCLUSIONS

The stability analysis of the open-loop fermen-
tation process revealed that the delayed ethanol 
inhibitory effect is responsible for the oscillatory 
behavior in the process. Based on the derived sta-
bility conditions, it was possible to study the effects 
of dilution rates and kinetic parameters on the 
dynamical behavior of the open-loop fermentation 
process and the steady-state ethanol concentrations.

Then, the nonlinear model predictive con-
trollers (NMPCs) were designed to stabilize the 
process. Although the unmeasured substrate and 
microorganism concentrations were not esti-
mated accurately, the proposed adaptive NMPC 
ensured very good setpoint tracking with zero off-
set in a wide range of operating conditions. Treat-
ing the specific growth rate μ as a model param-
eter and estimating it online can compensate for 
the effects of other unknown kinetic parameters, 
unmeasured variations in the inlet substrate con-
centration Sin​, or structural discrepancies in the 
model. Compared to other NMPC algorithms, the 
adaptive NMPC was less sensitive to the mea-
surement noise. In terms of the ISE indicators, the 
control performance of the adaptive and offset-
free NMPCs was nearly the same in Scenarios 1 
and 2, whereas the indicators obtained for the 
classical NMPC were up to 20% higher. In Sce-
nario 3, i.e., in the presence of measurement noise 
and time varying kinetic parameters, the smallest 
value of the ISE indicator was obtained for the 
adaptive NMPC (ISE=1842.9), while the ISE 
indicators for the offset-free and classical NMPCs 
were higher by 0.45% and 9.13%, respectively. 
Moreover, the effect of measurement noise on the 
manipulated variable was smallest for the adap-
tive and classical NMPCs (the standard deviation 
σu≈0.015) and approximately twice as high in the 
case of offset-free NMPC (σu≈0.034). Also, the 
average computation time was shortest for the 
adaptive NMPC (71 ms) and the classical NMPC 
(62 ms) and approximately twice as long for the 
offset-free NMPC (121 ms).

The predictive controllers were tested for the 
fermentation process with relatively low inlet 
substrate concentrations (Sin<100 g/L). This rais-
es the question of how the dynamical behavior 
of the open‑loop process would change in a very 
high‑gravity fermentation process, where inlet 
concentrations can reach up to 300 g/L. In that 
case the mathematical model (1–4) must include 
the additional effect of substrate inhibition, which 
would result in multiplicity of steady-states. The 
problem would become even more complex if 
model (1–4) also included the delayed effect of 
ethanol concentration. This would, of course, pose 
an additional challenge for controller design that 
aims at maximizing the bioreactor’s productivity.
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