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INTRODUCTION

Anisotropic plates are gaining substantial im-
portance in the majority of fields of engineering, 
especially in aerospace, defence, automotive, civ-
il engineering, and materials science. Their higher 
mechanical properties and the ability to custom-
ise directional properties make them extremely 
useful for application in advanced composite 
laminates [1]. However, their inherent material 
properties of anisotropy, generally accompanied 
by complex geometries and nonlinear boundary 
conditions, the analysis of these structural com-
ponents extremely difficult [2,3]. Accurate pre-
diction of their mechanical behaviour under vari-
ous loading conditions is a major hindrance for 
researchers in the field [4].

The widespread use of anisotropic plates 
in important engineering applications empha-
sises the need for precise and efficient analyti-
cal methods and encourages further research in 

finding robust methods [2]. Analytical solutions 
will often be insufficient due to complexities 
such as shape, type of the material and boundary 
conditions [5]. Over the last few decades, differ-
ent methods have been explored by various re-
searchers to overcome the challenges presented 
with analytical approaches. The finite element 
method (FEM) emerged as a valuable analysis 
tool that can solve many engineering problems; 
however, it too has several limitations [6–8]. Re-
cent studies have shown that meshless methods, 
particularly radial basis function (RBF), offer a 
powerful solution as they do not depend on mesh 
and have numerical stability for anisotropic ma-
terial and irregular geometries [9–11]. Mesh-
less methods have also been used in the cases 
like elastostatic and the fractional-order PDEs, 
which demonstrates several advantages that ex-
tend across applications [9, 10]. The increasing 
need for improved analytical techniques will fur-
ther drive the development of new computational 
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methods. These methods aim to remove mesh de-
pendencies and improve meshless methods. This 
is done by combining different meshless method 
to develop novel hybrid method that work better 
for anisotropic and non-linear problems.

Background

Analysis of anisotropic plates presents inher-
ent challenges due to the directional dependence 
of their material properties and the orientation of 
reinforcing fibres. Conventional finite element 
methods often encounter limitations in accu-
rately modelling and meshing such anisotropic 
geometries, particularly when addressing com-
plex geometries [12]. RBF techniques, on the 
other hand, gained the attraction of researchers, 
as it provides a meshless solution that makes use 
of distance-based interpolation and distributed 
nodal points. They work especially well with 
complicated geometries, anisotropic materials, 
and nonlinear behaviour [13,14]. A few recent 
articles highlighted the potency of RBF-based 
models in plate and shell mechanics, for ex-
ample, the nonlinear laminated composite plate 
analysis using RBF-pseudospectral formulations 
[15] and shallow-shell based layerwise colloca-
tion theories [16].

The basic idea in RBF techniques is the use of 
combinations of radially symmetric basis func-
tions in nodal points to compute an approximate 
displacement. This distance-dependent formula-
tion is naturally well-adapted to irregular node 
distributions and can be generalised to aniso-
tropic conditions by directional scaling. Among 
other RBF methods, multi-quadric RBF (MQ-
RBF) is highly accurate for smooth solutions but 
highly sensitive to its shape parameters. For the 
purpose of addressing MQ shape-parameter is-
sues, new hybrid kernel expressions such as the 
power-generalised MQ [17] and free-parameter 
MQ-based collocation formulations [18] have 
emerged, with reduced shape parameter depen-
dency and improved conditioning. Similarly, lo-
cal and h-adaptive RBF finite-difference (RBF-
FD) formulations have made their appearance 
in order to overcome the issue of geometrical 
scales and stress regions that are spatially local-
ised in elasticity applications [19]. For plate and 
beam structures, MQ-RBF formulations have 
been applied in nonlinear bending and compos-
ite modelling studies, validating their accuracy 
and efficiency [20, 21].

Modified space-time RBF collocation 
schemes have also been developed to improve 
long-time stability for transient heat conduction 
in anisotropic composite materials, underscoring 
their suitability for time-dependent and direction-
ally varying problems [11]. Advanced RBF meth-
od such as integrated and extended RBF meshless 
methods, have further been applied to plate crack 
analysis, highlighting the adaptability of RBFs to 
structural discontinuities [22].

On the other hand, TPS is derived from the 
physical analogy of bending a thin elastic plate, 
where the interpolating surface minimises the 
bending energy. This characteristic makes TPS 
particularly suitable for problems involving plate 
deflections and curvature analysis. Due to its 
parameter-free nature, TPS provides ease-of-use 
during application; however, TPS can sometimes 
converging slower under some boundary condi-
tions and lacks flexibility with complex geome-
tries [23, 24]. In turn, MQ-RBF has greater accu-
racy and flexibility in some of those cases. There-
fore, combining TPS and MQ-RBF in a hybrid 
scheme can be advantageous as well as leverag-
ing the stability and smoothness of TPS with the 
precision and flexibility of MQ-RBF to achieve 
improved overall performance.

Notably, extensive surveys ratify that modern 
trends in RBF investigations rely heavily on hy-
bridisation and adaptability to enhance accuracy 
and approximating performance in structure and 
composite studies [25]. To overcome individual 
limitations while maintaining strengths of both 
approaches, the current research was focused on 
establishing and validating a new H-RBF method 
by firm comparison with current numerical, ana-
lytical, and simulation approaches for anisotro-
pic plates [26].

Novelty

The present research proposed a novel H-RBF 
based numerical method, intended to cater for 
the significant shortcomings of the widely used 
traditional FEM and RBF methodologies. The 
newly proposed H-RBF method introduces a 
new methodology by taking advantage of the 
benefits associated with MQ-RBF and TPS and 
combining their complementary features.

The H-RBF method is new in the sense 
that it inherits the high accuracy of MQ-RBF 
while making use of the good stability of the 
TPS, providing a balanced and efficient way to 
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approximate problems. Through such assimila-
tion, the technique is stable for wide node dis-
tributions, irregular shapes, uniform as well as 
non-uniform grids, where mostly the FEM tend 
to fall short. Beyond that, H-RBF shows faster 
convergence and higher efficiency, while com-
paring with classical FEM and RBF methods 
in accuracy. The H-RBF method is advance-
ment in the area of meshless numerical model-
ling, providing a useful and reliable tool for 
handling complex engineering and scientific 
problems that involve composite structures 
and other demanding areas.

THE CONSTRUCTION OF H-RBF

The H-RBF is created by combining the 
piecewise smooth TPS φ2(r) and infinitely smooth 
MQ-RBFs φ1(r). It can be expressed mathemati-
cally as Equation 1.

	 𝜑𝜑(𝑟𝑟) =  𝜀𝜀𝜑𝜑1 (𝑟𝑟) +  (1 − 𝜀𝜀)𝜑𝜑2 (𝑟𝑟) 

 

𝜑𝜑1𝑗𝑗 =  √(𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2 + 𝑐𝑐2 

 

𝜑𝜑2𝑗𝑗 =  ((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2)
2𝛽𝛽

× 

× 𝑙𝑙 𝑛𝑛((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2) 

 

𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 2𝜂𝜂𝑅𝑅2𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 𝜓𝜓𝑅𝑅4𝑤𝑤𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 + 

+ 4𝑅𝑅 𝜑𝜑 𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 4𝜇𝜇𝑅𝑅3𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 − 𝑞𝑞 = 0 

 

∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥4 𝜑𝜑𝑗𝑗 + 2𝜂𝜂𝑅𝑅2 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥2𝜕𝜕𝜕𝜕2 𝜑𝜑𝑗𝑗 + 

+𝜓𝜓𝜓𝜓4 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑦𝑦4 𝜑𝜑𝑗𝑗 + 4𝑅𝑅𝑅𝑅 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥3𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 + 

+ 4𝜇𝜇𝑅𝑅3 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕3 𝜑𝜑𝑗𝑗 − 𝑞𝑞 = 0 

 

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

 

𝑥𝑥 = 0,1 ∑ −𝐷𝐷11𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷12𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷16𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

 

𝑦𝑦 = 0,1 ∑ −𝐷𝐷12𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷22𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷26𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

	 (1)

The weighting factor ‘ε’ is a natural number 
that regulates the contributions of each function 
in turn. While φ1is infinite smooth RBF having a 
user-specified ‘c’ shape parameter, c ∈ N; and φ2 
is piecewise smooth RBF that is independent of 
the shape parameter.

Mathematical representation

Multi-quadric radial basis function (MQ-RBF)

	

𝜑𝜑(𝑟𝑟) =  𝜀𝜀𝜑𝜑1 (𝑟𝑟) +  (1 − 𝜀𝜀)𝜑𝜑2 (𝑟𝑟) 

 

𝜑𝜑1𝑗𝑗 =  √(𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2 + 𝑐𝑐2 

 

𝜑𝜑2𝑗𝑗 =  ((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2)
2𝛽𝛽

× 

× 𝑙𝑙 𝑛𝑛((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2) 

 

𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 2𝜂𝜂𝑅𝑅2𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 𝜓𝜓𝑅𝑅4𝑤𝑤𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 + 

+ 4𝑅𝑅 𝜑𝜑 𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 4𝜇𝜇𝑅𝑅3𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 − 𝑞𝑞 = 0 

 

∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥4 𝜑𝜑𝑗𝑗 + 2𝜂𝜂𝑅𝑅2 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥2𝜕𝜕𝜕𝜕2 𝜑𝜑𝑗𝑗 + 

+𝜓𝜓𝜓𝜓4 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑦𝑦4 𝜑𝜑𝑗𝑗 + 4𝑅𝑅𝑅𝑅 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥3𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 + 

+ 4𝜇𝜇𝑅𝑅3 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕3 𝜑𝜑𝑗𝑗 − 𝑞𝑞 = 0 

 

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

 

𝑥𝑥 = 0,1 ∑ −𝐷𝐷11𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷12𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷16𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

 

𝑦𝑦 = 0,1 ∑ −𝐷𝐷12𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷22𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷26𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

	 (2)

Shape parameter, ‘c’ should be a user defined 
natural number.

The MQ-RBF method uses the radial func-
tion, as mentioned in Equation 2. The func-
tion is capable to achieve closer approxima-
tion and can achieve exponential convergence 
for smooth problems, making it suitable for the 
bending analysis of anisotropic plates [23]. Its 
meshless nature allows flexible node placement, 
which is valuable for irregular geometries and 
adaptive refinement.

A distinctive advantage of MQ-RBF in 
anisotropic plate analysis lies in its isotropic 
functional form, although the basis function it-
self is isotropic, anisotropy can be accounted 
by introducing scaling or transformation into 

the distance metric [14]. Moreover, MQ-RBF 
is effective in modelling nonlinear behaviours, 
which are often encountered in advanced plate 
models may include large deflection, post-buck-
ling analysis, etc. [27].

However, MQ-RBF methods are sensitive to 
the shape parameter ‘c’. An inappropriate choice 
can lead to ill-conditioned system matrices, af-
fecting stability and accuracy. Additionally, due 
to their global support, MQ-RBFs result in dense 
matrices, making them computationally expen-
sive for large-scale problems. The standard MQ 
also lacks polynomial consistency, although aug-
mented versions can overcome this by including 
polynomial terms [24].

Thin plate spline (TPS)

	

𝜑𝜑(𝑟𝑟) =  𝜀𝜀𝜑𝜑1 (𝑟𝑟) +  (1 − 𝜀𝜀)𝜑𝜑2 (𝑟𝑟) 

 

𝜑𝜑1𝑗𝑗 =  √(𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2 + 𝑐𝑐2 

 

𝜑𝜑2𝑗𝑗 =  ((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2)
2𝛽𝛽

× 

× 𝑙𝑙 𝑛𝑛((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2) 

 

𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 2𝜂𝜂𝑅𝑅2𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 𝜓𝜓𝑅𝑅4𝑤𝑤𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 + 

+ 4𝑅𝑅 𝜑𝜑 𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 4𝜇𝜇𝑅𝑅3𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 − 𝑞𝑞 = 0 

 

∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥4 𝜑𝜑𝑗𝑗 + 2𝜂𝜂𝑅𝑅2 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥2𝜕𝜕𝜕𝜕2 𝜑𝜑𝑗𝑗 + 

+𝜓𝜓𝜓𝜓4 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑦𝑦4 𝜑𝜑𝑗𝑗 + 4𝑅𝑅𝑅𝑅 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥3𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 + 

+ 4𝜇𝜇𝑅𝑅3 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕3 𝜑𝜑𝑗𝑗 − 𝑞𝑞 = 0 

 

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

 

𝑥𝑥 = 0,1 ∑ −𝐷𝐷11𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷12𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷16𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

 

𝑦𝑦 = 0,1 ∑ −𝐷𝐷12𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷22𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷26𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

	 (3)

2β is a positive integer number, and its value 
should be chosen by adding +1 value to the order of 
the governing equation used in MQ-RBF to avoid 
the issue that arises during the differentiation.

The TPS method is grounded in the physi-
cal analogy of bending a thin elastic plate and is 
based on the radial function Equation 3. Unlike 
MQ-RBF, TPS is independent of shape param-
eter, simplifying its application. TPS is having 
inherent characteristics of minimising bending 
energy in its formulation, making it an ideal 
choice for research focused on plate deflections 
and curvature associated with the analysis of 
anisotropic plates [23].

By using higher-order polynomial terms, TPS 
can produces smooth interpolating surfaces, and 
ensures polynomial consistency as it can accu-
rately reproduce constant and linear fields, which 
is an important feature for reliable modelling of 
simple plate behaviour.

TPS has the ability to provide smooth inter-
polating surfaces with polynomial consistency 
through the use of higher-order polynomial 
terms that can exactly reproduce constants and 
linear fields, an essential property required for 
accurate simulations of the fundamental behav-
iour of plates.

Like MQ-RBF, TPS has global support, 
which leads to dense system matrices and po-
tential ill-conditioning for larger data sets. In 
addition, the rigidity of the TPS basis function 
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does not provide the flexibility to capture more 
complicated or nonlinear behaviour of the 
plate.

A promising approach for the numerical so-
lution of anisotropic plates is the hybridisation 
of both MQ-RBF and TPS methods, with each 
one mapping onto the strengths of the other 
method [27]. The MQ-RBF method is accurate, 
can be used for scattered data, and has excellent 
computational efficiency when approximating 
nonlinear and complex responses. Conversely, 
the TPS method ensures polynomial consisten-
cy, while also being parameter-free and simpler 
to implement. The combination of these two 
seemingly disparate methods leads to a hybrid 
RBF framework that balances flexibility and ac-
curacy. MQ-RBF can be utilised as a solution for 
localized nonlinearities or complex boundary 
conditions and TPS for smoothness, consistency 
and energy [24]. This synergy of combination 
is able to overcome the limitations inherent in 
each method: TPS compensates for the sensi-
tivity of MQ-RBF towards the change of shape 
parameters, while MQ-RBF compensates for the 
loss of flexibility that accompanies the use of a 
fixed functional form. Such a hybrid method is 
especially useful to anisotropic and non-smooth 
plate geometries, where stability and accuracy 
are more important. Further, it can lead to the so-
lutions that are improved in stability, scalability, 
and physical consistency [14].

Governing equations of a thin plate

Figure 1 represents the geometry of a thin 
plate, dimensions, coordinate system and loading 
condition. Neglecting the rotary and in-plane in-
ertia, the equation of anisotropic plate under uni-
form load can be expressed in non-dimensional 
form as Equation 4.

	

𝜑𝜑(𝑟𝑟) =  𝜀𝜀𝜑𝜑1 (𝑟𝑟) +  (1 − 𝜀𝜀)𝜑𝜑2 (𝑟𝑟) 

 

𝜑𝜑1𝑗𝑗 =  √(𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2 + 𝑐𝑐2 

 

𝜑𝜑2𝑗𝑗 =  ((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2)
2𝛽𝛽

× 

× 𝑙𝑙 𝑛𝑛((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2) 

 

𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 2𝜂𝜂𝑅𝑅2𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 𝜓𝜓𝑅𝑅4𝑤𝑤𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 + 

+ 4𝑅𝑅 𝜑𝜑 𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 4𝜇𝜇𝑅𝑅3𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 − 𝑞𝑞 = 0 

 

∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥4 𝜑𝜑𝑗𝑗 + 2𝜂𝜂𝑅𝑅2 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥2𝜕𝜕𝜕𝜕2 𝜑𝜑𝑗𝑗 + 

+𝜓𝜓𝜓𝜓4 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑦𝑦4 𝜑𝜑𝑗𝑗 + 4𝑅𝑅𝑅𝑅 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥3𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 + 

+ 4𝜇𝜇𝑅𝑅3 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕3 𝜑𝜑𝑗𝑗 − 𝑞𝑞 = 0 

 

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

 

𝑥𝑥 = 0,1 ∑ −𝐷𝐷11𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷12𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷16𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

 

𝑦𝑦 = 0,1 ∑ −𝐷𝐷12𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷22𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷26𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

	 (4)

Non-dimensional quantities can be defined as

𝑤𝑤 = 𝑤𝑤∗ ℎ⁄ ;  𝑥𝑥 = 𝑥𝑥∗ 𝑎𝑎⁄ ; 𝑦𝑦 = 𝑦𝑦∗ 𝑏𝑏⁄  
𝑅𝑅 =  𝑎𝑎 𝑏𝑏⁄ ; t = t∗√𝐷𝐷11/(𝜌𝜌𝑎𝑎4ℎ); 
𝜂𝜂 = (𝐷𝐷12 + 2 ∗ 𝐷𝐷66) 𝐷𝐷11⁄ ; 
𝜓𝜓 = 𝐷𝐷22 𝐷𝐷11⁄ ; 𝜑𝜑 = 𝐷𝐷16 𝐷𝐷11⁄ ; 
𝜇𝜇 = 𝐷𝐷26 𝐷𝐷11⁄  
 

Governing equation

	

𝜑𝜑(𝑟𝑟) =  𝜀𝜀𝜑𝜑1 (𝑟𝑟) +  (1 − 𝜀𝜀)𝜑𝜑2 (𝑟𝑟) 

 

𝜑𝜑1𝑗𝑗 =  √(𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2 + 𝑐𝑐2 

 

𝜑𝜑2𝑗𝑗 =  ((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2)
2𝛽𝛽

× 

× 𝑙𝑙 𝑛𝑛((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2) 

 

𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 2𝜂𝜂𝑅𝑅2𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 𝜓𝜓𝑅𝑅4𝑤𝑤𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 + 

+ 4𝑅𝑅 𝜑𝜑 𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 4𝜇𝜇𝑅𝑅3𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 − 𝑞𝑞 = 0 

 

∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥4 𝜑𝜑𝑗𝑗 + 2𝜂𝜂𝑅𝑅2 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥2𝜕𝜕𝜕𝜕2 𝜑𝜑𝑗𝑗 + 

+𝜓𝜓𝜓𝜓4 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑦𝑦4 𝜑𝜑𝑗𝑗 + 4𝑅𝑅𝑅𝑅 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥3𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 + 

+ 4𝜇𝜇𝑅𝑅3 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕3 𝜑𝜑𝑗𝑗 − 𝑞𝑞 = 0 

 

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

 

𝑥𝑥 = 0,1 ∑ −𝐷𝐷11𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷12𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷16𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

 

𝑦𝑦 = 0,1 ∑ −𝐷𝐷12𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷22𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷26𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

	 (5)

Boundary conditions

Simple supported (S-S-S-S)

	

𝜑𝜑(𝑟𝑟) =  𝜀𝜀𝜑𝜑1 (𝑟𝑟) +  (1 − 𝜀𝜀)𝜑𝜑2 (𝑟𝑟) 

 

𝜑𝜑1𝑗𝑗 =  √(𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2 + 𝑐𝑐2 

 

𝜑𝜑2𝑗𝑗 =  ((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2)
2𝛽𝛽

× 

× 𝑙𝑙 𝑛𝑛((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2) 

 

𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 2𝜂𝜂𝑅𝑅2𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 𝜓𝜓𝑅𝑅4𝑤𝑤𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 + 

+ 4𝑅𝑅 𝜑𝜑 𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 4𝜇𝜇𝑅𝑅3𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 − 𝑞𝑞 = 0 

 

∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥4 𝜑𝜑𝑗𝑗 + 2𝜂𝜂𝑅𝑅2 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥2𝜕𝜕𝜕𝜕2 𝜑𝜑𝑗𝑗 + 

+𝜓𝜓𝜓𝜓4 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑦𝑦4 𝜑𝜑𝑗𝑗 + 4𝑅𝑅𝑅𝑅 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥3𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 + 

+ 4𝜇𝜇𝑅𝑅3 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕3 𝜑𝜑𝑗𝑗 − 𝑞𝑞 = 0 

 

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

 

𝑥𝑥 = 0,1 ∑ −𝐷𝐷11𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷12𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷16𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

 

𝑦𝑦 = 0,1 ∑ −𝐷𝐷12𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷22𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷26𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

	 (6)

	

𝜑𝜑(𝑟𝑟) =  𝜀𝜀𝜑𝜑1 (𝑟𝑟) +  (1 − 𝜀𝜀)𝜑𝜑2 (𝑟𝑟) 

 

𝜑𝜑1𝑗𝑗 =  √(𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2 + 𝑐𝑐2 

 

𝜑𝜑2𝑗𝑗 =  ((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2)
2𝛽𝛽

× 

× 𝑙𝑙 𝑛𝑛((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2) 

 

𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 2𝜂𝜂𝑅𝑅2𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 𝜓𝜓𝑅𝑅4𝑤𝑤𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 + 

+ 4𝑅𝑅 𝜑𝜑 𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 4𝜇𝜇𝑅𝑅3𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 − 𝑞𝑞 = 0 

 

∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥4 𝜑𝜑𝑗𝑗 + 2𝜂𝜂𝑅𝑅2 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥2𝜕𝜕𝜕𝜕2 𝜑𝜑𝑗𝑗 + 

+𝜓𝜓𝜓𝜓4 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑦𝑦4 𝜑𝜑𝑗𝑗 + 4𝑅𝑅𝑅𝑅 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥3𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 + 

+ 4𝜇𝜇𝑅𝑅3 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕3 𝜑𝜑𝑗𝑗 − 𝑞𝑞 = 0 

 

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

 

𝑥𝑥 = 0,1 ∑ −𝐷𝐷11𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷12𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷16𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

 

𝑦𝑦 = 0,1 ∑ −𝐷𝐷12𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷22𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷26𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

	 (7)

	

𝜑𝜑(𝑟𝑟) =  𝜀𝜀𝜑𝜑1 (𝑟𝑟) +  (1 − 𝜀𝜀)𝜑𝜑2 (𝑟𝑟) 

 

𝜑𝜑1𝑗𝑗 =  √(𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2 + 𝑐𝑐2 

 

𝜑𝜑2𝑗𝑗 =  ((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2)
2𝛽𝛽

× 

× 𝑙𝑙 𝑛𝑛((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2) 

 

𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 2𝜂𝜂𝑅𝑅2𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 𝜓𝜓𝑅𝑅4𝑤𝑤𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 + 

+ 4𝑅𝑅 𝜑𝜑 𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 4𝜇𝜇𝑅𝑅3𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 − 𝑞𝑞 = 0 

 

∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥4 𝜑𝜑𝑗𝑗 + 2𝜂𝜂𝑅𝑅2 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥2𝜕𝜕𝜕𝜕2 𝜑𝜑𝑗𝑗 + 

+𝜓𝜓𝜓𝜓4 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑦𝑦4 𝜑𝜑𝑗𝑗 + 4𝑅𝑅𝑅𝑅 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥3𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 + 

+ 4𝜇𝜇𝑅𝑅3 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕3 𝜑𝜑𝑗𝑗 − 𝑞𝑞 = 0 

 

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

 

𝑥𝑥 = 0,1 ∑ −𝐷𝐷11𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷12𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷16𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

 

𝑦𝑦 = 0,1 ∑ −𝐷𝐷12𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷22𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷26𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

	 (8)

	

𝜑𝜑(𝑟𝑟) =  𝜀𝜀𝜑𝜑1 (𝑟𝑟) +  (1 − 𝜀𝜀)𝜑𝜑2 (𝑟𝑟) 

 

𝜑𝜑1𝑗𝑗 =  √(𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2 + 𝑐𝑐2 

 

𝜑𝜑2𝑗𝑗 =  ((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2)
2𝛽𝛽

× 

× 𝑙𝑙 𝑛𝑛((𝑥𝑥 − 𝑥𝑥𝑗𝑗)2 + (𝑦𝑦 − 𝑦𝑦𝑗𝑗)2) 

 

𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 2𝜂𝜂𝑅𝑅2𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 𝜓𝜓𝑅𝑅4𝑤𝑤𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 + 

+ 4𝑅𝑅 𝜑𝜑 𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 + 4𝜇𝜇𝑅𝑅3𝑤𝑤𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 − 𝑞𝑞 = 0 

 

∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥4 𝜑𝜑𝑗𝑗 + 2𝜂𝜂𝑅𝑅2 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥2𝜕𝜕𝜕𝜕2 𝜑𝜑𝑗𝑗 + 

+𝜓𝜓𝜓𝜓4 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑦𝑦4 𝜑𝜑𝑗𝑗 + 4𝑅𝑅𝑅𝑅 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝑥𝑥3𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 + 

+ 4𝜇𝜇𝑅𝑅3 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕4

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕3 𝜑𝜑𝑗𝑗 − 𝑞𝑞 = 0 

 

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

 

𝑥𝑥 = 0,1 ∑ −𝐷𝐷11𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷12𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷16𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

 

𝑦𝑦 = 0,1 ∑ −𝐷𝐷12𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕2

𝜕𝜕𝑥𝑥2 𝜑𝜑𝑗𝑗 − 

− 𝐷𝐷22𝑅𝑅2𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝑦𝑦2 𝜑𝜑𝑗𝑗 − 2𝐷𝐷26𝑅𝑅 𝑤𝑤𝑗𝑗
𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 	 (9)

Clamped (C-C-C-C)

	 𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕
𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕
𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 
 
 

𝐴𝐴 × 𝑎𝑎 = 𝑞𝑞 
 
 

𝑎𝑎 = (𝐴𝐴𝑇𝑇 𝐴𝐴)−1 𝐴𝐴𝑇𝑇 𝑃𝑃 
 
 

𝑤𝑤 = 16 ∑ ∑ 𝑞𝑞𝑎𝑎4𝑏𝑏4

𝜋𝜋6𝑚𝑚𝑚𝑚(𝐷𝐷11𝑚𝑚4𝑏𝑏4 +
+2(𝐷𝐷12 + 2𝐷𝐷66)𝑚𝑚2𝑛𝑛2𝑎𝑎2𝑏𝑏2 + 𝐷𝐷22𝑛𝑛4𝑎𝑎4)

∞

𝑛𝑛=1

∞

𝑚𝑚=1
 

 
 

𝑤𝑤 = 0.00348 𝑞𝑞𝑎𝑎4𝑏𝑏4

𝐷𝐷11𝑏𝑏4 + 0.6047(𝐷𝐷12 + 2𝐷𝐷66) 
𝑎𝑎2𝑏𝑏2 + 𝐷𝐷22𝑎𝑎4

 

	 (10)

	

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕
𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕
𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 
 
 

𝐴𝐴 × 𝑎𝑎 = 𝑞𝑞 
 
 

𝑎𝑎 = (𝐴𝐴𝑇𝑇 𝐴𝐴)−1 𝐴𝐴𝑇𝑇 𝑃𝑃 
 
 

𝑤𝑤 = 16 ∑ ∑ 𝑞𝑞𝑎𝑎4𝑏𝑏4

𝜋𝜋6𝑚𝑚𝑚𝑚(𝐷𝐷11𝑚𝑚4𝑏𝑏4 +
+2(𝐷𝐷12 + 2𝐷𝐷66)𝑚𝑚2𝑛𝑛2𝑎𝑎2𝑏𝑏2 + 𝐷𝐷22𝑛𝑛4𝑎𝑎4)

∞

𝑛𝑛=1

∞

𝑚𝑚=1
 

 
 

𝑤𝑤 = 0.00348 𝑞𝑞𝑎𝑎4𝑏𝑏4

𝐷𝐷11𝑏𝑏4 + 0.6047(𝐷𝐷12 + 2𝐷𝐷66) 
𝑎𝑎2𝑏𝑏2 + 𝐷𝐷22𝑎𝑎4

 

	 (11)

	

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕
𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕
𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 
 
 

𝐴𝐴 × 𝑎𝑎 = 𝑞𝑞 
 
 

𝑎𝑎 = (𝐴𝐴𝑇𝑇 𝐴𝐴)−1 𝐴𝐴𝑇𝑇 𝑃𝑃 
 
 

𝑤𝑤 = 16 ∑ ∑ 𝑞𝑞𝑎𝑎4𝑏𝑏4

𝜋𝜋6𝑚𝑚𝑚𝑚(𝐷𝐷11𝑚𝑚4𝑏𝑏4 +
+2(𝐷𝐷12 + 2𝐷𝐷66)𝑚𝑚2𝑛𝑛2𝑎𝑎2𝑏𝑏2 + 𝐷𝐷22𝑛𝑛4𝑎𝑎4)

∞
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In the present approach, the plate is divided 
into n × n points. Out of these (n-2) × (n-2) points 
are internal, while the remaining points lie at the 
boundaries. The governing equation Equation 5 
generates (n-2)2 equations for the internal collo-
cation points. Additionally, each of the boundary 
conditions Equations 6–9 and Equations 10–13 
contributes 2 × (n2-(n-2)2) + 8 equations, result-
ing in a total of (n-2)2 + 8n equations.

However, the total number of unknown 
weighing coefficients are n2, lesser than the to-
tal number of equations. The imbalance leads to 
an ill-conditioned system. To address this issue, 
a multiple regression based approach using the 
least square method is employed.

The spatial domain is for independent vari-
ables x ∈ [0,a] and y ∈ [0,b]. Dynamic terms are 
moved to the right side of the equation to main-
tain the invariability of the coefficient matrix and 
equation can be expressed as mentioned in Equa-
tion 14,

	

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕
𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕
𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 
 
 

𝐴𝐴 × 𝑎𝑎 = 𝑞𝑞 
 
 

𝑎𝑎 = (𝐴𝐴𝑇𝑇 𝐴𝐴)−1 𝐴𝐴𝑇𝑇 𝑃𝑃 
 
 

𝑤𝑤 = 16 ∑ ∑ 𝑞𝑞𝑎𝑎4𝑏𝑏4

𝜋𝜋6𝑚𝑚𝑚𝑚(𝐷𝐷11𝑚𝑚4𝑏𝑏4 +
+2(𝐷𝐷12 + 2𝐷𝐷66)𝑚𝑚2𝑛𝑛2𝑎𝑎2𝑏𝑏2 + 𝐷𝐷22𝑛𝑛4𝑎𝑎4)

∞

𝑛𝑛=1

∞

𝑚𝑚=1
 

 
 

𝑤𝑤 = 0.00348 𝑞𝑞𝑎𝑎4𝑏𝑏4

𝐷𝐷11𝑏𝑏4 + 0.6047(𝐷𝐷12 + 2𝐷𝐷66) 
𝑎𝑎2𝑏𝑏2 + 𝐷𝐷22𝑎𝑎4

 

	 (14)

where:	A is (l×k) coefficient matrix, a is the (k×1) 
vector of unknown co-efficient and q is 
(l×1) load vector representing governing 
as well as boundary conditions.

Minimising the residuals and obtain an ap-
proximation as in Equation 15, the regression 
gives,
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where: (AT A)-1 AT is the transformation matrix. 

It effectively fits a hyper surface that satisfies 
the governing equation and boundary equations 
over the entire spatial domain, rather focusing on 
exact solution at each point. Consequently, the 
least-squares technique enhances numerical sta-
bility, reduces the consequence of over-specifica-
tion, ensures consistency, and a viable solution. 

RESULTS AND DISCUSSION

The effectiveness and robustness of the pro-
posed H-RBF method were evaluated by ana-
lysing an anisotropic plate subjected to uniform 
transverse loading. For benchmarking purposes, 
the material is assumed to be homogeneous hav-
ing uniform properties in all principal directions, 
allowing direct comparison with established ana-
lytical and numerical solutions. The study system-
atically investigated the response of plates with 
respect to different boundary conditions, aspect 
ratios, and anisotropy of material, then compared 
the findings with classical methods and recent 
computational techniques to verify the results.

Validation with existing benchmark methods

The proposed H-RBF method was validated 
against the classical analytical results derived by 
Timoshenko and Woinowsky-Krieger [28] as well 
as MATLAB code developed for well-established 
finite element formulation and the simulation re-
sults provided by ANSYS 2022 workbench. 

For the FEM analysis, a plate of size 1 × 1 
m, has been used. The plate examined by apply-
ing the Kirchhoff plate theory, while FEM was 
performed by using the Gaussian numerical in-
tegration by the quadrilateral element based on 
the standard matrix of stiffness formulation. The 
plate discretised in 20 × 20 equal sized elements. 
The isotropic and linearly elastic material was 
considered, with the value of E = 200 MPa and 
Poisson’s ratio ν = 0.3. Finite element method 
(FEM) implemented through a MATLAB-based 
code performed in MATLAB 2025a. 

ANSYS simulations were conducted in AN-
SYS Workbench, using the program controlled 
Shell 181 element type that support transverse 
displacement of a plate. The same geometric and 
material parameters were applied while perform-
ing simulations in ANSYS to ensure consistency 

Figure 1. Geometry of a thin plate
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in comparison. The mesh was refined to achieve 
an element edge length of approximately 0.05 m, 
corresponding to a configuration of 400-element 
and 441 nodes.

Comparative analyses were performed for 
both simply supported and clamped boundary 
conditions under uniform loading. The results 
obtained from the proposed H-RBF Method 
were compared with those derived from Timosh-
enko’s analytical solution, FEM (MATLAB-
based), and ANSYS simulations. The outcomes, 
summarised in Table 1, demonstrate a strong 
agreement between the present method and the 
reference solutions.

Notably, the H-RBF Method achieved com-
parable accuracy at a 7 × 7 grid, while the results 
converged at considerably high grid size 20 × 20 
in conventional FEM approach and ANSYS sim-
ulation to attain a similar level of precision. 

The overall deviation for % error is also cal-
culated for present method and the results of Ti-
moshenko and the deviation lies in a range up 
to 0.99%. 0.2 to 0.99% deviation is observed in 
the case of Simple Supported boundary condi-
tion while closer to zero deviation is observed in 
clamped boundary condition depicts the numeri-
cal stability and consistency of the method. Such 
a very small deviation demonstrates the computa-
tional efficiency and robustness of the proposed 
method in comparison to the standard analytical 
method under both boundary conditions.

Further corroboration was achieved for aniso-
tropic plate using the classic analytical solution 
framework developed by Ashton and Whitney 
[29], which is well-established for analysing 
anisotropic laminated plates subjected to a uni-
formly distributed load. Two boundary condi-
tions, simple supported and clamped edges were 
employed for the study and their mathematical 
model is represented in Equation 16 and 17. Re-
sults were generated for various aspect ratios; the 
load and material properties were maintained uni-
form to ensure consistency.

Simple supported boundary condition

	

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1
𝜑𝜑𝑗𝑗 = 0 

 

𝑥𝑥 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕
𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 

𝑦𝑦 = 0,1 ∑ 𝑤𝑤𝑗𝑗

𝑁𝑁

𝑗𝑗=1

𝜕𝜕
𝜕𝜕𝜕𝜕 𝜑𝜑𝑗𝑗 = 0 

 
 
 

𝐴𝐴 × 𝑎𝑎 = 𝑞𝑞 
 
 

𝑎𝑎 = (𝐴𝐴𝑇𝑇 𝐴𝐴)−1 𝐴𝐴𝑇𝑇 𝑃𝑃 
 
 

𝑤𝑤 = 16 ∑ ∑ 𝑞𝑞𝑎𝑎4𝑏𝑏4

𝜋𝜋6𝑚𝑚𝑚𝑚(𝐷𝐷11𝑚𝑚4𝑏𝑏4 +
+2(𝐷𝐷12 + 2𝐷𝐷66)𝑚𝑚2𝑛𝑛2𝑎𝑎2𝑏𝑏2 + 𝐷𝐷22𝑛𝑛4𝑎𝑎4)

∞

𝑛𝑛=1

∞

𝑚𝑚=1
 

 
 

𝑤𝑤 = 0.00348 𝑞𝑞𝑎𝑎4𝑏𝑏4

𝐷𝐷11𝑏𝑏4 + 0.6047(𝐷𝐷12 + 2𝐷𝐷66) 
𝑎𝑎2𝑏𝑏2 + 𝐷𝐷22𝑎𝑎4

 

	(16)

Clamped boundary condition
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Tables 2 and 3 reveal the comparison of the pro-
posed method against the classical solution shows 
an excellent agreement, confirming the method-
ological accuracy of the current approach in mod-
elling the transverse bending of anisotropic plates.

Influence of material anisotropy

To examine the sensitivity of the model to 
material anisotropy, the plate was analysed with 
varying stiffness ratios (E₁/E₂ = 10, 20, 30, and 
40) while maintaining G₁₂/E₂ = 0.5 and ν₁₂ = 0.3. 
A computational approach based on the finite 
difference method (FDM), as proposed by K. 
Chandrashekhara [30], was used to validate the 
dimensionless displacement of anisotropic plates 
generated using the present method. The analysis 

Table 1. Comparison of results for the plate subjected to transverse loading under different aspect ratios (a/b) and B.C.

Aspect ratio
(a/b)

Boundary 
condition

Timoshenko
[16]

FEM
MATLAB code

FEA
ANSYS simulation Present method

Maximum displacement, w

1
S-S-S-S 0.00406 0.00405 0.00443 0.00410

C-C-C-C 0.00126 0.00126 0.00137 0.00126

2
S-S-S-S 0.01013 0.01012 0.01103 0.01011

C-C-C-C 0.00254 0.00252 0.00274 0.00254

Table 2. The effect of aspect ratio (a/b) on displacement 
of plate for simple supported boundary condition E1/
E2 = 14; G12/E2=0.5; v12=0.3

a/b Ashton and Whitney W H-RBF w

1.0 0.0117 0.01172

2.0 0.0157 0.01568

3.0 0.0163 0.01629

4.0 0.0165 0.01648

5.0 0.0165 0.01649

6.0 0.0166 0.01662

7.0 0.0166 0.01663

8.0 0.0166 0.01666

9.0 0.0166 0.01668
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considered both simple supported and clamped 
boundary conditions, with results presented in 
tabular and graphical forms. Tables 4 and 5 high-
light the mechanical response of the plate under 
different aspect ratios and stiffness configurations.

The investigation of dimensionless displace-
ment in anisotropic plates reveals significant varia-
tions in structural behaviour under different bound-
ary conditions and stiffness ratios. For simple 
supported configurations, result shown in Figures 
2 and 3 demonstrate a consistent reduction in di-
mensionless displacement as the stiffness ratio (E₁/
E₂) increases from 10 to 40. This trend indicates 
enhanced structural resistance to deformation with 
higher material anisotropy. Ultimately, the dis-
placement value approaches a virtually asymptotic 
value of approximately 0.0138, which may indicate 
a stabilisation of the mechanical response beyond 
some geometric proportions (aspect ratio a/b).

In clamped boundary conditions, similar 
patterns emerge but with notable differences in 
magnitude. The constrained edges result shown 
in Figures 4 and 5 represents substantially lower 
displacement values, converging near 0.00415 at 
higher aspect ratios. 

Table 3. The effect of aspect ratio (a/b) on displacement 
of plate for Clamped boundary condition E1/E2 = 14; 
G12/E2=0.5; v12=0.3

a/b Ashton and Whitney w H-RBF w

1.0 0.00269 0.00270

2.0 0.00320 0.00325

3.0 0.00339 0.00338
4.0 0.00340 0.00342
5.0 0.00341 0.00344

6.0 0.00341 0.00345

7.0 0.00342 0.00347

8.0 0.00342 0.00346

9.0 0.00342 0.00348

Table 4. The effect of aspect ratio (a/b) and stiffness ratio on displacement of plate for simple supported 	
boundary condition

E1/E2 10 20 30 40

a/b FDM H-RBF FDM H-RBF FDM H-RBF FDM H-RBF

1.0 0.0024 0.00251 0.0023 0.00231 0.0022 0.00221 0.0021 0.00214

2.0 0.0100 0.01021 0.0104 0.01049 0.0107 0.01074 0.0108 0.01083

3.0 0.0129 0.01311 0.0134 0.01342 0.0137 0.01366 0.0139 0.01396

4.0 0.0136 0.01371 0.0139 0.01389 0.0141 0.01413 0.0142 0.01423

5.0 0.0137 0.01381 0.0139 0.01391 0.0140 0.01407 0.0141 0.01414

6.0 0.0137 0.01381 0.0138 0.01393 0.0139 0.01397 0.0139 0.01343

7.0 0.0137 0.01383 0.0138 0.01394 0.0138 0.01395 0.0138 0.01392

8.0 0.0137 0.01384 0.0137 0.01386 0.0138 0.01393 0.0138 0.01386

∞ 0.0137 0.01385 0.0137 0.01381 0.0137 0.01382 0.0137 0.01383

Figure 2. Displacement behaviour of for simple supported plate under the effect of aspect ratio (a/b)
and stiffness ratio using the FDM method
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Comparative analysis shows that while 
both boundary conditions exhibit decreasing 
displacement with increasing stiffness ratios 
and the results are in very close agreement 
with the results of the FDM method. Howev-
er, in both boundary conditions, variations in 

stiffness ratio do not influence dimensionless 
displacement with change in the aspect ratio. 
Particularly in square plates (a/b ≈ 1), the in-
fluence of material anisotropy appears most 
significant, gradually diminishing as the aspect 
ratio increases.

Figure 3. Displacement behaviour of for simple supported plate under the effect of aspect ratio (a/b)
and stiffness ratio using the H-RBF method

Table 5. The effect of aspect ratio (a/b) and stiffness ratio on displacement of plate for clamped boundary condition
E1/E2 10 20 30 40

a/b
FDM H-RBF FDM H-RBF FDM H-RBF FDM H-RBF

x 10-4 x 10-4 x 10-4 x 10-4 x 10-4 x 10-4 x 10-4 x 10-4

1.0 8.21 8.19 7.03 7.03 6.59 6.62 6.36 6.40

2.0 34.00 33.48 33.00 32.98 33.00 32.98 33.00 32.98

3.0 39.00 40.02 40.00 40.48 40.00 41.02 40.00 41.03

4.0 39.00 40.99 40.00 41.87 40.00 41.91 40.00 42.02

5.0 39.00 41.49 39.00 41.49 39.00 41.84 40.00 41.97

6.0 39.00 41.50 39.00 41.50 39.00 41.65 39.00 41.78

∞ 39.00 41.50 39.00 41.50 39.00 41.54 39.00 41.59

Figure 4. Displacement behaviour of for clamped plate under the effect of aspect ratio (a/b) and stiffness ratio 
using the FDM method
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CONCLUSIONS

The proposed H-RBF method has been suc-
cessfully validated against established classical 
plate theory, numerical, and computational mod-
els. The analysis across a variety of stiffness ratios, 
aspect ratios and boundary conditions shows con-
fidence in the accuracy of the method and its use in 
both anisotropic and Isotropic plate analysis.

The present study emphasised the importance 
of the material anisotropy upon displacement be-
haviour, especially for the simple supported and 
clamped boundary conditions. The stiffness ratio 
has an effect on displacement behaviour such that 
higher stiffness ratios lead to lesser displacement; 
however, its effect tends to stabilise above certain 
geometric ratios. The behaviour observed across 
both boundary conditions further confirms con-
vergence of results; therefore, this method pre-
dictive capability provides confidence on results, 
especially for large aspect ratios.

In conclusion, the proposed computational 
H-RBF method provided an effective and efficient 
tool for simulating the response of isotropic and 
anisotropic plates subjected to transverse loading. 
The framework replicated previously established 
results and captured changes in response from 
the different boundary conditions. Therefore, this 
H-RBF method can be a reliable tool for future 
studies into structural behaviour and composite 
material research.
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