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INTRODUCTION

Guided waves of ultrasonic waves are highly 
utilized in non-destructive evaluation and struc-
tural health monitoring because of their ability to 
travel long distances while still being sensitive to 
defects of relatively small sizes, as suggested by 
Rose [1] and Zhang [2]. This property is the basis 
for the use of ultrasonic waves in the inspection of 
hollow structures, as suggested by Quy et al. [3] 
and Bartoli [4]. Hollow structures may be subject-
ed to internal and surface-related damage, which 
cannot be inspected using conventional inspection 
methods, as suggested by Fromme et al. [5].

Steel pipes are of critical importance for 
various applications, especially for oil and gas 
transportation, water supply systems, and con-
struction engineering. Detection of defects inside 
steel pipes is of utmost importance for ensuring 
structural integrity and avoiding major failures. 
Changes in dispersion characteristics and redis-
tribution of wave energy can create difficulties for 

defect detection, as emphasized by Rosenkrantz 
et al. [6]. Among axisymmetric modes of guided 
waves, modes L(0,1) and T(0,1) are predominant-
ly employed for pipe inspection due to low atten-
uation and favorable propagation characteristics, 
as emphasized by Djili and Boubenider [7] and 
Benmeddour et al. [8]. However, interaction of 
these modes with internal defects inside hollow 
cylinders is of critical importance and demands 
detailed investigation. Positions of defects and 
input frequencies play a major role in reflection, 
transmission, and mode conversion phenomena, 
as emphasized by Soleimanpour and Ng [9] and 
Yan et al. [10]. Thus, mode selection is an impor-
tant part of inspection methodology rather than 
an automatic process, as emphasized by Yan et al. 
[11] and Zhou et al. [12].

While numerical simulations result in a
physically consistent wave response, the per-
formance of guided wave inspection largely 
relies on the processing of the resulting sig-
nals. Frequency-wavenumber analysis using the 
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two-dimensional fast Fourier transform (2D-
FFT) provides an unambiguous representation 
of dispersive characteristics, as demonstrated by 
Nissabouri [17] and El Allami et al. [18]. The 
2D-FFT technique enables direct extraction of 
mode amplitudes and wavenumbers from spatio-
temporal displacement fields.

Apart from qualitative analysis, reflection 
and transmission coefficients are herein regard-
ed as quantitative indicators of mode sensitiv-
ity to hidden defects. These coefficients offer 
a physically meaningful means of comparing 
guided wave modes, as established by Cheng 
and Cheng [19], Long and Loveday [20], and Le 
et al. [21]. From an inspection point of view, this 
comparison is particularly important for deter-
mining which mode provides the most reliable 
defect detection capability.

Despite the significant progress made in 
guided wave inspection, a clear gap remains 
in the systematic comparison of axisymmetric 
guided wave modes for hidden defect detec-
tion in steel pipes using frequency-wavenum-
ber analysis. Most existing studies focus on a 
single mode or rely on time-domain interpre-
tation, which can be ambiguous when mode 
conversion occurs. Furthermore, quantitative 
evaluation of reflection and transmission coef-
ficients through 2D-FFT post-processing has 
not been fully exploited for comparing the 
inspection performance of L(0,1) and T(0,1) 
modes in cylindrical waveguides. This moti-
vates the present study, which aims to provide 
a rigorous, quantitative framework for mode 
selection in pipe inspection based on energy-
based coefficients derived from 2D-FFT analy-
sis. It should be noted that the present study is 
limited to a single pipe geometry and a single 
excitation frequency of 100 kHz; the applica-
bility of the findings to other geometries and 
frequency ranges remains to be investigated in 
future work.

The main contributions of this work are 
threefold: (1) computation of dispersion curves 
for axisymmetric modes L(0,1) and T(0,1) in 
a single-layer steel hollow cylinder using the 
SAFE method; (2) quantitative analysis using 
2D-FFT for mode identification and defect 
detection based on reflection and transmis-
sion coefficients; and (3) identification of the 
optimal guided wave mode for hidden defect 
detection in steel tubular structures.

SEMI-ANALYTICAL FINITE ELEMENT 
METHOD

This section presents the semi-analytical finite 
element (SAFE) method used to compute the dis-
persion curves of ultrasonic guided waves in the 
steel tubular structure. The theoretical framework 
is first described, followed by the resulting disper-
sion curves for the axisymmetric modes of interest.

Theoretical framework

We used the semi-analytical finite element 
(SAFE) approach to plot the dispersion curves of 
ultrasonic guided waves propagating in our sin-
gle-layer steel tubular structure. A sample of the 
structure with all the mechanical and geometric 
properties is shown in Figure 1 and Table 1.

With the SAFE method, the dispersion curves 
for any hollow cylindrical structure can be calcu-
lated, which involves analyzing and using finite 
element method techniques. In this paper, a sin-
gle-layer steel hollow cylinder with the geometry 
provided in Table 1 is used to show the dispersion 
curves. It adopts a cylindrical coordinate system 
(r, θ, z), with the z-axis aligned along the cen-
terline of the tube. For guided waves propagating 
in the positive z-direction, the displacement field 
takes the form [1]:

	 𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

	 (1)

where:	U(r, θ) represents the cross-sectional dis-
placement amplitude, k is the axial wave-
number, and ω is the angular frequency. In 
this expression, u(r, θ, z, t) denotes the dis-
placement vector field, t is the time, and z 
is the axial coordinate along the pipe.

For axisymmetric modes (circumferential 
order n = 0), the circumferential dependence van-
ishes, and the problem reduces to a one-dimen-
sional discretization along the radial direction. 
Thus, the cross-sectional domain through the 
wall thickness is divided into a system of radial 
elements, modeled using 1D finite elements with 
three nodes (see Figure 2).

Within each finite element, the cross-sec-
tional displacement is approximated using shape 
functions Nj(r):

	

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

	 (2)
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where:	Uj denotes the nodal displacement 
amplitudes. 

Using Hamilton’s principle, the equation of 
motion for the cross-section in its linear form can 
be written as [22]:

	

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

	 (3)
where:

	

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

	 (4)

where:	ω = 2πf represents angular frequency, 
k denotes the wavenumber, and T is the 
symbol for matrix transpose. 

The global stiffness and mass matrices are 
assembled from element contributions:

	

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

	 (5)

where:	Nel denotes the number of elements. 

The elementary matrices for cylindrical coor-
dinates include the additional factor r from the 
Jacobian:

	

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

	 (6)

	

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

	 (7)

	

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

	 (8)

	

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

	 (9)

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

 and 

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

 represent the K2 symmetric real 
matrix and the cross-sectional mode shape or the 
new displacement vector, respectively. In Equa-
tions 6–8, the matrices B1 and B2 are the strain-
displacement relation matrices that relate the 
strain components to the nodal displacements in 
the radial and axial directions, respectively. They 
are derived from the differential operators act-
ing on the shape functions within the cylindrical 
coordinate framework. Ce denotes the elasticity 
matrix of element e, and ρe is the material density 
of element e.

For any frequency obtained by solving Equa-
tion 3, the phase velocity Vp can be deduced using:

	 Vp = ω/k	 (10)

Furthermore, Equation 3 leads to calculating 
the group velocity VG as follows:

	

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

	 (11)

Table 1. Geometric and material properties of the steel 
pipe

Parameter Value Unit

Longitudinal velocity VL 5850 m/s

Shear velocity VT 3200 m/s

Density ρ 7850 kg/m³

Inner radius Rint 50 mm

Outer radius Rout 60 mm

Wall thickness e 10 mm

Tube length L 2000 mm

Figure 1. Schematic representation of the single-layer steel tubular structure: (a) 3D view and (b) cross-section 
showing inner radius Rint, outer radius Rout, and wall thickness e
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where:	ΦR denotes the right eigenvector of the 
system (i.e., the mode shape vector 
obtained from the eigenvalue solution of 
Equation 3 and K’ is defined by:

	

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

	 (12)

The dispersion behavior of ultrasonic guided 
waves in the steel tubular structure is explored to 
calculate the dispersion curves. For this purpose, 
this paper provides a computational framework 
that summarizes the major steps that constitute 
the process for writing a code in MATLAB to 
provide the numerical representation for pre-
dicting the dispersion curves and corresponding 
mode shapes for the steel tubular structure via the 
SAFE method (see Figure 3).

For hollow cylindrical waveguides, guided 
wave modes are classified into three families 
based on their displacement characteristics. Lon-
gitudinal modes L(n, m) are characterized by 
dominant axial (uz) and radial (ur) displacements. 
For n = 0 (axisymmetric), these are denoted 
L(0,1), L(0,2), etc. Torsional modes T(n, m) are 
characterized by purely circumferential (uθ) dis-
placement. The fundamental T(0,1) mode is non-
dispersive in homogeneous pipes. Flexural modes 
F(n, m) are non-axisymmetric modes (n ≥ 1) with 
coupled displacements in all directions.

The SAFE method efficiently computes all 
mode families by selecting appropriate dis-
placement components for each circumferen-
tial order n. In this paper, we will concentrate 
on and plot only the axisymmetric modes of 
interest for pipe inspection: the fundamental 
longitudinal mode L(0,1) and the fundamental 
torsional mode  T(0,1).

Dispersion curves

The entire procedure is implemented in MAT-
LAB, providing a flexible and efficient framework 
for computing dispersion curves and their corre-
sponding mode shapes. The numerical solution of 
Equation 3 yields dispersion curves for longitu-
dinal and torsional guided wave modes. Figure 4 
presents these curves: (a) phase velocity Cp(f) , 
(b) group velocity Cg(f), and (c) wavenumber k.

In relation to the application of appropriate 
modes for effective guided wave inspection, it is 
essential to evaluate the characteristics of each 
mode for effective inspection. Both modes con-
sidered in this study have different characteris-
tics, which make them more suitable for inspect-
ing different types of defects. The fundamental 
mode of longitudinal wave L(0,1) is present at 
all frequencies and is considered the simplest 
propagating disturbance in a hollow cylinder. For 

Figure 2. One-dimensional finite element discretization through the tube wall thickness showing three-node 
quadratic elements (with nodes represented as dots) and the cylindrical coordinate system (r, θ, z)
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low-frequency operation, it is observed that there 
is predominantly axial particle displacement with 
moderate dispersion. These characteristics of the 
fundamental mode of longitudinal wave make it 
more suitable for screening applications.

Because of its purely circumferential par-
ticle displacement and, for a homogeneous steel 
pipe, its nondispersive nature, the torsional mode 
T(0,1) is unique among other modes of guided 
waves. This feature of the T(0,1) mode is highly 
desirable for effective inspection, especially for 

long-range applications where the characteristics 
of the waveform are essential.

NUMERICAL STUDY

This section describes the three-dimensional 
finite element model constructed in ABAQUS/
Explicit to simulate guided wave propagation and 
scattering by internal defects in the steel pipe. 
The model configuration, excitation strategy, and 

Figure 3. Semi-analytical finite element algorithm flowchart for computing dispersion curves 
in the steel cylinder

Figure 4. Dispersion curves for torsional (blue lines) and longitudinal (red lines) guided wave modes: 
(a) phase velocity Cp(f); (b) group velocity Cg(f); (c) wavenumber k(f)
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resulting displacement fields are presented in the 
following subsections.

Model configuration

To investigate guided wave scattering by a 
hidden defect, we construct a three-dimensional 
finite element model of the steel pipe using com-
mercial software (ABAQUS/Explicit). The geo-
metric and material parameters are summarized 
in Table 1.

The notch depth d varies from 1.0 mm to 9.0 
mm, denoting depth-to-wall-thickness ratios d/e 
ranging from 0.1 to 0.9, where e = 10 mm repre-
senting the wall thickness of the steel pipe. The 
axial extent of the notch h = 4 mm represents the 
axial length of the circumferential notch (see Fig-
ure 5 for a visualization of the h dimension).

The notch is circumferential around the whole 
tube cross section, maintaining the axisymmetric 
nature of the problem. The defect is located at z = 
1000 mm from the excitation end, allowing suffi-
cient propagation distance for mode development 
before its point of contact with the defect and ade-
quate separation between incident, reflected, and 
transmitted wave packets around the monitoring 
locations. The mesh employs eight-node hexahe-
dral elements with reduced integration (C3D8R). 
Following established guidelines for wave propa-
gation modeling, we ensure at least 20 elements 
per minimum wavelength [2]:

	

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

	 (13)

Equation 13 defines the theoretical upper 
limit of the element size based on the minimum 
shear wave velocity. For the proposed model, the 
element size of 0.83 mm was used, satisfying this 
requirement and resulting in the creation of near-
ly 38 elements within the minimum wavelength 
at a frequency of 100 kHz, far exceeding the rec-
ommended minimum of 20 elements within the 

wavelength. The explicit time integration method 
demands a time increment that is stable and meets 
the CFL requirement. For the proposed model, the 
element size of 0.83 mm and the maximum veloc-
ity of the wave in the steel pipe (VL = 5850 m/s) 
were used to automatically calculate the stable 
time increment using the ABAQUS/Explicit code 
(approximately 0.14 μs). The total time duration 
was set at 1.0 ms to ensure the complete propaga-
tion of the incident pulse, the interaction between 
the pulse and the defect, and the separation of the 
reflected and transmitted pulses at the monitoring 
points. The finite element model consists of near-
ly 12 million C3D8R elements. The mesh con-
vergence test was conducted by comparing the 
results from the element sizes of 1.0 mm and 0.83 
mm; the difference in the results for the reflected 
and transmitted coefficients was less than 0.5%, 
confirming the suitability of the proposed mesh 
density for the modeling of the wave propagation 
at the frequency of 100 kHz.

Excitation strategy

Generating a pure guided wave mode requires 
applying the correct displacement profile across 
the inlet cross-section. We use the mode shapes 
computed by the SAFE method, normalized to 
unit power flow (Figure 6), as the spatial excita-
tion pattern at z = 0.

The temporal waveform is a 5-cycle Hanning-
windowed tone burst centered at 100 kHz [23]:

	

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

	 (14)

This windowed signal provides good com-
promise between frequency selectivity (nar-
row bandwidth) and temporal compactness 
(enabling separation of incident and scat-
tered wave packets). The 100 kHz excitation 
frequency was chosen according to several 
factors: 1) both modes of interest L(0,1) and 
T(0,1)) propagate at this frequency and this is 

Figure 5. Schematic of the single-layer steel pipe with an internal circumferential defect, showing the axial 
defect extent h = 4 mm and depth d
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confirmed through the wavenumber curve in 
Figure 7; 2) this frequency provides reason-
able wavelengths for the finite element mesh 
while keeping sensitivity for the defect sizes 
investigated (d/e: 0.1 to 0.9); 3) at 100 kHz , 
dispersion of group velocity for the T(0,1) is 
minimal so that we can easily propagate wave 
packets; and 4) the 5-cycle Hanning-windowed 
tone burst offers sufficient frequency selectiv-
ity (bandwidth ≈ 40 kHz) without compromis-
ing temporal compactness to separate inci-
dent and scattered wave packets, aligned with 
established guided wave excitation in pipes. 
The spatial distribution of the displacements 
is applied as a 5-cycle tone burst weighted by 
a Hanning window centered on the excitation 

frequency (Figure 8). The selected excitation 
frequency is f = 100 kHz (Figure 7), chosen 
to ensure that both modes of interest propa-
gate while maintaining manageable wave-
lengths for the finite element mesh. For this 
frequency, the wavenumbers of modes L(0,1) 
and T(0,1) are respectively kL(0,1) = 116 rad/m 
and kT(0,1) = 196 rad/m as determined from the 
SAFE-computed wavenumber curve presented 
in Figure 7. This selective single-mode excita-
tion approach ensures that only the intended 
mode propagates into the waveguide, avoiding 
complications from multi-mode excitation that 
would otherwise require signal decomposition 
before defect interaction analysis

Figure 6. Normalized displacements ur and uz, uθ, at f = 100kHz

Figure 7. The adopted frequency product excitation at f = 100 kHz
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Displacement fields of guided modes

Two sets of monitoring nodes were record-
ed on the outer surface of the steel pipe. These 
monitoring nodes are evenly spaced and have 
a spacing of 0.5 mm. These monitoring nodes 
were placed far enough from the ends of the 
tube and from the defect location to prevent 
non-propagating and evanescent modes, ensur-
ing that only propagating modes are monitored. 
Nodes placed before the defect (at approxi-
mately 440 mm from the defect location) 
monitor incident and reflected modes, whereas 
those placed after the defect (at approximately 

1120 mm from the defect location) monitor 
transmitted modes. The displacement signals 
before and after the defect, for the excitation of 
guided modes T(0,1) and L(0,1), are represent-
ed on the position-time plane for 100 kHz and 
d/e = 0.4. In these representations, it is possible 
to easily identify the wave packets of incident, 
reflected, and transmitted modes. In the case of 
mode T(0,1), as shown in Figures 9a and 9b, it 
is possible to identify the parallel ridges of the 
incident and reflected wave packets, indicat-
ing that there is consistency in phase and group 
velocity and, consequently, no mode conver-
sion. Additionally, it is possible to identify 

Figure 8. The temporal waveform is a 5-cycle Hanning-windowed tone burst centered at 100 kHz

Figure 9. Displacement field for T(0,1) mode: (a) incident and reflected waves, (b) transmitted waves
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the same slope of the reflected and incident 
wave packets, indicating that there is preserva-
tion of modal characteristics for the torsional 
mode after interaction with the axisymmetric 
defect. Similarly, it is possible to identify the 
transmitted T(0,1) mode with a similar parallel 
ridge pattern, indicating single-mode propaga-
tion. For the L(0,1) mode, as shown in Figure 

10, the wave packets show predominantly par-
allel ridges, indicating that the fundamental 
longitudinal mode largely maintains its modal 
identity. However, closer examination reveals 
additional features suggesting the presence of 
mode conversion, which will be confirmed 
through two-dimensional fast Fourier trans-
form analysis in the following section.

Figure 10. Displacement field for L(0,1) mode: (a) incident and reflected waves, b) transmitted waves

Figure 11. Processing steps for 2D-FFT analysis
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POST-PROCESSING: 2D-FFT ANALYSIS

This section presents the two-dimension-
al fast Fourier transform (2D-FFT) technique 
applied to post-process the displacement signals 
obtained from the finite element simulations. The 
methodology is first introduced, followed by the 
results and discussion including mode identifi-
cation and computation of power reflection and 
transmission coefficients.

Methodology

The 2D-FFT technique transforms the spatio-
temporal displacement field u(z,t) recorded along 
the cylinder surface into the frequency-wave-
number domain 

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

, enabling direct extrac-
tion of dispersion curves. The transformation is 
defined as [18]:

	

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

	(15)

To identify the existing modes in the structure 
after reflection and transmission, we applied the 
two-dimensional fast Fourier transform (2D-FFT) 
to the displacements recorded before and after the 
defect to obtain the spectrum in the wavenum-
ber-frequency (k, f) space. Figure 11 shows the 
processing steps to obtain the result. Figures 12 
and 13 show contour plot representations of the 
obtained spectra. An artificial superimposition 

of the SAFE-computed dispersion curves onto 
these spectra is performed to identify the incident 
modes (k > 0), reflected modes (k < 0), and trans-
mitted modes (k > 0).

RESULTS

Figures 12a–d illustrate the contour plot 
spectrum of the displacements at the monitoring 
zone when the incident mode is T(0,1). The 2D 
spectrum for the incident-reflected region (Fig-
ure 12b) shows energy concentrated exclusively 
on the T(0,1) dispersion branch for both posi-
tive wavenumbers (incident mode) and negative 
wavenumbers (reflected mode). Similarly, the 
transmitted spectrum (Figure 12d) shows energy 
only on the T(0,1) branch. These figures clearly 
demonstrate that no mode conversion occurs; the 
reflected and transmitted modes consist solely of 
the incident T(0,1) mode. A cut of the (k, f) rep-
resentation performed at f = 100 kHz is shown in 
Figures 12a and 12c, displaying the amplitudes of 
incident and reflected T(0,1) with distinct peaks 
at their respective wavenumbers.

However, the L(0,1) mode exhibits funda-
mentally different scattering behavior. Figures 
13a–d present the contour plot spectrum with 
L(0,1) as the incident mode. The 2D spectrum 
for the incident-reflected area (Figure 13b) shows 
that in addition to the incident L(0,1) mode, 

Figure 12. Analytical dispersion curves overlaid on 2D-FFT energy distribution for displacement signals before 
and after of the defect for incident T(0,1) mode at f = 100 kHz (d/e = 0.4): (a) amplitude normalized (incident-

reflected), (b) 2D spectrum (incident-reflected), (c) amplitude normalized (transmitted), 
(d) 2D spectrum (transmitted)
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energy is present on the L(0,2) dispersion branch 
at negative wavenumbers, implying partial mode 
conversion during reflection.

The k-spectrum at 100 kHz (Figure 13a) also 
supports this assertion, showing three clear peaks 
corresponding to the incident L(0,1), reflected 
L(0,1), and converted L(0,2) modes. The trans-
mitted field corresponding to the L(0,1) mode 
(Figure 13d, transmitted spectrum) shows stron-
ger mode conversion, where energy is distributed 
between the transmitted L(0,1) and the converted 
L(0,2) modes. The k-spectrum (Figure 13c) shows 
the main peak corresponding to the transmitted 
L(0,1) mode and the peak corresponding to the 
converted L(0,2) mode at the wavenumber of the 
converted mode. This mode conversion shows 
that the structure supports multiple modes when 
the L(0,1) mode is excited, namely the incident 
L(0,1) mode, reflected L(0,1) mode, reflected 
converted L(0,2) mode, transmitted L(0,1) mode, 
and transmitted converted L(0,2) mode. These 
two-dimensional fast Fourier transform represen-
tations enable unambiguous identification of the 
propagating modes in the steel pipe containing an 
internal defect when each axisymmetric mode is 
excited at f = 100 kHz. The spectral amplitudes 
extracted from the wavenumber spectrum slices 
at the excitation frequency provide the founda-
tion for quantifying energy distribution among 
reflected and transmitted mode contributions, 

thus enabling computation of power reflection 
and transmission coefficients.

Power coefficient calculation

The reflection and transmission energy coeffi-
cients are computed from the 2D-FFT amplitudes 
using the following expressions. When an inci-
dent guided wave mode interacts with a defect, 
guided modes are generated in the steel pipe, 
both upstream and downstream of the defect. The 
reflected Rm and transmitted Tm power coefficients 
of a guided wave mode m(T(0,1) or L(0,1)) are 
defined by [18]:

	

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

	 (16)

where the power terms are defined as:

	

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

	 (17)

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

, 

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

 and 

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

 denote the powers of the 
incident, reflected, and transmitted guided wave 
mode m, respectively. 

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

 and 

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

 represent the 
normalized displacements of the incident mode 
and mode m, and AI, 

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

 and 

𝒖𝒖(𝑟𝑟, 𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑼𝑼(𝑟𝑟, 𝜃𝜃)𝑒𝑒𝑖𝑖(𝑘𝑘𝑘𝑘−𝜔𝜔𝜔𝜔) (1) 
 

𝑈𝑈(𝑟𝑟) = ∑  
𝑛𝑛

𝑗𝑗=1
 𝑁𝑁𝑗𝑗(𝑟𝑟)𝑈𝑈𝑗𝑗 (2) 

 
(𝐴𝐴 − 𝜔𝜔2𝑀𝑀)𝑄𝑄 = 0 (3) 

 
𝐴𝐴 = 𝐾𝐾1 + 𝑘𝑘𝐾̂𝐾2 + 𝑘𝑘2𝐾𝐾3, 𝑄𝑄 = [𝑈̂𝑈 𝑘𝑘𝑈̂𝑈]𝑇𝑇 (4) 

 

𝑀𝑀 = ⋃  
𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑚𝑚(𝑒𝑒), 𝐾𝐾𝑛𝑛 = ⋃  

𝑁𝑁𝑒𝑒𝑒𝑒

𝑒𝑒=1
 𝑘𝑘𝑛𝑛

(𝑒𝑒), 𝑛𝑛 = 1,2,3 (5) 

 

𝑘𝑘1
(𝑒𝑒) = ∫  𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1𝑟𝑟𝑟𝑟𝑟𝑟 (6)

𝑘𝑘2
(𝑒𝑒) = ∫  (𝐵𝐵1

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2 − 𝐵𝐵2
𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵1)𝑟𝑟𝑟𝑟𝑟𝑟 (7)

𝑘𝑘3
(𝑒𝑒) = ∫  𝐵𝐵2

𝑇𝑇𝐶𝐶𝑒𝑒𝐵𝐵2𝑟𝑟𝑟𝑟𝑟𝑟 (8)

𝑚𝑚(𝑒𝑒) = ∫  𝑁𝑁𝑇𝑇𝜌𝜌𝑒𝑒𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (9)

 

 
 

𝑉𝑉𝑃𝑃 = 𝜔𝜔/𝑘𝑘 (10) 
 

𝑉𝑉𝐺𝐺 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝛷𝛷𝑅𝑅

𝑇𝑇𝐾𝐾′𝛷𝛷𝑅𝑅
2𝜔𝜔𝛷𝛷𝑅𝑅

𝑇𝑇𝑀𝑀𝛷𝛷𝑅𝑅
(11) 

 
𝐾𝐾′ = 𝐾̂𝐾2 + 2𝑘𝑘𝐾𝐾3 (12) 

 

Δ𝑥𝑥 ≤ 𝑉𝑉𝑇𝑇,min
20𝑓𝑓max

≈ 0.16 mm (13) 

 

𝑠𝑠(𝑡𝑡) = 1
2 [1 − cos (2𝜋𝜋𝜋𝜋𝜋𝜋

𝑁𝑁 )] sin (2𝜋𝜋𝜋𝜋𝜋𝜋) (14) 

 

𝑈̃𝑈(𝑘𝑘, 𝑓𝑓) = ∫  
∞

−∞
 ∫  

∞

−∞
 𝑢𝑢(𝑧𝑧, 𝑡𝑡)𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (15) 

𝑅𝑅𝑚𝑚 = Φ𝑚𝑚
𝑅𝑅

Φ𝐼𝐼 , 𝑇𝑇𝑚𝑚 = Φ𝑚𝑚
𝑇𝑇

Φ𝐼𝐼 (16) 

 
Φ𝐼𝐼 = |𝐴𝐴𝐼𝐼𝑢𝑢𝑦𝑦

𝐼𝐼 |2, Φ𝑚𝑚
𝑅𝑅 = |𝐴𝐴𝑚𝑚

𝑅𝑅 𝑢𝑢𝑦𝑦
𝑚𝑚|2, Φ𝑚𝑚

𝑇𝑇 = |𝐴𝐴𝑚𝑚
𝑇𝑇 𝑢𝑢𝑦𝑦

𝑚𝑚|2 (17) 
 

 correspond to the 
amplitudes of the incident, reflected, and trans-
mitted guided wave mode m. These amplitudes 
are determined by processing the displacement 
signals of guided waves in the studied structure.

Figure 14 present the variation of power 
reflection coefficient (R), transmission coefficient 

Figure 13. Analytical dispersion curves overlaid on 2D-FFT energy distribution for displacement signals before 
and after of the defect for incident L(0,1) mode at f = 100 kHz (d/e = 0.4): (a) amplitude normalized (incident-

reflected), (b) 2D spectrum (incident-reflected), (c) amplitude normalized (transmitted), 
(d) 2D spectrum (transmitted)
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(T), and their sum (R + T) as a function of the nor-
malized defect depth ratio (d/e) for both axisym-
metric guided wave modes: L(0,1) and T(0,1).

Both modes show perfect energy conserva-
tion, where the sum of reflected and transmitted 
energy is consistently close to unity for all depth 
ratios. For mode L(0,1), it is observed that the 
total amplitude of the reflection and transmis-
sion coefficients (summing contributions from 
both the L(0,1) and converted L(0,2) modes) is 
accurate to within 1% of unity, showing very 
accurate measurements. For mode T(0,1), it is 
observed that energy conservation is satisfied 
with negligible error, thus validating the compu-
tational approach and methodology for applying 
the two-dimensional fast Fourier transform post-
processing. This validation is essential because it 
confirms that the finite element mesh is sufficient-
ly detailed for accurate wave propagation model-
ing, that the monitoring locations are optimally 
placed for minimizing unwanted evanescent and 
non-propagating modes, and finally, it confirms 

that the two-dimensional fast Fourier transform 
post-processing is accurate and free of significant 
numerical artifacts.

Both modes display good sensitivity to the 
depth of the defects. In the case of the L(0,1) mode, 
the reflection coefficient varies monotonically with 
increasing depth from 0.08 to 0.90 as d/e varies 
from 0.1 to 0.9, while the transmission coefficient 
varies inversely. It should be noted that the mono-
tonic relationship between the reflection coeffi-
cient and the depth of the defects makes it possible 
to use the L(0,1) mode to size defects, provided 
mode conversion effects are taken into account.

The T(0,1) mode displays analogous trends in 
terms of sensitivity to the depth of the defects, 
with the reflection coefficients increasing from 
0.05 to 0.88 as d/e varies from 0.1 to 0.9. Although 
the reflection coefficients are slightly smaller at 
smaller depths (d/e < 0.3) compared to the L(0,1) 
mode, the major advantage of the T(0,1) mode is 
that mode conversion effects are absent, making 
it easier to interpret the signals. In terms of the 
practical use of the modes in inspection, defects 
with d/e > 0.2 have reflection coefficients > 0.15 
in both modes, which should be detectable with 
the correct level of signal processing and noise 
reduction. Shallow defects (d/e < 0.2) are more 
problematic due to the smaller reflection coeffi-
cients and require higher signal-to-noise ratios to 
detect the defects reliably.

A comparison between the two axisymmet-
ric guided wave modes (Table 2) shows that both 
modes exhibit excellent energy conservation and 

Figure 14. Power reflection and transmission coefficients for T(0,1) and L(0,1) modes as functions of defect 
depth ratio d/e. Energy conservation (R + T) is shown to validate the approach

Table 2. Comparative performance of guided wave 
modes

Criterion L(0,1) T(0,1)

Energy conservation Excellent Excellent

Defect sensitivity Good Good

Dispersion Moderate Non-dispersive

Signal Interpretation Moderate Simple

Long-range capability Good Excellent
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good defect sensitivity. However, T(0,1) dem-
onstrates superior characteristics for practical 
inspection applications due to its non-dispersive 
nature and simple signal interpretation.

For practical pipeline inspection, the torsion-
al mode T(0,1) is suggested as the ideal choice 
for several reasons. Non-dispersive propagation 
means T(0,1) maintains wave packet form over 
long distances for accurate time-of-flight mea-
surements and reliable defect localization. Simple 
signal interpretation follows since there is no dis-
persion effect, the analysis of reflected signals for 
defect characterization is significantly simpler. 
Adequate sensitivity shows T(0,1) has good sen-
sitivity across all defect depths to achieve reliable 
detection. Long-range capability is achieved as 
the non-dispersive nature makes T(0,1) particu-
larly suitable for long-range pipeline inspection 
applications. The L(0,1) mode shows good energy 
conservation and sensitivity to defects, but L(0,1) 
converts partially to L(0,2) during defect interac-
tion, T(0,1) retains its modal purity and hence, its 
signals are clean and easy to interpret. It should 
be noted that these conclusions are based on 
numerical simulations and are validated against 
the published literature in the following section. 
Experimental confirmation of these findings is 

planned and would further strengthen the practi-
cal relevance of the proposed methodology.

DISCUSSION

To validate the findings of the present study, 
a comparison with key results from the pub-
lished literature is summarized in Table 3. The 
comparison focuses on the main aspects inves-
tigated: reflection behavior, mode conversion, 
energy conservation, and mode recommendation 
for pipe inspection.

As can be observed from Table 3, the major 
findings of this research were validated by exist-
ing literature. For instance, the monotonous 
increase of the reflection coefficient with increas-
ing defect depth for T(0,1) and L(0,1) modes 
is consistent with the 3D finite element results 
of Heinlein et al. [24] and Yeung and Ng [25]. 
Heinlein et al. [24] investigated T(0,1) reflection 
from defects in pipe bends and confirmed the 
monotonic dependence of the reflection coeffi-
cient on defect depth. Yeung and Ng [25] used 
a time-domain spectral finite element method 
to analyze torsional guided wave scattering and 
mode conversion from cracks in pipes, report-
ing similar monotonic trends. Although the pipe 

Table 3. Comparison of present study findings with published literature

Aspect Present study Literature reference Literature finding

T(0,1) reflection vs. 
depth

Monotonic increase: R = 0.05 
(d/e = 0.1) to R = 0.88 (d/e = 
0.9) at 100 kHz

Heinlein et al. [24]
Monotonic increase of R with depth for T(0,1) 
from defects in pipe bends confirmed by 3D 
FEM simulations

T(0,1) mode 
conversion at 
axisymmetric defect

No mode conversion observed 
(2D-FFT confirms energy only 
on T(0,1) branch)

Heinlein et al. [24] No mode conversion at axisymmetric defects; 
only T(0,1) mode present in reflections

L(0,1) reflection vs. 
depth

Monotonic increase: R = 0.08 
(d/e = 0.1) to R = 0.90 (d/e = 
0.9) at 100 kHz

Yeung and Ng [25]
R increases monotonically with crack depth; 
spectral FEM analysis of torsional guided wave 
scattering in pipes

L(0,1)-to-L(0,2) mode 
conversion

Partial conversion observed in 
both reflected and transmitted 
fields (2D-FFT)

Yeung and Ng [25]; 
Huan et al. [26]

Mode conversion significant for guided waves 
at cracks; analytical models confirm mode-
converted components at circumferential 
notches

Energy conservation 
(R + T)

R + T ≈ 1 with deviation < 1% 
for all d/e ratios

Ghavamian et al. 
[28]

FEM-based guided wave studies consistently 
report energy conservation as a validation 
criterion

T(0,1) non-dispersive 
advantage

T(0,1) recommended for pipe 
inspection: non-dispersive, 
no mode conversion, clean 
signals

Da et al. [27]; 
Ghavamian et al. 
[28]

T(0,1) preferred for defect reconstruction; 
widely recognized as ideal inspection mode 
due to non-dispersive nature and immunity to 
liquid loading

R governed by d/e 
ratio for axisymmetric 
defects

R depends primarily on d/e for 
both L(0,1) and T(0,1) Huan et al. [26]

Analytical reflection coefficient maps as 
function of notch depth; d/e is the primary 
parameter for axisymmetric notches

SAFE + FEM 
approach for mode 
analysis

SAFE for dispersion curves 
+ 3D FEM (ABAQUS) for 
scattering + 2D-FFT for post-
processing

Liu et al. [29]
SAFE method for dispersion curves combined 
with FEM simulation for T(0,1) and L(0,2); 
positioning error < 1%
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geometries and configurations differ from the 
present setup (60.3 mm outer diameter, straight 
pipe at 100 kHz), the fundamental reflection coef-
ficient trends show excellent agreement.

The absence of mode conversion for T(0,1) 
at axisymmetric defects, as is evident from the 
2D-FFT results presented in this work, is perhaps 
the most significant result from a practical perspec-
tive. This is also consistent with the findings of 
Heinlein et al. [24], where only the T(0,1) mode was 
observed in reflections from axisymmetric defects 
without any mode conversion. The mode conver-
sion observed for the L(0,1) mode to the L(0,2) 
mode in this study is in accordance with the scat-
tering and mode conversion phenomena reported 
by Yeung and Ng [25] for torsional guided waves 
interacting with cracks in pipes, and the analytical 
reflection coefficient models developed by Huan et 
al. [26] for circumferential notches. This sugges-
tion of T(0,1) as the best mode of pipe inspection 
is strongly corroborated in the overall body of lit-
erature. Da et al. [27] used T(0,1) in defect recon-
struction, noting the non-dispersive characteristic 
of the mode, while obtaining defect reconstruction 
errors less than 10% for defects up to half the pipe 
wall thickness. Ghavamian et al. [28] undertook an 
exhaustive review of pipe inspection using GW in 
the last two decades, agreeing with the prevailing 
consensus on the use of T(0,1) based on the insen-
sitivity of the mode to liquid loading effects and 
transduction simplicity. This current research con-
tributes further to the prevailing consensus on the 
best pipe inspection modes through the provision 
of quantitative data on the effectiveness of T(0,1), 
which is on par with the effectiveness of L(0,1). 

The main novelty of this study in compari-
son to the above-cited literature can be described 
as the introduction of a unified 2D FFT post-
processing technique that can be used to simul-
taneously perform mode identification, energy 
distribution, and coefficient calculation. While 
previous studies mainly focused on time-domain 
analysis of the signals or analytical/finite ele-
ment method (FEM)-based calculations, the 2D 
FFT method proposed in this work can be used to 
directly and unambiguously visualize the energy 
distribution among propagating modes in the fre-
quency-wavenumber domain, which has not been 
done in a systematic way in order to compare the 
performance of L(0,1) and T(0,1) in steel pipes.

CONCLUSIONS

The numerical investigation of ultrasonic 
guided wave propagation and internal defect 
detection in a single-layer steel pipe is discussed 
in detail in this paper. The dispersion character-
istics of guided waves were calculated using the 
SAFE method and 3D simulation of guided wave 
interactions with concealed internal defects using 
ABAQUS/Explicit software. The results show 
that the 2D-FFT method is effective in analyzing 
guided wave signals in steel tubular structures, 
as energy conservation errors are less than 1%, 
proving its reliability in practical applications.

The interaction of different guided wave 
modes with concealed internal defects is also dis-
cussed in detail in this paper. The fundamental 
longitudinal mode L(0,1) is found to be suitable 
for defect detection applications, as it is robust 
and sensitive for all defect depths. The funda-
mental torsional mode T(0,1) is found to be the 
most suitable mode for defect detection in steel 
pipes, as it is non-dispersive and its signal is clear 
and easily understood with adequate sensitivity 
for all defect depths. The results obtained using 
the 2D-FFT method are robust and provide a clear 
framework for mode identification in the frequen-
cy-wavenumber domain. The incident, reflected, 
and transmitted waves are clearly identified and 
easily distinguished from each other. The power 
reflection and transmission coefficients are also 
obtained from the 2D-FFT spectrum and are use-
ful for assessing defect severity.

It is worth mentioning here that some limita-
tions are associated with this paper. The numeri-
cal simulation is carried out for a single pipe 
geometry and a single excitation frequency of 100 
kHz. The results are not compared with available 
experimental results or numerical results obtained 
from different codes. The numerical simulation 
will be carried out for different pipe geometries 
and different excitation frequencies in the future. 
The results will be validated experimentally using 
piezoelectric transducers on steel pipe specimens 
and will be a valuable addition to this paper.
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