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INTRODUCTION 

The longitudinal vibration of rods is one 
of the most fundamental problems in elastic 
dynamics. The traveling waves associated with 
such systems, which can be regarded as elas-
tic waveguides, are non-dispersive, and their 
importance arises both from their mathemati-
cal simplicity and from their role as benchmark 
problems for more complex scenarios involv-
ing variable geometry and boundary conditions. 
However, many practical engineering structures 
deviate from this idealization, as their cross-sec-
tions are non-uniform and the area is prescribed 
by a given differentiable function. In such cases, 
the governing equations of motion contain spa-
tially varying coefficients, which significantly 

complicates the analytical and numerical treat-
ment of the problem. 

The present study addresses this class of 
problems by employing the differential transform 
method (DTM) as a unified computational frame-
work for longitudinal vibration analysis. The 
motivation for adopting this approach lies in the 
ability of differential transforms to generate recur-
rent algebraic relations, which can be efficiently 
handled through inverse transforms. As a result, 
variable coefficients arising from arbitrary differ-
entiable cross-sectional variations can be incor-
porated without case-dependent reformulation.

The vibration of non-uniform rods and beams 
has been extensively investigated in the literature. 
Abrate [1] provided a comprehensive overview 
of vibration problems involving non-uniform 
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structural elements. Exact solutions for elas-
tic rods with cross-sectional areas of the form 
A(x)=(ax+b)n and A(x)=sin 2(ax+b) where a and 
b are real constants and n is an integer, were pre-
sented in [2], where x denotes the position along 
the length of an elastic rod. Closed-form solu-
tions for inhomogeneous rods were developed in 
[3] for a cross-sectional area A(x)=kxnexp(bx2). 
In [4], non-uniform rods with cross-sectional area 
A(x)=A0exp(bx2) where A0 and b are constants, 
were analyzed. It should be emphasized that the 
cross-sectional profiles considered in these stud-
ies are largely restricted to specific functional 
forms that permit analytical tractability

In addition to analytical and semi-analytical 
techniques, the finite element method (FEM) 
has been widely employed for the vibration 
analysis of rods and beams with spatially vary-
ing properties. FEM-based formulations can 
naturally accommodate complex geometries, 
variable material properties, and discontinui-
ties, and therefore represent a versatile and well-
established numerical benchmark for eigenval-
ue problems with variable coefficients [5–7]. 
However, FEM solutions generally require 
fine spatial discretization to accurately predict 
higher vibration modes, leading to large system 
matrices and increased computational cost. Fur-
thermore, FEM offers limited analytical insight 
into the influence of cross-sectional variation 
on spectral properties and is less efficient for 
parametric studies involving repeated changes 
of A(x). Consequently, while FEM serves as a 
reliable reference solution, there remains a clear 
demand for semi-analytical approaches that 
combine generality with low computational cost 
and explicit control over numerical stability and 
convergence. This gap motivates the present dif-
ferential transforms based formulation, which 
complements FEM by providing a compact and 
geometry-invariant computational framework 
for smoothly varying cross-sectional profiles.

Within this context, the DTM is adopted as 
the primary mathematical tool in the present 
study. Differential transforms were originally 
introduced by Pukhov [8] in 1976 for solving dif-
ferential equations and were later applied to elec-
trical circuit analysis [9]. Subsequently, a series 
of monographs [10–12] systematically developed 
the theoretical foundations and operational rules 
of the method. A review of the differential trans-
form method in modern science was presented in 
[13]; however, several important contributions 

were not included, notably those of Simonyan 
and Avetisyan [14], where invariants of non-
autonomous matrices (including eigenvalues, 
determinants, inverses, and pseudo-inverses) and 
solutions of linear and nonlinear non-autono-
mous systems were investigated. Applications to 
optimal control problems and non-autonomous 
matrix equations were reported in [15, 16].

The applicability of the differential trans-
forms to vibration analysis has been demonstrated 
in numerous studies. Suddoung [17] applied the 
method to the vibration analysis of stepped beams 
with elastically constrained ends. In [18, 19], it 
was used for the nonlocal vibration analysis of 
functionally graded nanobeams and for the vibra-
tion analysis of spinning exponentially function-
ally graded Timoshenko beams. Free vibrations 
of non-uniform and axially functionally graded 
Euler–Bernoulli beams were investigated in [20], 
while a non-uniform rotating Euler–Bernoulli 
beam was analyzed in [21]. Differential trans-
forms were also employed to study cylindrical 
shells with cutouts [22], nonlinear time-fractional 
diffusion equations [23], axially loaded Timosh-
enko shafts with overhung disks [24], buried pipe-
lines and piles [25], and multi-variable biological 
systems [26]. In [27], the method was applied 
to determine the free vibration characteristics of 
wind turbines with variable cross-sections mod-
eled as equivalent continuous beams. 

These studies demonstrate that the DTM pro-
vides a computationally stable and versatile tool 
for solving linear differential equations with vari-
able coefficients. The proposed method is general 
and applicable to the free longitudinal vibration 
analysis of non-uniform rods with arbitrary shape, 
provided that the cross-sectional area function is 
differentiable. Unlike many existing approaches, 
the present formulation does not require prob-
lem-specific reformulation when the geometry 
changes, and it explicitly accounts for numerical 
stability through the choice of the approximation 
strategy. These features address important limita-
tions of existing analytical and semi-analytical 
methods, which are often restricted to particu-
lar functional forms and sensitive to numerical 
conditioning.

Beyond theoretical interest, longitudinal 
vibration analysis of non-uniform rods is direct-
ly relevant to a range of practical engineering 
applications. In agricultural machinery, structural 
components such as shafts and supporting mem-
bers often exhibit non-uniform cross-sections due 
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to weight optimization and manufacturing con-
straints, where vibration characteristics signifi-
cantly influence efficiency, durability, and opera-
tional quality [28]. Similarly, in special-purpose 
and military vehicles operating under demand-
ing conditions, non-uniform structural elements 
are widely used to balance strength and weight 

requirements, and their vibration behavior plays 
a critical role in structural integrity and fatigue 
resistance [29]. These applications highlight the 
need for general and computationally efficient 
vibration analysis methods capable of handling 
arbitrary smoothly varying geometries without 
problem-specific reformulation.

 

 

 

MATERIALS AND METHODS 

Differential transforms 

Consider a rod of cross-sectional area 𝐴𝐴(𝑥𝑥) such that 𝐴𝐴(𝑥𝑥) and all of its all derivatives are 
continuous and smooth in the interval (𝑥𝑥0, 𝑥𝑥1). The 𝐾𝐾𝑡𝑡ℎ derivative of 𝐴𝐴(𝑥𝑥) evaluated at a specific 
point 𝑥𝑥𝜐𝜐, is referred to as the 𝐴𝐴(𝐾𝐾) image of the original 𝐴𝐴(𝑥𝑥). The set of all images 𝐴𝐴(𝐾𝐾), for K=
0,1,2, …, constitutes the differential spectrum of the function 𝐴𝐴(𝑥𝑥). The fundamental relation used to 
obtain the images from the original function is given as follows [10–12]: 

𝐴𝐴(𝐾𝐾) = 𝐻𝐻𝐾𝐾

𝐾𝐾!
𝑑𝑑𝐾𝐾𝐴𝐴(𝑥𝑥)

𝑑𝑑𝑥𝑥𝐾𝐾 𝑥𝑥=𝑥𝑥𝜐𝜐
,        (1) 

where: 𝐴𝐴(𝐾𝐾) denotes the differential transform image of 𝐴𝐴(𝑥𝑥); 𝐻𝐻 is a predefined scaling parameter, 
and 𝑥𝑥𝜐𝜐 is the center of approximation.  

Once the set of images 𝐴𝐴(𝐾𝐾) is obtained, the original function can be reconstructed in several 
equivalent forms, depending on the chosen series representation. In particular, the inverse differential 
transform in the form of a differential Taylor series is expressed as 

𝐴𝐴(𝑥𝑥) = ∑ (𝑥𝑥−𝑥𝑥𝜐𝜐
𝐻𝐻 )

𝐾𝐾∞
𝐾𝐾=0 𝐴𝐴(𝐾𝐾).       (2) 

Table 1 summarizes the principal algebraic operations on functions in the x-domain and their 
corresponding images in the differential transform (DT) 𝐾𝐾 − domain [10–12]. Let us assume that the 
original functions 𝑢𝑢(𝑥𝑥)  and 𝑣𝑣(𝑥𝑥)  have differential spectra 𝑈𝑈(𝐾𝐾)  and 𝑉𝑉(𝐾𝐾),  respectively. The 
objective is then to determine 𝑍𝑍(𝐾𝐾)  which represents the differential spectrum of the function 
𝑧𝑧(𝑥𝑥), based on the known spectra 𝑈𝑈(𝐾𝐾) and 𝑉𝑉(𝐾𝐾). 
 

Table 1. Main algebraic operations in differential transformation domain 
Original domain DT domain 

𝑧𝑧(𝑥𝑥) = 𝑢𝑢(𝑥𝑥) + 𝑣𝑣(𝑥𝑥) 𝑍𝑍(𝐾𝐾) = 𝑈𝑈(𝐾𝐾) + 𝑉𝑉(𝐾𝐾) 
𝑧𝑧(𝑥𝑥) = 𝑐𝑐𝑐𝑐(𝑥𝑥) 𝑍𝑍(𝐾𝐾) = 𝑐𝑐𝑐𝑐(𝐾𝐾) 

𝑧𝑧(𝑥𝑥) = 𝑢𝑢(𝑥𝑥)𝑣𝑣(𝑥𝑥) 𝑍𝑍(𝐾𝐾) = ∑ 𝑈𝑈
𝐾𝐾

𝑝𝑝=0
(𝑝𝑝)𝑉𝑉(𝐾𝐾 − 𝑝𝑝) 

𝑧𝑧(𝑥𝑥) = 𝑢𝑢(𝑥𝑥)
𝑣𝑣(𝑥𝑥) 𝑍𝑍(𝐾𝐾) =

𝑈𝑈(𝐾𝐾) − ∑ 𝑈𝑈𝐾𝐾
𝑝𝑝=0 (𝑝𝑝)𝑉𝑉(𝐾𝐾 − 𝑝𝑝)

𝑉𝑉(0)  

𝑧𝑧(𝑥𝑥) = 𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑑𝑑  𝑍𝑍(𝐾𝐾) = (𝐾𝐾 + 1)𝑈𝑈(𝐾𝐾 + 1) 

𝑧𝑧(𝑥𝑥) = 𝑑𝑑2𝑢𝑢(𝑥𝑥)
𝑑𝑑𝑥𝑥2  𝑍𝑍(𝐾𝐾) = (𝐾𝐾 + 1)(𝐾𝐾 + 2)𝑈𝑈(𝐾𝐾 + 2) 
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As mentioned above, the proposed method is independent of the specific geometric shape of the 
rod. The only required condition is the successful evaluation of the differential spectrum 𝐴𝐴(𝐾𝐾) of the 
cross-sectional area function 𝐴𝐴(𝑥𝑥) . The efficiency and generality of the proposed approach are 
demonstrated by solving a range of benchmark problems reported in the literature, including cases where 
𝐴𝐴(𝑥𝑥) = (𝑎𝑎𝑎𝑎 + 𝑏𝑏)𝑛𝑛 , 𝐴𝐴(𝑥𝑥) = sin2(𝑎𝑎𝑎𝑎 + 𝑏𝑏) , 𝐴𝐴(𝑥𝑥) = 𝑒𝑒𝑐𝑐𝑥𝑥2.  In addition, examples involving more 
complex cross-sectional variations are considered, such as 𝐴𝐴(𝑥𝑥) = 𝑒𝑒𝑐𝑐𝑐𝑐+1[𝐴𝐴1sin(𝑎𝑎𝑎𝑎 + 𝑏𝑏) +
𝐴𝐴2cos(𝑎𝑎𝑎𝑎 + 𝑏𝑏)]. Such functional forms are generally not amenable to classical analytical solution 
techniques, which highlights the advantage of the proposed method. 

There are two principal approaches for obtaining the differential spectrum 𝐴𝐴(𝐾𝐾) from the original 
function 𝐴𝐴(𝑥𝑥). The first approach relies on direct symbolic differentiation, whereby the 𝐾𝐾𝑡𝑡ℎ-order 
derivative of 𝐴𝐴(𝑥𝑥) is evaluated at the point xᵥ to obtain the corresponding image 𝐴𝐴(𝐾𝐾). Although 
straightforward, this approach becomes computationally inefficient for complicated functional forms of 
𝐴𝐴(𝑥𝑥) and for relatively large values of K, due to the increasing complexity of higher-order derivatives. 
The second approach is based on the algebraic rules of differential transforms, which allow the 
differential spectrum of 𝐴𝐴(𝑥𝑥)  to be constructed without explicit differentiation. For example, if 
𝐴𝐴(𝑥𝑥) = 𝑒𝑒𝑐𝑐𝑐𝑐sin(𝑎𝑎𝑎𝑎 + 𝑏𝑏), then its differential spectrum can be obtained directly using the operational 
properties of the differential transforms domain, as shown below. 

𝐴𝐴(𝐾𝐾) = ∑ 𝑎𝑎𝑝𝑝

𝑝𝑝!

𝐾𝐾

𝑝𝑝=0
sin (𝑎𝑎𝑥𝑥𝜐𝜐 + 𝑏𝑏 + 𝜋𝜋𝜋𝜋

2 ) 𝑐𝑐𝐾𝐾−𝑝𝑝

(𝐾𝐾 − 𝑝𝑝)! 𝑒𝑒𝑐𝑐𝑥𝑥𝜐𝜐. 

Application of the differential transforms methods to non-uniform rod vibration 

Consider a rod with a non-uniform cross-sectional area undergoing free longitudinal (axial) 
vibration, as shown in Figure 1, where 𝐴𝐴(𝑥𝑥) represents a function that describes the variation of the 
cross-sectional profile along the 𝑥𝑥  axis. The classical assumptions of thin-rod electrodynamics are 
adopted, implying that the vibration problem is governed by a second-order partial differential equation 
in both time and space. By applying the separation of variables under synchronous harmonic motion, 
the governing equation is reduced to an ordinary differential equation containing the free vibration 
frequency parameter 𝜔𝜔 . The principal mathematical difficulty of this formulation arises from the 
presence of spatially varying coefficients, which precludes the direct application of standard solution 
techniques developed for uniform rods. From a mathematical standpoint, this problem can be classified 
as an eigenvalue problem for a linear differential operator with variable coefficients. 
 

 

Figure 1. Parameters for analysis of free longitudinal vibration of a rod with variable cross-sectional area 
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The longitudinal motion of a rod with variable cross-section is governed by the following second-
order ordinary differential equation [2]. The variable coefficient in the second term distinguishes this 
equation from its uniform counterpart: 

𝑑𝑑2𝑢𝑢
𝑑𝑑𝑥𝑥2 + 1

𝐴𝐴(𝑥𝑥)
𝑑𝑑𝑑𝑑(𝑥𝑥)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 + 𝜌𝜌

𝐸𝐸 𝜔𝜔2𝑢𝑢 = 0,                                                   (3) 

where: 𝐴𝐴(𝑥𝑥) denotes the cross-sectional area as a function of the axial coordinate 𝑥𝑥, 𝐸𝐸 is Young’s 
modulus, and 𝜌𝜌  is the mass density. The temporal dependence of the original partial differential 
equation is incorporated into the frequency-dependent term, assuming a harmonic solution in time. 

Introducing the notation 𝑀𝑀(𝑥𝑥) = 1
𝐴𝐴(𝑥𝑥)

𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑑𝑑 , the (3) can be rewritten in a form: 

𝑑𝑑2𝑢𝑢
𝑑𝑑𝑥𝑥2 + 𝑀𝑀(𝑥𝑥) 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑 + 𝜌𝜌
𝐸𝐸 𝜔𝜔2𝑢𝑢 = 0.                                                          (4) 

Here 

𝑀𝑀(𝑥𝑥) = 1
𝐴𝐴(𝑥𝑥)

𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑑𝑑(𝑥𝑥)/𝑑𝑑𝑑𝑑

𝐴𝐴(𝑥𝑥) = 𝐷𝐷(𝑥𝑥)
𝐴𝐴(𝑥𝑥), 

where 𝐷𝐷(𝑥𝑥) is the first derivative of 𝐴𝐴(𝑥𝑥).  

Since 𝐷𝐷(𝑥𝑥)  is directly related to 𝐴𝐴(𝑥𝑥) , its differential spectrum can be obtained from the 
differential spectrum of A(x) using the properties summarized in Table 1. Specifically, the differential 
spectrum of D(x) is given by 𝐷𝐷(𝐾𝐾) = (𝐾𝐾 + 1)𝐴𝐴(𝐾𝐾 + 1).  In the subsequent analysis, the scaling 
coefficient is taken as H = 1, without loss of generality. Using the differential transform rule for the 
division of two functions, the differential spectrum of 𝑀𝑀(𝑥𝑥) is obtained as:  

𝑀𝑀(𝐾𝐾) =
𝐷𝐷(𝐾𝐾) − ∑ 𝑀𝑀𝐾𝐾−1

𝑝𝑝=0 (𝑝𝑝)𝐴𝐴(𝐾𝐾 − 𝑝𝑝)
𝐴𝐴(0) =  

(𝐾𝐾 + 1)𝐴𝐴(𝐾𝐾 + 1) − ∑ 𝑀𝑀𝐾𝐾−1
𝑝𝑝=0 (𝑝𝑝)𝐴𝐴(𝐾𝐾 − 𝑝𝑝)

𝐴𝐴(0) .       (5) 

Alternatively, 𝑀𝑀(𝑥𝑥) may be expressed as the ratio of two functions,  

𝑀𝑀(𝑥𝑥) = 𝑃𝑃(𝑥𝑥)
𝑄𝑄(𝑥𝑥) = 𝑑𝑑𝑑𝑑(𝑥𝑥)/𝑑𝑑𝑑𝑑

𝐴𝐴(𝑥𝑥) , 

which leads to the following general expression for its differential spectrum:  

𝑀𝑀(𝐾𝐾) =
𝑃𝑃(𝐾𝐾) − ∑ 𝑀𝑀𝐾𝐾−1

𝑝𝑝=0 (𝑝𝑝)𝑄𝑄(𝐾𝐾 − 𝑝𝑝)
𝑄𝑄(0) .                                                 (6) 

Both approaches yield identical results; however, depending on the functional form of 𝐴𝐴(𝑥𝑥), one 
approach may be computationally more efficient than the other. For instance, if 𝐴𝐴(𝑥𝑥) = (𝑎𝑎𝑎𝑎 + 𝑏𝑏)𝑛𝑛, 
then:  

𝑀𝑀(𝑥𝑥) = 𝑛𝑛𝑛𝑛(𝑎𝑎𝑎𝑎 + 𝑏𝑏)𝑛𝑛−1

(𝑎𝑎𝑎𝑎 + 𝑏𝑏)𝑛𝑛 = 𝑛𝑛𝑛𝑛
(𝑎𝑎𝑎𝑎 + 𝑏𝑏) 

and the corresponding differential spectrum is: 

𝑀𝑀(0) = 𝑛𝑛𝑛𝑛
(𝑎𝑎𝑥𝑥𝜐𝜐 + 𝑏𝑏) ,

𝑀𝑀(𝐾𝐾) = − 𝑎𝑎
(𝑎𝑎𝑥𝑥𝜐𝜐 + 𝑏𝑏) 𝑀𝑀(𝐾𝐾 − 1) = (−1)𝐾𝐾𝑛𝑛 𝑎𝑎𝐾𝐾+1

(𝑎𝑎𝑥𝑥𝜐𝜐 + 𝑏𝑏)𝐾𝐾+1 , 𝐾𝐾 = 1,2, . . .
                  (7) 
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If the center of approximation is chosen as 𝑥𝑥𝜐𝜐 = 0  and a > b, the differential spectrum M(K) 
diverges, leading to numerical instability. For any other choice of xᵥ ≠ 0, the series generally converges, 
since the denominator term (𝑎𝑎𝑥𝑥𝜐𝜐)𝐾𝐾+1prevents unbounded growth. From a computational standpoint, 
selecting xᵥ = L/2 for the interval (0, L) is often optimal, as it improves convergence and numerical 
stability. Applying the differential transform to (4) yields the following recurrence relation in the 
transform domain: 

(𝐾𝐾 + 1)(𝐾𝐾 + 2)𝑈𝑈(𝐾𝐾 + 2) + ∑ 𝑀𝑀𝐾𝐾
𝑝𝑝=0 (𝐾𝐾 − 𝑝𝑝)(𝑝𝑝 + 1)𝑈𝑈(𝑝𝑝 + 1) + 𝜌𝜌

𝐸𝐸 𝜔𝜔2𝑈𝑈(𝐾𝐾) = 0,     (8) 

Rearranging leads to 

𝑈𝑈(𝐾𝐾 + 2) = − 1
(𝐾𝐾+1)(𝐾𝐾+2) [∑ 𝑀𝑀𝐾𝐾

𝑝𝑝=0 (𝐾𝐾 − 𝑝𝑝)(𝑝𝑝 + 1)𝑈𝑈(𝑝𝑝 + 1) + 𝜌𝜌
𝐸𝐸 𝜔𝜔2𝑈𝑈(𝐾𝐾)].    (9) 

By sequentially increasing K, the solution can be written in the recursive form 

𝑈𝑈(𝐾𝐾 + 2) = 𝐵𝐵𝐾𝐾𝑈𝑈(1) + 𝐶𝐶𝐾𝐾𝑈𝑈(0),                          (10) 
where 

𝐵𝐵𝐾𝐾(𝜔𝜔) = − 1
(𝐾𝐾+1)(𝐾𝐾+2) [∑ (𝑝𝑝 + 1)𝐾𝐾

𝑝𝑝=1 𝑀𝑀(𝐾𝐾 − 𝑝𝑝)𝐵𝐵𝑝𝑝−1 + 𝑀𝑀(𝐾𝐾) + 𝜌𝜌
𝐸𝐸 𝜔𝜔2𝐵𝐵𝐾𝐾−2] ,

𝐶𝐶𝐾𝐾(𝜔𝜔) = − 1
(𝐾𝐾+1)(𝐾𝐾+2) [∑ (𝑝𝑝 + 1)𝐾𝐾

𝑝𝑝=1 𝑀𝑀(𝐾𝐾 − 𝑝𝑝)𝐶𝐶𝑝𝑝−1 + 𝜌𝜌
𝐸𝐸 𝜔𝜔2𝐶𝐶𝐾𝐾−2] .

               (11)  

Since the initial values U(0) and U(1) are not known a priori, they are treated as independent 
variables, and the entire differential spectrum is expressed in terms of these quantities. The displacement 
field u(x, ω) and its derivative are then reconstructed using the inverse differential transform, as given 
by (12) and (13).  

𝑢𝑢(𝑥𝑥, 𝜔𝜔) = 𝑈𝑈(0) + 𝑈𝑈(1)(𝑥𝑥 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝑈𝑈(𝐾𝐾)(𝑥𝑥 − 𝑥𝑥𝜐𝜐)𝐾𝐾 = 
= 𝑈𝑈(0) + 𝑈𝑈(1)(𝑥𝑥 − 𝑥𝑥𝜐𝜐) + [𝐵𝐵0𝑈𝑈(1) + 𝐶𝐶0𝑈𝑈(0)](𝑥𝑥 − 𝑥𝑥𝜐𝜐)2 + 

+ ⋯ + [𝐵𝐵𝐾𝐾−2𝑈𝑈(1) + 𝐶𝐶𝐾𝐾−2𝑈𝑈(0)](𝑥𝑥 − 𝑥𝑥𝜐𝜐)𝐾𝐾 =      (12) 
= (1 + 𝐶𝐶0(𝑥𝑥 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝑥𝑥 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + 

+((𝑥𝑥 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝑥𝑥 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝑥𝑥 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1). 

The first derivative of 𝑢𝑢(𝑥𝑥, 𝜔𝜔) with respect to 𝑥𝑥 is then given by 

𝑢𝑢′(𝑥𝑥,𝜔𝜔) = 𝑈𝑈(1) + 2𝑈𝑈(2)(𝑥𝑥 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐾𝐾(𝐾𝐾)(𝑥𝑥 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1                                          
= 𝑈𝑈(1) + 2[𝐵𝐵0𝑈𝑈(1) + 𝐶𝐶0𝑈𝑈(0)](𝑥𝑥 − 𝑥𝑥𝜐𝜐) + ⋯ 

+𝐾𝐾[𝐵𝐵𝐾𝐾−2𝑈𝑈(1) + 𝐶𝐶𝐾𝐾−2𝑈𝑈(0)](𝑥𝑥 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1 = (2𝐶𝐶0(𝑥𝑥 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝑥𝑥 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0)+ 
+(1 + 2𝐵𝐵0(𝑥𝑥 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝑥𝑥 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1).               (13) 

Equations 12 and 13 enable the direct imposition of boundary conditions in algebraic form. For a 
fixed–fixed rod, the boundary conditions are 

𝑢𝑢(0) = 0, 𝑢𝑢(𝐿𝐿) = 0.         (14) 

It will give us the following system of equations: 

{
(1 + 𝐶𝐶0(−𝑥𝑥𝜐𝜐)2 + 𝐶𝐶1(−𝑥𝑥𝜐𝜐)3 + ⋯ + 𝐶𝐶𝐾𝐾−2(−𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((−𝑥𝑥𝜐𝜐) + 𝐵𝐵0(−𝑥𝑥𝜐𝜐)2 + 𝐵𝐵1(−𝑥𝑥𝜐𝜐)3 + ⋯ + 𝐵𝐵𝐾𝐾−2(−𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0,

(1 + 𝐶𝐶0(𝐿𝐿 − 𝑥𝑥𝜐𝜐)2 + 𝐶𝐶1(𝐿𝐿 − 𝑥𝑥𝜐𝜐)3 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝐿𝐿 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((𝐿𝐿 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝐿𝐿 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0.  

(15) 

By notation 
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{ 
 
  
𝑓𝑓11 = 1 + 𝐶𝐶0(−𝑥𝑥𝜐𝜐)2 + 𝐶𝐶1(−𝑥𝑥𝜐𝜐)3 +⋯+ 𝐶𝐶𝐾𝐾−2(−𝑥𝑥𝜐𝜐)𝐾𝐾,
𝑓𝑓12 = (−𝑥𝑥𝜐𝜐) + 𝐵𝐵0(−𝑥𝑥𝜐𝜐)2 + 𝐵𝐵1(−𝑥𝑥𝜐𝜐)3 + ⋯+ 𝐵𝐵𝐾𝐾−2(−𝑥𝑥𝜐𝜐)𝐾𝐾,
𝑓𝑓21 = 1 + 𝐶𝐶0(𝐿𝐿 − 𝑥𝑥𝜐𝜐)2 + 𝐶𝐶1(𝐿𝐿 − 𝑥𝑥𝜐𝜐)3 + ⋯+ 𝐶𝐶𝐾𝐾−2(𝐿𝐿 − 𝑥𝑥𝜐𝜐)𝐾𝐾,
𝑓𝑓22 = (𝐿𝐿 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿 − 𝑥𝑥𝜐𝜐)2 + 𝐵𝐵1(𝐿𝐿 − 𝑥𝑥𝜐𝜐)3 + ⋯+ 𝐵𝐵𝐾𝐾−2(𝐿𝐿 − 𝑥𝑥𝜐𝜐)𝐾𝐾.

   (16) 

We will have 

[𝑓𝑓11 𝑓𝑓12
𝑓𝑓21 𝑓𝑓22

] (𝑈𝑈(0)𝑈𝑈(1)) = 0.         (17) 

As the 𝑈𝑈(0) ≠ 0  and 𝑈𝑈(1) ≠ 0 , a nontrivial solution exists only if the determinant of the 
coefficient matrix vanishes, i.e., 

𝑓𝑓11𝑓𝑓22 − 𝑓𝑓12𝑓𝑓21 = 0.                             (18) 

Equation 18 defines a characteristic polynomial in ω; its roots correspond to the natural frequencies 
of the rod. For the fixed-free rod, the boundary conditions are: 

𝑢𝑢(0) = 0, 𝑢𝑢′(𝐿𝐿) = 0        (19) 

The corresponding system of equations will be 

{ (1 + 𝐶𝐶0(−𝑥𝑥𝜐𝜐)
2 + 𝐶𝐶1(−𝑥𝑥𝜐𝜐)3 + ⋯+ 𝐶𝐶𝐾𝐾−2(−𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((−𝑥𝑥𝜐𝜐) + 𝐵𝐵0(−𝑥𝑥𝜐𝜐)2 + 𝐵𝐵1(−𝑥𝑥𝜐𝜐)3 + ⋯+ 𝐵𝐵𝐾𝐾−2(−𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0,

(2𝐶𝐶0(𝐿𝐿 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿 − 𝑥𝑥𝜐𝜐)2 + ⋯+ 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + +(1 + 2𝐵𝐵0(𝐿𝐿 − 𝑥𝑥𝜐𝜐) + ⋯+ 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0.
} 

(20) 
Defining 

{ 
 
  
𝑓𝑓11 = 1 + 𝐶𝐶0(−𝑥𝑥𝜐𝜐)2 + 𝐶𝐶1(−𝑥𝑥𝜐𝜐)3 + ⋯+ 𝐶𝐶𝐾𝐾−2(−𝑥𝑥𝜐𝜐)𝐾𝐾,
𝑓𝑓12 = (−𝑥𝑥𝜐𝜐) + 𝐵𝐵0(−𝑥𝑥𝜐𝜐)2 + 𝐵𝐵1(−𝑥𝑥𝜐𝜐)3 + ⋯+ 𝐵𝐵𝐾𝐾−2(−𝑥𝑥𝜐𝜐)𝐾𝐾,
𝑓𝑓21 = 2𝐶𝐶0(𝐿𝐿 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿 − 𝑥𝑥𝜐𝜐)2 + ⋯+ 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1,
𝑓𝑓22 = 1 + 2𝐵𝐵0(𝐿𝐿 − 𝑥𝑥𝜐𝜐) + 2𝐵𝐵1(𝐿𝐿 − 𝑥𝑥𝜐𝜐)2 +⋯+ 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1,

   (21) 

the characteristic equation is again 

𝑓𝑓11𝑓𝑓22 − 𝑓𝑓12𝑓𝑓21 = 0, 

whose roots yield the natural frequencies. 

For free-free case the boundary conditions are: 

𝑢𝑢′(0) = 0, 𝑢𝑢′(𝐿𝐿) = 0.         (22) 

The corresponding system of equations will be 

{(2𝐶𝐶0(−𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(−𝑥𝑥𝜐𝜐)
2 + ⋯+ 𝐾𝐾𝐶𝐶𝐾𝐾−2(−𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(−𝑥𝑥𝜐𝜐) + 2𝐵𝐵1(−𝑥𝑥𝜐𝜐)2 + ⋯+ 𝐾𝐾𝐵𝐵𝐾𝐾−2(−𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0,

(2𝐶𝐶0(𝐿𝐿 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿 − 𝑥𝑥𝜐𝜐)2 + ⋯+ 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(𝐿𝐿 − 𝑥𝑥𝜐𝜐) + ⋯+ 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0. }  

(23) 
By notation 

{ 
 
  
𝑓𝑓11 = 2𝐶𝐶0(−𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(−𝑥𝑥𝜐𝜐)2 + ⋯+ 𝐾𝐾𝐶𝐶𝐾𝐾−2(−𝑥𝑥𝜐𝜐)𝐾𝐾−1,
𝑓𝑓12 = 1 + 2𝐵𝐵0(−𝑥𝑥𝜐𝜐) + 3𝐵𝐵1(−𝑥𝑥𝜐𝜐)2 + ⋯+𝐾𝐾𝐵𝐵𝐾𝐾−2(−𝑥𝑥𝜐𝜐)𝐾𝐾−1,
𝑓𝑓21 = 2𝐶𝐶0(𝐿𝐿 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿 − 𝑥𝑥𝜐𝜐)2 + ⋯+ 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1,
𝑓𝑓22 = 1 + 2𝐵𝐵0(𝐿𝐿 − 𝑥𝑥𝜐𝜐) + 3𝐵𝐵1(𝐿𝐿 − 𝑥𝑥𝜐𝜐)2 +⋯+ 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1,

    (24) 

the characteristic equation remains 

𝑓𝑓11𝑓𝑓22 − 𝑓𝑓12𝑓𝑓21 = 0. 
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In summary, for any prescribed bound-
ary conditions, the proposed DTM formulation 
reduces the original variable-coefficient eigenval-
ue problem to a finite-dimensional algebraic sys-
tem, whose characteristic polynomial is obtained 
explicitly and whose roots directly yield the natu-
ral frequencies of the non-uniform rod.

For clarity and ease of implementation, the 
complete computational procedure of the pro-
posed DTM can be summarized in the following 
steps (Figure 2). Flowchart illustrates the unified 
computational procedure of the proposed DTM 
for free longitudinal vibration analysis of non-
uniform rods with arbitrary differentiable cross-
sectional area functions. The workflow highlights 
the geometry-invariant nature of the formulation, 
in which only the differential spectrum of the 
cross-sectional area function is required, while the 
overall solution procedure remains unchanged.

It should be emphasized that the indepen-
dence of the proposed method from the specific 
geometric shape of the rod is understood in a 
computational sense. The formulation remains 
unchanged for any cross-sectional area function 
A(x) that is sufficiently smooth (differentiable) 
over the domain, as only its differential spectrum 
A(K) is required. Consequently, the approach is 
directly applicable to a broad class of non-uni-
form rods with smoothly varying geometries. 
However, rods with sharp geometric disconti-
nuities, such as stepped or piecewise-constant 
cross-sections, lie outside the direct scope of the 
present formulation and would require a modified 
or piecewise implementation of the differential 
transform procedure.

From a theoretical standpoint, the main 
contribution of this work lies in the develop-
ment of a unified eigenvalue formulation for 
longitudinal vibration problems of non-uniform 
rods governed by variable-coefficient differen-
tial equations. Unlike many existing analytical 

and semi-analytical approaches, which are typi-
cally derived for specific cross-sectional profiles 
and require separate formulations for different 
boundary conditions, the proposed DTM accom-
modates fixed–fixed, fixed–free, and free–free 
boundary conditions within a single recursive 
algebraic structure. The governing equations, 
recursion relations, and displacement reconstruc-
tion procedure remain invariant, while the effect 
of boundary conditions is introduced exclusively 
through the resulting characteristic polynomial. 
This clear separation between geometric variabil-
ity and boundary-condition enforcement provides 
a transparent and systematic theoretical frame-
work for modal analysis of non-uniform rods and 
constitutes a meaningful extension of differential-
transform-based vibration theory.

RESULTS AND DISCUSSION

Here, we consider various examples from the 
literature to assess the generality and accuracy 
of the proposed method. It is important to note 
that literature does not provide a single unified 
approach applicable to arbitrary cross-sectional 
area functions. Instead, for each particular form 
of A(x), specialized techniques have been devel-
oped, which are typically not transferable to other 
types of A(x). Accordingly, benchmarking against 
representative published cases is essential.

We begin with the examples reported in [30], 
where the cross-sectional area varies as A(x) = 
2 – x and A(x)=3–4x+2x2. Table 2 lists the cor-
responding non-dimensional natural frequen-
cies for fixed–free rods. The obtained results 
are essentially identical to those reported by 
Eisenberger [30].

Next, we consider the case studied by Abrate 
[1], where the cross-sectional area is given 
by A(x)=(ax+b )2. Tables 3 and 4 present the 

Figure 2. Flowchart of the proposed computational procedure
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non-dimensional natural frequencies for fixed–
free and free–free rods, respectively.

The results show excellent agreement with 
those reported in [1] and with the Rayleigh–Ritz 
approximation [31]. In the Rayleigh–Ritz compu-
tations, 10 admissible functions were used, and 
the required symbolic integrations were carried 
out in MATLAB. 

We next examine the example from [2], 
where the cross-sectional area varies according to 
A(x)=sin2 (ax+b ). Tables 5 and 6 report the non-
dimensional natural frequencies for fixed–fixed 
and fixed–free rods, respectively. The obtained 
results are in very good agreement with the values 
reported in [2]. Figures 3 and 4 illustrate the con-
vergence behavior of the natural frequencies with 
respect to the truncation order K for case a = 2. 

Table 7 summarizes the results for free–free 
rods. In this case, the proposed results differ 

from those reported in [2]; however, a correc-
tion was later published in [32], and the authors 
acknowledged the correction in [33]. The pres-
ent results are in close agreement with the cor-
rected values reported in [32]. Figure 5 shows 
the convergence of the free–free natural fre-
quencies with respect to K.

We also consider another benchmark exam-
ple from [2], where the cross-sectional area varies 
according to A(x) = (ax + b)2. The non-dimensional 
natural frequencies obtained using the proposed 
method are compared with the values reported in 
[2], as well as with independent results obtained 
using the Rayleigh–Ritz method and the finite ele-
ment method (FEM) [5-7], as summarized in Tables 
8–10. As shown in these tables, the results produced 
by the proposed DTM are in excellent agreement 
with both the Rayleigh–Ritz and FEM solutions for 
all considered boundary conditions and parameter 

Table 2. Non-dimensional natural frequencies of fixed-free rods

Mode
A(x) = 2 – x A(x) = 3 – 4x + 2x2

Proposed Eisenberger [30] Proposed Eisenberger [30]

1 1.794010905 1.79401 1.97089606 1.9709

2 4.802060761 4.80206 4.820757255 4.82076

3 7.908961712 7.90896 7.918202749 7.9182

4 11.03509458 11.03509 11.04144264 11.04144

5 14.16798651 14.16799 14.17284442 14.17284

Table 3. Non-dimensional natural frequencies of fixed-free rods with A(x)=(ax+b )2

Mode
a = 1, b = 1 a = 2, b = 1

Proposed Rayleigh-Ritz Abrate [1] Proposed Rayleigh-Ritz Abrate [1]

1 1.165561 1.165615 1.165561 0.967403 0.967665 0.967403

2 4.604217 4.604376 4.604217 4.567452 4.568147 4.567452

3 7.789884 7.790158 7.789884 7.768373 7.769588 7.768373

4 10.949944 10.950418 10.949944 10.934682 10.936704 10.934682

5 14.101725 14.102380 14.101725 14.089887 14.092781 14.089887

6 17.249782 17.251001 17.249782 17.240109 17.245095 17.240109

Table 4. Non-dimensional natural frequencies of free-free rods with A(x)=(ax+b )2

Mode
a = 1, b = 1 a = 2, b = 1

Proposed Rayleigh-Ritz Abrate [1] Proposed Rayleigh-Ritz Abrate [1]

1 3.286007 3.286008 3.286007 3.474336 3.474340 3.474335

2 6.360678 6.360685 6.360678 6.480031 6.480061 6.480031

3 9.477196 9.477235 9.477196 9.561368 9.561516 9.561368

4 12.605890 12.605965 12.605891 12.670360 12.670688 12.670360

5 15.739656 15.739950 15.739650 15.791750 15.792848 15.792159

6 18.876001 18.876462 18.875239 18.919653 18.921643 18.918810
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Table 5. Non-dimensional natural frequencies of fixed-fixed rods with A(x)=sin2(ax+b )

Mode
a = 1, b = 1 a = 2, b = 1

Proposed Kumar [2] Proposed Kumar [2]

1 2.978188 2.978189 2.422727 2.422727

2 6.203097 6.203097 5.956377 5.956376

3 9.371576 9.371576 9.210128 9.210127

4 12.526519 12.526719 12.406197 12.406195

5 15.676100 15.676100 15.580120 15.580119

6 18.823011 18.823011 18.743154 18.743152

Table 6. Non-dimensional natural frequencies of fixed-free rods with A(x)=sin2(ax+b )

Mode
a = 1, b = 1 a = 2, b = 1

Proposed Kumar [2] Proposed Kumar [2]

1 1.517637 1.517638 2.148560 2.148560

2 4.702145 4.702145 5.535763 5.535762

3 7.848311 7.848311 8.632812 8.632812

4 10.991621 10.991620 11.694643 11.694640

5 14.134123 14.134120 14.757861 14.757860

6 17.276282 17.276280 17.830601 17.830600

Figure 3. Natural frequencies convergence for fixed-fixed rod

values. In particular, the FEM results obtained using 
a MATLAB implementation coincide with the Ray-
leigh–Ritz values up to at least five significant digits, 

thereby providing strong independent numerical 
validation of the present formulation. This three-way 
agreement (proposed method–Rayleigh–Ritz–FEM) 
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clearly confirms the accuracy and robustness of the 
present results for this challenging case. In contrast, 
noticeable discrepancies are observed when com-
paring the present results with those reported in [2]. 
These deviations are systematic across all boundary 

conditions and become especially pronounced for 
the fixed–free configuration. The FEM results con-
firm the existence of a well-defined fundamental 
longitudinal mode for all tested values of the param-
eter a, in full agreement with the proposed method 

Figure 4. Natural frequencies convergence for fixed-free rod

Table 7. Non-dimensional natural frequencies of free-free rods with A(x)=sin2(ax+b )

Mode

a = 1 a = 2

Proposed
Kumar [2]

Proposed
Kumar [2]

Yardimoglu [32] Yardimoglu [32]

1 3.309070
3.0004297

4.209605
1.5808147

3.309070 4.209604

2 6.375208
6.216901

7.259860
5.113309

6.375209 7.259860

3 9.487363
9.380888

10.283501
8.436760

9.487363 10.283498

4 12.613648
12.533530

13.317981
11.721540

12.613648 13.317980

5 15.745913
15.681720

16.368924
14.977670

15.745913 16.368917

6 18.881240
18.827700

19.435338
18.210650

18.881240 19.435335
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and the Rayleigh–Ritz approximation. This finding 
directly contradicts the claim made in [2] that the 
first mode disappears for a > 0.97, a behavior that is 
physically implausible for a well-posed longitudinal 
vibration problem. 

The observed inconsistencies in [2] are there-
fore most plausibly attributed to inaccuracies in the 
solution of the transcendental characteristic equa-
tion used therein to determine the eigenfrequencies, 
rather than to any physical effect or limitation of the 
present formulation. It is worth noting that the pro-
posed method successfully reproduces the results 
of the literature for all other benchmark cases con-
sidered in this study, including those reported in [3, 
4], further supporting the reliability of the present 
results for the (ax+b)4 cross-sectional profile.

Overall, the excellent agreement between 
the proposed method, the Rayleigh–Ritz 

approximation (using 18 trial functions), and the 
FEM benchmark demonstrates that the present 
DTM provides accurate, stable, and physically 
consistent predictions for free longitudinal vibra-
tions of non-uniform rods, even in cases where 
earlier analytical treatments exhibit numerical or 
formulation-related deficiencies.

We now consider the example from [3], where 
the cross-sectional area varies as A(x)=xne bx2. In 
this case, the axial coordinate spans the interval 
L1 < x < L2, and the boundary conditions are:

Fixed – Fixed rod : u(L1, t) = u(L2, t) = 0,
Fixed – Free rod : u(L1, t) = u´(L2, t) = 0,

	 Free – Free rod : u´(L1, t) = u´(L2, t) = 0.	 (25)

The corresponding boundary conditions in 
the DT domain are given by (26)–(28).

Figure 5. Natural frequencies convergence for free-free rod

• For fixed-fixed rod: 

{
(1 + 𝐶𝐶0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0
(1 + 𝐶𝐶0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0} (26) 

• For fixed-free rod: 

{(1 + 𝐶𝐶0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + 𝐶𝐶1(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)3 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0
(2𝐶𝐶0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0

} 

(27) 
• For free-free rod: 

{(2𝐶𝐶0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0
(2𝐶𝐶0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0}  

(28) 

• For fixed-fixed rod: 

{
(1 + 𝐶𝐶0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0
(1 + 𝐶𝐶0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0} (26) 

• For fixed-free rod: 

{(1 + 𝐶𝐶0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + 𝐶𝐶1(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)3 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0
(2𝐶𝐶0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0

} 

(27) 
• For free-free rod: 

{(2𝐶𝐶0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0
(2𝐶𝐶0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0}  

(28) 

(27)

• For fixed-fixed rod: 

{
(1 + 𝐶𝐶0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0
(1 + 𝐶𝐶0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0} (26) 

• For fixed-free rod: 

{(1 + 𝐶𝐶0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + 𝐶𝐶1(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)3 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0
(2𝐶𝐶0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0

} 

(27) 
• For free-free rod: 

{(2𝐶𝐶0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0
(2𝐶𝐶0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0}  

(28) 

• For fixed-fixed rod: 

{
(1 + 𝐶𝐶0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0
(1 + 𝐶𝐶0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0} (26) 

• For fixed-free rod: 

{(1 + 𝐶𝐶0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + 𝐶𝐶1(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)3 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0
(2𝐶𝐶0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0

} 

(27) 
• For free-free rod: 

{(2𝐶𝐶0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0
(2𝐶𝐶0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0}  

(28) 

• For fixed-fixed rod: 

{
(1 + 𝐶𝐶0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0
(1 + 𝐶𝐶0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0} (26) 

• For fixed-free rod: 

{(1 + 𝐶𝐶0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + 𝐶𝐶1(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)3 + ⋯ + 𝐶𝐶𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(0) + ((𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + 𝐵𝐵0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐵𝐵𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾)𝑈𝑈(1) = 0
(2𝐶𝐶0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0

} 

(27) 
• For free-free rod: 

{(2𝐶𝐶0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(𝐿𝐿1 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿1 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0
(2𝐶𝐶0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + 3𝐶𝐶1(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)2 + ⋯ + 𝐾𝐾𝐶𝐶𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(0) + (1 + 2𝐵𝐵0(𝐿𝐿2 − 𝑥𝑥𝜐𝜐) + ⋯ + 𝐾𝐾𝐵𝐵𝐾𝐾−2(𝐿𝐿2 − 𝑥𝑥𝜐𝜐)𝐾𝐾−1)𝑈𝑈(1) = 0}  

(28) 

(28)
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Table 8. Non-dimensional natural frequencies of fixed-fixed rods with A(x)=(ax+b )4

Mode
a = 1, b = 1 a = 2, b = 1

Proposed Rayleigh-Ritz Kumar FEM Proposed Rayleigh-Ritz Kumar FEM

1 3.286007 3.286076 3.133487 3.286008 3.474336 3.474590 2.386221 3.474338

2 6.360678 6.360846 6.278921 6.360686 6.480031 6.480687 6.272251 6.480039

3 9.477196 9.477429 9.421905 9.477221 9.561368 9.562345 9.417264 9.561394

4 12.605890 12.606256 12.564210 12.605948 12.670360 12.671858 12.560670 12.670421

5 15.739656 15.740083 15.706230 15.739769 15.791750 15.793589 15.703370 15.791866

6 18.876001 18.876626 18.848110 18.876197 18.919653 18.922240 18.845270 18.919852

Table 9. Non-dimensional natural frequencies of fixed-free rods with A(x)=(ax+b)4

Mode
a = 1, b = 1 a = 2, b = 1

Proposed Rayleigh-Ritz Kumar [2] FEM Proposed Rayleigh-Ritz Kumar [2] FEM

1 0.824971 0.825011 - 0.824972 0.526694 0.526886 - 0.526695

2 4.600454 4.600562 4.487482 4.600458 4.689329 4.689777 4.404069 4.689334

3 7.789097 7.789283 7.721747 7.789112 7.848695 7.849530 7.672932 7.848711

4 10.949659 10.949938 10.901630 10.949699 10.993611 10.994879 10.866970 10.993652

5 14.101592 14.101960 14.064260 14.101675 14.136235 14.137945 14.037360 14.136321

6 17.249709 17.250211 17.219170 17.249860 17.278247 17.280554 17.197190 17.278402

Table 10. Non-dimensional natural frequencies of free-free rods with A(x)=(ax+b)4

Mode
a = 1, b = 1 a = 2, b = 1

Proposed Rayleigh-Ritz Kumar [2] FEM Proposed Rayleigh-Ritz Kumar [2] FEM

1 3.555788 3.555788 3.378458 3.555789 4.041322 4.041323 3.286891 4.041324

2 6.513068 6.513070 6.425906 6.513076 6.857174 6.857180 6.614998 6.857182

3 9.581270 9.581277 9.524152 9.581295 9.829987 9.830014 9.671519 9.830013

4 12.684608 12.684622 12.642120 12.684667 12.876552 12.876613 12.759890 12.876612

5 15.802877 15.802911 15.769030 15.802991 15.958453 15.958601 15.866250 15.958569

6 18.928798 18.928850 18.900660 18.928993 19.059360 19.059607 18.983120 19.059557

Table 11. Fundamental frequency for fixed-fixed rods with A(x)=x ne bx2

Parameter n
b

-3 -2 -1 -0.5 0.5 1 2 3

Raj [3]
-2

4.885 4.546 4.280 4.180 4.058 4.038 4.082 4.226

Proposed 4.8850 4.5455 4.2787 4.1791 4.0577 4.0382 4.0819 4.2265

Raj [3]
0

3.206 3.068 3.043 3.077 3.235 3.356 3.663 4.015

Proposed 3.2058 3.0684 3.0431 3.0770 3.2354 3.3557 3.6626 4.0345

Raj [3]
1

2.479 2.518 2.686 2.816 3.152 3.349 3.787 4.260

Proposed 2.4792 2.5176 2.6864 2.8163 3.1515 3.3491 3.7866 4.2599

Raj [3]
2

2.068 2.327 2.695 2.910 3.386 3.642 4.173 4.720

Proposed 2.0681 2.3270 2.6946 2.9099 3.3864 3.6415 4.1731 4.7199

Raj [3]
3

2.094 2.525 3.023 3.290 3.850 4.140 4.731 5.328

Proposed 2.0941 2.5254 3.0227 3.2898 3.8500 4.1397 4.7305 5.3278

These conditions represent a more general 
formulation than (15), (20), and (23), which can 
be recovered as special cases. Tables 11 and 12 
list the fundamental and first overtone frequencies 

for fixed–fixed rods. The results are very close to 
those reported in [3]. The authors note that the 
proposed method can be used only for cases when 
the n is an integer. However, as there is a variant 
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Table 12. First overtone for fixed-fixed rods with A(x)=x ne bx2

Parameter n
b

-3 -2 -1 -0.5 0.5 1 2 3

Raj [3]
-2

7.580 7.367 7.209 7.151 7.081 7.069 7.090 7.173

Proposed 7.5798 7.3668 7.2089 7.1514 7.0812 7.0688 7.0902 7.1731

Raj [3]
0

6.355 6.262 6.238 6.252 6.331 6.397 6.573 6.811

Proposed 6.3552 6.2616 6.2378 6.2519 6.3314 6.3961 6.5733 6.8109

Raj [3]
1

5.992 5.976 6.034 6.090 6.252 6.357 6.612 6.921

Proposed 5.9919 5.9763 6.0344 6.0902 6.2522 6.3572 6.6119 6.9212

Raj [3]
2

5.864 5.934 6.075 6.171 6.404 6.552 6.871 7.238

Proposed 5.8642 5.9336 6.0753 6.1714 6.4098 6.5505 6.8708 7.2380

Raj [3]
3

5.976 6.126 6.344 6.475 6.773 6.936 7.317 7.727

Proposed 5.9761 6.1272 6.3442 6.4750 6.7769 6.9461 7.3173 7.7275

Table 13. Fundamental frequency for fixed-free rods with A(x)=x ne bx2

Parameter n
b

-3 -2 -1 -0.5 0.5 1 2 3

Raj [3]
-2

4.494 3.946 3.399 3.129 2.603 2.350 1.874 1.447

Proposed 3.7521 3.3661 2.9556 2.7440 2.3171 2.1056 1.6973 1.3220

Raj [3]
0

2.791 2.377 1.9966 1.765 1.384 1.207 0.891 0.630

Proposed 2.5315 2.1815 1.8239 1.6462 1.3029 1.1416 0.8488 0.6050

Raj [3]
1

1.924 1.594 1.274 1.121 0.840 0.715 0.501 0.338

Proposed 1.8229 1.5208 1.2229 1.0798 0.8142 0.6950 0.4897 0.3311

Raj [3]
2

1.169 0.931 0.710 0.610 0.435 0.359 0.241 0.156

Proposed 1.1410 0.9118 0.6981 0.6004 0.4289 0.3565 0.2389 0.1546

Raj [3]
3

0.617 0.468 0.341 0.285 0.194 0.158 0.101 0.064

Proposed 0.6115 0.4651 0.3382 0.2836 0.1932 0.1571 0.1014 0.0635

Table 14. Fundamental frequency for free-free rods with A(x)=x ne bx2

Parameter n
b

-3 -2 -1 -0.5 0.5 1 2 3

Raj [3]
-2

4.720 4.173 3.642 3.386 2.910 2.695 2.327 2.068

Proposed 4.7199 4.1731 3.6415 3.3864 2.9099 2.6946 2.3270 2.0681

Raj [3]
0

4.034 3.663 3.356 3.235 3.077 3.043 3.068 3.206

Proposed 4.0345 3.6626 3.3557 3.2354 3.0770 3.0431 3.0684 3.2058

Raj [3]
1

4.048 3.792 3.624 3.581 3.581 3.624 3.792 4.048

Proposed 4.0479 3.7918 3.6245 3.5809 3.5809 3.6245 3.7918 4.0479

Raj [3]
2

4.226 4.082 4.038 4.047 4.179 4.279 4.546 4.885

Proposed 4.2265 4.0819 4.0382 4.0577 4.1791 4.2787 4.5455 4.8850

Raj [3]
3

4.495 4.450 4.509 4.578 4.792 4.933 5.273 5.675

Proposed 4.4949 4.4500 4.5091 4.5783 4.7917 4.9327 5.2728 5.6748

of fractional differential transformations [34], so 
maybe it also could be applied for non-integer n.

Tables 13 and 14 present the fundamental fre-
quencies for fixed–free and free–free boundary 
conditions. For the fixed–free case, some notice-
able deviations from [3] occur, particularly for   

n = −2, 0, and 1. In contrast, for the free–free case, 
the results are almost identical to those in [3]. 
This pattern suggests that the fixed–free configu-
ration may be more sensitive to the implementa-
tion details of boundary conditions and truncation 
order, and it warrants additional verification.
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Next, we consider the example where 
A(x) = e cx2/L. Tables 15–17 report the non-
dimensional natural frequencies for L = 1. The 
obtained frequencies are consistent with the 
trends and observations reported in [4] and dem-
onstrate excellent agreement across the compared 
methods.

Finally, to demonstrate the computational 
capability of the proposed approach, we consider 
a more complex cross-sectional variation of the 
form A(x) = e cx+1(sin(ax + 1) + cos(ax+1)). This 
functional form is not readily amenable to the 
classical techniques used in the above-cited stud-
ies, which are typically tailored to specific classes 
of A(x). The computed non-dimensional natural 
frequencies for various parameter combinations 
are reported in Tables 18–20.

Overall, the results demonstrate that the pro-
posed DTM formulation provides a unified com-
putational procedure that remains unchanged 
for arbitrary differentiable cross-sectional area 
functions A(x), thereby avoiding case-specific 
reformulations commonly required by classical 
approaches. In addition, the numerical stability 
and convergence of the method are strongly influ-
enced by the choice of the approximation center 
xᵥ; selecting xᵥ within the analysis interval (e.g., xᵥ 
= L/2) significantly improves conditioning of the 

differential spectra and ensures robust evaluation 
of the characteristic polynomial roots. These fea-
tures collectively highlight the generality, practi-
cality, and reliability of the proposed framework 
for non-uniform rod vibration problems.

Despite the apparent simplicity of the gov-
erning equation, the numerical examples con-
sidered in this study involve a wide range 
of increasing complexity, including high-
order polynomial, exponential, trigonomet-
ric, and composite cross-sectional functions. 
In particular, cases such as A(x) = (ax + b)4 and 
A(x) = e cx+1(sin(ax + 1) + cos(ax+1)) lead to 
strongly variable coefficients and high-degree 
characteristic polynomials, which represent chal-
lenging benchmarks for eigenvalue-based vibra-
tion analysis. The results demonstrate that the 
proposed method remains stable and accurate 
even under such conditions, provided that the 
truncation order and approximation center are 
chosen appropriately.

The main limitations of the present formula-
tion arise from its underlying assumptions: lin-
ear elastic material behavior, small-amplitude 
longitudinal vibrations, and differentiable cross-
sectional profiles. Problems involving geometric 
discontinuities, material nonlinearity, damping, 
or pre-stress effects would require extensions of 

Table 15. Non-dimensional natural frequencies of fixed-fixed rods with A(x) = e 0.5x2

Mode Proposed Kummer [4] WKB [4] Guo [4]

1 3.231130281 3.231130281 3.231128547 3.231130556

2 6.329186675 6.329186675 6.329186672 6.329186675

3 9.455600357 9.455600357 9.455600357 9.455600357

4 12.589528186 12.58952819 12.58952819 12.58952819

Table 16. Non-dimensional natural frequencies of fixed-fixed rods with A(x) = e x2

Mode Proposed Kummer [4] WKB [4] Guo [4]

1 3.339335867 3.339335867 3.339290046 3.339359214

2 6.387440254 6.387440254 6.387492001 6.387440261

3 9.494964058 9.494964058 9.494964055 9.494964058

4 12.619190216 12.61919022 12.61919022 12.61919022

Table 17. Non-dimensional natural frequencies of fixed-fixed rods with A(x) = e 2x2

Mode Proposed Kummer [4] WKB [4] Guo [4]

1 3.603139793 3.603139793 3.602727427 3.607785468

2 6.539562675 6.539562675 6.539566227 6.539562927

3 9.598980427 9.598980427 9.598980578 9.598980426

4 12.697886705 12.69788671 12.69788672 12.69788670
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Table 18. Non-dimensional natural frequencies of fixed-fixed rods with A(x) = e cx+1(sin(ax + 1) + cos(ax+1)) 

Mode
c=1 c=2 c=0.5 c=-2 c=1

a=1 a=1 a=1 a=1 a=0.5

1 2.98466522 3.03167739 2.99224347 3.32373501 3.13864774

2 6.19784012 6.21830200 6.20272966 6.37601594 6.28148811

3 9.36636735 9.37942203 9.36985111 9.48666392 9.42361586

4 12.52206926 12.53167941 12.52475249 12.61274634 12.56549081

5 15.67231884 15.67993452 15.67449387 15.74504063 15.70725635

6 18.81975440 18.82606651 18.82158045 18.88044064 18.84896542

Table 19. Non-dimensional natural frequencies of fixed-free rods with A(x) = e cx+1(sin(ax + 1) + cos(ax+1))

Mode
c=1 c=2 c=0.5 c=-2 c=1

a=1 a=1 a=1 a=1 a=0.5

1 1.55011739 1.25091748 1.71131780 2.61193545 1.34204360

2 4.75091752 4.67228750 4.80866274 5.25526869 4.64879666

3 7.88367957 7.83570925 7.91926032 8.20627706 7.81626796

4 11.01854930 10.98405064 11.04419724 11.25378345 10.96872106

5 14.15568062 14.12876303 14.17571017 14.34029271 14.11630818

6 17.29419322 17.27213229 17.31061597 17.44594668 17.26170451

Table 20. Non-dimensional natural frequencies of free-free rods with A(x) = e cx+1(sin(ax + 1) + cos(ax+1))

Mode
c=1 c=2 c=0.5 c=-2 c=1

a=1 a=1 a=1 a=1 a=0.5

1 3.29980371 3.34365268 3.30602404 3.60593512 3.18881587

2 6.37866994 6.39848255 6.38345460 6.55210728 6.30713038

3 9.49194975 9.50476259 9.49542194 9.61087682 9.44078560

4 12.61787465 12.62737063 12.62055813 12.70799069 12.57838817

5 15.74962463 15.75717813 15.75180140 15.82206522 15.71758172

6 18.88449239 18.89076713 18.88632001 18.94501822 18.85757329

Table 21. Comparative summary

Aspect Differential transform method (DTM) FEM (1D axial) Rayleigh–Ritz

Reformulation for new A(x) Not required (only A(K)) Not required Required

Matrix size Small (K×K recursion) Large (Ne×Ne) Moderate

Typical DOFs (degrees of freedom) K ≈ 40–80 Ne ≈ 200–1200 10–20 trial functions

Convergence control Via truncation order K Via mesh refinement Via basis size

High-mode sensitivity Moderate High (mesh-dependent) Moderate

Computational cost Very low High Moderate

Mode shapes Reconstructed analytically Directly available Available

Discontinuous (A(x)) Requires modification Naturally handled Difficult

the current framework and are therefore identified 
as directions for future research.

The comparative summary presented in Table 
21 highlights the relative strengths and limita-
tions of the DTM in relation to the finite element 
method (FEM) and the Rayleigh–Ritz approach. 
A key advantage of the proposed method is that 

it does not require reformulation when the cross-
sectional area function 𝐴(𝑥) is changed; only the 
corresponding differential spectrum 𝐴(𝐾) must be 
updated. This contrasts with the Rayleigh–Ritz 
method, where the trial functions and formulation 
often need to be adapted to each specific geom-
etry. From a computational standpoint, the DTM 
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operates with a small recursive system controlled 
by the count of discrets 𝐾, typically requiring far 
fewer degrees of freedom than FEM discretiza-
tions. As a result, the computational cost of the 
proposed method is significantly lower, while still 
delivering accurate results for the low and mod-
erate vibration modes that are of primary engi-
neering interest. FEM, although highly versatile 
and capable of handling discontinuous cross-sec-
tional profiles, generally requires a large number 
of elements to achieve comparable accuracy and 
exhibits increased sensitivity to mesh refinement, 
particularly for higher modes. The Rayleigh–Ritz 
method provides a useful semi-analytical alterna-
tive with moderate computational effort; howev-
er, its accuracy and convergence strongly depend 
on the choice and number of admissible trial 
functions. In contrast, the convergence behav-
ior of the proposed DTM is directly controlled 
through the truncation order, offering a transpar-
ent and systematic means of balancing accuracy 
and efficiency.

It should be noted that the present formula-
tion of the DTM assumes a differentiable cross-
sectional area function, which represents its main 
limitation when compared to FEM. Problems 
involving sharp geometric discontinuities, such as 
stepped rods, would require either a modified for-
mulation or a piecewise treatment. Nevertheless, 
for a broad class of smoothly varying geometries, 
the proposed method offers an effective compro-
mise between generality, numerical stability, and 
computational efficiency.

Overall, this comparison demonstrates that 
the proposed DTM complements existing numer-
ical and semi-analytical techniques by providing 
a unified, low-cost, and robust framework for the 
longitudinal vibration analysis of non-uniform 
rods, particularly well-suited to parametric stud-
ies and problems involving arbitrary differentia-
ble cross-sectional profiles.

CONCLUSIONS

This study developed a unified and compu-
tationally efficient differential transforms method 
for the free longitudinal vibration analysis of non-
uniform rods with arbitrarily varying, differen-
tiable cross-sectional area functions. The original 
variable-coefficient eigenvalue problem was sys-
tematically reduced to a recursive algebraic for-
mulation, leading to a characteristic polynomial 

whose roots determine the natural frequencies. 
A key outcome of the proposed approach is that 
the computational procedure remains invariant 
with respect to the functional form of the cross-
sectional area, requiring only its differential spec-
trum and eliminating the need for case-specific 
reformulation.

The obtained numerical results demonstrate 
high accuracy and robustness across a wide range 
of non-uniform geometries and boundary condi-
tions. Consistent agreement with independent 
semi-analytical and numerical benchmarks con-
firms the correctness of the proposed formulation, 
including cases where earlier studies reported 
inconsistent or physically questionable results. 
The analysis further confirms the existence and 
stability of the fundamental longitudinal mode 
for all well-posed boundary configurations. From 
a modal analysis perspective, the results reveal 
that smooth variations in cross-sectional geom-
etry have a systematic influence on the distribu-
tion and sensitivity of natural frequencies. Higher 
vibration modes exhibit increased sensitivity to 
geometric variation and truncation order, while 
fixed–free configurations show greater numerical 
sensitivity compared to fixed–fixed and free–free 
cases. These trends are consistently captured by 
the proposed formulation. 

Overall, the proposed differential transforms 
method provides a reliable, computationally effi-
cient, and physically consistent framework for the 
modal analysis of non-uniform rods with smooth-
ly varying geometries, offering clear advantages 
in terms of generality, numerical stability, and 
analytical transparency.
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