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INTRODUCTION

Cylinder structures with their different 
applications are found in various component 
structural and device systems, such as aero-
space, submarine structures, vessels, pipes, 
sensors, and pneumatic systems. Cylinder 
structures are often subjected to constant or 
cycling high pressures and temperatures so 
that thermal stresses are induced. These struc-
tures are manufactured and designed using 
metal alloys or advanced materials such as 

composites and functionally graded materi-
als (FGMs). The cylindrical structures that 
are made of composite materials have many 
pros properties, which are made by combin-
ing two or more materials in a microscopic 
form, and their elements do not dissolve or 
fuse into each other. However, some layered 
composite cylinders subjected to impact load 
or repeated stress cycles cause a delamination 
phenomenon that is defined as a separation of 
layers and weakness at interfaces between the 
neighboring layers. 
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ABSTRACT
Finite element solutions are highly sensitive to the finite element shape selected and the number of nodes. In this 
study, a new higher-order finite element analysis is employed to investigate the non-axisymmetric thermoelastic 
performance of a hollow cylinder made of functionally graded material (FGM) exposed to variable hoop tempera-
ture. The analysis employs higher-order finite triangular elements with 6 and 10-nodes to increase the accuracy 
of the numerical solution as it deals with a curve shaped problem. A strong agreement was achieved when a 
comprehensive comparison of the thermal and displacement distributions across the cylinder’s annulus was con-
ducted with analytical and numerical solutions from prior literature. This study also examines the impact of the 
volume-graded index on heat and displacement variations along the radial direction, i.e., as the volume exponent 
index increases, the radial displacement decreases. This investigation contributes to highlighting the effectiveness 
of the finite element method in analyzing complex thermoelastic systems. Furthermore, when the heat distribution 
and radial displacement components follow harmonic patterns like sine, the circumferential displacement behaves 
in the opposite direction, like cosine. Moreover, the results of the implementation of the higher-order triangular 
element in non-axisymmetric problems will improve and enhance the results of the temperature and displacement 
components. The results further show that the higher order of triangular elements obtains closure results to reach 
some available special analytical solutions.
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The solution to avoid these problems and 
overcome rapid changes in material proper-
ties is by utilizing the FGMs discovered in 
1984 by a Japanese research group Dai et al. 
(2016). Paul et al. (2022) conducted a study 
on the analysis of steady-state elastic stresses 
in thick hollow axisymmetric cylinders made 
of FGM. These cylinders were subjected to 
internal and external pressure conditions, and 
the analysis was carried out using an itera-
tion technique along with the finite element 
method (FEM). Furthermore, they examined 
a functionally graded cylinder with special-
ized material properties. Young’s Modulus is 
taken to vary exponentially from the inner to 
the outer radius of the cylinder. Nayak et al. 
(2019) illustrated the elastoplastic analysis of 
functionally graded disks under centrifugal 
and thermal loads in the post-elastic phase. 
They characterized the FGM with a seamless 
supply of ceramic and metal components lat-
erally the radial axis, utilizing a power law 
for volume fraction difference. The govern-
ing equations in the post-elastic phase were 
derived through the smallest total potential 
energy within Hencky’s deformation theory 
of plasticity. Dai et al. (2016) studied thermal 
stresses induced in the FGM cylinders that 
are exposed to high pressure and temperature, 
which significantly depress the strength and 
functionality. 

Many researchers have studied the behav-
ior of thermoelastic FGM hollow structures 
that are subjected to one-dimensional (1D) and 
two-dimensional (2D) axisymmetric or asym-
metric thermal and mechanical loads. Analyt-
ical or numerical techniques like finite differ-
ence (FD) or FEMs were applied to solve such 
problems. Few researchers focus on studying 
the non-axisymmetric thermoelastic study of 
functionally graded hollow cylinders under 
asymmetric thermal and mechanical loads, 
where the temperature and pressure distribu-
tions are assumed to be functional in the cir-
cumferential direction. Therefore, the problem 
becomes plane-strain with infinite-length cyl-
inders under non-axisymmetric loading condi-
tions. The functionally graded cylinders have 
been performed on variational properties that 
are varied continuously, which are expressed 
by an exponential, power, or mixture law in a 
thickness direction. Benslimane et al. (2023) 

investigated the stress analysis of a rotating 
thick-walled nonhomogeneous sphere made 
of FGM, which experiences internal and/or 
external pressure along with thermal loading. 
They employed three-dimensional elasticity 
theory for their analysis. The study assumed 
that the mechanical and thermal properties 
vary throughout the FGM thickness accord-
ing to a nonlinear power law expression for a 
constant value of Poisson’s ratio. Farukoğlu 
et al. (2023) involve an internally pressur-
ized disk with variable thickness and power-
law graded material. This approach extends 
the power-law concept for Young’s modulus 
and Poisson’s ratio of the graded material in 
the radial direction. As a result, the solution 
involves various Bessel functions. 

Sreeju Nair and Pany (2020) showed the 
overview of FGM basic concepts, classifica-
tion, properties, and its modeling, which may 
focus on the static and dynamic analysis of 
functionally graded panels. They assumed that 
the material properties of FGM for the panel 
are graded in the thickness direction according 
to the power-law distribution of volume frac-
tions of the constituents. Shao et al. (2008) 
studied the unsteady-state thermo-mechanical 
problem of FGM hollow circular cylinders. 
They assumed that the material properties of 
FGM are temperature-independent and vary 
exponentially in the radial direction. Yıldırım 
(2017) studied both spherical and cylindrical 
vessels that are made of non-homogeneous 
radially varied FGMs. 

Two-dimensional FGM was the attention 
of Eldeeb et al. (2023), investigated the ther-
moelastic stress analysis of a 2D-FGM cyl-
inder exposed to symmetric or asymmetric 
thermal loading. They assumed variations in 
material properties occurring simultaneously 
in both radial and tangential directions. Tang 
and Ma (2024) presented the descriptions 
of heat transfer and thermal analysis within 
mechanical designs using computational fluid 
dynamics (CFD) tools. It is assumed CF mod-
eling is capable of evaluating all heat trans-
fer mechanisms: conduction, convection, and 
radiation, with predictions on temperature 
distributions in solid embodiment or fluids. 
Golzari and Asgari (2018) studied the power-
law function of a 2D thick hollow FGM cylin-
der in polar coordinates. Asgari and Akhlaghi 
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(2009) investigated the effects of 2D that were 
expressed in a power-law function on the dis-
tributions of temperature, displacements, and 
stress components through the FGM cylinder.

Salehi and Ahmadi (2022) investigated 
the transient thermoelastic axisymmetric 
response of 2D-FG thick hollow cylinders 
with material properties graded in both radial 
and axial directions. They introduced a mesh-
less local Petrov-Galerkin formulation to 
discretize the linear equations of the 2D-FG 
cylinder. Eldeeb et. al. (2021) observed the 
thermos-elastoplastic conduct of a rotating 
multilayer cylinder made of temperature-
dependent FGM using an FD approach. Each 
layer was regarded as a compound with con-
stant volume fractions. Eldeeb et al. (2020) 
investigated the thermo-elastoplastic perfor-
mances of rotating discs with non-uniform 
thickness, made of FGM employing the FD 
method. The sandwich disc comprises multi-
ple layers of equal width with unique volume 
fractions and temperature-dependency of the 
integral materials. Saadatfar (2022) illustrat-
ed the distribution of temperature and mois-
ture within a cylinder made of FGM under 
transient hydrothermal conditions. The solu-
tion involved using the Fourier series expan-
sion, lengthways the differential quadrature, 
and Newmark’s methods in the time domain. 
Shariyat (2009) studied the nonlinear thermo-
elastic analysis of thick FG cylindrical vessels 
employing the numerical Laplace transform 
to find the values of temperature and thermal 
stress. Singh et al. (2024) investigated the 
elastic stress and deformation analysis of a 
hollow disk subjected to various conditions, 
including rotation, gravity, internal pressure, 
and temperature fluctuations. Sharma and 
Kaur (2020) conducted a numerical study 
on the stress field in FGM hollow cylinders 
using FEM. The FGM cylinder was exposed 
to internal pressure and uniform heat gen-
eration. The material properties of the FGM 
cylinder were supposed to vary exponentially 
laterally across the cylinder’s radius. 

Jabbari et al. (2009) established an exact 
solution of two-dimensional axisymmetric 
stresses for a cylinder through FGM. Hos-
seini et. al. (2006) examined analytically 
special nonlinear heat conduction problems 
in an FGM cylindrical shell. Benslimane 

and Methia (2018) proposed analytical and 
FE solutions for estimating the thermal and 
elastic analysis in the radial direction of an 
FGM thick-walled cylinder under uniform 
internal and external pressures. Pany and Par-
than (2001) studied vibration-induced fatigue 
and excessive noise radiation that are serious 
problems of periodically supported curved 
panels by using high-precision triangular 
finite elements to determine multi-supported 
curved panel frequencies.

The thermo-elastic performance of FGM 
hollow cylinders that are exposed to non-
axisymmetric thermomechanical loads was 
investigated by many researchers. Paul and 
Sahni (2021) examined the assessment of 
mechanical stress in functionally graded 
cylinders under non-axisymmetric loading 
conditions. They utilized the Fourier half-
range series and Euler differential equations 
as analytical tools. Jabbari et al. (2003) ana-
lyzed two-dimensional steady-state thermal 
stresses for an FGM hollow thick cylinder. 
The temperature was spreading, and ther-
mal and mechanical boundary settings were 
determined on the inner and outer surfaces. 
Xie et al. (2013) utilized Newmark’s method 
to investigate the asymmetrical thermoelas-
tic dynamic behavior of the FGM hollow 
cylinder that was exposed to asymmetrical 
loads. Asgari and Akhlaghi (2009) dealt with 
a 2D-FG hollow cylinder under steady-state 
thermal and mechanical loads. They used axi-
symmetric ring FE to solve the thermoelastic-
ity equations. Shojaeefard and Najibi (2017) 
investigated the thick hollow 2D–FGM by 
employing weighted residual FEM to dis-
cretize the domain.

Few researchers covered the part of ana-
lyzing non-axisymmetric FGM hollow cyl-
inders by using rectangular cross-section 
elements with higher-order Lagrange shape 
functions. On the other hand, none of the 
researchers have used the higher-order trian-
gular elements. Najibi and Talebitooti (2017) 
studied the behavior of transient thermoelas-
tic of a 2D-FGM hollow cylinder by applying 
the higher order of Lagrange FEM. This paper 
focuses on applying FEM using higher-order 
triangular elements employed to solve the 
functionally graded hollow cylinder exposed 
to non-axisymmetric thermo-elastic loads. 
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Basic governing equations 

Consider the FGM hollow cylinder characterized by an inner radius ri, an outer radius ro, and a 
power index n, exposed to non-axisymmetric thermo-mechanical loads, Figure 1. The geometry of the 
FGM hollow cylinder relative with the polar coordinate system (r, θ).  

 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. The FGM hollow cylinder in (r,, z)-coordinate 
 

The steady-state heat transmission equation for FGM cylinder under non-axisymmetric conditions, 
temperature distributions in polar coordinates, no heat generation, and radial grading of material 
properties, can be formulated as: 

( ) ( )
2
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𝐶𝐶11𝑇𝑇(𝑟𝑟𝑖𝑖, 𝜃𝜃) = 
𝑖𝑖
(𝜃𝜃),                                                            (1) 

𝐶𝐶21𝑇𝑇(𝑟𝑟𝑜𝑜, 𝜃𝜃) = 
𝑜𝑜
(𝜃𝜃) 

where:  T = T( r,  ) represents the temperature as a function of r (ri < r ≤ ro) and  (-π ≤  ≤ π) inside 
the cylinder, rk k k= = are the thermal conductivities, and C11, C21 are the coefficients of 
conduction. Further, the functions ( ) and ( )i o     are known functions of   and assumed 
on the inner and outer surface of the hollow cylinder, respectively. 

In non-axisymmetric plane-strain problems, the strain-displacement relations can be expressed in 
a polar coordinate system as Jabbari et. al. (2003): 

1 1 1 ,   ,
2rr r
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   (2) 

The stress-strain relations in non-axisymmetric plane-strain problems are expressed in matrix form 
as, Logan (2017): 
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              (3) 

where: , ,rr r     are the normal and shear strain, and ,  ,rr r    are the normal and shear stresses, 
respectively.  

In addition, the coefficients 'ijc s are defined in terms of the material properties as:  
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The equilibrium equations, by disregarding body forces, can be formulated as:  
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Material properties 

A long 1D-FGM hollow cylinder, the material constituent is made of (Si3N4) as a ceramic and 
(SUS304) as a metal. The cylinder’s material is assumed to be graded along the r-direction, has ceramic 
at its inner radius and metals at its outer radius. The material properties of the structure are taken as 
shown in Table 1.  

 
Table 1.  The materials properties of the FGM hollow cylinder (Xie et al., 2013) 

Material Material properties Symbol Unit Value 

Si3N4 

Young’s modulus E GPa 348.43 

Coefficient of thermal expansion α 1/K 5.87×10-6 

Thermal conductivity k W/mK 13.72 

Density ρ kg/m3 2370 

SUS304 

Young’s modulus E GPa 201.04 

Coefficient of thermal expansion α  1/K 12.33×10-6 

Thermal conductivity k W/mK 15.38 

Density ρ  kg/m3 8166 

 

The material of the FGM cylinder is supposed to be graded continuously through the r-direction. 
Thus, the volume fraction of the ceramic material changes from 100% at the inner surface of the FGM 
hollow cylinder to 0% at the outer surface, whereas the volume fraction of metal changes from 100% at 
the outer surface to 0% at the inner surface.  The varying volume fraction of materials using by power-
law expression, as shown in Darabseh et al. (2013): 
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    (6)  

where:  P(r) – the mechanical and thermal properties of FGM, as functions of grading direction, except 
the Poisson's ratio. The subscripts i and o denote the properties corresponding to the inner and 
outer surfaces, respectively. The grading parameter n (0<n≤∞) represents the volume exponent 
index. 

 

Finite element modeling 

To solve the equations describing the example of a hollow cylinder, the problem is discretized by 
2D triangular elements to idealize the domain. The temperature field within each element can be 
described in terms of the shape functions and nodal temperature as: 
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where: {S} represents the row matrix of the shape functions, and  eT signifies the nodal temperature 
column matrix, m denotes the node number assigned to the selected element.  

The process of generating shape functions for a triangular element with 6 and 10-nodes from an 
(m–1) order polynomial can be described directly using the 2D Lagrange polynomial formula, which is 
adapted to a polar coordinate system to indicate the location of each node Xi 
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Applying the principle of minimum potential energy method, the potential energy function h  is 
expressed as: 

h q h Q rU = + + + +        (9) 
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where: 
boundfS – the area of heat flux boundf , cvS – the area of convection losses ( )h T T− .  

Not specified q and h on the same surface because they cannot occur on it at the same time. It 
was assumed that there is no heat generation, heat flux into the domain, or heat losses by convection 
and radiation heat transfer are specified on the boundaries. On minimizing Eq. (9) with respect to  eT  
one can write:  
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where:  B 2×2m is obtained by differentiating ( , )T r  in Eq. (7) with respect to r and  ,  D  is the 
material property matrix, and  eK represents the element stiffness matrix that can be defined 
as:  
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     (11)  

The assumption regarding the force elemental matrix terms indicating temperature at the inner and 
outer surfaces was expressed by:  
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The global matrix equations and the boundary conditions matrix are assembled by assembling the 
element equations in Eq. (10): 
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where: NE  is the total number of elements in the entire structure.  

The first equation provided in (13) can be rearranged into its final form as:  
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where: [I] is the identity matrix, {0} is the zero vector, and N is the number of nodes in the global matrix.  

The boundary conditions can be written as: 
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where:  1X ,  2X are suitable matrices satisfying the assumed boundary conditions related to nodal 
temperature. Both the stiffness matrix and boundary conditions can be satisfied by employing:  
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   (16)  

The linear algebraic system presented in Eq. (16) can be employed to address non-axisymmetric 
heat transfer problems, accommodating various force and temperature conditions in polar coordinates. 
For example, shape functions for a typical triangular element with 6 nodes can be derived as Figure 2. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Typical triangular element with 6-nodes 
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Non-axisymmetric plane strain equations are solved by using higher-order triangular elements 
featuring 6 and 10-nodes through a variational approach to derive a finite element formulation. The 
nodal displacements and the generalized displacement function within an element “e” can be delineated 
as: 
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where: ( ) ed  is 2m×1 the vector of nodal displacements of the element, while m = 6 or 10 nodes in 

each triangular element, [S] is the (2×2 m) matrix of displacement shape functions,  

Here, the total potential energy function πp, the total strain energy U, and the potential energy of 
surface tractions s  are written as: 
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where:  f is the surface tractions, and  s represents the field of surface displacements.  
The total potential energy function can be rewritten as: 
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where: V is the volume of the element,  s is the field of surface displacements on which the surface 
tractions act.  

Substituting Eq. (18) into Eq. (3), the isotropic strain and stress relations can be expressed in matrix 
form in terms of the nodal displacement vector ( ) ed  by differentiating suitably as: 
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   (21)  
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where: [B (s)] represents the derivatives of the shape functions in the plane strain problem, and ( )sD 
 

is given in Eq. (3). The potential energy of the typical elements, which can be written as: 
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On minimizing the potential energy, the stiffness matrix can be expressed as an integral over the 
volume or area along a specific length, and the load vectors due to temperature change as:  
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The equilibrium equations that describe the behavior of an element become: 
( ) ( )   e e
s TK d f  =      (24)  

The global equations are derived by assembling the element matrices as follows: 
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The following linear system equation of the whole structure can be written in the following block 
matrix form 

   
   

 
 

 
   

1

4 4 4 1 4 1

G
ns

G
Cd CF N N N N

d OK I
M M F d O f O



  

   −    =     
+          

   (26) 

where: [MCd], [MCF] are 2N×2N boundary conditions for nodal forces taking into account the force 
acting on nodes,  GsK  is the global stiffness matrix,  I is the identity matrix,  O is the zero 
vector,  d and  GF are the displacements and forces nodal column matrices, the  dO is 
2 1N   has zeros values for unknown values of nodal displacement and fO is 2 1N   has the 
known values of the nodal force and zero for unknown values, and N is the number of nodes in 
the global matrix.  

The system of algebraic equations involving stiffness and boundary matrices can be utilized to 
solve any non-axisymmetric problem, accommodating various force conditions in polar coordinates. 
This system aims to determine the values of nodal displacements with a 2N×1 size.  

The methodology for solving the non-axisymmetric thermoelastic analysis of an FGM hollow 
cylinder is shown in the flowchart (Figure 3). The flowchart illustrates the steps from problem definition, 
material modeling, and finite element discretization, through thermal and thermoelastic analysis, to post-
processing and verification. 
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NUMERICAL RESULTS 

Verification problem 

The thermal boundary conditions, material 
power-law index, and thermoelastic behaviors on 
the FGM hollow cylinder were analyzed using 
higher-order finite elements with 6 and 10-nodes. 
The cylinder has an inner radius of ri = 0.25 m 
and an outer radius of ro = 0.5 m, with a power-
law index of n = 5. The inner surface is composed 

of silicon nitride (Si3N4), while the outer surface 
is made of stainless steel (SUS304). Material 
parameters are adopted from Table 1 in Xie et. 
al. (2013). For this verification problem, consider 
a hollow cylinder where the thermal boundary 
conditions are represented by the temperature 
distribution at the inner surface, which can be 
expressed as Xie et. al. (2013):

	 T (ri, θ) = 60 cos (2θ) °C,
	 T (ro, θ) = 0 °C.	 (27)

Figure 4 depict the three-dimensional tem-
perature distributions obtained through the imple-
mentation of 6 and 10-node triangular elements, 
respectively. The temperature distribution at both 
the inner and outer surfaces conforms to the asso-
ciated boundary conditions, with maximum val-
ues observed at the inner surface. Subsequently, 
Figure 5 show profiles of three-dimensional radi-
al and circumferential displacements for 6 nodes. 
Figure 6 show profiles of three-dimensional radi-
al and circumferential displacements for 10-node 
triangular elements, respectively, due to the tem-
perature variation. The thermal analysis verifica-
tion procedure studied the effect of applying dif-
ferent triangular elements with 6 and 10 nodes on 
the temperature distribution in the problem under 
consideration. The shape functions presented in 
Eq. (17) were used in this analysis. The suitable 
aspect ratio for the 6-node triangular element 
is considered when the annulus domain is dis-
cretized as 36 lines along the r-direction and 11 
curves in the r-direction. This discretization pro-
cess yields 33 wedges, 792 nodes, 180 elements, 
and thus the global matrix for the whole structure 
becomes 1584×1584.

These figures reveal that the displacement 
components manifest as cosine waves along 
the circumferential direction, influenced by the 
cosine function applied at the inner surface. Fur-
thermore, it is evident from Figures 5a and 6b that 
the maximum and minimum displacement values 
are almost equivalent for 6 and 10-nodes triangu-
lar elements. As depicted in Figure 7, the effect of 
increasing the volume fraction exponent n when 
n ≥ 1 on the FGM hollow cylinder demonstrates 
an inverse relationship with radial displacement, 
resulting in a decrease in its values. 

To validate the present results, a comparison 
is made between the results is related to the heat 
transfer equation with non-axisymmetric plan 
strain theory, respectively. Xie et. al. (2013) 
investigated the non-axisymmetric thermoelastic 

Figure 3. The flowchart of an FGM hollow 
cylinder analysis
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Figure 4. Three-dimensional temperature distribution in hollow FGM cylinder using: (a) 6-node triangular 
elements, (b) 10-node triangular elements

Figure 5. Variation of displacements in the hollow FGM cylinder applying 6-node triangular elements: (a) radial 
displacement, (b) circumferential displacement

Figure 6. Three-dimensional in the cross-section of the FGM hollow cylinder with a ten-node triangular 
element: (a) radial displacement, (b) circumferential displacement



448

Advances in Science and Technology Research Journal 2026, 20(5), 437–454

analysis of the FG hollow cylinder. So, the pres-
ent results of the linear algebraic system will be 
validated with their results. These authors used a 
hollow cylinder that was subjected to a harmon-
ic temperature distribution at the inner surface, 
as an oscillation of a cosine wave. However, the 
outside boundary is assumed to have zero tem-
perature. Whereas the boundary conditions for 
displacements were assumed u(b, θ) = 0, v(b, 
θ) = 0, Xie et. al. (2013) solved the governing 
equations of the heat and plan strain equations 
by utilizing FDM under free traction force. The 
results of temperature distribution over the annu-
lus presented in Figure 4 are compared with the 
results presented by Xie et al. (2013) (Figure 8). 
It is observed that the temperature distribution at 
the inner and outer surfaces satisfies the associ-
ated boundary conditions and has maximum val-
ues at the inner surface. Additionally, from the 
figures, it could be noticed that the temperature 
distribution of the 10-node triangular element 
is the closest to that of Xie et al. (2013). The 
non-axisymmetric plain strain analysis is repre-
sented mainly the variation of displacement due 
to the thermal effect and compared with Xie et 
al. (2013). the surfaces plotted in Figures 5 and 
6 imply that the maximum values and minimum 
are equal, it can be observed that using higher-
order elements can significantly improve the 
displacement results by increasing node num-
bers, that is by using 10 nodes exhibit good 
results and become closer to the results shown 
in Figures 9 and 10. However, the effect of using 

higher-order elements was presented extremely 
in circumferential displacement because of the 
functional load of temperature that was subject-
ed as a function of a cosine wave. In Figure 7, 
the effect of increasing volume fraction exponent 
n when n ≥ 1 on FGM hollow cylinder has an 
inverse relation with radial displacement which 
decreases in their value. It can be observed fur-
ther that by increasing the number of nodes in 
elements the values of the radial displacement 
became smaller than the values shown in Xie 
et al. (2013). This helps to control the displace-
ment depending on the application.

Figure 7. Radial displacement along the normalized radial direction at θ = π/3 using the 6-node element for 
different values of FG index n

Figure 8. Three-dimensional temperature distribution 
in the cross-section of the FGM hollow cylinder 

in Xie et al. (2013)
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Example problem 

The effect of non-axisymmetric variable tem-
perature boundary conditions of an FGM hollow 
cylinder with n = 5 is investigated. The temperature 
boundary conditions are expected to be specified at 
the inner and outer surfaces of the annulus as:

( )

( )

70 cos (2 ) for 0
,

100 cos(2 ) for < 2

, 25 cos (2 ) ,

o

i o

o
o

C
T r

C

T r C

  


   

 

  = 


=

 

	 T (ro, θ) = 25 cos (2θ) °C. 	 (28)

Figure 11 illustrate the three-dimensional tem-
perature distributions for 6 and 10-node triangu-
lar elements, respectively. The study showed that 

the inner surface is subjected to the two harmonic 
oscillations with varying amplitudes of thermal 
loads, i.e., the bottom section of the inner surface 
experiences an amplitude of 100, while the upper 
section encounters an amplitude of 70. At the outer 
surface, a harmonic oscillation with an amplitude 
of 25 is observed. Figure 12 illustrate the varia-
tion of temperature in the normalized hoop direc-
tion for different values of (r/ri) using the 6 and 
10-node triangular elements, respectively. From 
the curves of Figures 12 at the inner surface r/ri = 
1, it can be observed that there is a sharp increase 
in the temperature from 70 to 100 °C at θ/2π = 0.5 
which is due to the applied boundary conditions, 
Eq. (28). However, this sharp increase reduces 

Figure 9. Three-dimensional radial displacement in 
the cross-section of the FGM hollow cylinder 

in Xie et al. (2013)

Figure 10. Three-dimensional circumferential 
displacement in the cross-section of the FGM hollow 

cylinder in Xie et al. (2013)

Figure 11. Three-dimensional temperature spreading in the cross-section of the FGM hollow cylinder: 
(a) 6-node triangular element, (b) 10-node triangular element
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Figure 13. Three-dimensional in the cross-section of the FGM hollow cylinder with 6-node triangular element: 
(a) normalized radial displacement, (b) normalized circumferential displacement

Figure 12. Variation of temperature in the normalized hoop-direction for different values of (r/ri): 
(a) 6-node triangular element, (b) 10-node triangular element

smoothly as moving forward to the outer sur-
face to reach the applied outer oscillation cosine 
wave of temperature. Furthermore, these figures 
demonstrate that the temperature adheres to the 
applied boundary conditions, with the tempera-
ture decreasing as r increases. Figures 13 and 14 
depict profiles of three-dimensional radial and 
circumferential displacement for 6 and 10-node 
triangular elements due to the given temperature 
variations given in Eq. 28, respectively. It can be 
observed from Figures 13a and 14a that the result-
ing radial displacement behaves as a cosine wave 
as the applied load at the inner and outer bound-
aries. Figures 13b and 14b illustrate the three-
dimensional circumferential displacement of the 

FGM hollow cylinder using the 6 and 10-node 
elements, respectively. The curves indicate that 
the circumferential displacement exhibits a sinu-
soidal waveform, contrasting with both the radial 
displacements and the temperature applied at the 
inner and outer surfaces. Figures 15 and 16 show 
the distribution of the radial and circumferential 
displacement along the normalized circumferen-
tial direction (θ/2π) at all annulus radii for 6 and 
10-node triangular elements under consideration 
of thermal boundary conditions. Figures 13a and 
14b show that the radial and circumferential dis-
placement for 6 and 10 triangular elements sat-
isfy the associated boundary conditions through 
the θ-direction.
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Figure 15. Variation for different values of (r/ri) using six nodes triangular element between: (a) normalized 
radial displacement, (b) normalized hoop-direction

Figure 14. Three-dimensional in the cross-section of the FGM hollow cylinder with ten-node triangular element: 
(a) normalized radial displacement, (b) normalized circumferential displacement

Figure 16. Variation for different values of (r/ri) using ten nodes triangular element between (a) normalized 
radial displacement and (b) normalized hoop-direction
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CONCLUSIONS 

In this study, the variational approach was 
employed with a higher-order triangular element 
with 6- and 10-nodes to solve the linear algebraic 
system that includes the non-axisymmetric ther-
moelastic performance of an FGM hollow cylin-
der exposed to variable hoop temperature. A strong 
agreement was achieved when a comprehensive 
comparison of the thermal and displacement dis-
tributions across the cylinder’s annulus was con-
ducted. The result showed that triangular elements 
with 10 nodes are more accurate than 6 nodes in 
the heat transfer analysis to approach the exact 
solution. Moreover, the heat distribution and the 
radial displacement follow a linear function and a 
zero value in circumferential displacement when 
the thermal load is assumed constant and uniform 
at the inner surface. This study also examined the 
impact of the volume-graded index on heat and 
displacement variations along the radial direction. 
This study found that increasing the volume frac-
tion exponent n when n ≥ 1 on the FGM hollow 
cylinder demonstrates an inverse relationship with 
radial displacement. The volume graded index has 
a great significant effect on the heat and displace-
ment variations through the radial direction. For 
increasing the volume exponent index, the radial 
displacement decreases. 

Therefore, it is recommended for the future 
to study the stress of non-axisymmetric ther-
moelastic behavior of FGM hollow cylinder by 
implementation with higher-order FEM in a high-
temperature application.
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