
504

INTRONDUCTION

Flexure mechanism has no backlash, no dry 
friction, no need of lubrication and high stiffness. 
Therefore, flexure mechanisms can provide preci-
sion small motion with high resolution. Flexure-
based mechanisms are increasingly used in vari-
ous fields such as precision fabrication systems 
[1, 2], accurate displacement generation and pre-
cise positioning [3], medical assisting systems 
[4], precise grippers [5], force stabilization [6], 
and force stabilization systems of robot arms and 
end-effector [7, 8]. Their applications extend to 
fluid control [9, 10] and even aerospace engineer-
ing thanks to their advantages: compactness, easy 
integration, smooth motion, frictionless opera-
tion, no need of lubrication and high stiffness and 
precision [11, 12]. Recent studies have focused on 
developing new large displacement amplification 

and high natural frequencies while maintaining 
material strength for high-performance operation. 
Intelligent control algorithms have also been cre-
ated to improve control accuracy and minimize 
errors [13]. To receive the optimal design on the 
shape and dimensions of flexure mechanisms, fi-
nite element analysis (FEA) commercial software 
like Ansys, Abacus, etc. [14], or topology optimi-
zation [15, 16], and mathematical modeling [17] 
are employed [14]. Recently, some studies have 
incorporated damping coefficients at the flexure 
joints into the modeling and analysis [18, 19]. 
Other works combine flexure-based mechanisms 
with pneumatic pressure control to compensate 
the errors for manufacturing and positioning er-
rors of piezo (PZT) actuators [20]. However, 
most previous studies involved modeling, simu-
lation and experiments with flexure mechanisms 
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in environment without counting the viscous 
damping with temperature between 20–28 °C. 
Actually, in real-world applications, these mecha-
nisms can work in various environments such as 
water, lubrication oil, or gas. Oil provides viscous 
damping that reduces overshoot and oscillation, 
and minimizes settling time. Therefore, flexure 
stages in scanning probes of microscopes can 
be immersed in damping fluid for faster stabili-
zation. In addition, immersing flexure structures 
of precision instruments in oil reduces wear, pre-
vents corrosion, and ensures long-term reliability. 
Compliant suspensions of gyroscopes or inertial 
sensors can be immersed into oil for stability. An-
other application can be seen when damping of 
flexures in oil-immersion microscope objectives 
reduces drift thanks to oil immersion of optical 
and imaging systems reduces vibrations and pro-
vides a stable refractive index medium. There-
fore, studying how flexure mechanisms work in 
different environments is essential. This study 
proposes a new approach: dynamic response of a 
flexure-based mechanism working with an open-
loop control system and dipped to lubrication 
oil. The performance is compared in both cases 
dipped to oil and left in the air to evaluate the 
oil’s viscous damping on dynamic response char-
acteristics. The flexure mechanism involved to 
the proposed study uses semi-circular elastic flex-
ure hinges combined with rigid bars. Firstly, the 
mechanism is mathematically modeled to con-
sider the viscosity and viscous friction while it 
is immersed in oil. The mathematical model and 
numerical model are respectively simulated us-
ing Matlab Simulink and Ansys to determine the 
displacement, stress and dynamic responses such 
as the overshoot and the response time. Finally, 
the mechanism was fabricated using wire-cutting 
CNC, armed with PZT actuator and displacement 
sensor and used for experimentation.

PROBLEM FORMULATION

Operational principle

The flexure mechanism is designed using 
two amplifier levers (Figure 1). The output of 
shorter lever is transferred to the longer lever as 
its input thanks to a connection bar. All revolute 
joints are semi-circular flexure joints. The whole 
mechanism is a monolithic structure flexure four 
bar linkage. It is driven by a PZT actuator. The 

Figure 1. Schematic diagram of the linear flexure-
based mechanism

generated input displacement xi by PZT actuator 
is amplified by two levers and produces the de-
sired output displacement xo.

Dynamic analysis of flexure mechanism 
dipped to lubrication oil 

The pseudo-rigid-body model is illustrated 
in Figure 2, where (i = 1, 2, 3), represent mass, 
length, moment of inertia, and damping coeffi-
cients of the rigid links, respectively. The linear 
stiffness and torsional stiffnesses of semi-circular 
flexure joints can be determined by Equations (1) 
and (2) [21]. Figure 3 shows the input and output 
displacements (xi, xo) là xi and xo, and coordinates 
(s1, s3) of center-of-mass Si.
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where:	E, bi, Ti, Ri are the Young’s modulus of 
the material (200 GPa corresponding to 
carbon steel C45), the out-of-plane thick-
ness, the minimum width, and the radius 
of the hinges, respectively.

Figure 2. The pseudo-rigid-body model diagram

From the numerical model built in Solidwork, 
we have the surface areas of one side, weights and 
coordinates of centers of mass:
	• A1 = 3.75·10-3 m2; m1 = 0.075 kg; s1 = 0.05 m;
	• A2 = 1.03·10-3 m2; m2 = 0.021 kg; 
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2𝐸𝐸𝐸𝐸𝑡𝑡5/2  (2) 

  
c = η A / d  (3) 

 
 

𝜑𝜑1 = 𝑥𝑥𝑖𝑖
𝑖𝑖 = 𝑥𝑥𝑆𝑆1

𝑠𝑠1
; 𝜑̇𝜑1 = 𝑥̇𝑥𝑖𝑖

𝑖𝑖 ; 𝑣𝑣𝑆𝑆1 = 𝑥̇𝑥𝑆𝑆1 = 𝑠𝑠1
𝑖𝑖 𝑥̇𝑥𝑖𝑖 

𝜑𝜑3 = 𝑥𝑥𝑜𝑜
𝑜𝑜 = 𝑥𝑥𝑆𝑆3

𝑠𝑠3
; 𝜑̇𝜑3 = 𝑥̇𝑥𝑜𝑜

𝑜𝑜 ; 𝑣𝑣𝑆𝑆3 = 𝑥̇𝑥𝑆𝑆3 = 𝑠𝑠3
𝑜𝑜 𝑥̇𝑥𝑜𝑜 

𝑣𝑣𝑆𝑆2 = 𝑥̇𝑥2 

(4) 

 
 

𝐸𝐸𝑘𝑘 = 1
2 𝑚𝑚1 (𝑠𝑠1

𝑖𝑖 )
2

𝑥̇𝑥𝑖𝑖
2 + 1

2 𝑗𝑗1
𝑥̇𝑥𝑖𝑖

2

𝑖𝑖2 + 

+ 12 𝑚𝑚3 (𝑠𝑠3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 + 1
2 𝑗𝑗3

𝑥̇𝑥𝑜𝑜
2

𝑜𝑜2 + 1
2 𝑚𝑚2𝑥̇𝑥2

2  
(5) 

 
 

𝐸𝐸𝑝𝑝 = 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑖𝑖

𝑖𝑖 )
2

+ 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑜𝑜

𝑜𝑜 )
2

+ 

+ 12 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑖𝑖
𝑖𝑖 )

2
+ 1

2 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑜𝑜
𝑜𝑜 )

2
 

(6) 

 
𝑃𝑃 = −𝑓𝑓𝑜𝑜. 𝑥̇𝑥𝑜𝑜 (7) 
 
∆ = ∆1 + ∆2 + ∆3 (8) 
 
 

∆1= ∫ [1
2 𝑐𝑐1

𝑦𝑦(𝑦𝑦𝜑̇𝜑1)2]𝑙𝑙1
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖

2  (9) 
 

∆2= 1
2 𝑐𝑐2𝑥̇𝑥2

2  (10) 
 

∆3= ∫ [1
2 𝑐𝑐3

𝑦𝑦(𝑦𝑦𝜑̇𝜑3)2]𝑙𝑙3
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐3 (𝑙𝑙3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 8 (11) 
 

 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝜕𝜕𝐸𝐸𝑘𝑘

𝜕𝜕𝑞̇𝑞𝑖𝑖
) +

𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑞𝑞𝑖𝑖

= 𝜕𝜕(𝑃𝑃 − ∆)
𝜕𝜕𝑞̇𝑞𝑖𝑖

 

 
 

(12) 

 

[𝑚𝑚1 (𝑠𝑠1
𝑖𝑖 )

2
+ 𝑗𝑗1

𝑖𝑖2] 𝑥̈𝑥𝑖𝑖 + [𝑘𝑘 (𝑙𝑙1
𝑖𝑖 )

2
+ 𝑘𝑘𝜃𝜃

𝑖𝑖2 ] 𝑥𝑥𝑖𝑖 – 

−𝑘𝑘 𝑙𝑙1
𝑖𝑖 𝑥𝑥2 = − 1

3 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖 

 
 

(13) 

Figure 3. Matlab Simulink model
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	• A3 = 7.36·10-3 m2; m3 = 0.15 kg; s3 = 0.093 m;

The viscous damping of lubrication oil is pro-
duced by viscous friction (a form of wet friction) 
which is proportional to the relative velocity. The 
constant of proportionality is the damping coef-
ficient determined in Equation 3. The lubrication 
oil has technical characteristics: Specific gravity 
r = 850 kg/m3, kinematic viscosity: µ = 95.9 cSt 
and dynamic viscosity: η = 81.52·10-3 Ns/m2; The 
damping coefficient (viscous damping ratio) can 
be estimated from the oil viscosity, surface area of 
fluid contact and the distance of velocity gradient: 

	

 

Linear stiffness k (N/m): 1𝑘𝑘 = 1
𝐸𝐸𝐸𝐸 [𝜋𝜋 (𝑅𝑅

𝑡𝑡 )
1/2

−  2.57]  (1) 
 

 
Torsional stiffness k (Nm/rad): 1

𝑘𝑘𝜃𝜃
= 9𝜋𝜋𝑅𝑅1/2

2𝐸𝐸𝐸𝐸𝑡𝑡5/2  (2) 

  
c = η A / d  (3) 

 
 

𝜑𝜑1 = 𝑥𝑥𝑖𝑖
𝑖𝑖 = 𝑥𝑥𝑆𝑆1

𝑠𝑠1
; 𝜑̇𝜑1 = 𝑥̇𝑥𝑖𝑖

𝑖𝑖 ; 𝑣𝑣𝑆𝑆1 = 𝑥̇𝑥𝑆𝑆1 = 𝑠𝑠1
𝑖𝑖 𝑥̇𝑥𝑖𝑖 

𝜑𝜑3 = 𝑥𝑥𝑜𝑜
𝑜𝑜 = 𝑥𝑥𝑆𝑆3

𝑠𝑠3
; 𝜑̇𝜑3 = 𝑥̇𝑥𝑜𝑜

𝑜𝑜 ; 𝑣𝑣𝑆𝑆3 = 𝑥̇𝑥𝑆𝑆3 = 𝑠𝑠3
𝑜𝑜 𝑥̇𝑥𝑜𝑜 

𝑣𝑣𝑆𝑆2 = 𝑥̇𝑥2 

(4) 

 
 

𝐸𝐸𝑘𝑘 = 1
2 𝑚𝑚1 (𝑠𝑠1

𝑖𝑖 )
2

𝑥̇𝑥𝑖𝑖
2 + 1

2 𝑗𝑗1
𝑥̇𝑥𝑖𝑖

2

𝑖𝑖2 + 

+ 12 𝑚𝑚3 (𝑠𝑠3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 + 1
2 𝑗𝑗3

𝑥̇𝑥𝑜𝑜
2

𝑜𝑜2 + 1
2 𝑚𝑚2𝑥̇𝑥2

2  
(5) 

 
 

𝐸𝐸𝑝𝑝 = 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑖𝑖

𝑖𝑖 )
2

+ 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑜𝑜

𝑜𝑜 )
2

+ 

+ 12 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑖𝑖
𝑖𝑖 )

2
+ 1

2 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑜𝑜
𝑜𝑜 )

2
 

(6) 

 
𝑃𝑃 = −𝑓𝑓𝑜𝑜. 𝑥̇𝑥𝑜𝑜 (7) 
 
∆ = ∆1 + ∆2 + ∆3 (8) 
 
 

∆1= ∫ [1
2 𝑐𝑐1

𝑦𝑦(𝑦𝑦𝜑̇𝜑1)2]𝑙𝑙1
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖

2  (9) 
 

∆2= 1
2 𝑐𝑐2𝑥̇𝑥2

2  (10) 
 

∆3= ∫ [1
2 𝑐𝑐3

𝑦𝑦(𝑦𝑦𝜑̇𝜑3)2]𝑙𝑙3
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐3 (𝑙𝑙3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 8 (11) 
 

 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝜕𝜕𝐸𝐸𝑘𝑘

𝜕𝜕𝑞̇𝑞𝑖𝑖
) +

𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑞𝑞𝑖𝑖

= 𝜕𝜕(𝑃𝑃 − ∆)
𝜕𝜕𝑞̇𝑞𝑖𝑖

 

 
 

(12) 

 

[𝑚𝑚1 (𝑠𝑠1
𝑖𝑖 )

2
+ 𝑗𝑗1

𝑖𝑖2] 𝑥̈𝑥𝑖𝑖 + [𝑘𝑘 (𝑙𝑙1
𝑖𝑖 )

2
+ 𝑘𝑘𝜃𝜃

𝑖𝑖2 ] 𝑥𝑥𝑖𝑖 – 

−𝑘𝑘 𝑙𝑙1
𝑖𝑖 𝑥𝑥2 = − 1

3 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖 

 
 

(13) 

	 (3)

where:	η is the dynamic viscosity of the fluid 
(oil); A is the surface area of the plate in 
contact with the fluid – it is calculated as 
the double of surface area of one side Ai (i 
= 1, 2, 3) because two sides of the mecha-
nism contact oil; d is the thickness of the 
fluid layer affected by the motion (often 
related to the boundary layer thickness), 
here d = 0.002 m.

Therefore, c1 = 0.305 Ns/m; c2 = 0.084 Ns/m 
and c3 = 0.6 Ns/m. The kinematic parameters in-
cluding lever rotation angles 𝜑i, rotation veloci-
ties 

 

Linear stiffness k (N/m): 1𝑘𝑘 = 1
𝐸𝐸𝐸𝐸 [𝜋𝜋 (𝑅𝑅

𝑡𝑡 )
1/2

−  2.57]  (1) 
 

 
Torsional stiffness k (Nm/rad): 1

𝑘𝑘𝜃𝜃
= 9𝜋𝜋𝑅𝑅1/2

2𝐸𝐸𝐸𝐸𝑡𝑡5/2  (2) 

  
c = η A / d  (3) 

 
 

𝜑𝜑1 = 𝑥𝑥𝑖𝑖
𝑖𝑖 = 𝑥𝑥𝑆𝑆1

𝑠𝑠1
; 𝜑̇𝜑1 = 𝑥̇𝑥𝑖𝑖

𝑖𝑖 ; 𝑣𝑣𝑆𝑆1 = 𝑥̇𝑥𝑆𝑆1 = 𝑠𝑠1
𝑖𝑖 𝑥̇𝑥𝑖𝑖 

𝜑𝜑3 = 𝑥𝑥𝑜𝑜
𝑜𝑜 = 𝑥𝑥𝑆𝑆3

𝑠𝑠3
; 𝜑̇𝜑3 = 𝑥̇𝑥𝑜𝑜

𝑜𝑜 ; 𝑣𝑣𝑆𝑆3 = 𝑥̇𝑥𝑆𝑆3 = 𝑠𝑠3
𝑜𝑜 𝑥̇𝑥𝑜𝑜 

𝑣𝑣𝑆𝑆2 = 𝑥̇𝑥2 

(4) 

 
 

𝐸𝐸𝑘𝑘 = 1
2 𝑚𝑚1 (𝑠𝑠1

𝑖𝑖 )
2

𝑥̇𝑥𝑖𝑖
2 + 1

2 𝑗𝑗1
𝑥̇𝑥𝑖𝑖

2

𝑖𝑖2 + 

+ 12 𝑚𝑚3 (𝑠𝑠3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 + 1
2 𝑗𝑗3

𝑥̇𝑥𝑜𝑜
2

𝑜𝑜2 + 1
2 𝑚𝑚2𝑥̇𝑥2

2  
(5) 

 
 

𝐸𝐸𝑝𝑝 = 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑖𝑖

𝑖𝑖 )
2

+ 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑜𝑜

𝑜𝑜 )
2

+ 

+ 12 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑖𝑖
𝑖𝑖 )

2
+ 1

2 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑜𝑜
𝑜𝑜 )

2
 

(6) 

 
𝑃𝑃 = −𝑓𝑓𝑜𝑜. 𝑥̇𝑥𝑜𝑜 (7) 
 
∆ = ∆1 + ∆2 + ∆3 (8) 
 
 

∆1= ∫ [1
2 𝑐𝑐1

𝑦𝑦(𝑦𝑦𝜑̇𝜑1)2]𝑙𝑙1
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖

2  (9) 
 

∆2= 1
2 𝑐𝑐2𝑥̇𝑥2

2  (10) 
 

∆3= ∫ [1
2 𝑐𝑐3

𝑦𝑦(𝑦𝑦𝜑̇𝜑3)2]𝑙𝑙3
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐3 (𝑙𝑙3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 8 (11) 
 

 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝜕𝜕𝐸𝐸𝑘𝑘

𝜕𝜕𝑞̇𝑞𝑖𝑖
) +

𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑞𝑞𝑖𝑖

= 𝜕𝜕(𝑃𝑃 − ∆)
𝜕𝜕𝑞̇𝑞𝑖𝑖

 

 
 

(12) 

 

[𝑚𝑚1 (𝑠𝑠1
𝑖𝑖 )

2
+ 𝑗𝑗1

𝑖𝑖2] 𝑥̈𝑥𝑖𝑖 + [𝑘𝑘 (𝑙𝑙1
𝑖𝑖 )

2
+ 𝑘𝑘𝜃𝜃

𝑖𝑖2 ] 𝑥𝑥𝑖𝑖 – 

−𝑘𝑘 𝑙𝑙1
𝑖𝑖 𝑥𝑥2 = − 1

3 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖 

 
 

(13) 

 and velocities of center of mass vs1 of the 
mechanism are shown as follows:

	

 

Linear stiffness k (N/m): 1𝑘𝑘 = 1
𝐸𝐸𝐸𝐸 [𝜋𝜋 (𝑅𝑅

𝑡𝑡 )
1/2

−  2.57]  (1) 
 

 
Torsional stiffness k (Nm/rad): 1

𝑘𝑘𝜃𝜃
= 9𝜋𝜋𝑅𝑅1/2

2𝐸𝐸𝐸𝐸𝑡𝑡5/2  (2) 

  
c = η A / d  (3) 

 
 

𝜑𝜑1 = 𝑥𝑥𝑖𝑖
𝑖𝑖 = 𝑥𝑥𝑆𝑆1

𝑠𝑠1
; 𝜑̇𝜑1 = 𝑥̇𝑥𝑖𝑖

𝑖𝑖 ; 𝑣𝑣𝑆𝑆1 = 𝑥̇𝑥𝑆𝑆1 = 𝑠𝑠1
𝑖𝑖 𝑥̇𝑥𝑖𝑖 

𝜑𝜑3 = 𝑥𝑥𝑜𝑜
𝑜𝑜 = 𝑥𝑥𝑆𝑆3

𝑠𝑠3
; 𝜑̇𝜑3 = 𝑥̇𝑥𝑜𝑜

𝑜𝑜 ; 𝑣𝑣𝑆𝑆3 = 𝑥̇𝑥𝑆𝑆3 = 𝑠𝑠3
𝑜𝑜 𝑥̇𝑥𝑜𝑜 

𝑣𝑣𝑆𝑆2 = 𝑥̇𝑥2 

(4) 

 
 

𝐸𝐸𝑘𝑘 = 1
2 𝑚𝑚1 (𝑠𝑠1

𝑖𝑖 )
2

𝑥̇𝑥𝑖𝑖
2 + 1

2 𝑗𝑗1
𝑥̇𝑥𝑖𝑖

2

𝑖𝑖2 + 

+ 12 𝑚𝑚3 (𝑠𝑠3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 + 1
2 𝑗𝑗3

𝑥̇𝑥𝑜𝑜
2

𝑜𝑜2 + 1
2 𝑚𝑚2𝑥̇𝑥2

2  
(5) 

 
 

𝐸𝐸𝑝𝑝 = 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑖𝑖

𝑖𝑖 )
2

+ 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑜𝑜

𝑜𝑜 )
2

+ 

+ 12 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑖𝑖
𝑖𝑖 )

2
+ 1

2 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑜𝑜
𝑜𝑜 )

2
 

(6) 

 
𝑃𝑃 = −𝑓𝑓𝑜𝑜. 𝑥̇𝑥𝑜𝑜 (7) 
 
∆ = ∆1 + ∆2 + ∆3 (8) 
 
 

∆1= ∫ [1
2 𝑐𝑐1

𝑦𝑦(𝑦𝑦𝜑̇𝜑1)2]𝑙𝑙1
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖

2  (9) 
 

∆2= 1
2 𝑐𝑐2𝑥̇𝑥2

2  (10) 
 

∆3= ∫ [1
2 𝑐𝑐3

𝑦𝑦(𝑦𝑦𝜑̇𝜑3)2]𝑙𝑙3
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐3 (𝑙𝑙3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 8 (11) 
 

 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝜕𝜕𝐸𝐸𝑘𝑘

𝜕𝜕𝑞̇𝑞𝑖𝑖
) +

𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑞𝑞𝑖𝑖

= 𝜕𝜕(𝑃𝑃 − ∆)
𝜕𝜕𝑞̇𝑞𝑖𝑖

 

 
 

(12) 

 

[𝑚𝑚1 (𝑠𝑠1
𝑖𝑖 )

2
+ 𝑗𝑗1

𝑖𝑖2] 𝑥̈𝑥𝑖𝑖 + [𝑘𝑘 (𝑙𝑙1
𝑖𝑖 )

2
+ 𝑘𝑘𝜃𝜃

𝑖𝑖2 ] 𝑥𝑥𝑖𝑖 – 

−𝑘𝑘 𝑙𝑙1
𝑖𝑖 𝑥𝑥2 = − 1

3 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖 

 
 

(13) 

	(4)

The input point is supposed pushed gradually 
therefore fi = 0; The load at output is fo; the kine-
matic energy of the mechanism is

	

 

Linear stiffness k (N/m): 1𝑘𝑘 = 1
𝐸𝐸𝐸𝐸 [𝜋𝜋 (𝑅𝑅

𝑡𝑡 )
1/2

−  2.57]  (1) 
 

 
Torsional stiffness k (Nm/rad): 1

𝑘𝑘𝜃𝜃
= 9𝜋𝜋𝑅𝑅1/2

2𝐸𝐸𝐸𝐸𝑡𝑡5/2  (2) 

  
c = η A / d  (3) 

 
 

𝜑𝜑1 = 𝑥𝑥𝑖𝑖
𝑖𝑖 = 𝑥𝑥𝑆𝑆1

𝑠𝑠1
; 𝜑̇𝜑1 = 𝑥̇𝑥𝑖𝑖

𝑖𝑖 ; 𝑣𝑣𝑆𝑆1 = 𝑥̇𝑥𝑆𝑆1 = 𝑠𝑠1
𝑖𝑖 𝑥̇𝑥𝑖𝑖 

𝜑𝜑3 = 𝑥𝑥𝑜𝑜
𝑜𝑜 = 𝑥𝑥𝑆𝑆3

𝑠𝑠3
; 𝜑̇𝜑3 = 𝑥̇𝑥𝑜𝑜

𝑜𝑜 ; 𝑣𝑣𝑆𝑆3 = 𝑥̇𝑥𝑆𝑆3 = 𝑠𝑠3
𝑜𝑜 𝑥̇𝑥𝑜𝑜 

𝑣𝑣𝑆𝑆2 = 𝑥̇𝑥2 

(4) 

 
 

𝐸𝐸𝑘𝑘 = 1
2 𝑚𝑚1 (𝑠𝑠1

𝑖𝑖 )
2

𝑥̇𝑥𝑖𝑖
2 + 1

2 𝑗𝑗1
𝑥̇𝑥𝑖𝑖

2

𝑖𝑖2 + 

+ 12 𝑚𝑚3 (𝑠𝑠3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 + 1
2 𝑗𝑗3

𝑥̇𝑥𝑜𝑜
2

𝑜𝑜2 + 1
2 𝑚𝑚2𝑥̇𝑥2

2  
(5) 

 
 

𝐸𝐸𝑝𝑝 = 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑖𝑖

𝑖𝑖 )
2

+ 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑜𝑜

𝑜𝑜 )
2

+ 

+ 12 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑖𝑖
𝑖𝑖 )

2
+ 1

2 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑜𝑜
𝑜𝑜 )

2
 

(6) 

 
𝑃𝑃 = −𝑓𝑓𝑜𝑜. 𝑥̇𝑥𝑜𝑜 (7) 
 
∆ = ∆1 + ∆2 + ∆3 (8) 
 
 

∆1= ∫ [1
2 𝑐𝑐1

𝑦𝑦(𝑦𝑦𝜑̇𝜑1)2]𝑙𝑙1
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖

2  (9) 
 

∆2= 1
2 𝑐𝑐2𝑥̇𝑥2

2  (10) 
 

∆3= ∫ [1
2 𝑐𝑐3

𝑦𝑦(𝑦𝑦𝜑̇𝜑3)2]𝑙𝑙3
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐3 (𝑙𝑙3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 8 (11) 
 

 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝜕𝜕𝐸𝐸𝑘𝑘

𝜕𝜕𝑞̇𝑞𝑖𝑖
) +

𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑞𝑞𝑖𝑖

= 𝜕𝜕(𝑃𝑃 − ∆)
𝜕𝜕𝑞̇𝑞𝑖𝑖

 

 
 

(12) 

 

[𝑚𝑚1 (𝑠𝑠1
𝑖𝑖 )

2
+ 𝑗𝑗1

𝑖𝑖2] 𝑥̈𝑥𝑖𝑖 + [𝑘𝑘 (𝑙𝑙1
𝑖𝑖 )

2
+ 𝑘𝑘𝜃𝜃

𝑖𝑖2 ] 𝑥𝑥𝑖𝑖 – 

−𝑘𝑘 𝑙𝑙1
𝑖𝑖 𝑥𝑥2 = − 1

3 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖 

 
 

(13) 

	 (5)

The potential energy of the mechanism is

	

 

Linear stiffness k (N/m): 1𝑘𝑘 = 1
𝐸𝐸𝐸𝐸 [𝜋𝜋 (𝑅𝑅

𝑡𝑡 )
1/2

−  2.57]  (1) 
 

 
Torsional stiffness k (Nm/rad): 1

𝑘𝑘𝜃𝜃
= 9𝜋𝜋𝑅𝑅1/2

2𝐸𝐸𝐸𝐸𝑡𝑡5/2  (2) 

  
c = η A / d  (3) 

 
 

𝜑𝜑1 = 𝑥𝑥𝑖𝑖
𝑖𝑖 = 𝑥𝑥𝑆𝑆1

𝑠𝑠1
; 𝜑̇𝜑1 = 𝑥̇𝑥𝑖𝑖

𝑖𝑖 ; 𝑣𝑣𝑆𝑆1 = 𝑥̇𝑥𝑆𝑆1 = 𝑠𝑠1
𝑖𝑖 𝑥̇𝑥𝑖𝑖 

𝜑𝜑3 = 𝑥𝑥𝑜𝑜
𝑜𝑜 = 𝑥𝑥𝑆𝑆3

𝑠𝑠3
; 𝜑̇𝜑3 = 𝑥̇𝑥𝑜𝑜

𝑜𝑜 ; 𝑣𝑣𝑆𝑆3 = 𝑥̇𝑥𝑆𝑆3 = 𝑠𝑠3
𝑜𝑜 𝑥̇𝑥𝑜𝑜 

𝑣𝑣𝑆𝑆2 = 𝑥̇𝑥2 

(4) 

 
 

𝐸𝐸𝑘𝑘 = 1
2 𝑚𝑚1 (𝑠𝑠1

𝑖𝑖 )
2

𝑥̇𝑥𝑖𝑖
2 + 1

2 𝑗𝑗1
𝑥̇𝑥𝑖𝑖

2

𝑖𝑖2 + 

+ 12 𝑚𝑚3 (𝑠𝑠3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 + 1
2 𝑗𝑗3

𝑥̇𝑥𝑜𝑜
2

𝑜𝑜2 + 1
2 𝑚𝑚2𝑥̇𝑥2

2  
(5) 

 
 

𝐸𝐸𝑝𝑝 = 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑖𝑖

𝑖𝑖 )
2

+ 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑜𝑜

𝑜𝑜 )
2

+ 

+ 12 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑖𝑖
𝑖𝑖 )

2
+ 1

2 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑜𝑜
𝑜𝑜 )

2
 

(6) 

 
𝑃𝑃 = −𝑓𝑓𝑜𝑜. 𝑥̇𝑥𝑜𝑜 (7) 
 
∆ = ∆1 + ∆2 + ∆3 (8) 
 
 

∆1= ∫ [1
2 𝑐𝑐1

𝑦𝑦(𝑦𝑦𝜑̇𝜑1)2]𝑙𝑙1
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖

2  (9) 
 

∆2= 1
2 𝑐𝑐2𝑥̇𝑥2

2  (10) 
 

∆3= ∫ [1
2 𝑐𝑐3

𝑦𝑦(𝑦𝑦𝜑̇𝜑3)2]𝑙𝑙3
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐3 (𝑙𝑙3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 8 (11) 
 

 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝜕𝜕𝐸𝐸𝑘𝑘

𝜕𝜕𝑞̇𝑞𝑖𝑖
) +

𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑞𝑞𝑖𝑖

= 𝜕𝜕(𝑃𝑃 − ∆)
𝜕𝜕𝑞̇𝑞𝑖𝑖

 

 
 

(12) 

 

[𝑚𝑚1 (𝑠𝑠1
𝑖𝑖 )

2
+ 𝑗𝑗1

𝑖𝑖2] 𝑥̈𝑥𝑖𝑖 + [𝑘𝑘 (𝑙𝑙1
𝑖𝑖 )

2
+ 𝑘𝑘𝜃𝜃

𝑖𝑖2 ] 𝑥𝑥𝑖𝑖 – 

−𝑘𝑘 𝑙𝑙1
𝑖𝑖 𝑥𝑥2 = − 1

3 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖 

 
 

(13) 

	 (6)

The power of external load is 

	

 

Linear stiffness k (N/m): 1𝑘𝑘 = 1
𝐸𝐸𝐸𝐸 [𝜋𝜋 (𝑅𝑅

𝑡𝑡 )
1/2

−  2.57]  (1) 
 

 
Torsional stiffness k (Nm/rad): 1

𝑘𝑘𝜃𝜃
= 9𝜋𝜋𝑅𝑅1/2

2𝐸𝐸𝐸𝐸𝑡𝑡5/2  (2) 

  
c = η A / d  (3) 

 
 

𝜑𝜑1 = 𝑥𝑥𝑖𝑖
𝑖𝑖 = 𝑥𝑥𝑆𝑆1

𝑠𝑠1
; 𝜑̇𝜑1 = 𝑥̇𝑥𝑖𝑖

𝑖𝑖 ; 𝑣𝑣𝑆𝑆1 = 𝑥̇𝑥𝑆𝑆1 = 𝑠𝑠1
𝑖𝑖 𝑥̇𝑥𝑖𝑖 

𝜑𝜑3 = 𝑥𝑥𝑜𝑜
𝑜𝑜 = 𝑥𝑥𝑆𝑆3

𝑠𝑠3
; 𝜑̇𝜑3 = 𝑥̇𝑥𝑜𝑜

𝑜𝑜 ; 𝑣𝑣𝑆𝑆3 = 𝑥̇𝑥𝑆𝑆3 = 𝑠𝑠3
𝑜𝑜 𝑥̇𝑥𝑜𝑜 

𝑣𝑣𝑆𝑆2 = 𝑥̇𝑥2 

(4) 

 
 

𝐸𝐸𝑘𝑘 = 1
2 𝑚𝑚1 (𝑠𝑠1

𝑖𝑖 )
2

𝑥̇𝑥𝑖𝑖
2 + 1

2 𝑗𝑗1
𝑥̇𝑥𝑖𝑖

2

𝑖𝑖2 + 

+ 12 𝑚𝑚3 (𝑠𝑠3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 + 1
2 𝑗𝑗3

𝑥̇𝑥𝑜𝑜
2

𝑜𝑜2 + 1
2 𝑚𝑚2𝑥̇𝑥2

2  
(5) 

 
 

𝐸𝐸𝑝𝑝 = 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑖𝑖

𝑖𝑖 )
2

+ 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑜𝑜

𝑜𝑜 )
2

+ 

+ 12 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑖𝑖
𝑖𝑖 )

2
+ 1

2 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑜𝑜
𝑜𝑜 )

2
 

(6) 

 
𝑃𝑃 = −𝑓𝑓𝑜𝑜. 𝑥̇𝑥𝑜𝑜 (7) 
 
∆ = ∆1 + ∆2 + ∆3 (8) 
 
 

∆1= ∫ [1
2 𝑐𝑐1

𝑦𝑦(𝑦𝑦𝜑̇𝜑1)2]𝑙𝑙1
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖

2  (9) 
 

∆2= 1
2 𝑐𝑐2𝑥̇𝑥2

2  (10) 
 

∆3= ∫ [1
2 𝑐𝑐3

𝑦𝑦(𝑦𝑦𝜑̇𝜑3)2]𝑙𝑙3
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐3 (𝑙𝑙3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 8 (11) 
 

 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝜕𝜕𝐸𝐸𝑘𝑘

𝜕𝜕𝑞̇𝑞𝑖𝑖
) +

𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑞𝑞𝑖𝑖

= 𝜕𝜕(𝑃𝑃 − ∆)
𝜕𝜕𝑞̇𝑞𝑖𝑖

 

 
 

(12) 

 

[𝑚𝑚1 (𝑠𝑠1
𝑖𝑖 )

2
+ 𝑗𝑗1

𝑖𝑖2] 𝑥̈𝑥𝑖𝑖 + [𝑘𝑘 (𝑙𝑙1
𝑖𝑖 )

2
+ 𝑘𝑘𝜃𝜃

𝑖𝑖2 ] 𝑥𝑥𝑖𝑖 – 

−𝑘𝑘 𝑙𝑙1
𝑖𝑖 𝑥𝑥2 = − 1

3 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖 

 
 

(13) 

	 (7)

The energy dissipation function is

	

 

Linear stiffness k (N/m): 1𝑘𝑘 = 1
𝐸𝐸𝐸𝐸 [𝜋𝜋 (𝑅𝑅

𝑡𝑡 )
1/2

−  2.57]  (1) 
 

 
Torsional stiffness k (Nm/rad): 1

𝑘𝑘𝜃𝜃
= 9𝜋𝜋𝑅𝑅1/2

2𝐸𝐸𝐸𝐸𝑡𝑡5/2  (2) 

  
c = η A / d  (3) 

 
 

𝜑𝜑1 = 𝑥𝑥𝑖𝑖
𝑖𝑖 = 𝑥𝑥𝑆𝑆1

𝑠𝑠1
; 𝜑̇𝜑1 = 𝑥̇𝑥𝑖𝑖

𝑖𝑖 ; 𝑣𝑣𝑆𝑆1 = 𝑥̇𝑥𝑆𝑆1 = 𝑠𝑠1
𝑖𝑖 𝑥̇𝑥𝑖𝑖 

𝜑𝜑3 = 𝑥𝑥𝑜𝑜
𝑜𝑜 = 𝑥𝑥𝑆𝑆3

𝑠𝑠3
; 𝜑̇𝜑3 = 𝑥̇𝑥𝑜𝑜

𝑜𝑜 ; 𝑣𝑣𝑆𝑆3 = 𝑥̇𝑥𝑆𝑆3 = 𝑠𝑠3
𝑜𝑜 𝑥̇𝑥𝑜𝑜 

𝑣𝑣𝑆𝑆2 = 𝑥̇𝑥2 

(4) 

 
 

𝐸𝐸𝑘𝑘 = 1
2 𝑚𝑚1 (𝑠𝑠1

𝑖𝑖 )
2

𝑥̇𝑥𝑖𝑖
2 + 1

2 𝑗𝑗1
𝑥̇𝑥𝑖𝑖

2

𝑖𝑖2 + 

+ 12 𝑚𝑚3 (𝑠𝑠3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 + 1
2 𝑗𝑗3

𝑥̇𝑥𝑜𝑜
2

𝑜𝑜2 + 1
2 𝑚𝑚2𝑥̇𝑥2

2  
(5) 

 
 

𝐸𝐸𝑝𝑝 = 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑖𝑖

𝑖𝑖 )
2

+ 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑜𝑜

𝑜𝑜 )
2

+ 

+ 12 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑖𝑖
𝑖𝑖 )

2
+ 1

2 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑜𝑜
𝑜𝑜 )

2
 

(6) 

 
𝑃𝑃 = −𝑓𝑓𝑜𝑜. 𝑥̇𝑥𝑜𝑜 (7) 
 
∆ = ∆1 + ∆2 + ∆3 (8) 
 
 

∆1= ∫ [1
2 𝑐𝑐1

𝑦𝑦(𝑦𝑦𝜑̇𝜑1)2]𝑙𝑙1
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖

2  (9) 
 

∆2= 1
2 𝑐𝑐2𝑥̇𝑥2

2  (10) 
 

∆3= ∫ [1
2 𝑐𝑐3

𝑦𝑦(𝑦𝑦𝜑̇𝜑3)2]𝑙𝑙3
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐3 (𝑙𝑙3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 8 (11) 
 

 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝜕𝜕𝐸𝐸𝑘𝑘

𝜕𝜕𝑞̇𝑞𝑖𝑖
) +

𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑞𝑞𝑖𝑖

= 𝜕𝜕(𝑃𝑃 − ∆)
𝜕𝜕𝑞̇𝑞𝑖𝑖

 

 
 

(12) 

 

[𝑚𝑚1 (𝑠𝑠1
𝑖𝑖 )

2
+ 𝑗𝑗1

𝑖𝑖2] 𝑥̈𝑥𝑖𝑖 + [𝑘𝑘 (𝑙𝑙1
𝑖𝑖 )

2
+ 𝑘𝑘𝜃𝜃

𝑖𝑖2 ] 𝑥𝑥𝑖𝑖 – 

−𝑘𝑘 𝑙𝑙1
𝑖𝑖 𝑥𝑥2 = − 1

3 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖 

 
 

(13) 

	 (8)
where:	 velocity changes along the length of the 

lever therefore the energy dissipation 
function of the shorter lever is

	

 

Linear stiffness k (N/m): 1𝑘𝑘 = 1
𝐸𝐸𝐸𝐸 [𝜋𝜋 (𝑅𝑅

𝑡𝑡 )
1/2

−  2.57]  (1) 
 

 
Torsional stiffness k (Nm/rad): 1

𝑘𝑘𝜃𝜃
= 9𝜋𝜋𝑅𝑅1/2

2𝐸𝐸𝐸𝐸𝑡𝑡5/2  (2) 

  
c = η A / d  (3) 

 
 

𝜑𝜑1 = 𝑥𝑥𝑖𝑖
𝑖𝑖 = 𝑥𝑥𝑆𝑆1

𝑠𝑠1
; 𝜑̇𝜑1 = 𝑥̇𝑥𝑖𝑖

𝑖𝑖 ; 𝑣𝑣𝑆𝑆1 = 𝑥̇𝑥𝑆𝑆1 = 𝑠𝑠1
𝑖𝑖 𝑥̇𝑥𝑖𝑖 

𝜑𝜑3 = 𝑥𝑥𝑜𝑜
𝑜𝑜 = 𝑥𝑥𝑆𝑆3

𝑠𝑠3
; 𝜑̇𝜑3 = 𝑥̇𝑥𝑜𝑜

𝑜𝑜 ; 𝑣𝑣𝑆𝑆3 = 𝑥̇𝑥𝑆𝑆3 = 𝑠𝑠3
𝑜𝑜 𝑥̇𝑥𝑜𝑜 

𝑣𝑣𝑆𝑆2 = 𝑥̇𝑥2 

(4) 

 
 

𝐸𝐸𝑘𝑘 = 1
2 𝑚𝑚1 (𝑠𝑠1

𝑖𝑖 )
2

𝑥̇𝑥𝑖𝑖
2 + 1

2 𝑗𝑗1
𝑥̇𝑥𝑖𝑖

2

𝑖𝑖2 + 

+ 12 𝑚𝑚3 (𝑠𝑠3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 + 1
2 𝑗𝑗3

𝑥̇𝑥𝑜𝑜
2

𝑜𝑜2 + 1
2 𝑚𝑚2𝑥̇𝑥2

2  
(5) 

 
 

𝐸𝐸𝑝𝑝 = 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑖𝑖

𝑖𝑖 )
2

+ 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑜𝑜

𝑜𝑜 )
2

+ 

+ 12 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑖𝑖
𝑖𝑖 )

2
+ 1

2 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑜𝑜
𝑜𝑜 )

2
 

(6) 

 
𝑃𝑃 = −𝑓𝑓𝑜𝑜. 𝑥̇𝑥𝑜𝑜 (7) 
 
∆ = ∆1 + ∆2 + ∆3 (8) 
 
 

∆1= ∫ [1
2 𝑐𝑐1

𝑦𝑦(𝑦𝑦𝜑̇𝜑1)2]𝑙𝑙1
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖

2  (9) 
 

∆2= 1
2 𝑐𝑐2𝑥̇𝑥2

2  (10) 
 

∆3= ∫ [1
2 𝑐𝑐3

𝑦𝑦(𝑦𝑦𝜑̇𝜑3)2]𝑙𝑙3
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐3 (𝑙𝑙3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 8 (11) 
 

 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝜕𝜕𝐸𝐸𝑘𝑘

𝜕𝜕𝑞̇𝑞𝑖𝑖
) +

𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑞𝑞𝑖𝑖

= 𝜕𝜕(𝑃𝑃 − ∆)
𝜕𝜕𝑞̇𝑞𝑖𝑖

 

 
 

(12) 

 

[𝑚𝑚1 (𝑠𝑠1
𝑖𝑖 )

2
+ 𝑗𝑗1

𝑖𝑖2] 𝑥̈𝑥𝑖𝑖 + [𝑘𝑘 (𝑙𝑙1
𝑖𝑖 )

2
+ 𝑘𝑘𝜃𝜃

𝑖𝑖2 ] 𝑥𝑥𝑖𝑖 – 

−𝑘𝑘 𝑙𝑙1
𝑖𝑖 𝑥𝑥2 = − 1

3 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖 

 
 

(13) 

	 (9)

The connection bar horizontally translates 
therefore the energy dissipation function of con-
nection bar is

	

 

Linear stiffness k (N/m): 1𝑘𝑘 = 1
𝐸𝐸𝐸𝐸 [𝜋𝜋 (𝑅𝑅

𝑡𝑡 )
1/2

−  2.57]  (1) 
 

 
Torsional stiffness k (Nm/rad): 1

𝑘𝑘𝜃𝜃
= 9𝜋𝜋𝑅𝑅1/2

2𝐸𝐸𝐸𝐸𝑡𝑡5/2  (2) 

  
c = η A / d  (3) 

 
 

𝜑𝜑1 = 𝑥𝑥𝑖𝑖
𝑖𝑖 = 𝑥𝑥𝑆𝑆1

𝑠𝑠1
; 𝜑̇𝜑1 = 𝑥̇𝑥𝑖𝑖

𝑖𝑖 ; 𝑣𝑣𝑆𝑆1 = 𝑥̇𝑥𝑆𝑆1 = 𝑠𝑠1
𝑖𝑖 𝑥̇𝑥𝑖𝑖 

𝜑𝜑3 = 𝑥𝑥𝑜𝑜
𝑜𝑜 = 𝑥𝑥𝑆𝑆3

𝑠𝑠3
; 𝜑̇𝜑3 = 𝑥̇𝑥𝑜𝑜

𝑜𝑜 ; 𝑣𝑣𝑆𝑆3 = 𝑥̇𝑥𝑆𝑆3 = 𝑠𝑠3
𝑜𝑜 𝑥̇𝑥𝑜𝑜 

𝑣𝑣𝑆𝑆2 = 𝑥̇𝑥2 

(4) 

 
 

𝐸𝐸𝑘𝑘 = 1
2 𝑚𝑚1 (𝑠𝑠1

𝑖𝑖 )
2

𝑥̇𝑥𝑖𝑖
2 + 1

2 𝑗𝑗1
𝑥̇𝑥𝑖𝑖

2

𝑖𝑖2 + 

+ 12 𝑚𝑚3 (𝑠𝑠3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 + 1
2 𝑗𝑗3

𝑥̇𝑥𝑜𝑜
2

𝑜𝑜2 + 1
2 𝑚𝑚2𝑥̇𝑥2

2  
(5) 

 
 

𝐸𝐸𝑝𝑝 = 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑖𝑖

𝑖𝑖 )
2

+ 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑜𝑜

𝑜𝑜 )
2

+ 

+ 12 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑖𝑖
𝑖𝑖 )

2
+ 1

2 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑜𝑜
𝑜𝑜 )

2
 

(6) 

 
𝑃𝑃 = −𝑓𝑓𝑜𝑜. 𝑥̇𝑥𝑜𝑜 (7) 
 
∆ = ∆1 + ∆2 + ∆3 (8) 
 
 

∆1= ∫ [1
2 𝑐𝑐1

𝑦𝑦(𝑦𝑦𝜑̇𝜑1)2]𝑙𝑙1
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖

2  (9) 
 

∆2= 1
2 𝑐𝑐2𝑥̇𝑥2

2  (10) 
 

∆3= ∫ [1
2 𝑐𝑐3

𝑦𝑦(𝑦𝑦𝜑̇𝜑3)2]𝑙𝑙3
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐3 (𝑙𝑙3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 8 (11) 
 

 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝜕𝜕𝐸𝐸𝑘𝑘

𝜕𝜕𝑞̇𝑞𝑖𝑖
) +

𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑞𝑞𝑖𝑖

= 𝜕𝜕(𝑃𝑃 − ∆)
𝜕𝜕𝑞̇𝑞𝑖𝑖

 

 
 

(12) 

 

[𝑚𝑚1 (𝑠𝑠1
𝑖𝑖 )

2
+ 𝑗𝑗1

𝑖𝑖2] 𝑥̈𝑥𝑖𝑖 + [𝑘𝑘 (𝑙𝑙1
𝑖𝑖 )

2
+ 𝑘𝑘𝜃𝜃

𝑖𝑖2 ] 𝑥𝑥𝑖𝑖 – 

−𝑘𝑘 𝑙𝑙1
𝑖𝑖 𝑥𝑥2 = − 1

3 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖 

 
 

(13) 

	 (10)

Velocity changes along the length of the lever 
therefore the energy dissipation function of lon-
ger lever is

 

Linear stiffness k (N/m): 1𝑘𝑘 = 1
𝐸𝐸𝐸𝐸 [𝜋𝜋 (𝑅𝑅

𝑡𝑡 )
1/2

−  2.57]  (1) 
 

 
Torsional stiffness k (Nm/rad): 1

𝑘𝑘𝜃𝜃
= 9𝜋𝜋𝑅𝑅1/2

2𝐸𝐸𝐸𝐸𝑡𝑡5/2  (2) 

  
c = η A / d  (3) 

 
 

𝜑𝜑1 = 𝑥𝑥𝑖𝑖
𝑖𝑖 = 𝑥𝑥𝑆𝑆1

𝑠𝑠1
; 𝜑̇𝜑1 = 𝑥̇𝑥𝑖𝑖

𝑖𝑖 ; 𝑣𝑣𝑆𝑆1 = 𝑥̇𝑥𝑆𝑆1 = 𝑠𝑠1
𝑖𝑖 𝑥̇𝑥𝑖𝑖 

𝜑𝜑3 = 𝑥𝑥𝑜𝑜
𝑜𝑜 = 𝑥𝑥𝑆𝑆3

𝑠𝑠3
; 𝜑̇𝜑3 = 𝑥̇𝑥𝑜𝑜

𝑜𝑜 ; 𝑣𝑣𝑆𝑆3 = 𝑥̇𝑥𝑆𝑆3 = 𝑠𝑠3
𝑜𝑜 𝑥̇𝑥𝑜𝑜 

𝑣𝑣𝑆𝑆2 = 𝑥̇𝑥2 

(4) 

 
 

𝐸𝐸𝑘𝑘 = 1
2 𝑚𝑚1 (𝑠𝑠1

𝑖𝑖 )
2

𝑥̇𝑥𝑖𝑖
2 + 1

2 𝑗𝑗1
𝑥̇𝑥𝑖𝑖

2

𝑖𝑖2 + 

+ 12 𝑚𝑚3 (𝑠𝑠3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 + 1
2 𝑗𝑗3

𝑥̇𝑥𝑜𝑜
2

𝑜𝑜2 + 1
2 𝑚𝑚2𝑥̇𝑥2

2  
(5) 

 
 

𝐸𝐸𝑝𝑝 = 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑖𝑖

𝑖𝑖 )
2

+ 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑜𝑜

𝑜𝑜 )
2

+ 

+ 12 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑖𝑖
𝑖𝑖 )

2
+ 1

2 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑜𝑜
𝑜𝑜 )

2
 

(6) 

 
𝑃𝑃 = −𝑓𝑓𝑜𝑜. 𝑥̇𝑥𝑜𝑜 (7) 
 
∆ = ∆1 + ∆2 + ∆3 (8) 
 
 

∆1= ∫ [1
2 𝑐𝑐1

𝑦𝑦(𝑦𝑦𝜑̇𝜑1)2]𝑙𝑙1
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖

2  (9) 
 

∆2= 1
2 𝑐𝑐2𝑥̇𝑥2

2  (10) 
 

∆3= ∫ [1
2 𝑐𝑐3

𝑦𝑦(𝑦𝑦𝜑̇𝜑3)2]𝑙𝑙3
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐3 (𝑙𝑙3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 8 (11) 
 

 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝜕𝜕𝐸𝐸𝑘𝑘

𝜕𝜕𝑞̇𝑞𝑖𝑖
) +

𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑞𝑞𝑖𝑖

= 𝜕𝜕(𝑃𝑃 − ∆)
𝜕𝜕𝑞̇𝑞𝑖𝑖

 

 
 

(12) 

 

[𝑚𝑚1 (𝑠𝑠1
𝑖𝑖 )

2
+ 𝑗𝑗1

𝑖𝑖2] 𝑥̈𝑥𝑖𝑖 + [𝑘𝑘 (𝑙𝑙1
𝑖𝑖 )

2
+ 𝑘𝑘𝜃𝜃

𝑖𝑖2 ] 𝑥𝑥𝑖𝑖 – 

−𝑘𝑘 𝑙𝑙1
𝑖𝑖 𝑥𝑥2 = − 1

3 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖 

 
 

(13) 

	 (11)

Apply the above functions Equation 5–11 to 
the Lagrange’s equation Equation 12 we have the 
results in equation system Equation 13, 14, 15:

	

 

Linear stiffness k (N/m): 1𝑘𝑘 = 1
𝐸𝐸𝐸𝐸 [𝜋𝜋 (𝑅𝑅

𝑡𝑡 )
1/2

−  2.57]  (1) 
 

 
Torsional stiffness k (Nm/rad): 1

𝑘𝑘𝜃𝜃
= 9𝜋𝜋𝑅𝑅1/2

2𝐸𝐸𝐸𝐸𝑡𝑡5/2  (2) 

  
c = η A / d  (3) 

 
 

𝜑𝜑1 = 𝑥𝑥𝑖𝑖
𝑖𝑖 = 𝑥𝑥𝑆𝑆1

𝑠𝑠1
; 𝜑̇𝜑1 = 𝑥̇𝑥𝑖𝑖

𝑖𝑖 ; 𝑣𝑣𝑆𝑆1 = 𝑥̇𝑥𝑆𝑆1 = 𝑠𝑠1
𝑖𝑖 𝑥̇𝑥𝑖𝑖 

𝜑𝜑3 = 𝑥𝑥𝑜𝑜
𝑜𝑜 = 𝑥𝑥𝑆𝑆3

𝑠𝑠3
; 𝜑̇𝜑3 = 𝑥̇𝑥𝑜𝑜

𝑜𝑜 ; 𝑣𝑣𝑆𝑆3 = 𝑥̇𝑥𝑆𝑆3 = 𝑠𝑠3
𝑜𝑜 𝑥̇𝑥𝑜𝑜 

𝑣𝑣𝑆𝑆2 = 𝑥̇𝑥2 

(4) 

 
 

𝐸𝐸𝑘𝑘 = 1
2 𝑚𝑚1 (𝑠𝑠1

𝑖𝑖 )
2

𝑥̇𝑥𝑖𝑖
2 + 1

2 𝑗𝑗1
𝑥̇𝑥𝑖𝑖

2

𝑖𝑖2 + 

+ 12 𝑚𝑚3 (𝑠𝑠3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 + 1
2 𝑗𝑗3

𝑥̇𝑥𝑜𝑜
2

𝑜𝑜2 + 1
2 𝑚𝑚2𝑥̇𝑥2

2  
(5) 

 
 

𝐸𝐸𝑝𝑝 = 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑖𝑖

𝑖𝑖 )
2

+ 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑜𝑜

𝑜𝑜 )
2

+ 

+ 12 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑖𝑖
𝑖𝑖 )

2
+ 1

2 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑜𝑜
𝑜𝑜 )

2
 

(6) 

 
𝑃𝑃 = −𝑓𝑓𝑜𝑜. 𝑥̇𝑥𝑜𝑜 (7) 
 
∆ = ∆1 + ∆2 + ∆3 (8) 
 
 

∆1= ∫ [1
2 𝑐𝑐1

𝑦𝑦(𝑦𝑦𝜑̇𝜑1)2]𝑙𝑙1
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖

2  (9) 
 

∆2= 1
2 𝑐𝑐2𝑥̇𝑥2

2  (10) 
 

∆3= ∫ [1
2 𝑐𝑐3

𝑦𝑦(𝑦𝑦𝜑̇𝜑3)2]𝑙𝑙3
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐3 (𝑙𝑙3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 8 (11) 
 

 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝜕𝜕𝐸𝐸𝑘𝑘

𝜕𝜕𝑞̇𝑞𝑖𝑖
) +

𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑞𝑞𝑖𝑖

= 𝜕𝜕(𝑃𝑃 − ∆)
𝜕𝜕𝑞̇𝑞𝑖𝑖

 

 
 

(12) 

 

[𝑚𝑚1 (𝑠𝑠1
𝑖𝑖 )

2
+ 𝑗𝑗1

𝑖𝑖2] 𝑥̈𝑥𝑖𝑖 + [𝑘𝑘 (𝑙𝑙1
𝑖𝑖 )

2
+ 𝑘𝑘𝜃𝜃

𝑖𝑖2 ] 𝑥𝑥𝑖𝑖 – 

−𝑘𝑘 𝑙𝑙1
𝑖𝑖 𝑥𝑥2 = − 1

3 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖 

 
 

(13) 

	 (12)

Where qi is one of general coordinates of the 
system {xi, x2, xo}.

	

 

Linear stiffness k (N/m): 1𝑘𝑘 = 1
𝐸𝐸𝐸𝐸 [𝜋𝜋 (𝑅𝑅

𝑡𝑡 )
1/2

−  2.57]  (1) 
 

 
Torsional stiffness k (Nm/rad): 1

𝑘𝑘𝜃𝜃
= 9𝜋𝜋𝑅𝑅1/2

2𝐸𝐸𝐸𝐸𝑡𝑡5/2  (2) 

  
c = η A / d  (3) 

 
 

𝜑𝜑1 = 𝑥𝑥𝑖𝑖
𝑖𝑖 = 𝑥𝑥𝑆𝑆1

𝑠𝑠1
; 𝜑̇𝜑1 = 𝑥̇𝑥𝑖𝑖

𝑖𝑖 ; 𝑣𝑣𝑆𝑆1 = 𝑥̇𝑥𝑆𝑆1 = 𝑠𝑠1
𝑖𝑖 𝑥̇𝑥𝑖𝑖 

𝜑𝜑3 = 𝑥𝑥𝑜𝑜
𝑜𝑜 = 𝑥𝑥𝑆𝑆3

𝑠𝑠3
; 𝜑̇𝜑3 = 𝑥̇𝑥𝑜𝑜

𝑜𝑜 ; 𝑣𝑣𝑆𝑆3 = 𝑥̇𝑥𝑆𝑆3 = 𝑠𝑠3
𝑜𝑜 𝑥̇𝑥𝑜𝑜 

𝑣𝑣𝑆𝑆2 = 𝑥̇𝑥2 

(4) 

 
 

𝐸𝐸𝑘𝑘 = 1
2 𝑚𝑚1 (𝑠𝑠1

𝑖𝑖 )
2

𝑥̇𝑥𝑖𝑖
2 + 1

2 𝑗𝑗1
𝑥̇𝑥𝑖𝑖

2

𝑖𝑖2 + 

+ 12 𝑚𝑚3 (𝑠𝑠3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 + 1
2 𝑗𝑗3

𝑥̇𝑥𝑜𝑜
2

𝑜𝑜2 + 1
2 𝑚𝑚2𝑥̇𝑥2

2  
(5) 

 
 

𝐸𝐸𝑝𝑝 = 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑖𝑖

𝑖𝑖 )
2

+ 1
2 𝑘𝑘𝜃𝜃 (𝑥𝑥𝑜𝑜

𝑜𝑜 )
2

+ 

+ 12 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑖𝑖
𝑖𝑖 )

2
+ 1

2 𝑘𝑘 (𝑥𝑥2 − 𝑙𝑙1
𝑥𝑥𝑜𝑜
𝑜𝑜 )

2
 

(6) 

 
𝑃𝑃 = −𝑓𝑓𝑜𝑜. 𝑥̇𝑥𝑜𝑜 (7) 
 
∆ = ∆1 + ∆2 + ∆3 (8) 
 
 

∆1= ∫ [1
2 𝑐𝑐1

𝑦𝑦(𝑦𝑦𝜑̇𝜑1)2]𝑙𝑙1
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖

2  (9) 
 

∆2= 1
2 𝑐𝑐2𝑥̇𝑥2

2  (10) 
 

∆3= ∫ [1
2 𝑐𝑐3

𝑦𝑦(𝑦𝑦𝜑̇𝜑3)2]𝑙𝑙3
0 𝑑𝑑𝑑𝑑 = 1

6 𝑐𝑐3 (𝑙𝑙3
𝑜𝑜 )

2
𝑥̇𝑥𝑜𝑜

2 8 (11) 
 

 
 

𝑑𝑑
𝑑𝑑𝑑𝑑 (𝜕𝜕𝐸𝐸𝑘𝑘

𝜕𝜕𝑞̇𝑞𝑖𝑖
) +

𝜕𝜕𝐸𝐸𝑝𝑝
𝜕𝜕𝑞𝑞𝑖𝑖

= 𝜕𝜕(𝑃𝑃 − ∆)
𝜕𝜕𝑞̇𝑞𝑖𝑖

 

 
 

(12) 

 

[𝑚𝑚1 (𝑠𝑠1
𝑖𝑖 )

2
+ 𝑗𝑗1

𝑖𝑖2] 𝑥̈𝑥𝑖𝑖 + [𝑘𝑘 (𝑙𝑙1
𝑖𝑖 )

2
+ 𝑘𝑘𝜃𝜃

𝑖𝑖2 ] 𝑥𝑥𝑖𝑖 – 

−𝑘𝑘 𝑙𝑙1
𝑖𝑖 𝑥𝑥2 = − 1

3 𝑐𝑐1 (𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖 

 
 

(13) 
	 (13)

[𝑚𝑚3 (
𝑠𝑠3
𝑜𝑜 )

2
+ 𝑗𝑗3
𝑜𝑜2] 𝑥̈𝑥𝑜𝑜 + [𝑘𝑘 (

𝑙𝑙1
𝑜𝑜)

2
+ 𝑘𝑘𝜃𝜃𝑜𝑜2] 𝑥𝑥𝑜𝑜 − 

− 𝑘𝑘 𝑙𝑙1𝑜𝑜 𝑥𝑥2 = −𝑓𝑓𝑜𝑜 −
1
3 𝑐𝑐3 (

𝑙𝑙3
𝑜𝑜)

2
𝑥̇𝑥𝑜𝑜 

 
 

(14) 

𝑚𝑚2𝑥̈𝑥2 + 2𝑘𝑘𝑥𝑥2 − 𝑘𝑘
𝑙𝑙1
𝑖𝑖 𝑥𝑥2 − 𝑘𝑘

𝑙𝑙1
𝑜𝑜 𝑥𝑥𝑜𝑜 = −𝑐𝑐2𝑥̇𝑥2  (15) 

 

[𝑚𝑚3 (
𝑠𝑠3
𝑜𝑜 )

2
+ 𝑗𝑗3
𝑜𝑜2] 𝑥̈𝑥𝑜𝑜 +

1
3 𝑐𝑐3 (

𝑙𝑙3
𝑜𝑜)

2
𝑥̇𝑥𝑜𝑜 + 

+ [𝑘𝑘 (𝑙𝑙1𝑜𝑜)
2
+ 𝑘𝑘𝜃𝜃𝑜𝑜2] 𝑥𝑥𝑜𝑜 = −𝑓𝑓𝑜𝑜 + 

+ 𝑖𝑖𝑜𝑜
{ 
 
  [𝑚𝑚1 (

𝑠𝑠1
𝑖𝑖 )

2
+ 𝑗𝑗1𝑖𝑖2] 𝑥̈𝑥𝑖𝑖 +

+ 13 𝑐𝑐1 (
𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖 + [𝑘𝑘 (

𝑙𝑙1
𝑖𝑖 )

2
+ 𝑘𝑘𝜃𝜃𝑖𝑖2 ] 𝑥𝑥𝑖𝑖} 

 
  

 

 
 

(16) 

 

𝐴𝐴 = [𝑚𝑚3 (
𝑠𝑠3
𝑜𝑜 )

2
+ 𝑗𝑗3
𝑜𝑜2]; 

𝐵𝐵 = 1
3 𝑐𝑐3 (

𝑙𝑙3
𝑜𝑜)

2
; 𝐶𝐶 = [𝑘𝑘 (𝑙𝑙1𝑜𝑜)

2
+ 𝑘𝑘𝜃𝜃
𝑜𝑜2]; 

𝐷𝐷 = −𝑓𝑓𝑜𝑜; 𝐸𝐸 = 𝑖𝑖
𝑜𝑜 [𝑚𝑚1 (

𝑠𝑠1
𝑖𝑖 )
2
+ 𝑗𝑗1
𝑖𝑖2]; 

𝐹𝐹 = 1
3
𝑖𝑖
𝑜𝑜 𝑐𝑐1 (

𝑙𝑙1
𝑖𝑖 )
2
; 𝐺𝐺 = 𝑖𝑖

𝑜𝑜 [𝑘𝑘 (
𝑙𝑙1
𝑖𝑖 )
2
+ 𝑘𝑘𝜃𝜃

𝑖𝑖2 ] 

(17) 

  
𝐴𝐴𝑥̈𝑥𝑜𝑜 + 𝐵𝐵𝑥̇𝑥𝑜𝑜 + 𝐶𝐶𝑥𝑥𝑜𝑜 = 

= 𝐷𝐷 + 𝐸𝐸𝑥̈𝑥𝑖𝑖 + 𝐹𝐹𝑥̇𝑥𝑖𝑖 + 𝐺𝐺𝑥𝑥𝑖𝑖 
(18) 

 

	(14)

[𝑚𝑚3 (
𝑠𝑠3
𝑜𝑜 )

2
+ 𝑗𝑗3
𝑜𝑜2] 𝑥̈𝑥𝑜𝑜 + [𝑘𝑘 (

𝑙𝑙1
𝑜𝑜)

2
+ 𝑘𝑘𝜃𝜃𝑜𝑜2] 𝑥𝑥𝑜𝑜 − 

− 𝑘𝑘 𝑙𝑙1𝑜𝑜 𝑥𝑥2 = −𝑓𝑓𝑜𝑜 −
1
3 𝑐𝑐3 (

𝑙𝑙3
𝑜𝑜)

2
𝑥̇𝑥𝑜𝑜 

 
 

(14) 

𝑚𝑚2𝑥̈𝑥2 + 2𝑘𝑘𝑥𝑥2 − 𝑘𝑘
𝑙𝑙1
𝑖𝑖 𝑥𝑥2 − 𝑘𝑘

𝑙𝑙1
𝑜𝑜 𝑥𝑥𝑜𝑜 = −𝑐𝑐2𝑥̇𝑥2  (15) 

 

[𝑚𝑚3 (
𝑠𝑠3
𝑜𝑜 )

2
+ 𝑗𝑗3
𝑜𝑜2] 𝑥̈𝑥𝑜𝑜 +

1
3 𝑐𝑐3 (

𝑙𝑙3
𝑜𝑜)

2
𝑥̇𝑥𝑜𝑜 + 

+ [𝑘𝑘 (𝑙𝑙1𝑜𝑜)
2
+ 𝑘𝑘𝜃𝜃𝑜𝑜2] 𝑥𝑥𝑜𝑜 = −𝑓𝑓𝑜𝑜 + 

+ 𝑖𝑖𝑜𝑜
{ 
 
  [𝑚𝑚1 (

𝑠𝑠1
𝑖𝑖 )

2
+ 𝑗𝑗1𝑖𝑖2] 𝑥̈𝑥𝑖𝑖 +

+ 13 𝑐𝑐1 (
𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖 + [𝑘𝑘 (

𝑙𝑙1
𝑖𝑖 )

2
+ 𝑘𝑘𝜃𝜃𝑖𝑖2 ] 𝑥𝑥𝑖𝑖} 

 
  

 

 
 

(16) 

 

𝐴𝐴 = [𝑚𝑚3 (
𝑠𝑠3
𝑜𝑜 )

2
+ 𝑗𝑗3
𝑜𝑜2]; 

𝐵𝐵 = 1
3 𝑐𝑐3 (

𝑙𝑙3
𝑜𝑜)

2
; 𝐶𝐶 = [𝑘𝑘 (𝑙𝑙1𝑜𝑜)

2
+ 𝑘𝑘𝜃𝜃
𝑜𝑜2]; 

𝐷𝐷 = −𝑓𝑓𝑜𝑜; 𝐸𝐸 = 𝑖𝑖
𝑜𝑜 [𝑚𝑚1 (

𝑠𝑠1
𝑖𝑖 )
2
+ 𝑗𝑗1
𝑖𝑖2]; 

𝐹𝐹 = 1
3
𝑖𝑖
𝑜𝑜 𝑐𝑐1 (

𝑙𝑙1
𝑖𝑖 )
2
; 𝐺𝐺 = 𝑖𝑖

𝑜𝑜 [𝑘𝑘 (
𝑙𝑙1
𝑖𝑖 )
2
+ 𝑘𝑘𝜃𝜃

𝑖𝑖2 ] 

(17) 

  
𝐴𝐴𝑥̈𝑥𝑜𝑜 + 𝐵𝐵𝑥̇𝑥𝑜𝑜 + 𝐶𝐶𝑥𝑥𝑜𝑜 = 

= 𝐷𝐷 + 𝐸𝐸𝑥̈𝑥𝑖𝑖 + 𝐹𝐹𝑥̇𝑥𝑖𝑖 + 𝐺𝐺𝑥𝑥𝑖𝑖 
(18) 

 

 (15)

The dynamic response of output xo to the in-
put xi and load fo is derived using equation system 
(13, 14, 15):

[𝑚𝑚3 (
𝑠𝑠3
𝑜𝑜 )

2
+ 𝑗𝑗3
𝑜𝑜2] 𝑥̈𝑥𝑜𝑜 + [𝑘𝑘 (

𝑙𝑙1
𝑜𝑜)

2
+ 𝑘𝑘𝜃𝜃𝑜𝑜2] 𝑥𝑥𝑜𝑜 − 

− 𝑘𝑘 𝑙𝑙1𝑜𝑜 𝑥𝑥2 = −𝑓𝑓𝑜𝑜 −
1
3 𝑐𝑐3 (

𝑙𝑙3
𝑜𝑜)

2
𝑥̇𝑥𝑜𝑜 

 
 

(14) 

𝑚𝑚2𝑥̈𝑥2 + 2𝑘𝑘𝑥𝑥2 − 𝑘𝑘
𝑙𝑙1
𝑖𝑖 𝑥𝑥2 − 𝑘𝑘

𝑙𝑙1
𝑜𝑜 𝑥𝑥𝑜𝑜 = −𝑐𝑐2𝑥̇𝑥2  (15) 

 

[𝑚𝑚3 (
𝑠𝑠3
𝑜𝑜 )

2
+ 𝑗𝑗3
𝑜𝑜2] 𝑥̈𝑥𝑜𝑜 +

1
3 𝑐𝑐3 (

𝑙𝑙3
𝑜𝑜)

2
𝑥̇𝑥𝑜𝑜 + 

+ [𝑘𝑘 (𝑙𝑙1𝑜𝑜)
2
+ 𝑘𝑘𝜃𝜃𝑜𝑜2] 𝑥𝑥𝑜𝑜 = −𝑓𝑓𝑜𝑜 + 

+ 𝑖𝑖𝑜𝑜
{ 
 
  [𝑚𝑚1 (

𝑠𝑠1
𝑖𝑖 )

2
+ 𝑗𝑗1𝑖𝑖2] 𝑥̈𝑥𝑖𝑖 +

+ 13 𝑐𝑐1 (
𝑙𝑙1
𝑖𝑖 )

2
𝑥̇𝑥𝑖𝑖 + [𝑘𝑘 (

𝑙𝑙1
𝑖𝑖 )

2
+ 𝑘𝑘𝜃𝜃𝑖𝑖2 ] 𝑥𝑥𝑖𝑖} 

 
  

 

 
 

(16) 

 

𝐴𝐴 = [𝑚𝑚3 (
𝑠𝑠3
𝑜𝑜 )

2
+ 𝑗𝑗3
𝑜𝑜2]; 

𝐵𝐵 = 1
3 𝑐𝑐3 (

𝑙𝑙3
𝑜𝑜)

2
; 𝐶𝐶 = [𝑘𝑘 (𝑙𝑙1𝑜𝑜)

2
+ 𝑘𝑘𝜃𝜃
𝑜𝑜2]; 

𝐷𝐷 = −𝑓𝑓𝑜𝑜; 𝐸𝐸 = 𝑖𝑖
𝑜𝑜 [𝑚𝑚1 (

𝑠𝑠1
𝑖𝑖 )
2
+ 𝑗𝑗1
𝑖𝑖2]; 

𝐹𝐹 = 1
3
𝑖𝑖
𝑜𝑜 𝑐𝑐1 (

𝑙𝑙1
𝑖𝑖 )
2
; 𝐺𝐺 = 𝑖𝑖

𝑜𝑜 [𝑘𝑘 (
𝑙𝑙1
𝑖𝑖 )
2
+ 𝑘𝑘𝜃𝜃

𝑖𝑖2 ] 

(17) 

  
𝐴𝐴𝑥̈𝑥𝑜𝑜 + 𝐵𝐵𝑥̇𝑥𝑜𝑜 + 𝐶𝐶𝑥𝑥𝑜𝑜 = 

= 𝐷𝐷 + 𝐸𝐸𝑥̈𝑥𝑖𝑖 + 𝐹𝐹𝑥̇𝑥𝑖𝑖 + 𝐺𝐺𝑥𝑥𝑖𝑖 
(18) 

 

(16)
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Organize the parameters as belows

	

[𝑚𝑚3 (
𝑠𝑠3
𝑜𝑜 )

2
+ 𝑗𝑗3
𝑜𝑜2] 𝑥̈𝑥𝑜𝑜 + [𝑘𝑘 (

𝑙𝑙1
𝑜𝑜)

2
+ 𝑘𝑘𝜃𝜃𝑜𝑜2] 𝑥𝑥𝑜𝑜 − 

− 𝑘𝑘 𝑙𝑙1𝑜𝑜 𝑥𝑥2 = −𝑓𝑓𝑜𝑜 −
1
3 𝑐𝑐3 (

𝑙𝑙3
𝑜𝑜)

2
𝑥̇𝑥𝑜𝑜 

 
 

(14) 

𝑚𝑚2𝑥̈𝑥2 + 2𝑘𝑘𝑥𝑥2 − 𝑘𝑘
𝑙𝑙1
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where:	 the dimensions are: i = 0.02 m; o = 0.15 
m; s1 = 0.048 m; s3 = 0.093 m; l1 = 0.075 
m; l3 = 0.163 m.

We have the dynamic response of output xo to 
the input xi described as 
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The dynamic response of output xo to the input 
xi is performed using Matlab Simulink as follows. 
The Matlab Simulink model (Figure 3) is built 
based on the mathematical model in Equation 18. 

The modeling parameters can be seen in Table 1. 
The Matlab Simulink model is used to simulate 
the dynamic response of the flexure mechanism in 
two cases: the mechanism is immersed to lubrica-
tion oil (nonzero damping coefficients) or is left 
in the air (zero damping coefficients). The tran-
sient response simulation is shown in Figures 4 
and 5. The results indicate improved performance 
in the presence of damping oil, with a response 
time of 0.184 s, better than 0.286 s when without 
oil damping.

Transient response simulation using Ansys

The design was numerically constructed as a 
3D Inventor model and then transferred to Ansys 
Workbench for performing finite element analy-
sis to simulate the displacement and stress be-
haviors of the flexure mechanism. The 3D model 
is meshed using 88,470 3D Solid186 elements 
and specified to material carbon steel C45 (E = 
200 GPa, Poisson’s ratio = 0.3, yield strength = 
250 MPa, density = 7850 kg/m³). 

The damping constant of the oil is set to the 
Ansys model and specified in the in Analysis Set-
tings – Damping Controls – Constant Structural 
Damping Coefficient. The meshing of the mecha-
nism can be seen in Figure 6 with Solid186 Tetra-
hedral elements. We use the Transient structural 
module of Ansys to perform the transient analy-
sis and simulation. The boundary conditions are 

Table 1. Matlab Simulink simulation parameters
Design 

variables Value Design 
variables Value

i 0.02 m t 0.5e-3 m

o 0.15 m b 10e-3 m

S1 0.048 m R 9.5e-3 m

S3 0.093 m C1 0.305 Ns/m

L1 0.075 m C2 0.084 Ns/m

L3 0.163 m C3 0.6 Ns/m

Figure 4. Matlab Simulink simulations (with oil damping)
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Figure 5. Matlab Simulink simulations (without oil damping)

Figure 6. Ansys model
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shown in Figure 6, and the PZT generates an in-
put displacement of 0.03 mm.

From Figure 7, it can be observed that with 
the input displacement of the mechanism xi = 0.03 
mm, the output displacement xo =  0.15 mm corre-
sponds to the amplification ratio of the mechanism 
Aamp = 5. The maximum Von Mises stress on the 
mechanism structure is σmax = 237.05 MPa that sat-
isfies constraint relating to the strength of material.

The transient response simulation of the flex-
ure mechanism results show the time-response of 
the output displacement of the flexure mechanism 
are expressed in Figure 8 or 9, respectively with or 
without considering viscous damping. In Figure 9, 
it is shown that the response time and overshoot 
of the mechanism using viscous damping are sig-
nificantly smaller than those without using viscous 
damping. The response time with viscous damping 

Figure 7. Simulation results — (a) total displacement, (b) displacement, (c) von mises stress

Figure 8. ANSYS simulation results – without viscous damping
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is approximately 0.05 s, while the one without 
viscous damping is greater, approximately 0.1 s. 
The results also show that the overshoot is much 
smaller and better when simulating with consider-
ing viscous damping of lubrication oil. From the 
simulation, with an input displacement of 0.03 
mm, the overshoot of the output can be seen as 0.1 
mm and the 0.018 mm respectively corresponding 
to without and with viscous damping. We can see 
the difference between Matlab and Ansys models 
because of idealizing assumptions about structure 
mechanics in pseudo rigid body model.

EXPERIMENTS

To validate the mathematical and simula-
tion models (Matlab Simulink and Ansys mod-
els), experiments were conducted to perform the 

dynamic analysis. The designed mechanism was 
made of carbon steel C45 and fabricated by EDM 
wire-cutting based on dimensions in Table 1. The 
flexure mechanism was used to perform the ex-
periment shown in Figure 10.

An experimental setup was arranged as 
shown in Figure 11 to evaluate the effect of vis-
cous damping on the transient response of the 
flexure mechanism under the open-loop displace-
ment control. MDT694A PZT actuator controller 
(THORLABS) generates, amplifies and provides 
the input voltage to the PZT actuator. A non-con-
tact laser displacement sensor LK-G30 (Keyence) 
is used to measure the output displacement of the 
mechanism with an accuracy of 0.01 µm and a 
measurement range of ±5 mm. A micro-position-
ing stage was used to adjust the focal point for 
the laser sensor. All devices were mounted on an 
anti-vibration table to isolate external vibrations 

Figure 9. ANSYS simulation results – with viscous damping

Figure 10. Flexure mechanism dipped to lubrication oil. (1) flexure mechanism; (2) PZT actuator; (3) lubrication oil



512

Advances in Science and Technology Research Journal 2026, 20(2), 504–514

Figure 11. Full set of experiment devices. (1) flexure mechanism; (2) PZT actuator; (3) laser displacement 
sensor LK – G30; (4) micro-positioning stage; (5) sensor controller LK – 3001P; (6) PZT driver MDT694A; 

(7) laptop for controlling; (8) vibration isolation table

Figure 12. Experimental results with or without viscous damping (immersed to oil or left in the air)
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from affecting measurement accuracy. The mea-
surement data was transmitted through the LK-
3001P controller to the computer via USB. The 
data was displayed using LK-Navigator software 
(Keyence). The measured displacement results 
are shown in Figure 12 which shows the transient 
response of the output displacement of the com-
pliant mechanism with open-loop control in two 
cases: immersed to oil and left in the air. The out-
put displacement results show that the response 
times of the mechanism with or without lubrica-
tion oil are respectively at 0.05 s and 0.1 s. Figure 
12 also shows that the overshoot of the mecha-
nism in the lubrication oil condition is 0.272 mm, 
in comparison with 0.341 mm, the one without 
lubrication oil. These experimental results show 
that both the overshoot and response time are bet-
ter in the presence of lubrication oil. 

The experiment proved that the mathematic 
and Matlab Simulink model and Ansys model are 
effective to study the dynamic analysis of flexure 
mechanism with considering viscous damping of 
the working environment. The study leads to the 
transient response of flexure mechanism will be 
improved when working dipped to lubrication oil 
– with viscous damping: 0.05 s, 0.272 mm; and 
without viscous damping: 0.1 s, 0.341 mm.

CONCLUSIONS

This study proposes a new approach: dynamic 
analysis of flexure-based mechanisms operating 
in non-air environments such as lubrication oil. 
The mechanism was designed and analytically 
modeled when counting the viscous damping of 
lubrication oil. Then the mathematical model is 
simulated using Matlab Simulink. Ansys simu-
lation considering viscous damping effect was 
conducted to show the dynamic response of the 
finite element model. The flexure mechanism was 
manufactured using wire-cutting CNC machine, 
the mechanism is used to perform experiments 
with a Thorlabs PZT actuator and a Keyence la-
ser displacement sensor to observe the dynamic 
response of the flexure mechanism in both cases 
dipped to the oil and left in the air. Results re-
ceived from modeling and simulations using 
Matlab Simulink, Ansys, and also results ob-
tained from experiments show that the overshoot, 
response time and stress inside the structure sig-
nificantly reduce when changing the working en-
vironment from “left in the air” to “immersed in 

lubrication oil”. These findings validate the effec-
tiveness of viscous damping and suggest potential 
of its application for future closed-loop control 
implementation. This brings us a new study direc-
tion about realized applications of flexure mecha-
nisms concerning their working environment such 
as the immersion of flexure system into oil to get 
a faster stabilization of flexure stages, to reduce 
wear and prevent corrosion, and ensure long-term 
reliability, and to reduce drift and vibration.
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