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INTRODUCTION

The term “metamaterials” for that kind of ma-
terials which owe their unique properties to their 
specially designed internal physical structure 
rather than their chemical composition was first 
used by Rodger M. Walser in 1999 to distinguish 
materials with new and unconventional proper-
ties from those exhibiting conventional electro-
magnetic behavior [1,2]. Although they consist of 
individual components that mimic the behavior of 
atoms or molecules in natural materials, metama-
terials exhibit macroscopic properties similar to 
those of a continuous substance [3,4]. As a result, 
their physical properties are not found in natural 
substances or traditional engineered materials. 

Mechanical metamaterials have their origins 
in research on phononic crystals from the 1980s 
[5]. The structures of a mechanical metamaterial 

can be designed in all three dimensions, which al-
lows for the modulation of various physical quan-
tities through the combinatorial arrangement of 
various periodic and non-periodic geometric unit 
cells. Owing to its structural architecture, it ex-
hibits dynamic and tunable mechanical responses 
to changing environmental conditions. Since the 
1980s, advances in materials science, mechanics, 
and manufacturing technology have enabled the 
development of a wide range of applications for 
mechanical metamaterials, such as reducing vi-
bration and noise, absorbing energy, reducing de-
vice weight, and increasing structural strength [6].

An interesting case of a mechanical metama-
terial is a metamaterial with a pantographic mi-
crostructure. The term “pantographic” refers to 
the specific design of the microstructure, which 
consists of two orthogonal arrays of beams con-
nected by internal cylinders that deform in a 
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specific direction while resisting deformation in 
other directions [7]. These metamaterials are an 
example of materials whose macroscopic con-
tinuous description necessitates second-gradient 
continuum model. This implies that traditional 
first-gradient continuum models are insufficient 
to fully describe the behavior of these materials, 
and higher-order models are required to capture 
their unique properties [8].

The first numerical simulation on pantograph-
ic structures dates back to 2014 and focused on 
simulations analyzing the propagation of waves 
in one-dimensional pantographic structures [9]. 
In 2015, the first experimental results were pub-
lished, detailing BIAS extension tests performed 
on pantographic structures, thus providing insight 
into their mechanical behavior [10]. Experimen-
tal research has shown over the years that pan-
tographic structures have several unusual prop-
erties. These include the ability to undergo large 
deformation while maintaining an elastic range, 
exhibiting high resistance to damage, maintaining 
stable macroscopic mechanical behavior despite 
small changes in microstructure and microme-
chanical properties, and exhibiting anisotropic 
behavior [11]. Due to their properties, panto-
graphic structures hold significant potential for 
applications across various fields, including the 
aviation industry, robotics, civil engineering, and 
biomedical engineering [12,13].

The first attempt to model a metamaterial 
with a pantographic microstructure was under-
taken in 2003. This attempt aimed to identify a 
micromodel that would enable obtaining the sim-
plest model of the second-gradient as a result of 
the homogenization procedure [14]. Currently, 
the dominant modeling techniques include the 
discrete Hencky-type model for micro-scale ap-
plications [15], the nonlinear Euler-Bernoulli 
beam theory for meso-scale analysis [16] and the 
second-gradient homogenization model for mac-
ro-scale representation [15,17]. 

The present work adopts a meso-inspired dis-
crete beam network representation, but with a dif-
ferent pivot modeling strategy. In conventional 
meso-scale model, pivots are implemented either 
as ideal hinges transmitting only translational 
constraints while allowing unrestricted rotation 
or as hinges complemented solely by a torsional 
spring, thus neglecting translational compliance. 
In this work, each pivot is realized as a kinematic 
hinge defined by displacement constraints, com-
plemented with translational-rotational springs. 

This enables the simultaneous presence of rota-
tional and translational flexibility, allowing cou-
pling effects absent in classical meso-scale ap-
proaches. Furthermore, rotational stiffness is 
parametrically varied during simulations, en-
abling a transition from a highly compliant joint 
to an almost rigid connection. This enhanced piv-
ot modelling provides a more realistic description 
of local kinematics. 

Few studies [18,19] address the optimization 
of metamaterials with a pantographic micro-
structure despite their remarkable mechanical 
performance for specific load cases. In particu-
lar, the influence of microstructural geometry on 
the uniformity of elastic energy distribution and 
stress concentration reduction remains underex-
plored. The present paper focuses on modeling 
the microstructure of a mechanical metamaterial 
to achieve a uniform distribution of elastic en-
ergy and stiffness across individual microstruc-
tural elements. The optimization process sought 
to impart distinctive properties to the metamate-
rial, tailored for potential biomechanical appli-
cations. Among the key advantages of this pro-
cess are the reduction of local stress, enhanced 
structural stability, and improved durability of 
the optimized microstructure. 

MATERIALS AND METHODS

A discrete beam and spring representation 
was adopted for the pantographic metamaterial, 
including its geometries, microstructural refine-
ments, and procedures for loading and optimiza-
tion. The geometry and lattice are first described. 
Pivot modeling was implemented as a kinematic 
hinge complemented by translational-rotational 
springs, which served as the optimized element. 
Material data and boundary conditions are pro-
vided for the BIAS extension, shear, and pre-
moment cases. An energy-equalizing stiffness 
redistribution algorithm is applied, based on a 
logarithmic multiplicative update scheme with a 
two-constraint projection and a based stopping 
rule with the corresponding numerical parameters 
provided in Table 2. 
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by the necessity of observing global deformation 
mechanisms such as wave propagation, buckling 
and mode localization [9]. This choice of dimen-
sions is also consistent with general homogeniza-
tions approaches for periodic media. The adop-
tion of at least three-unit cells in shorter direction 
already provided size-independent result and is 
necessary to ensure that the mechanical response 
is not dominated by boundary effects. Increasing 
the number of unit cells in this direction does not 
qualitatively change the overall response but al-
ters local aspect ratios [20]. The longer side of 
specimen contained more than a dozen unit cells, 
which made it possible to capture the anisotropy 
and dispersive phenomena characteristic of meta-
material with pantographic microstructure. Since 
these effects arise directly from the domain of the 
periodic microstructure, the specimen must be 
sufficiently long to accommodate several wave-
lengths within its domain [21,22]. This configu-
ration was sufficient for the mechanical response 
to no longer depend significantly on domain en-
largement. Increasing the number of unit cells in 
both directions did not change the metamaterial 
but brought its behavior closer to what it would 
be in a continuum material. The discrete model 

geometry was generated using Salome, an open-
source software distributed under the GNU LGPL 
license. Figure 1 illustrates the discrete geometry 
of a pantographic metamaterial, composed of 
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The modeled specimens comprise seven-, 
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. 

Mechanical properties

In the continuous model as well as in the man-
ufactured specimen, the pivots were implemented 
as cylindrical connections between beams. Com-
monly, either standard pivots or quasi-perfect piv-
ots are employed. Figure 2b shows a quasi-perfect 
pivot, which in theory does not involve torsional 
energy. In the discrete model, the pivot was first 
introduced as kinematic hinge constraint. Certain 
translational degrees of freedom were eliminated 
between the nodes, while rotation was allowed. 
The kinematic condition itself only prescribes the 
relative motion of the nodes and does not impart 

Table 1. List of models with their corresponding 
number of hinges

Nf 7 10 14

Number of hinges 319 637 1229

Figure 1. Discrete model of pantographic metamaterial. Overall size 70 × 210 mm, scale bar 10 mm, all 
dimensions in mm
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any stiffness. Therefore, no energy is stored in the 
constraint. An additional translational-rotational 
spring was added to reproduce the torsional com-
pliance of the cylindrical connectors through an 
equivalent stiffness kr. As the rotational spring 
stiffness kr increases, the pivot progressively ap-
proaches the behavior of a standard joint, as il-
lustrated in Figure 2a.
The stiffness kr is calculated as:
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	 (1)

where:	G – the shear modulus, J – the polar mo-
ment of inertia of the cross-sectioned 
area, L – the height of the cylinder.

The beams dimension together with Equation 
1 define the maximum admissible stiffness of the 
spring. In particular, the cylinder diameter used in 
the evaluation of J cannot exceed the beam width. 
The translational stiffness coefficients k were set 
to negligibly small values 10-9 N·m-1 in order to 
avoid numerical singularities. Since the trans-
lational degrees of freedom were already con-
strained by the kinematic hinge definition, these 
values did not influence the mechanical response 
of the system. The rotational stiffness coefficient 
kr were set to 0.025519 N·m·rad-1, which corre-
sponds approximately to a pivot of 0.0008 m in a 
diameter and 0.001 m in height. The beams were 
modeled as linear elastic, isotropic, and homog-
enous, with a Young’s modulus E = 1650 MPa 
and a Poisson’s ratio of  υ = 0.3. These values cor-
respond to the typical mechanical properties of 
additively manufactured polyamide PA12 speci-
men reported in [18], which is consistent with the 
material used for the physical prototypes. At the 
same time, both the width and the height of the 
beam cross-section were set to 0.001 m. 

Numerical implementation

Finite element simulations were performed 
with Code_Aster v14.6, an analysis package that 
uses Fortran, Python and C++. Inputs included an 
ASCII command file, the finite element mesh and 
a parameter file defining the analysis parameters. 
The BIAS extension test for pantographic micro-
structures enables the simultaneous investigation 
of tensile, shear and bending effects [23]. This 
results from the fact that the loading direction is 
inclined rather than parallel to the orientation of 
the pantographic beams, as illustrated in Figure 
3. The left edge was fully constrained while on 
the right side a displacement-controlled Dirichlet 
condition 
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 was imposed in the tensile-
shear direction. This setup allowed microstruc-
tural kinematics to fully develop while avoiding 
locking, contact, and boundary artifacts. Under 
these conditions the pantographic metamaterial 
remained stable, i.e., no out-of-plane buckling oc-
curred, and a series of experimental studies have 
confirmed the repeatability of the response.

Furthermore, the BIAS extension test pro-
vides direct reference data for the calibration of 
the energy density. These studies also contribute 
to advancing the understanding of pantographic 
microstructures by enabling the formulation of 
second-order models. Moreover, they provide 
experimental evidence that the macroscopic be-
havior of pantographic metamaterials is primarily 
governed by their microstructure [24]. Test with 
shear displacement imposed is illustrated in Fig-
ure 4. For a shear test, a Dirichlet displacement 

𝕃𝕃1 
 
𝕃𝕃2 
 

𝑘𝑘𝑟𝑟 = 𝐺𝐺 ∙ 𝐽𝐽
𝐿𝐿 (1) 

∆𝑢𝑢𝑥𝑥1
≈ 𝕃𝕃2

3   
 
 
∆𝑢𝑢𝑥𝑥2

≈ 𝕃𝕃2
3   

 
 

Π = 𝑈𝑈𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑈𝑈𝑒𝑒𝑒𝑒𝑒𝑒, 𝛿𝛿Π = 0 (2) 
 

𝜅𝜅𝑗𝑗 =
𝑑𝑑𝜙𝜙𝑗𝑗
𝑑𝑑𝑑𝑑  

 
 𝜀𝜀𝑗𝑗 = 𝑑𝑑𝑢𝑢𝑗𝑗

𝑑𝑑𝑑𝑑  
 

ΠBIAS,SHEAR = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 (3)

 

 

ΠPRE = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 −

− ∑ 𝑀𝑀0,𝑖𝑖𝜑𝜑𝑖𝑖

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(4)

 

 

𝑈̅𝑈(𝑡𝑡) = 1
𝑁𝑁𝑠𝑠

∑ 𝑈𝑈𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(5) 

 

𝛿𝛿𝑖𝑖
(𝑡𝑡) = 𝑈𝑈𝑖𝑖

(𝑡𝑡)

𝑈̅𝑈(𝑡𝑡) − 1 (6) 

 

𝐶𝐶𝐶𝐶(𝑈𝑈𝑡𝑡) =
√ 1

𝑁𝑁𝑠𝑠
∑ (𝑈𝑈𝑖𝑖

(𝑡𝑡) − 𝑈̅𝑈(𝑡𝑡))2𝑁𝑁𝑠𝑠
𝑖𝑖=1

𝑈̅𝑈(𝑡𝑡) =

= √ 1
𝑁𝑁𝑠𝑠

∑ (𝛿𝛿𝑖𝑖
(𝑡𝑡))

2𝑁𝑁𝑠𝑠

𝑖𝑖=1

(7)

 

 was imposed at the free edge while 
the left edge remained fully constrained. This 
test yields reference data for shear calibration for 
first and second-order models and for probing 

Figure 2. Type of pivots employed in pantographic metamaterial: (a) standard pivot and (b) quasi-perfect pivot
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instability thresholds [25,26]. Compared with 
BIAS extension, it enabled more direct identifi-
cation of the shear stress-strain relationship be-
cause BIAS extension inherently produces a non-
uniform shear field. Independently of the BIAS 
and shear tests, a case without external loads was 
considered, but with a predefined field of gen-
eralized forces applied at the hinges. A bending 
moment of MFZ = -0.1 N·m was imposed on the 
translational-rotational springs. The purpose was 
to demonstrate in isolation that the pre-state alone 
could deform the microstructures and to investi-
gate how it altered the energy distribution and the 
tangent stiffness of the system already in the ini-
tial equilibrium configuration.

Since the moment was self-equilibrated, the 
system reached equilibrium through beam deflec-
tion and axial and hinges rotation. The magnitude 
of the bending moment was deliberately chosen 
to be large in order to produce a clear and eas-
ily observable kinematic effort, and to serve as a 
diagnostic case for assessing the model’s stability 
and the influence of the pre-state. 

Optimization methodology

The optimization was carried out using a pro-
gram written in C, which sequentially executed 
numerical simulations until the optimization cri-
teria were satisfied or the convergence criterion, 
defined as the difference between consecutive 

iterations, was met. The next step, after selecting 
the model to represent pantographic metamateri-
al, was the formulation of the elastic energy func-
tional of the structure. This functional describes 
the internal energy reduced by the work of the 
external loads, and its stationarity determines the 
equilibrium configuration. In the static analysis of 
a conservative system, equilibrium follows from 
the stationarity of the total potential energy:
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 𝜀𝜀𝑗𝑗 = 𝑑𝑑𝑢𝑢𝑗𝑗

𝑑𝑑𝑑𝑑  
 

ΠBIAS,SHEAR = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 (3)

 

 

ΠPRE = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 −

− ∑ 𝑀𝑀0,𝑖𝑖𝜑𝜑𝑖𝑖

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(4)

 

 

𝑈̅𝑈(𝑡𝑡) = 1
𝑁𝑁𝑠𝑠

∑ 𝑈𝑈𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(5) 

 

𝛿𝛿𝑖𝑖
(𝑡𝑡) = 𝑈𝑈𝑖𝑖

(𝑡𝑡)

𝑈̅𝑈(𝑡𝑡) − 1 (6) 

 

𝐶𝐶𝐶𝐶(𝑈𝑈𝑡𝑡) =
√ 1

𝑁𝑁𝑠𝑠
∑ (𝑈𝑈𝑖𝑖

(𝑡𝑡) − 𝑈̅𝑈(𝑡𝑡))2𝑁𝑁𝑠𝑠
𝑖𝑖=1

𝑈̅𝑈(𝑡𝑡) =

= √ 1
𝑁𝑁𝑠𝑠

∑ (𝛿𝛿𝑖𝑖
(𝑡𝑡))

2𝑁𝑁𝑠𝑠

𝑖𝑖=1

(7)

 

	 (2)

In case of pantographic structure modeled as 
a network of Euler-Bernoulli Beams connected 
by kinematic hinges reinforced with springs, the 
BIAS and shear test are formulated as the minimi-
zation of the internal energy subject to prescribed 
constraints. The boundary displacement on the 
right edge was imposed kinematically as a Dirich-
let condition, and the corresponding reactions are 
obtained from the derivative of the energy with 
respect to imposed displacement. 

Let B = {1, 2, ..., Nb} be the set of beams and 
S = {1, 2, ..., NS} the set of translational-rotational 
springs connecting pairs of nodes. For each beam 
j ∈ B there is arc-length coordinates s ∈ [0, Lj] 
along the beam centerline. The unit tangent to 
the deformed centerline defines the section ro-
tation angle φj(s) with respect to the x-axis. The 

beam curvature is defined as 

𝕃𝕃1 
 
𝕃𝕃2 
 

𝑘𝑘𝑟𝑟 = 𝐺𝐺 ∙ 𝐽𝐽
𝐿𝐿 (1) 

∆𝑢𝑢𝑥𝑥1
≈ 𝕃𝕃2

3   
 
 
∆𝑢𝑢𝑥𝑥2

≈ 𝕃𝕃2
3   

 
 

Π = 𝑈𝑈𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑈𝑈𝑒𝑒𝑒𝑒𝑒𝑒, 𝛿𝛿Π = 0 (2) 
 

𝜅𝜅𝑗𝑗 =
𝑑𝑑𝜙𝜙𝑗𝑗
𝑑𝑑𝑑𝑑  

 
 𝜀𝜀𝑗𝑗 = 𝑑𝑑𝑢𝑢𝑗𝑗

𝑑𝑑𝑑𝑑  
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2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 (3)

 

 

ΠPRE = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 −

− ∑ 𝑀𝑀0,𝑖𝑖𝜑𝜑𝑖𝑖

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(4)

 

 

𝑈̅𝑈(𝑡𝑡) = 1
𝑁𝑁𝑠𝑠

∑ 𝑈𝑈𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(5) 

 

𝛿𝛿𝑖𝑖
(𝑡𝑡) = 𝑈𝑈𝑖𝑖

(𝑡𝑡)

𝑈̅𝑈(𝑡𝑡) − 1 (6) 

 

𝐶𝐶𝐶𝐶(𝑈𝑈𝑡𝑡) =
√ 1

𝑁𝑁𝑠𝑠
∑ (𝑈𝑈𝑖𝑖

(𝑡𝑡) − 𝑈̅𝑈(𝑡𝑡))2𝑁𝑁𝑠𝑠
𝑖𝑖=1

𝑈̅𝑈(𝑡𝑡) =

= √ 1
𝑁𝑁𝑠𝑠

∑ (𝛿𝛿𝑖𝑖
(𝑡𝑡))

2𝑁𝑁𝑠𝑠

𝑖𝑖=1

(7)

 

, with the 

bending stiffness EIj. The axial strain is given by 

Figure 3. Load direction during BIAS extension test

Figure 4. Load direction during shear test
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𝕃𝕃1 
 
𝕃𝕃2 
 

𝑘𝑘𝑟𝑟 = 𝐺𝐺 ∙ 𝐽𝐽
𝐿𝐿 (1) 

∆𝑢𝑢𝑥𝑥1
≈ 𝕃𝕃2

3   
 
 
∆𝑢𝑢𝑥𝑥2

≈ 𝕃𝕃2
3   
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2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 (3)
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2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 −

− ∑ 𝑀𝑀0,𝑖𝑖𝜑𝜑𝑖𝑖

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(4)

 

 

𝑈̅𝑈(𝑡𝑡) = 1
𝑁𝑁𝑠𝑠

∑ 𝑈𝑈𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(5) 

 

𝛿𝛿𝑖𝑖
(𝑡𝑡) = 𝑈𝑈𝑖𝑖

(𝑡𝑡)

𝑈̅𝑈(𝑡𝑡) − 1 (6) 

 

𝐶𝐶𝐶𝐶(𝑈𝑈𝑡𝑡) =
√ 1

𝑁𝑁𝑠𝑠
∑ (𝑈𝑈𝑖𝑖

(𝑡𝑡) − 𝑈̅𝑈(𝑡𝑡))2𝑁𝑁𝑠𝑠
𝑖𝑖=1

𝑈̅𝑈(𝑡𝑡) =

= √ 1
𝑁𝑁𝑠𝑠

∑ (𝛿𝛿𝑖𝑖
(𝑡𝑡))

2𝑁𝑁𝑠𝑠

𝑖𝑖=1

(7)

 

, with the axial stiffness EAj. For each 
spring i ∈ S, let φi denote the rotational jump be-
tween its two nodes with rotational stiffness kr,i. 
Accordingly, the total potential energy of system 
takes the form:

	

𝕃𝕃1 
 
𝕃𝕃2 
 

𝑘𝑘𝑟𝑟 = 𝐺𝐺 ∙ 𝐽𝐽
𝐿𝐿 (1) 

∆𝑢𝑢𝑥𝑥1
≈ 𝕃𝕃2

3   
 
 
∆𝑢𝑢𝑥𝑥2

≈ 𝕃𝕃2
3   

 
 

Π = 𝑈𝑈𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑈𝑈𝑒𝑒𝑒𝑒𝑒𝑒, 𝛿𝛿Π = 0 (2) 
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𝑑𝑑𝜙𝜙𝑗𝑗
𝑑𝑑𝑑𝑑  
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ΠBIAS,SHEAR = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 (3)
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2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 −
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𝑁𝑁𝑠𝑠

𝑖𝑖=1
(4)

 

 

𝑈̅𝑈(𝑡𝑡) = 1
𝑁𝑁𝑠𝑠

∑ 𝑈𝑈𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(5) 
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𝑈̅𝑈(𝑡𝑡) − 1 (6) 

 

𝐶𝐶𝐶𝐶(𝑈𝑈𝑡𝑡) =
√ 1

𝑁𝑁𝑠𝑠
∑ (𝑈𝑈𝑖𝑖

(𝑡𝑡) − 𝑈̅𝑈(𝑡𝑡))2𝑁𝑁𝑠𝑠
𝑖𝑖=1

𝑈̅𝑈(𝑡𝑡) =

= √ 1
𝑁𝑁𝑠𝑠

∑ (𝛿𝛿𝑖𝑖
(𝑡𝑡))

2𝑁𝑁𝑠𝑠

𝑖𝑖=1

(7)

 

	 (3)

Pre-moment loading case contains the exter-
nal work prescribed as a moment M0,i applied at 
each spring i of the structure. The total potential 
energy of the structure is:

𝕃𝕃1 
 
𝕃𝕃2 
 

𝑘𝑘𝑟𝑟 = 𝐺𝐺 ∙ 𝐽𝐽
𝐿𝐿 (1) 

∆𝑢𝑢𝑥𝑥1
≈ 𝕃𝕃2

3   
 
 
∆𝑢𝑢𝑥𝑥2

≈ 𝕃𝕃2
3   
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𝜅𝜅𝑗𝑗 =
𝑑𝑑𝜙𝜙𝑗𝑗
𝑑𝑑𝑑𝑑  
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𝑑𝑑𝑑𝑑  
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2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 (3)
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2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 −

− ∑ 𝑀𝑀0,𝑖𝑖𝜑𝜑𝑖𝑖

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(4)

 

 

𝑈̅𝑈(𝑡𝑡) = 1
𝑁𝑁𝑠𝑠

∑ 𝑈𝑈𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(5) 

 

𝛿𝛿𝑖𝑖
(𝑡𝑡) = 𝑈𝑈𝑖𝑖

(𝑡𝑡)

𝑈̅𝑈(𝑡𝑡) − 1 (6) 

 

𝐶𝐶𝐶𝐶(𝑈𝑈𝑡𝑡) =
√ 1

𝑁𝑁𝑠𝑠
∑ (𝑈𝑈𝑖𝑖

(𝑡𝑡) − 𝑈̅𝑈(𝑡𝑡))2𝑁𝑁𝑠𝑠
𝑖𝑖=1

𝑈̅𝑈(𝑡𝑡) =

= √ 1
𝑁𝑁𝑠𝑠

∑ (𝛿𝛿𝑖𝑖
(𝑡𝑡))

2𝑁𝑁𝑠𝑠

𝑖𝑖=1

(7)

 

(4)

Energy-equalizing spring stiffness optimiza-
tion under BIAS and shear loading is performed 
with the following algorithm. At each iteration t, 
the structure is solved for the current stiffness set 
{𝑘𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡)} 
 

, from which the mean energy is computed

	

𝕃𝕃1 
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≈ 𝕃𝕃2
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𝑑𝑑𝑑𝑑  
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2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+
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and the corresponding nondimensional deviations 
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≈ 𝕃𝕃2

3   
 
 
∆𝑢𝑢𝑥𝑥2

≈ 𝕃𝕃2
3   
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The coefficient of variation is a dimensionless 
measure of dispersion of the elementwise ener-
gies around the mean. A decrease indicates pro-
gressive homogenization of the energy field and 
is calculated as

	

𝕃𝕃1 
 
𝕃𝕃2 
 

𝑘𝑘𝑟𝑟 = 𝐺𝐺 ∙ 𝐽𝐽
𝐿𝐿 (1) 

∆𝑢𝑢𝑥𝑥1
≈ 𝕃𝕃2

3   
 
 
∆𝑢𝑢𝑥𝑥2

≈ 𝕃𝕃2
3   

 
 

Π = 𝑈𝑈𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑈𝑈𝑒𝑒𝑒𝑒𝑒𝑒, 𝛿𝛿Π = 0 (2) 
 

𝜅𝜅𝑗𝑗 =
𝑑𝑑𝜙𝜙𝑗𝑗
𝑑𝑑𝑑𝑑  

 
 𝜀𝜀𝑗𝑗 = 𝑑𝑑𝑢𝑢𝑗𝑗

𝑑𝑑𝑑𝑑  
 

ΠBIAS,SHEAR = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 (3)

 

 

ΠPRE = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 −

− ∑ 𝑀𝑀0,𝑖𝑖𝜑𝜑𝑖𝑖

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(4)

 

 

𝑈̅𝑈(𝑡𝑡) = 1
𝑁𝑁𝑠𝑠

∑ 𝑈𝑈𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(5) 

 

𝛿𝛿𝑖𝑖
(𝑡𝑡) = 𝑈𝑈𝑖𝑖

(𝑡𝑡)

𝑈̅𝑈(𝑡𝑡) − 1 (6) 

 

𝐶𝐶𝐶𝐶(𝑈𝑈𝑡𝑡) =
√ 1

𝑁𝑁𝑠𝑠
∑ (𝑈𝑈𝑖𝑖

(𝑡𝑡) − 𝑈̅𝑈(𝑡𝑡))2𝑁𝑁𝑠𝑠
𝑖𝑖=1

𝑈̅𝑈(𝑡𝑡) =

= √ 1
𝑁𝑁𝑠𝑠

∑ (𝛿𝛿𝑖𝑖
(𝑡𝑡))

2𝑁𝑁𝑠𝑠

𝑖𝑖=1

(7)

 
	 (7)

A logarithmic multiplicative update (expo-
nentiated gradient) scheme is used to update the 
rotational stiffness. Springs with above-average 
energy are softened, while those with below-
average energy are stiffened. The pre-projection 
multiplicative proposal is:

	
 

𝑘̃𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1) = 𝑘𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡)𝑒𝑒−𝜂𝜂(𝑡𝑡)𝛿𝛿𝑖𝑖
(𝑡𝑡) (8) 

 
𝜂𝜂0 = 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚

∆ , 𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 ∆= 𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖|𝛿𝛿𝑖𝑖
(𝑡𝑡)| (9) 

 

|𝑙𝑙𝑙𝑙 (
𝑘̃𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1)

𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡) )| ≤ 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 (10) 

 

𝐾̅𝐾 = ∑ 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(11) 

 
𝑘𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1) = min (max (𝑠𝑠(𝑡𝑡)𝑘̃𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1), 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) , 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) ,

 𝐾̅𝐾 = ∑ 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(12)

 

 
Φ(𝑡𝑡)(𝑠𝑠(𝑡𝑡)) =

= ∑ min (max (𝑠𝑠𝑘̃𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1), 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) , 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
=

= 𝐾̅𝐾 (13)

 

 

𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖=1,…,𝑁𝑁𝑠𝑠 |𝑙𝑙𝑙𝑙 (
𝑘𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1)

𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡) )| ≤ 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 (14) 

𝜂𝜂 ← 𝜂𝜂
2⁄   

 

	 (8)

The stepsize η(t) is chosen to be adapted to the 
data at each iteration so that the relative changes 
per spring remain limited. The trial stepsize η0 is 
computed based on the maximum absolute value 
of the normalized deviations defined in Equation 
6, and constrained by the relative change limit rmax 
leading to the expression: 
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If Δ = 0, a small positive fallback value is 
used to maintain numerical stability. Equation 9 
ensures that the pre-projection log-increment sat-
isfies the relative-change bound 
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During the optimization process, the relative-
change limit was set to rmax = 0.05. Working in 
logarithmic space makes it possible to impose 
the bounds on relative changes directly via log-
increments. For reference, ln(1.05) ≈ 0.0488, so 
the tolerance of rmax corresponds to a controlled 
stiffness variation of approximately ±5% per it-
eration. To prevent numerical overflow or un-
derflow during exponential evaluation, the expo-
nential −η(t)δi

(t) is restricted to the range [−50,50], 
effectively limiting the magnitude of the multi-
plicative update. The update defined in Equation 
8 is not accepted directly. Instead, it undergoes a 
projection step to enforce feasibility. The provi-
sional field is projected onto the intersection of 
two constraints: per-element admissible stiffness 
range [kr,min, kr,max] and the total stiffness sum con-
straint inherited from the previous iteration.

	

 
𝑘̃𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1) = 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡)𝑒𝑒−𝜂𝜂(𝑡𝑡)𝛿𝛿𝑖𝑖

(𝑡𝑡) (8) 
 

𝜂𝜂0 = 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚
∆ , 𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 ∆= 𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖|𝛿𝛿𝑖𝑖

(𝑡𝑡)| (9) 
 

|𝑙𝑙𝑙𝑙 (
𝑘̃𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1)

𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡) )| ≤ 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 (10) 

 

𝐾̅𝐾 = ∑ 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(11) 

 
𝑘𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1) = min (max (𝑠𝑠(𝑡𝑡)𝑘̃𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1), 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) , 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) ,

 𝐾̅𝐾 = ∑ 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(12)

 

 
Φ(𝑡𝑡)(𝑠𝑠(𝑡𝑡)) =

= ∑ min (max (𝑠𝑠𝑘̃𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1), 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) , 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
=

= 𝐾̅𝐾 (13)

 

 

𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖=1,…,𝑁𝑁𝑠𝑠 |𝑙𝑙𝑙𝑙 (
𝑘𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1)

𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡) )| ≤ 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 (14) 

𝜂𝜂 ← 𝜂𝜂
2⁄   

 

	 (11)

The global quantity defined in Equation 11 
remained unchanged throughout the optimiza-
tion process, ensuring that only a redistribution 
of stiffness occurs at each iteration. To simultane-
ously satisfy both constraints, a positive scaling 
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factor s(t) > 0 is determined such that the scaled 
and bounded update from Equation 8 fulfills the 
admissibility conditions:

	

 
𝑘̃𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1) = 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡)𝑒𝑒−𝜂𝜂(𝑡𝑡)𝛿𝛿𝑖𝑖

(𝑡𝑡) (8) 
 

𝜂𝜂0 = 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚
∆ , 𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 ∆= 𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖|𝛿𝛿𝑖𝑖

(𝑡𝑡)| (9) 
 

|𝑙𝑙𝑙𝑙 (
𝑘̃𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1)

𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡) )| ≤ 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 (10) 

 

𝐾̅𝐾 = ∑ 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(11) 

 
𝑘𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1) = min (max (𝑠𝑠(𝑡𝑡)𝑘̃𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1), 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) , 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) ,

 𝐾̅𝐾 = ∑ 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(12)

 

 
Φ(𝑡𝑡)(𝑠𝑠(𝑡𝑡)) =

= ∑ min (max (𝑠𝑠𝑘̃𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1), 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) , 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
=

= 𝐾̅𝐾 (13)

 

 

𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖=1,…,𝑁𝑁𝑠𝑠 |𝑙𝑙𝑙𝑙 (
𝑘𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1)

𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡) )| ≤ 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 (14) 

𝜂𝜂 ← 𝜂𝜂
2⁄   

 

	(12)

This projection step can be reformulated as 
solving a scalar equation for the scaling factor s(t) 
and leads to:

	

 
𝑘̃𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1) = 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡)𝑒𝑒−𝜂𝜂(𝑡𝑡)𝛿𝛿𝑖𝑖

(𝑡𝑡) (8) 
 

𝜂𝜂0 = 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚
∆ , 𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 ∆= 𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖|𝛿𝛿𝑖𝑖

(𝑡𝑡)| (9) 
 

|𝑙𝑙𝑙𝑙 (
𝑘̃𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1)

𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡) )| ≤ 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 (10) 

 

𝐾̅𝐾 = ∑ 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(11) 

 
𝑘𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1) = min (max (𝑠𝑠(𝑡𝑡)𝑘̃𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1), 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) , 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) ,

 𝐾̅𝐾 = ∑ 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(12)

 

 
Φ(𝑡𝑡)(𝑠𝑠(𝑡𝑡)) =

= ∑ min (max (𝑠𝑠𝑘̃𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1), 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) , 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
=

= 𝐾̅𝐾 (13)

 

 

𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖=1,…,𝑁𝑁𝑠𝑠 |𝑙𝑙𝑙𝑙 (
𝑘𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1)

𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡) )| ≤ 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 (14) 

𝜂𝜂 ← 𝜂𝜂
2⁄   

 

	

This Equation 13 mapping is continuous 
and nondecreasing, with boundary values Φ(t)(0) 
= Nskr,min and if s(t) → ∞ then Φ(t)(s(t)) = Nskr,max. 
The monotonic nature of the mapping Φ(t)(s(t))  
ensures that this solution is unique. The scaling 
factor s(t) is computed with the bisection method. 
After the projection step, an acceptance criterion 
is imposed. The Equation 8 is accepted only if the 
maximum relative change satisfies:

	

 
𝑘̃𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1) = 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡)𝑒𝑒−𝜂𝜂(𝑡𝑡)𝛿𝛿𝑖𝑖

(𝑡𝑡) (8) 
 

𝜂𝜂0 = 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚
∆ , 𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 ∆= 𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖|𝛿𝛿𝑖𝑖

(𝑡𝑡)| (9) 
 

|𝑙𝑙𝑙𝑙 (
𝑘̃𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1)

𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡) )| ≤ 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 (10) 

 

𝐾̅𝐾 = ∑ 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(11) 

 
𝑘𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1) = min (max (𝑠𝑠(𝑡𝑡)𝑘̃𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1), 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) , 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) ,

 𝐾̅𝐾 = ∑ 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(12)

 

 
Φ(𝑡𝑡)(𝑠𝑠(𝑡𝑡)) =

= ∑ min (max (𝑠𝑠𝑘̃𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1), 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) , 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
=

= 𝐾̅𝐾 (13)

 

 

𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖=1,…,𝑁𝑁𝑠𝑠 |𝑙𝑙𝑙𝑙 (
𝑘𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1)

𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡) )| ≤ 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 (14) 

𝜂𝜂 ← 𝜂𝜂
2⁄   

 

	 (14)

If the condition in Equation 14 is violated, the 
update is unacceptable. In such cases, the stepsize  
η ← η/2 and both the Equation 8 and projection 
step are recomputed. This backtracking strategy 
ensures numerical stability and promotes smooth 
convergence. The process of optimization termi-
nated once the coefficients of variation Equation 
7 fell below the threshold εCV = 0.07 for p = 2 
consecutive iterations, provided that the iteration 
count exceeds t0 = 2. This prevents premature ter-
mination and confirms that the energy field has 
sufficiently stabilized. This condition CV(Ut) < 
εCV indicates that the stored potential energy is 
nearly evenly spread across the lattice, ensuring 
that no subset of spring is overstressed or under-
utilized. The condition that total stiffness sum re-
mains fixed throughout the optimization process 
causes only a redistribution occurs without alter-
ing the global load-displacement response of the 
structure. All necessary parameters for conducting 
the simulation and optimization, as well as model-
related information, are provided in Table 2. 

RESULTS

Unoptimized and optimized microstructures 
are compared for two loading cases, BIAS ex-
tension and shear, each evaluated at three lattice 

Table 2. Numerical parameters
Category Parameter Value/Range Unit

Geometry Cells along 𝕃𝕃1 
 
𝕃𝕃2 
 

𝑘𝑘𝑟𝑟 = 𝐺𝐺 ∙ 𝐽𝐽
𝐿𝐿 (1) 

∆𝑢𝑢𝑥𝑥1
≈ 𝕃𝕃2

3   
 
 
∆𝑢𝑢𝑥𝑥2

≈ 𝕃𝕃2
3   

 
 

Π = 𝑈𝑈𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑈𝑈𝑒𝑒𝑒𝑒𝑒𝑒, 𝛿𝛿Π = 0 (2) 
 

𝜅𝜅𝑗𝑗 =
𝑑𝑑𝜙𝜙𝑗𝑗
𝑑𝑑𝑑𝑑  

 
 𝜀𝜀𝑗𝑗 = 𝑑𝑑𝑢𝑢𝑗𝑗

𝑑𝑑𝑑𝑑  
 

ΠBIAS,SHEAR = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 (3)

 

 

ΠPRE = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 −

− ∑ 𝑀𝑀0,𝑖𝑖𝜑𝜑𝑖𝑖

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(4)

 

 

𝑈̅𝑈(𝑡𝑡) = 1
𝑁𝑁𝑠𝑠

∑ 𝑈𝑈𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(5) 

 

𝛿𝛿𝑖𝑖
(𝑡𝑡) = 𝑈𝑈𝑖𝑖

(𝑡𝑡)

𝑈̅𝑈(𝑡𝑡) − 1 (6) 

 

𝐶𝐶𝐶𝐶(𝑈𝑈𝑡𝑡) =
√ 1

𝑁𝑁𝑠𝑠
∑ (𝑈𝑈𝑖𝑖

(𝑡𝑡) − 𝑈̅𝑈(𝑡𝑡))2𝑁𝑁𝑠𝑠
𝑖𝑖=1

𝑈̅𝑈(𝑡𝑡) =

= √ 1
𝑁𝑁𝑠𝑠

∑ (𝛿𝛿𝑖𝑖
(𝑡𝑡))

2𝑁𝑁𝑠𝑠

𝑖𝑖=1

(7)

 

7,10,14 -

Cells along 

𝕃𝕃1 
 
𝕃𝕃2 
 

𝑘𝑘𝑟𝑟 = 𝐺𝐺 ∙ 𝐽𝐽
𝐿𝐿 (1) 

∆𝑢𝑢𝑥𝑥1
≈ 𝕃𝕃2

3   
 
 
∆𝑢𝑢𝑥𝑥2

≈ 𝕃𝕃2
3   

 
 

Π = 𝑈𝑈𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑈𝑈𝑒𝑒𝑒𝑒𝑒𝑒, 𝛿𝛿Π = 0 (2) 
 

𝜅𝜅𝑗𝑗 =
𝑑𝑑𝜙𝜙𝑗𝑗
𝑑𝑑𝑑𝑑  

 
 𝜀𝜀𝑗𝑗 = 𝑑𝑑𝑢𝑢𝑗𝑗

𝑑𝑑𝑑𝑑  
 

ΠBIAS,SHEAR = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 (3)

 

 

ΠPRE = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 −

− ∑ 𝑀𝑀0,𝑖𝑖𝜑𝜑𝑖𝑖

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(4)

 

 

𝑈̅𝑈(𝑡𝑡) = 1
𝑁𝑁𝑠𝑠

∑ 𝑈𝑈𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(5) 

 

𝛿𝛿𝑖𝑖
(𝑡𝑡) = 𝑈𝑈𝑖𝑖

(𝑡𝑡)

𝑈̅𝑈(𝑡𝑡) − 1 (6) 

 

𝐶𝐶𝐶𝐶(𝑈𝑈𝑡𝑡) =
√ 1

𝑁𝑁𝑠𝑠
∑ (𝑈𝑈𝑖𝑖

(𝑡𝑡) − 𝑈̅𝑈(𝑡𝑡))2𝑁𝑁𝑠𝑠
𝑖𝑖=1

𝑈̅𝑈(𝑡𝑡) =

= √ 1
𝑁𝑁𝑠𝑠

∑ (𝛿𝛿𝑖𝑖
(𝑡𝑡))

2𝑁𝑁𝑠𝑠

𝑖𝑖=1

(7)

 

21,30,42 -

Number of springs 319, 637, 1229 -

Length of shorter side 𝕃𝕃1 
 
𝕃𝕃2 
 

𝑘𝑘𝑟𝑟 = 𝐺𝐺 ∙ 𝐽𝐽
𝐿𝐿 (1) 

∆𝑢𝑢𝑥𝑥1
≈ 𝕃𝕃2

3   
 
 
∆𝑢𝑢𝑥𝑥2

≈ 𝕃𝕃2
3   

 
 

Π = 𝑈𝑈𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑈𝑈𝑒𝑒𝑒𝑒𝑒𝑒, 𝛿𝛿Π = 0 (2) 
 

𝜅𝜅𝑗𝑗 =
𝑑𝑑𝜙𝜙𝑗𝑗
𝑑𝑑𝑑𝑑  

 
 𝜀𝜀𝑗𝑗 = 𝑑𝑑𝑢𝑢𝑗𝑗

𝑑𝑑𝑑𝑑  
 

ΠBIAS,SHEAR = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 (3)

 

 

ΠPRE = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 −

− ∑ 𝑀𝑀0,𝑖𝑖𝜑𝜑𝑖𝑖

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(4)

 

 

𝑈̅𝑈(𝑡𝑡) = 1
𝑁𝑁𝑠𝑠

∑ 𝑈𝑈𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(5) 

 

𝛿𝛿𝑖𝑖
(𝑡𝑡) = 𝑈𝑈𝑖𝑖

(𝑡𝑡)

𝑈̅𝑈(𝑡𝑡) − 1 (6) 

 

𝐶𝐶𝐶𝐶(𝑈𝑈𝑡𝑡) =
√ 1

𝑁𝑁𝑠𝑠
∑ (𝑈𝑈𝑖𝑖

(𝑡𝑡) − 𝑈̅𝑈(𝑡𝑡))2𝑁𝑁𝑠𝑠
𝑖𝑖=1

𝑈̅𝑈(𝑡𝑡) =

= √ 1
𝑁𝑁𝑠𝑠

∑ (𝛿𝛿𝑖𝑖
(𝑡𝑡))

2𝑁𝑁𝑠𝑠

𝑖𝑖=1

(7)

 

0.07 m

Length of longer side 

𝕃𝕃1 
 
𝕃𝕃2 
 

𝑘𝑘𝑟𝑟 = 𝐺𝐺 ∙ 𝐽𝐽
𝐿𝐿 (1) 

∆𝑢𝑢𝑥𝑥1
≈ 𝕃𝕃2

3   
 
 
∆𝑢𝑢𝑥𝑥2

≈ 𝕃𝕃2
3   

 
 

Π = 𝑈𝑈𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑈𝑈𝑒𝑒𝑒𝑒𝑒𝑒, 𝛿𝛿Π = 0 (2) 
 

𝜅𝜅𝑗𝑗 =
𝑑𝑑𝜙𝜙𝑗𝑗
𝑑𝑑𝑑𝑑  

 
 𝜀𝜀𝑗𝑗 = 𝑑𝑑𝑢𝑢𝑗𝑗

𝑑𝑑𝑑𝑑  
 

ΠBIAS,SHEAR = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 (3)

 

 

ΠPRE = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 −

− ∑ 𝑀𝑀0,𝑖𝑖𝜑𝜑𝑖𝑖

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(4)

 

 

𝑈̅𝑈(𝑡𝑡) = 1
𝑁𝑁𝑠𝑠

∑ 𝑈𝑈𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(5) 

 

𝛿𝛿𝑖𝑖
(𝑡𝑡) = 𝑈𝑈𝑖𝑖

(𝑡𝑡)

𝑈̅𝑈(𝑡𝑡) − 1 (6) 

 

𝐶𝐶𝐶𝐶(𝑈𝑈𝑡𝑡) =
√ 1

𝑁𝑁𝑠𝑠
∑ (𝑈𝑈𝑖𝑖

(𝑡𝑡) − 𝑈̅𝑈(𝑡𝑡))2𝑁𝑁𝑠𝑠
𝑖𝑖=1

𝑈̅𝑈(𝑡𝑡) =

= √ 1
𝑁𝑁𝑠𝑠

∑ (𝛿𝛿𝑖𝑖
(𝑡𝑡))

2𝑁𝑁𝑠𝑠

𝑖𝑖=1

(7)

 

0.21 m

Beam cross-section 1 × 10-6 m2

Material properties Young’s modulus 1650 MPa

Poisson’s ratio 0.3 -

Translation stiffness 1 × 10-9 N·m-1

Rotational stiffness 2.5519 × 10-2 N·m·rad-1

Rotational stiffness range 6.23 × 10-6 ₋ 6.23 × 10-2 N·m·rad-1

Boundary conditions BIAS displacement Δux1 ≈ 𝕃𝕃1 
 
𝕃𝕃2 
 

𝑘𝑘𝑟𝑟 = 𝐺𝐺 ∙ 𝐽𝐽
𝐿𝐿 (1) 

∆𝑢𝑢𝑥𝑥1
≈ 𝕃𝕃2

3   
 
 
∆𝑢𝑢𝑥𝑥2

≈ 𝕃𝕃2
3   

 
 

Π = 𝑈𝑈𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑈𝑈𝑒𝑒𝑒𝑒𝑒𝑒, 𝛿𝛿Π = 0 (2) 
 

𝜅𝜅𝑗𝑗 =
𝑑𝑑𝜙𝜙𝑗𝑗
𝑑𝑑𝑑𝑑  

 
 𝜀𝜀𝑗𝑗 = 𝑑𝑑𝑢𝑢𝑗𝑗

𝑑𝑑𝑑𝑑  
 

ΠBIAS,SHEAR = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 (3)

 

 

ΠPRE = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 −

− ∑ 𝑀𝑀0,𝑖𝑖𝜑𝜑𝑖𝑖

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(4)

 

 

𝑈̅𝑈(𝑡𝑡) = 1
𝑁𝑁𝑠𝑠

∑ 𝑈𝑈𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(5) 

 

𝛿𝛿𝑖𝑖
(𝑡𝑡) = 𝑈𝑈𝑖𝑖

(𝑡𝑡)

𝑈̅𝑈(𝑡𝑡) − 1 (6) 

 

𝐶𝐶𝐶𝐶(𝑈𝑈𝑡𝑡) =
√ 1

𝑁𝑁𝑠𝑠
∑ (𝑈𝑈𝑖𝑖

(𝑡𝑡) − 𝑈̅𝑈(𝑡𝑡))2𝑁𝑁𝑠𝑠
𝑖𝑖=1

𝑈̅𝑈(𝑡𝑡) =

= √ 1
𝑁𝑁𝑠𝑠

∑ (𝛿𝛿𝑖𝑖
(𝑡𝑡))

2𝑁𝑁𝑠𝑠

𝑖𝑖=1

(7)

 

/3 m

Shear test displacement Δux2 ≈ 

𝕃𝕃1 
 
𝕃𝕃2 
 

𝑘𝑘𝑟𝑟 = 𝐺𝐺 ∙ 𝐽𝐽
𝐿𝐿 (1) 

∆𝑢𝑢𝑥𝑥1
≈ 𝕃𝕃2

3   
 
 
∆𝑢𝑢𝑥𝑥2

≈ 𝕃𝕃2
3   

 
 

Π = 𝑈𝑈𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑈𝑈𝑒𝑒𝑒𝑒𝑒𝑒, 𝛿𝛿Π = 0 (2) 
 

𝜅𝜅𝑗𝑗 =
𝑑𝑑𝜙𝜙𝑗𝑗
𝑑𝑑𝑑𝑑  

 
 𝜀𝜀𝑗𝑗 = 𝑑𝑑𝑢𝑢𝑗𝑗

𝑑𝑑𝑑𝑑  
 

ΠBIAS,SHEAR = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 (3)

 

 

ΠPRE = ∑ 1
2 𝑘𝑘𝑟𝑟,𝑖𝑖𝜑𝜑𝑖𝑖

2
𝑁𝑁𝑠𝑠

𝑖𝑖=1
+

+ ∑ ∫ [1
2 𝐸𝐸𝐼𝐼𝑗𝑗𝜅𝜅𝑗𝑗(𝑠𝑠)2 + 1

2 𝐸𝐸𝐴𝐴𝑗𝑗𝜀𝜀𝑗𝑗(𝑠𝑠)2]
𝐿𝐿𝑗𝑗

0

𝑁𝑁𝑏𝑏

𝑗𝑗=1
𝑑𝑑𝑑𝑑 −

− ∑ 𝑀𝑀0,𝑖𝑖𝜑𝜑𝑖𝑖

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(4)

 

 

𝑈̅𝑈(𝑡𝑡) = 1
𝑁𝑁𝑠𝑠

∑ 𝑈𝑈𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(5) 

 

𝛿𝛿𝑖𝑖
(𝑡𝑡) = 𝑈𝑈𝑖𝑖

(𝑡𝑡)

𝑈̅𝑈(𝑡𝑡) − 1 (6) 

 

𝐶𝐶𝐶𝐶(𝑈𝑈𝑡𝑡) =
√ 1

𝑁𝑁𝑠𝑠
∑ (𝑈𝑈𝑖𝑖

(𝑡𝑡) − 𝑈̅𝑈(𝑡𝑡))2𝑁𝑁𝑠𝑠
𝑖𝑖=1

𝑈̅𝑈(𝑡𝑡) =

= √ 1
𝑁𝑁𝑠𝑠

∑ (𝛿𝛿𝑖𝑖
(𝑡𝑡))

2𝑁𝑁𝑠𝑠

𝑖𝑖=1

(7)

 

/3 m

Pre-moment case MFZ = -0.1 N·m
Optimization settings Maximum iterations 500 –

Convergence threshold 0.07 –

Relative change limit 0.05 (≈ ±5%) –

Consecutive passes 2 –

Min. iterations before CV 2 –

(13)

 
𝑘̃𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1) = 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡)𝑒𝑒−𝜂𝜂(𝑡𝑡)𝛿𝛿𝑖𝑖

(𝑡𝑡) (8) 
 

𝜂𝜂0 = 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚
∆ , 𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 ∆= 𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖|𝛿𝛿𝑖𝑖

(𝑡𝑡)| (9) 
 

|𝑙𝑙𝑙𝑙 (
𝑘̃𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1)

𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡) )| ≤ 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 (10) 

 

𝐾̅𝐾 = ∑ 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(11) 

 
𝑘𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1) = min (max (𝑠𝑠(𝑡𝑡)𝑘̃𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1), 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) , 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) ,

 𝐾̅𝐾 = ∑ 𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
(12)

 

 
Φ(𝑡𝑡)(𝑠𝑠(𝑡𝑡)) =

= ∑ min (max (𝑠𝑠𝑘̃𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡+1), 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚) , 𝑘𝑘𝑟𝑟,𝑚𝑚𝑚𝑚𝑚𝑚)

𝑁𝑁𝑠𝑠

𝑖𝑖=1
=

= 𝐾̅𝐾 (13)

 

 

𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖=1,…,𝑁𝑁𝑠𝑠 |𝑙𝑙𝑙𝑙 (
𝑘𝑘𝑟𝑟,𝑖𝑖

(𝑡𝑡+1)

𝑘𝑘𝑟𝑟,𝑖𝑖
(𝑡𝑡) )| ≤ 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 (14) 

𝜂𝜂 ← 𝜂𝜂
2⁄   
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resolutions. The von Mises stress field for the 
BIAS extension test is presented first, along with 
the corresponding spring-energy maps, followed 
by the optimized stiffness fields. The same se-
quence is applied to the shear test. The pre-mo-
ment case is addressed subsequently. A pre-mo-
ment configuration is shown qualitatively. Only 
deformed geometry and energy maps are report-
ed. Quantitative summaries, including peak von 
Mises stress, maximum spring energy, and reduc-
tion factors, are provided in Table 3 and Table 5, 
while active set analyses of energy homogeniza-
tion based on the 10th percentile threshold (τ0.1) 
are reported in Table 4 and Table 6. 

Numerical results

Under the BIAS extension test, the panto-
graphic structure exhibits the canonical mixed 
bending-tension response with a central neck-
ing and boundary layers near the clamp. In the 
unoptimized configurations (Figure 5a,c,e), the 
peak von Mises stress increases with microstruc-
tural density Nf. This is a consequence of a larger 
number of pivots, which favor the localization 
of deformation on the neck and the accumula-
tion of energy. After optimization (Figure 5b,d,f), 
the structure finds a new kinematically admissible 
minimum, which develops a  thin, well-defined 
central neck. The maximum von Mises stress 
consistently stabilizes at approximately 5 × 107 

Pa irrespective of Nf. The optimization procedure 

preserves the global force-displacement response, 
suggesting that stiffness redistribution does not 
affect macroscopic behavior. Figure 6 illustrates 
the influence of energy equalization on the redis-
tribution of local work within the pantographic 
lattice under BIAS. In the baseline configuration 
(Figure 6a,c,e), spring potential energy is con-
centrated in the central neck region. Boundary 
layers and corners zones exhibit minimal energy 
accumulation. Consequently, the energy input is 
unevenly distributed, with the central pivots in 
the neck region accounting for a dominant share 
of the total work. In contrast, the optimized con-
figuration (Figure 6b,d,f) exhibits a nearly homo-
geneous distribution of spring potential energy 
across the active domain. This corresponds to a 
significant attenuation of local energy peaks com-
pared to the initial configuration. A coherent field 
of spring potential energy develops, spanning the 
majority of the pantographic lattice. Energeti-
cally subdued regions persist near the clamps and 
corners. This is a direct consequence of Dirichlet 
boundary conditions that suppress local rotations. 
Nevertheless, the optimization procedure ensures 
a high degree of uniformity in regions free from 
such constraints, underscoring the effectiveness 
in mitigating local disparities wherever boundary 
effects do not interfere.

Figure 7 illustrates the final rotational stiff-
ness field together with its increment relative to 
the initial state, Δkr = kr

500 ₋ kr
0, exposing how 

the energy equalization procedure redistributes 

Figure 5. von Mises equivalent stress for the BIAS extension test: (a, c, e) – unoptimized structures, 
(b, d, f) – optimized structures after energy equalization. Rows Nf = 7, 10, 14
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mechanical penalties across the pantographic lat-
tice under a fixed global quantity Equation 11. 
The center is systematically softened, while the 
near-clamp regions are driven toward the upper 
bound of the maximum admissible stiffness. This 
configuration facilitates the emergence of a nar-
row kinematic waist seen in Figure 5b, d and f.

Before optimization, the neck region concen-
trates the majority of springs work. Consequently, 
the algorithm selectively reduces the stiffness in 
this area until its energy contribution aligns with 

the lattice-wide average, thereby equalizing the 
distribution of mechanical effort. The neck does 
not collapse to kr,min either, because the objective 
was to equalize energies rather than to minimize 
kr locally. In contrast, the outer regions contrib-
ute insufficient mechanical work and are there-
fore selectively stiffened to enhance their role 
on load transmission. This pattern is consistently 
preserved across all three configurations Nf = 7, 
10, 14, regardless of lattice refinement. The out-
comes of the optimization process for the BIAS 

Figure 6. Potential energy stored in the springs of a pantographic lattice for the BIAS extension test: (a, c, e) – 
unoptimized structures, (b, d, f) – optimized structures after energy equalization. Rows Nf = 7, 10, 14

Figure 7. Spring rotational stiffness in a pantographic lattice for the BIAS extension test and its difference 
relative to the initial state: (a, c, e) – optimized structures kr

500, (b, d, f) – Δkr = kr
500 ₋ kr

0. Rows Nf = 7, 10, 14
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are summarized in Table 3, reporting the peak von 
Mises stress, the maximum spring energy and the 
corresponding reduction factors for all cases.

To quantify the homogenization on load-car-
rying pivots, CV(Ut) was additionally evaluated 
on active set defined by a 10th percentile thresh-
old on the combined energy distribution. A pivot 
is marked active if Ui

t > τ in either state. Nega-
tive ΔCV indicates improved energy homogeni-
zation. The minor change at Nf = 14 is consistent 
with the larger fraction of pivots adjacent to the 
clamp and bound-active constraints rather than 
by a lack of convergence. These results are il-
lustrated in Table 4. 

Under shear loading, the pantographic lattice 
forms two families of rhombi that rotate in op-
posite directions and a diagonal load path. In the 
unoptimized configurations (Figure 8a,c,e) the 
von Mises stress assembles into oblique bands 
aligned with the principal shear directions. Af-
ter optimization (Figure 8b,d,f) the pantographic 
structure adopts a new kinematically admissible 
deformation mode in which the diagonal shear 
band is clearer and more coherent. The von 
Mises stress peaks are capped and exhibit mark-
edly reduced sensitivity to Nf. Spatially, stress 
concentrations remain on the shear paths, but 
their distribution becomes more uniform. Figure 
9 illustrates the distribution of local spring po-
tential energy in the pantographic lattice under 
shear loading. In the initial state (Figure 9a,c,e), 
the field exhibits a fragmented distribution. 
Peak values appear near the narrows while the 
diagonal load path remains relatively under-en-
ergized. Only a small part of all pivots absorbs a 
disproportionately large share of the work. After 
optimization (Figure 9b,d,f) the field assumes a 
spatially uniform profile across the active do-
main, indicative of a homogenized mechanical 

response. A diamond-like region of low energy 
persists at the intersection of the principal shear 
directions. Meanwhile, previously underutilized 
regions are activated to share mechanical effort 
more evenly. As Nf increases, the optimized field 
exhibits enhanced smoothness and the residual 
diagonal fades. 

Figure 10 makes the mechanism explicit. 
In the response to shear loading, the optimized 
stiffness distribution assembles into a diamond-
shaped interior skeleton aligned with the princi-
pal shear directions, bordered by softened outer 
regions (Figure 10a,c,e) that facilitate broader de-
formation. As the lattice is refined this diamond 
structure preserves its connectivity. Pivots situ-
ated along the principal shear diagonals approach 
kr,max, reinforcing the integrity of the oblique 
deformation mode. The distribution Δkr (Fig-
ure 10b,d,f) exhibits positive bands along those 
diagonals and negative belts near the structural 
boundaries. The optimized structure reinforces 
the spring centrally, enhancing the oblique de-
formation mode while it preserves connectivity 
across all configurations Nf. Table 5 summarizes 
the results of the optimization process for the 
shear test, including the peak von Mises stress, 
the maximum spring energy, and the associated 
reduction factors for each configuration.

Under the shear loading, the optimization 
yields strong energy equalizations across all re-
finements. On the active set defined by 10th per-
centile threshold (τ0.1), CV(Ut) decreases markedly 
indicating efficient homogenization among load-
carrying pivots. The consistent drop ∆CV(Ut) ≈ 
-0.6 across all configurations of lattice confirms 
the robustness of optimization with respect to lat-
tice refinement. Table 6 presents this consistency. 

Applying a uniform field of a bending mo-
ment of MFZ to the springs in the hinges leads 

Table 3. Quantitative synthesis of the BIAS extension test
𝑁𝑁𝑓𝑓 𝜎𝜎𝑉𝑉𝑉𝑉

𝑚𝑚𝑚𝑚𝑚𝑚(𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢) 𝜎𝜎𝑉𝑉𝑉𝑉
𝑚𝑚𝑚𝑚𝑚𝑚(𝑜𝑜𝑜𝑜𝑜𝑜) Reduction (𝑥𝑥) 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚

(𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢) 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚
(𝑜𝑜𝑜𝑜𝑜𝑜) Reduction (𝑥𝑥) 

7 107.1 MPa 51.2 MPa ~2.1𝑥𝑥 1.0 × 10−2 J 5.6 × 10−4 J ~17.9𝑥𝑥 

10 146.4 MPa 53.7 MPa ~2.7𝑥𝑥 1.1 × 10−2 J 4.9 × 10−4 J ~22.4𝑥𝑥 

14 200.0 MPa 51.7 MPa ~3.9𝑥𝑥 1.2 × 10−2 J 4.2 × 10−4 J ~28.6𝑥𝑥 

 
Table 4. Active set analysis of energy homogenization in the BIAS extension test

Nf Springs Active τ0.1 CV(Ut)unopt CV(Ut)unopt ΔCV(Ut)

7 319 92.2 % 2.27 × 10-7 J 0.662 0.519 -0.143

10 637 92.8 % 7.41 × 10-8 J 0.625 0.557 -0.068

14 1229 94.3 % 4.68 × 10-7 J 0.607 0.608 +0.001
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Figure 8. von Mises equivalent stress in a pantographic lattice for the shear test: (a, c, e) – unoptimized 
structures, (b, d, f) – optimized structures after energy equalization. Rows Nf = 7, 10, 14

Table 5. Quantitative synthesis of the shear test
𝑁𝑁𝑓𝑓 𝜎𝜎𝑉𝑉𝑉𝑉

𝑚𝑚𝑚𝑚𝑚𝑚(𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢) 𝜎𝜎𝑉𝑉𝑉𝑉
𝑚𝑚𝑚𝑚𝑚𝑚(𝑜𝑜𝑜𝑜𝑜𝑜) Reduction (𝑥𝑥) 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚

(𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢) 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚
(𝑜𝑜𝑜𝑜𝑜𝑜) Reduction (𝑥𝑥) 

7 71.9 MPa 40.3 MPa ~1.8𝑥𝑥 2.9 × 10−3 J 4.5 × 10−5 J ~64.4𝑥𝑥 

10 97.7 MPa 49.3 MPa ~2.0𝑥𝑥 3.1 × 10−3 J 4.1 × 10−5 J ~75.6𝑥𝑥 

14 129.1 MPa 58.6 MPa ~2.2𝑥𝑥 3.2 × 10−3 J 2.5 × 10−5 J ~128.0𝑥𝑥 

 

to equilibrium achieved solely through the rota-
tional displacement. The mechanical deformation 
of lattice arises from kinematic coupling between 
adjacent unit cells and the absence of external 
constraint. At the edges of the structure, where 
applied field cannot be balanced internally, the 
network undergoes global outward deformation, 
resulting in a visible increase in projected width 

(Figure 11a,c,e). Peak energy values are concen-
trated on the edge of lattice, indicating that the 
structural work is primarily absorbed by the first 
rows of unit cells. Figure 11b, d, and f illustrates 
as the microstructural density Nf increases, the 
same deformation effect is distributed across a 
greater number of unit cells, thereby reducing the 
energy per spring.
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Figure 9. Potential energy stored in the springs of a pantographic lattice for the shear test: (a, c, e) – unoptimized 
structures, (b, d, f) – optimized structures after energy equalization. Rows  Nf = 7, 10, 14

Figure 10. Spring rotational stiffness in a pantographic lattice for the shear test and difference relative to the 
initial state: (a, c, e) – optimized structures kr

500, (b, d, f) – Δkr
 = kr

500 ₋ kr
0. Rows Nf = 7, 10, 14

DISCUSSION

In this study, a complementary strategy for 
controlling behavior in a pantographic lattice 
is proposed, based on discrete optimization of 
local stiffness rather than the reformulation of 
the continuum model. The present results are 
consistent with established theoretical and ex-
perimental framework, particularly in terms of 

observed kinematic patterns for the unoptimized 
lattice [18]. Extensive studies have demonstrat-
ed that pantographic metamaterials homogenize 
into second-gradient continuum models, which 
accurately reproduce characteristic responses 
such as necking and oblique shear band for-
mation under BIAS and shear loading [27,28]. 
The main result of the conducted research is the 
demonstration that balancing the spring energy 
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Table 6. Active set analysis of energy homogenization in the shear test

Nf Springs Active τ0.1 CV(Ut)unopt CV(Ut)opt CV(Ut)

7 319 92.5 % 4.18 × 10-9
 J 1.214 0.574 -0.640

10 637 92.3 % 1.18 × 10-8
 J 1.208 0.603 -0.605

14 1229 94.2 % 2.03 × 10-8 J 1.226 0.610 -0.616

Figure 11. Pre-moment state: (a, c, e) – deformed configuration, (b, d, f) – potential energy stored in the springs 
of a pantographic lattice. Rows Nf = 7, 10, 14

by modifying the rotational stiffness of the piv-
ots while maintaining a constant total stiffness 
and adhering to predefined lower and upper con-
straints leads to flattening of the operating fields, 
reducing the von Mises stress, and stabilizing 
the macroscopic response of the lattice. These 
effects were observed in the three distinct load-
ing cases, including the BIAS extension test, the 
shear loading and the configuration involving 
a  pre-applied bending moment field. The ob-
served kinematic and energy patterns align with 
mechanics of pantographic metamaterial and 
second-gradient theories [29,30], which predict 
localization regularization and field smoothing 
through microstructural kinematic penalties. The 
results confirm that appropriately distributed ro-
tational stiffness can act as a mechanism for con-
trolling energy localization and enhancing struc-
tural response stability in material with tunable 
microarchitectures. Under the BIAS extension 
test, the optimization alleviates stress concen-
trations in the neck region by locally reducing 
rotational stiffness and assigning near-maximal 

stiffness near the clamps, effectively broaden-
ing the load path, and suppressing peak stresses. 
Under the shear test, the optimized configuration 
promotes a diamond-like interior skeleton with 
softened outer margins of the lattice. This struc-
tural adaptation reorganizes load transmission 
along oblique principal directions. Its internal 
architecture is adapted to better accommodate 
shear forces. Under the pre-applied bending mo-
ment field configuration, purely kinematic cou-
pling is activated, producing edge-dominated 
energy uptake and an anisotropic pre-shape that 
biases subsequent deformation. This capabil-
ity allows directional control of energy flow to 
relative external loading and highlights the role 
of pre-stressed states in tailoring the response 
of programmable metamaterials. From an algo-
rithmic standpoint, the multiplicative log-update 
mechanism decreases stiffness in regions where 
mechanical work exceeds the average and in-
creases it where stiffness is under-utilized. The 
projection step ensures feasibility. Meanwhile, 
the coefficient of variation CV(U t) emerges as 
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a robust convergence metric, capturing the uni-
formity of the energy distribution across the lat-
tice. Prior optimization efforts on pantographic 
lattices have primarily focused on tuning mac-
roscopic shear-stiffness fields or continuum pa-
rameters to extend elastic range or delay rup-
ture, typically formulated at the homogenized 
or coarse-grained level [31]. In contrast, the 
present approach operates directly at the lattice 
scale, yielding outcomes that are not targeted in 
macro-level optimization studies. By acting on 
discrete elements, the method complements and 
extends recent research emphasizing the role of 
energy-driven, adaptive redistribution across the 
lattice. The observed effects not only validate 
the effectiveness of discrete stiffness redistri-
bution in pantographic lattices but also reveal 
a broader potential for programmable control, 
enhanced durability, and multi-scale integration, 
setting the stage for future developments. Dis-
crete stiffness equalization transcends conven-
tional static field regularization by establishing 
the groundwork for lifetime-aware control strat-
egies in pantographic lattices. A crucial next step 
is to extend the pivot formulation by incorporat-
ing damage, plasticity, and friction effects at the 
rotational interface. Such enhancements would 
enable rigorous quantification of how optimized 
stiffness distribution mitigates fatigue by delay-
ing initiation and slowing accumulation. This 
advancement would transform the method from 
a purely kinematic smoothing tool into a micro-
structural controller capable of managing long-
term degradation.

Although the present study focuses on com-
putational optimization, the obtained stiffness re-
distribution patterns are directly compatible with 
existing additive manufacturing methods such as 
selective laser sintering or fused filament fabrica-
tion. The optimized geometries can be fabricated 
using polymeric or metallic filament with adjust-
able pivot stiffness allowing controlled replica-
tion. This provides a direct bridge from the pro-
posed stiffness redistribution to experimentally 
verifiable, manufacturable pantographic metama-
terials. An additional perspective involves tempo-
ral modulation of stiffness fields, where individu-
al pivots undergo controlled stiffness decay over 
time. Such 4D behavior, characterized by dynam-
ically evolving mechanical properties, could be 
programmed to maintain uniform energy distri-
bution or control deformation paths in response 
to changing loads. The lattice becomes capable of 

adapting its internal microstructures in real time, 
effectively embedding chronologically tunable 
response into the material system. Altogether, the 
study suggests that discrete stiffness equalization 
is a promising and physically grounded strategy 
with potential to enhance mechanical durability, 
adaptability, and fatigue resistance in the panto-
graphic lattice.

CONCLUSIONS

The study presents a framework for optimiz-
ing the microstructure of pantographic metamate-
rial by modeling pivots as kinematic hinges com-
plemented by coupled translational-rotational 
springs, with total stiffness conserved. Across the 
two loading scenarios and three lattice resolutions 
refinements, the procedure homogenizes spring-
energy fields, reduces peak von Mises stresses. 
The deformation patterns align with pantographic 
mechanics, including narrowing of the critical 
zone in the BIAS extension test, internal skel-
eton formation under shear loading and energy 
localized absorption during pre-moment loading. 
These results indicate that stiffness equalization 
of the pivots provides a straightforward route to 
reduce stress concentration and stabilize macro-
scopic behavior without changes to material or 
overall geometry. 
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