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INTRODUCTION

Milling operations in general and high-speed 
milling (HSM) with slender tools of flexible work-
pieces with spatially complex surfaces and con-
tours are often used in modern machining centers. 
The technological justification for such operations 
is rooted in the need for precise generation of com-
plex geometric configurations (e.g. turbine blades, 
rotors, thin-walled elements, micro-components, 
etc.). Such components are in great demand to 
meet the needs of the food, machine building, au-
tomotive, aviation, and precision manufacturing 
industries to mention a  few. The complexity of 
these products and of the associated manufacturing 

technologies, as well as the high costs of finish-
ing operations, require that the milling process be 
performed as the “finishing” in the process chain. 
Because of the global trend of increasing cutting 
speeds above 1000 m/min and feed rates over 100 
m/min, high performance can be achieved with 
much lower allowances than by conventional op-
erations [1]. The latter is not without significance 
from the point of view of the reduction of cutting 
forces [2]. Given the almost total elimination of 
coolants [3, 4] the processes performed, including 
high-speed and micro-machining, are becoming 
ecologically friendly.
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was successfully applied in HSM of rigid work-
pieces by slender tools. The efficiency of this 
modified method of vibration suppression in the 
potentially unstable regions of spindle speeds, re-
sulting from the position of stability lobes, was 
confirmed [6]. Vibration suppression using the 
method of spindle speed variation, however, is 
ineffective in the case of milling flexible struc-
tures [7]. Instead, the efficiency of the tool-flex-
ible workpiece vibration suppression method 
was shown during high-speed milling on an Al-
cera Gambin 120CR and a Mikron VCP600 ma-
chine. Spindle speed adjustments also led to the 
minimization of the work of cutting forces along 
directions of the corresponding cutting layer 
thickness [8, 9]. It should be noted that this meth-
od has an inability to function over the full spindle 
speed range [10]. A similar situation is described 
in [11], where the machine does not fully utilize 
the available spindle speed range due to limita-
tions of spindle acceleration and deceleration.

Due to their excellent properties, high ef-
ficiency and light mass, thin-walled structures 
are becoming increasingly popular in various 
industries [12], especially in the aerospace in-
dustry [13, 14]. These parts are often produced 
using materials that are challenging to machine, 
including titanium alloys [15], and are character-
ized by low rigidity, limited damping capacity, 
and substantial material removal requirements 
during milling operations [16]. Consequently, the 
thin-wall milling operation is significantly influ-
enced by regenerative chatter vibrations, leading 
to accelerated tool wear, poor surface integrity, 
and decreased efficiency [17]. 

An appropriate milling system model is typi-
cally categorized into three categories: rigid tool-
flexible workpiece, flexible tool-rigid workpiece, 
and flexible tool-flexible workpiece [18]. Specifi-
cally, thin-wall milling involving slender tools is 
included in the flexible tool–flexible workpiece 
category [19]. Formerly, appropriate approach-
es to chatter suppression were divided into: in-
process, out-of-process, active, and passive [17]. 
However, a more contemporary classification of 
prediction and suppression methods in thin-wall 
milling suggests a division of them into passive, 
active, and semiactive techniques [20]. 

The need to find optimal conditions for fixing 
the object in the holder in order to reduce its de-
formation is of particular importance [21, 22] and 
the dedicated supporting and fixturing technolo-
gies are indicated [23, 24]. The use of different 

support methods can contribute to minimizing the 
detrimental effects of vibration and cutting forc-
es [25]. Conventional chatter avoidance methods 
typically select chatter-free machining parameters 
using the stability lobe diagram, which necessi-
tates an accurate dynamic model of the thin-wall 
milling system [26]. However, due to the highly 
non-linear and time-varying characteristics of the 
thin-wall cutting process, simplifying assump-
tions are often necessary, leading to unavoidable 
prediction errors [27]. Alternatively, the semi-
active control method may be considered as an 
enhanced form of the passive control approach, 
incorporating the controllable components such 
as an adjustable spring or damper [28] contain-
ing a  magnetorheological or electrorheological 
fluid [29]. The issue of accurate description of the 
dynamics of the milling process of thin-walled 
workpieces is also important from the point of 
view of predicting and reducing chatter vibra-
tions, but it is particularly important when signifi-
cant machining allowances are applied [30, 31].

The basis of the presented scientific method-
ology concerns the use and development of dedi-
cated mechatronic design techniques [32]. The 
prediction of vibration suppression results on the 
basis of computer simulation of the process ma-
chine tool-holder-workpiece-tool (MHWT) cal-
culation model, commonly used in many former 
scientific and research works, is not always pre-
cise. Besides, due to a significant number of de-
grees-of-freedom, the system/process is so com-
plex that real-time (RT) simulation, needed for 
on-line control of active systems for workpiece 
vibration control, is difficult to obtain [33]. On 
the other hand, utilizing off-line tuned adjustable 
stiffness holders has demonstrated good efficien-
cy of suppression over a  wide range of spindle 
speeds [34, 35]. The whole system is easier for in-
tegration, because of the lack of the necessity for 
on-line control. A key condition is that the holder 
stiffness parameters ought to be adjusted in an op-
timal way. Thus, real-time simulation is not rec-
ommended in such a case. Instead of it, the use 
of experiment-aided virtual prototyping (EAVP) 
is being proposed here. All the more so as it has 
been shown that the process of virtual simulation 
actually fulfils the real-time requirements with re-
spect to time of the actual performance. The lat-
ter, together with simulations implemented only 
on customary computing equipment (i.e. virtual 
prototyping – VP), are important techniques for 
mechatronic design, prior to the implementation 
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of the vibration suppression system on the target 
plant (ITS), e.g. milling machines operating in 
continuous motion.

The mechatronic approach to the design pro-
cess is justified by the fact that several components 
of the system/process can be designed in parallel, 
provided that a  method exists for checking the 
compatibility of each element, that is to say: vir-
tual prototyping. Concurrent design offers several 
advantages, including a shortened design phase, 
simplifying and accelerating implementation, and 
greater flexibility in executing individual func-
tions. Properly conducted, with component veri-
fication via virtual prototyping, it prevents unde-
sired interactions. Simultaneous development of 
all components enhances flexible in implement-
ing various device or process functions. While the 
precise design procedure depends on the device 
or process, key techniques of mechatronic design 
include virtual prototyping (VP), experiment-aid-
ed virtual prototyping (EAVP), and implementa-
tion on the target system (ITS).

DESCRIPTION OF THE PROPOSED 
METHOD

The research methodology

Virtual prototyping

Virtual prototyping allows for fast and low-
cost simulation of many alternatives of the pro-
cess performance, at the demanded accuracy 
level. Also, it allows concurrent design, thanks to 
supported means of verification of the correct in-
teraction between all components. A simulation 
model is an idealized mathematical description 
of a real process formulated for a specific class 
of phenomena. Thus, there is a  need for creat-
ing a number of models for simulation of various 
phenomena at various levels of particularity. In 
addition, full system simulations are too time-
consuming so that usually only a  few models 
are created, e.g., one for individual module and 
one for the whole system. The simulations often 
disclose that accurately representing workpiece 
behavior demands highly complex models. Thus, 
simplified models with parameters adjusted to 
the desired precision are applied. Models of indi-
vidual components of the system can be created 
based on the laws of physics (structural mod-
els). The proposed virtual prototyping scheme is 
shown in Figure 1.

Deliverables of the technique are:
	• valuable database for dedicated milling 

processes; 
	• simulation programs for suppression of vibra-

tions during milling of flexible structures;
	• initial validation of the correctness of deter-

mining the optimality condition for vibration 
suppression of a flexible structure.

Experiment-aided virtual prototyping

The proposed approach consists of (Figure 1):
	• using the mechanistic cutting process dynamic 

characteristics;
	• engaging real components of the research 

system;
	• performing off-line experimental identifica-

tion of the holder-workpiece system’s modal 
parameters,

	• computing on-line the tool-workpiece vibra-
tions of the milling process model; 

	• determining off-line the optimal holder sup-
port stiffness; 

	• evaluating the efficiency of vibration 
suppression.
Deliverables of the technique are:

	• development of the modified method of vibra-
tion suppression with the use of the workpiece 
holder with adjustable support stiffness;

	• integration of the computer measurement sys-
tem, the workpiece, piezoelectric accelerom-
eters and the variable support stiffness holder 
of the workpiece;

	• implementation of the appropriate hardware 
and own software for the computer simulation 
and validation of the model parameters. 

The efficiency of the portable research stand 
will be verified, which in the next task will be 
adapted for milling machines operating in continu-
ous motion. To this end, the specified test appara-
tus will be supplemented by the specially designed 
adjustable stiffness holder for flexible workpieces, 
having the ability of tuning the optimal support 
stiffness. In addition to the required static stiffness, 
this holder should ensure dynamic accuracy of the 
milling process by minimizing the tool-workpiece 
vibration levels at the instantaneous contact point.

Implementation in the target system

During the implementation of the vibration 
suppression in the target system, all system com-
ponents are real. In contrast to experiment-aided 
simulations, a milling process (with high rotating 
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cutting tool) will be actually implemented us-
ing the generated tool paths and the determined 
cutting parameters, i.e., spindle speed, feed rate, 
cutting depth.

The proposed machining process implemen-
tation eliminates the need for a CAM postproces-
sor to modify machining parameters, unlike in 
previous studies [7]. All responsibility for reduc-
ing the level of vibration between the tool and the 
workpiece in the cutting process lies with a hold-
er having adjustable support stiffness.

The portable test stand, used in the EAVP, 
will now be installed in the actual milling pro-
cess. Research on the target system will enable:
	• performance of the tool-flexible workpiece 

vibration suppression system using workpiece 
holder with adjustable support stiffness on a 
selected milling machine; 

	• final assessment of the vibration suppression 
efficiency in real milling process.

Computational model

Cutting process dynamics

To determine the best conditions for clamping 
the workpiece in a holder with adjustable stiffness 
simulations of the milling process are conducted. 

In the present case, the workpiece is flexible, 
while the tool is a slender ball-end mill. The mill-
ing process dynamic is analyzed (Figure 2) based 
on the assumptions outlined in [36]. The key as-
sumptions are as follows:
	• The tool rotates at spindle speed n, while the 

workpiece advances at feed rate vf .
	• Only the tool is modelled as a deformable fi-

nite element of the Euler-Bernoulli bar type 
(E-BB, [7]) with its upper end fixed, and the 
flexible workpiece in the form of a thin rect-
angular plate, clamped in a holder with adjust-
able stiffness (spring-damping element (SDE, 
[7, 37])). Other components of the milling ma-
chine structure are neglected [36, 38].

	• The plate flexible workpiece is modelled using 
the rigid finite element method [37], incorpo-
rating the theory of thin bending plates [39]. 

	• Proportional and delayed feedback due to the 
current and previous cutting edge passes along 
the cutting layer is considered, thus account-
ing for the effects of internal and external layer 
thickness modulation [7].

	• At conventional tool edge-workpiece contact 
points, coupling elements (CEs) are located, 
which model the dynamics of the cutting pro-
cess [7, 36]. Their positions relative to the 
workpiece vary with time as the tool rotates 

Figure 1. Common scheme for vibration suppression prototyping in milling flexible details
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at speed n. The instantaneous position of cut-
ting edge no. l is described by the immersion 
angle φl = φ(t), corresponding to the tempo-
rary position of CE no. l. The edges in contact 
with the material at a given moment are called 
“active” edges.

Other symbols appearing in Figure 2 are as 
follows:
	• γ0 – rake angle and α0 – relief angle, as descrip-

tors of geometry of the cutting edge,
	• αp– nominal depth of cut,
	• Fyl1, Fyl2, Fyl3 – cutting forces acting in the di-

rection of the nominal cutting speed vc, cutting 
layer thickness hl and current depth of cut apl, 
respectively,

	• D – tool trace diameter and milling widths B1 
and B2,

	• local rotating coordinate system xe1, xe2, xe3 of 
E-BB no. e,

	• conventional tool-workpiece contact point S 
[7, 34, 36] and non-rotating coordinate system 
x1, x2, x3 for this point, which moves linearly 
relative to the workpiece.

For the temporary point of the tool edge in 
contact with the workpiece, modelled as CE no. 
l, a proportional model of the cutting process dy-
namics was adopted [36]:

	 𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡) = {
𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)ℎ𝑙𝑙(𝑡𝑡), ℎ𝑙𝑙(𝑡𝑡) > 0 ˄ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) > 0,

0, ℎ𝑙𝑙(𝑡𝑡) ≤ 0 ˅ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) ≤ 0, (1) 

 
 

𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡) = {
𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)ℎ𝑙𝑙(𝑡𝑡), ℎ𝑙𝑙(𝑡𝑡) > 0 ˄ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) > 0,

0, ℎ𝑙𝑙(𝑡𝑡) ≤ 0 ˅ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) ≤ 0, (2) 

 
 

𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡) = {
𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)ℎ𝑙𝑙(𝑡𝑡), ℎ𝑙𝑙(𝑡𝑡) > 0 ˄ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) > 0,

0, ℎ𝑙𝑙(𝑡𝑡) ≤ 0 ˅ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) ≤ 0, (3) 

 
 

𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) = 𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) (4) 
 
 

ℎ𝑙𝑙(𝑡𝑡) = ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) − Δℎ𝑙𝑙(𝑡𝑡) + 
+Δℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) 

 
 

F𝑙𝑙(𝑡𝑡) = F𝑙𝑙
0(𝑡𝑡) − D𝑃𝑃𝑃𝑃(𝑡𝑡)Δw𝑙𝑙(𝑡𝑡) + 

+D𝑂𝑂𝑂𝑂(𝑡𝑡)Δw𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) 
 
 
 F𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡), 

𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡), 0, 0, 0), 
 
 
 F𝑙𝑙

0(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 
𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 0, 0, 0), 

 
 

 D𝑃𝑃𝑃𝑃(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)
03×3

03×3 03×3]
 
 
 
 
 

, (9) 

 
 

 D𝑂𝑂𝑂𝑂(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

03×3

03×3 03×3]
 
 
 
 
 

, (10) 

 
 
 Δw𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡), ∆ℎ𝑙𝑙(𝑡𝑡), 

∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), 0, 0, 0) 
 
 
 Δw𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 

∆ℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), ∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 0, 0, 0) 

	(1)

	

𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡) = {
𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)ℎ𝑙𝑙(𝑡𝑡), ℎ𝑙𝑙(𝑡𝑡) > 0 ˄ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) > 0,

0, ℎ𝑙𝑙(𝑡𝑡) ≤ 0 ˅ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) ≤ 0, (1) 

 
 

𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡) = {
𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)ℎ𝑙𝑙(𝑡𝑡), ℎ𝑙𝑙(𝑡𝑡) > 0 ˄ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) > 0,

0, ℎ𝑙𝑙(𝑡𝑡) ≤ 0 ˅ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) ≤ 0, (2) 

 
 

𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡) = {
𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)ℎ𝑙𝑙(𝑡𝑡), ℎ𝑙𝑙(𝑡𝑡) > 0 ˄ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) > 0,

0, ℎ𝑙𝑙(𝑡𝑡) ≤ 0 ˅ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) ≤ 0, (3) 

 
 

𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) = 𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) (4) 
 
 

ℎ𝑙𝑙(𝑡𝑡) = ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) − Δℎ𝑙𝑙(𝑡𝑡) + 
+Δℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) 

 
 

F𝑙𝑙(𝑡𝑡) = F𝑙𝑙
0(𝑡𝑡) − D𝑃𝑃𝑃𝑃(𝑡𝑡)Δw𝑙𝑙(𝑡𝑡) + 

+D𝑂𝑂𝑂𝑂(𝑡𝑡)Δw𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) 
 
 
 F𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡), 

𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡), 0, 0, 0), 
 
 
 F𝑙𝑙

0(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 
𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 0, 0, 0), 

 
 

 D𝑃𝑃𝑃𝑃(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)
03×3

03×3 03×3]
 
 
 
 
 

, (9) 

 
 

 D𝑂𝑂𝑂𝑂(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

03×3

03×3 03×3]
 
 
 
 
 

, (10) 

 
 
 Δw𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡), ∆ℎ𝑙𝑙(𝑡𝑡), 

∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), 0, 0, 0) 
 
 
 Δw𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 

∆ℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), ∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 0, 0, 0) 

	(2)

	

𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡) = {
𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)ℎ𝑙𝑙(𝑡𝑡), ℎ𝑙𝑙(𝑡𝑡) > 0 ˄ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) > 0,

0, ℎ𝑙𝑙(𝑡𝑡) ≤ 0 ˅ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) ≤ 0, (1) 

 
 

𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡) = {
𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)ℎ𝑙𝑙(𝑡𝑡), ℎ𝑙𝑙(𝑡𝑡) > 0 ˄ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) > 0,

0, ℎ𝑙𝑙(𝑡𝑡) ≤ 0 ˅ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) ≤ 0, (2) 

 
 

𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡) = {
𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)ℎ𝑙𝑙(𝑡𝑡), ℎ𝑙𝑙(𝑡𝑡) > 0 ˄ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) > 0,

0, ℎ𝑙𝑙(𝑡𝑡) ≤ 0 ˅ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) ≤ 0, (3) 

 
 

𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) = 𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) (4) 
 
 

ℎ𝑙𝑙(𝑡𝑡) = ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) − Δℎ𝑙𝑙(𝑡𝑡) + 
+Δℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) 

 
 

F𝑙𝑙(𝑡𝑡) = F𝑙𝑙
0(𝑡𝑡) − D𝑃𝑃𝑃𝑃(𝑡𝑡)Δw𝑙𝑙(𝑡𝑡) + 

+D𝑂𝑂𝑂𝑂(𝑡𝑡)Δw𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) 
 
 
 F𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡), 

𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡), 0, 0, 0), 
 
 
 F𝑙𝑙

0(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 
𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 0, 0, 0), 

 
 

 D𝑃𝑃𝑃𝑃(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)
03×3

03×3 03×3]
 
 
 
 
 

, (9) 

 
 

 D𝑂𝑂𝑂𝑂(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

03×3

03×3 03×3]
 
 
 
 
 

, (10) 

 
 
 Δw𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡), ∆ℎ𝑙𝑙(𝑡𝑡), 

∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), 0, 0, 0) 
 
 
 Δw𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 

∆ℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), ∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 0, 0, 0) 

	(3)

where:

	

𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡) = {
𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)ℎ𝑙𝑙(𝑡𝑡), ℎ𝑙𝑙(𝑡𝑡) > 0 ˄ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) > 0,

0, ℎ𝑙𝑙(𝑡𝑡) ≤ 0 ˅ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) ≤ 0, (1) 

 
 

𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡) = {
𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)ℎ𝑙𝑙(𝑡𝑡), ℎ𝑙𝑙(𝑡𝑡) > 0 ˄ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) > 0,

0, ℎ𝑙𝑙(𝑡𝑡) ≤ 0 ˅ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) ≤ 0, (2) 

 
 

𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡) = {
𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)ℎ𝑙𝑙(𝑡𝑡), ℎ𝑙𝑙(𝑡𝑡) > 0 ˄ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) > 0,

0, ℎ𝑙𝑙(𝑡𝑡) ≤ 0 ˅ 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) ≤ 0, (3) 

 
 

𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) = 𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) (4) 
 
 

ℎ𝑙𝑙(𝑡𝑡) = ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) − Δℎ𝑙𝑙(𝑡𝑡) + 
+Δℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) 

 
 

F𝑙𝑙(𝑡𝑡) = F𝑙𝑙
0(𝑡𝑡) − D𝑃𝑃𝑃𝑃(𝑡𝑡)Δw𝑙𝑙(𝑡𝑡) + 

+D𝑂𝑂𝑂𝑂(𝑡𝑡)Δw𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) 
 
 
 F𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡), 

𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡), 0, 0, 0), 
 
 
 F𝑙𝑙

0(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 
𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 0, 0, 0), 

 
 

 D𝑃𝑃𝑃𝑃(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)
03×3

03×3 03×3]
 
 
 
 
 

, (9) 

 
 

 D𝑂𝑂𝑂𝑂(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

03×3

03×3 03×3]
 
 
 
 
 

, (10) 

 
 
 Δw𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡), ∆ℎ𝑙𝑙(𝑡𝑡), 

∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), 0, 0, 0) 
 
 
 Δw𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 

∆ℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), ∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 0, 0, 0) 

	 (4)

	

 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) = 𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), (4) 

 ℎ𝑙𝑙(𝑡𝑡) = ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) − Δℎ𝑙𝑙(𝑡𝑡) + Δℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (5) 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝐅𝐅𝑙𝑙
0(𝑡𝑡) − 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡) + 𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (6) 

where: 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡), 0, 0, 0), (7) 

 𝐅𝐅𝑙𝑙
0(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 

𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 0, 0, 0), (8) 

 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)
𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (9) 

𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (10)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡), ∆ℎ𝑙𝑙(𝑡𝑡), ∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), 0, 0, 0), (11)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡 − 𝜏𝜏𝑙𝑙), ∆ℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 

∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 0, 0, 0) (12) 

 

 

[𝐌𝐌𝑒𝑒 𝟎𝟎
𝟎𝟎 𝐈𝐈] 𝛏̈𝛏 + [𝐋𝐋𝑒𝑒 + 𝐋̂𝐋𝑒𝑒 − 𝐋̂𝐋𝑒𝑒

𝑇𝑇 𝟎𝟎
𝟎𝟎 𝟐𝟐𝐙𝐙𝐙𝐙] 𝛏̇𝛏 +

[𝐊𝐊𝑒𝑒 − 𝐊̂𝐊𝑒𝑒 + ∑ 𝐓𝐓𝑙𝑙
𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 −∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 𝛀𝛀2 + ∑ 𝐖𝐖𝑙𝑙

𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

] 𝛏𝛏 =

[
∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐅𝐅𝑙𝑙
0(𝑡𝑡) + 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐅𝐅𝑙𝑙

0(𝑡𝑡) − 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙

𝑙𝑙=1
], (13) 

  

	 (5)

where:	ap – desired depth of cut, Δapl(t) – dy-
namic change in depth of cut for CE no. l, 
hDl(t) – desired cutting layer thickness for 
CE no. l; ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) ≅ 𝑓𝑓𝑧𝑧 cos𝜑𝜑𝑙𝑙(𝑡𝑡) 

 

𝑓𝑓𝑖𝑖𝑎𝑎,𝑖𝑖
𝑎𝑎, 𝑖𝑖 = 1,… ,𝑚𝑚𝑚𝑚𝑚𝑚 

 

𝑓𝑓𝑖𝑖𝑒𝑒, 𝜁𝜁𝑖𝑖𝑒𝑒, 𝑖𝑖 = 1,… ,𝑚𝑚𝑚𝑚𝑚𝑚 

 

Ω = diag(2fia) 

 

 ≡ a = [1
a … mod

a ] 

 

Z = diag(ζie) 

 

L̂e 

K̂e 

 

ξ = {qa} 

 

16−0,011+0,000 

 

 

, Δhl(.) – 
dynamic change in cutting layer thickness 
for CE no. l, kdl – average dynamic spe-
cific cutting pressure for CE no. l, μl2, μl3 
– cutting force coefficients fo CE no. l, as 
quotients of forces Fyl2 and Fyl1 and forces 

Fyl3 and   Fyl1, τl – time delay between the 
same position of CE no. l and CE no. l-1, 
fz – feed per tooth; fz  = vf /(nz), z – number 
of cutter teeth.

This model also considers the effects of inter-
nal and external layer thickness modulation and 
copes with the situation where the cutting edge 
loses contact with the workpiece. 

The authors, informed by the experience of 
simulating the cutting processes of large-sized 
workpieces [36], also here decided on a  practi-
cal approach based on a proportional mechanistic 
model, in which Equations 1–3 contain only three 
parameters: kdl, μl2 i μl3. Although these parameters 
lack direct physical interpretation, their carefully 
selected values ensure reliable simulation results, 
both with the VP and EAVP techniques.

The cutting forces corresponding to CE no. l 
in a 6-dimensional space are expressed as [36]:

 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) = 𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), (4) 

 ℎ𝑙𝑙(𝑡𝑡) = ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) − Δℎ𝑙𝑙(𝑡𝑡) + Δℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (5) 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝐅𝐅𝑙𝑙
0(𝑡𝑡) − 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡) + 𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (6) 

where: 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡), 0, 0, 0), (7) 

 𝐅𝐅𝑙𝑙
0(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 

𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 0, 0, 0), (8) 

 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)
𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (9) 

𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (10)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡), ∆ℎ𝑙𝑙(𝑡𝑡), ∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), 0, 0, 0), (11)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡 − 𝜏𝜏𝑙𝑙), ∆ℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 

∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 0, 0, 0) (12) 

 

 

[𝐌𝐌𝑒𝑒 𝟎𝟎
𝟎𝟎 𝐈𝐈] 𝛏̈𝛏 + [𝐋𝐋𝑒𝑒 + 𝐋̂𝐋𝑒𝑒 − 𝐋̂𝐋𝑒𝑒

𝑇𝑇 𝟎𝟎
𝟎𝟎 𝟐𝟐𝐙𝐙𝐙𝐙] 𝛏̇𝛏 +

[𝐊𝐊𝑒𝑒 − 𝐊̂𝐊𝑒𝑒 + ∑ 𝐓𝐓𝑙𝑙
𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 −∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 𝛀𝛀2 + ∑ 𝐖𝐖𝑙𝑙

𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

] 𝛏𝛏 =

[
∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐅𝐅𝑙𝑙
0(𝑡𝑡) + 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐅𝐅𝑙𝑙

0(𝑡𝑡) − 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙

𝑙𝑙=1
], (13) 

  

	
(6)

Figure 2. A scheme of a ball end milling process 
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where:

	

 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) = 𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), (4) 

 ℎ𝑙𝑙(𝑡𝑡) = ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) − Δℎ𝑙𝑙(𝑡𝑡) + Δℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (5) 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝐅𝐅𝑙𝑙
0(𝑡𝑡) − 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡) + 𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (6) 

where: 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡), 0, 0, 0), (7) 

 𝐅𝐅𝑙𝑙
0(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 

𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 0, 0, 0), (8) 

 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)
𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (9) 

𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (10)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡), ∆ℎ𝑙𝑙(𝑡𝑡), ∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), 0, 0, 0), (11)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡 − 𝜏𝜏𝑙𝑙), ∆ℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 

∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 0, 0, 0) (12) 

 

 

[𝐌𝐌𝑒𝑒 𝟎𝟎
𝟎𝟎 𝐈𝐈] 𝛏̈𝛏 + [𝐋𝐋𝑒𝑒 + 𝐋̂𝐋𝑒𝑒 − 𝐋̂𝐋𝑒𝑒

𝑇𝑇 𝟎𝟎
𝟎𝟎 𝟐𝟐𝐙𝐙𝐙𝐙] 𝛏̇𝛏 +

[𝐊𝐊𝑒𝑒 − 𝐊̂𝐊𝑒𝑒 + ∑ 𝐓𝐓𝑙𝑙
𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 −∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 𝛀𝛀2 + ∑ 𝐖𝐖𝑙𝑙

𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

] 𝛏𝛏 =

[
∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐅𝐅𝑙𝑙
0(𝑡𝑡) + 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐅𝐅𝑙𝑙

0(𝑡𝑡) − 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙

𝑙𝑙=1
], (13) 

  

   (7)

 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) = 𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), (4) 

 ℎ𝑙𝑙(𝑡𝑡) = ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) − Δℎ𝑙𝑙(𝑡𝑡) + Δℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (5) 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝐅𝐅𝑙𝑙
0(𝑡𝑡) − 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡) + 𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (6) 

where: 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡), 0, 0, 0), (7) 

 𝐅𝐅𝑙𝑙
0(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 

𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 0, 0, 0), (8) 

 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)
𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (9) 

𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (10)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡), ∆ℎ𝑙𝑙(𝑡𝑡), ∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), 0, 0, 0), (11)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡 − 𝜏𝜏𝑙𝑙), ∆ℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 

∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 0, 0, 0) (12) 

 

 

[𝐌𝐌𝑒𝑒 𝟎𝟎
𝟎𝟎 𝐈𝐈] 𝛏̈𝛏 + [𝐋𝐋𝑒𝑒 + 𝐋̂𝐋𝑒𝑒 − 𝐋̂𝐋𝑒𝑒

𝑇𝑇 𝟎𝟎
𝟎𝟎 𝟐𝟐𝐙𝐙𝐙𝐙] 𝛏̇𝛏 +

[𝐊𝐊𝑒𝑒 − 𝐊̂𝐊𝑒𝑒 + ∑ 𝐓𝐓𝑙𝑙
𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 −∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 𝛀𝛀2 + ∑ 𝐖𝐖𝑙𝑙

𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

] 𝛏𝛏 =

[
∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐅𝐅𝑙𝑙
0(𝑡𝑡) + 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐅𝐅𝑙𝑙

0(𝑡𝑡) − 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙

𝑙𝑙=1
], (13) 

  

	

 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) = 𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), (4) 

 ℎ𝑙𝑙(𝑡𝑡) = ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) − Δℎ𝑙𝑙(𝑡𝑡) + Δℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (5) 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝐅𝐅𝑙𝑙
0(𝑡𝑡) − 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡) + 𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (6) 

where: 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡), 0, 0, 0), (7) 

 𝐅𝐅𝑙𝑙
0(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 

𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 0, 0, 0), (8) 

 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)
𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (9) 

𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (10)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡), ∆ℎ𝑙𝑙(𝑡𝑡), ∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), 0, 0, 0), (11)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡 − 𝜏𝜏𝑙𝑙), ∆ℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 

∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 0, 0, 0) (12) 

 

 

[𝐌𝐌𝑒𝑒 𝟎𝟎
𝟎𝟎 𝐈𝐈] 𝛏̈𝛏 + [𝐋𝐋𝑒𝑒 + 𝐋̂𝐋𝑒𝑒 − 𝐋̂𝐋𝑒𝑒

𝑇𝑇 𝟎𝟎
𝟎𝟎 𝟐𝟐𝐙𝐙𝐙𝐙] 𝛏̇𝛏 +

[𝐊𝐊𝑒𝑒 − 𝐊̂𝐊𝑒𝑒 + ∑ 𝐓𝐓𝑙𝑙
𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 −∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 𝛀𝛀2 + ∑ 𝐖𝐖𝑙𝑙

𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

] 𝛏𝛏 =

[
∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐅𝐅𝑙𝑙
0(𝑡𝑡) + 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐅𝐅𝑙𝑙

0(𝑡𝑡) − 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙

𝑙𝑙=1
], (13) 

  

	 (8)

 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) = 𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), (4) 

 ℎ𝑙𝑙(𝑡𝑡) = ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) − Δℎ𝑙𝑙(𝑡𝑡) + Δℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (5) 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝐅𝐅𝑙𝑙
0(𝑡𝑡) − 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡) + 𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (6) 

where: 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡), 0, 0, 0), (7) 

 𝐅𝐅𝑙𝑙
0(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 

𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 0, 0, 0), (8) 

 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)
𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (9) 

𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (10)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡), ∆ℎ𝑙𝑙(𝑡𝑡), ∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), 0, 0, 0), (11)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡 − 𝜏𝜏𝑙𝑙), ∆ℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 

∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 0, 0, 0) (12) 

 

 

[𝐌𝐌𝑒𝑒 𝟎𝟎
𝟎𝟎 𝐈𝐈] 𝛏̈𝛏 + [𝐋𝐋𝑒𝑒 + 𝐋̂𝐋𝑒𝑒 − 𝐋̂𝐋𝑒𝑒

𝑇𝑇 𝟎𝟎
𝟎𝟎 𝟐𝟐𝐙𝐙𝐙𝐙] 𝛏̇𝛏 +

[𝐊𝐊𝑒𝑒 − 𝐊̂𝐊𝑒𝑒 + ∑ 𝐓𝐓𝑙𝑙
𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 −∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 𝛀𝛀2 + ∑ 𝐖𝐖𝑙𝑙

𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

] 𝛏𝛏 =

[
∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐅𝐅𝑙𝑙
0(𝑡𝑡) + 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐅𝐅𝑙𝑙

0(𝑡𝑡) − 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙

𝑙𝑙=1
], (13) 

  

	 (9)

	

 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) = 𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), (4) 

 ℎ𝑙𝑙(𝑡𝑡) = ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) − Δℎ𝑙𝑙(𝑡𝑡) + Δℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (5) 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝐅𝐅𝑙𝑙
0(𝑡𝑡) − 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡) + 𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (6) 

where: 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡), 0, 0, 0), (7) 

 𝐅𝐅𝑙𝑙
0(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 

𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 0, 0, 0), (8) 

 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)
𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (9) 

𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (10)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡), ∆ℎ𝑙𝑙(𝑡𝑡), ∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), 0, 0, 0), (11)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡 − 𝜏𝜏𝑙𝑙), ∆ℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 

∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 0, 0, 0) (12) 

 

 

[𝐌𝐌𝑒𝑒 𝟎𝟎
𝟎𝟎 𝐈𝐈] 𝛏̈𝛏 + [𝐋𝐋𝑒𝑒 + 𝐋̂𝐋𝑒𝑒 − 𝐋̂𝐋𝑒𝑒

𝑇𝑇 𝟎𝟎
𝟎𝟎 𝟐𝟐𝐙𝐙𝐙𝐙] 𝛏̇𝛏 +

[𝐊𝐊𝑒𝑒 − 𝐊̂𝐊𝑒𝑒 + ∑ 𝐓𝐓𝑙𝑙
𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 −∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 𝛀𝛀2 + ∑ 𝐖𝐖𝑙𝑙

𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

] 𝛏𝛏 =

[
∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐅𝐅𝑙𝑙
0(𝑡𝑡) + 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐅𝐅𝑙𝑙

0(𝑡𝑡) − 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙

𝑙𝑙=1
], (13) 

  

	(10)

	

 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) = 𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), (4) 

 ℎ𝑙𝑙(𝑡𝑡) = ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) − Δℎ𝑙𝑙(𝑡𝑡) + Δℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (5) 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝐅𝐅𝑙𝑙
0(𝑡𝑡) − 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡) + 𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (6) 

where: 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡), 0, 0, 0), (7) 

 𝐅𝐅𝑙𝑙
0(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 

𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 0, 0, 0), (8) 

 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)
𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (9) 

𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (10)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡), ∆ℎ𝑙𝑙(𝑡𝑡), ∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), 0, 0, 0), (11)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡 − 𝜏𝜏𝑙𝑙), ∆ℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 

∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 0, 0, 0) (12) 

 

 

[𝐌𝐌𝑒𝑒 𝟎𝟎
𝟎𝟎 𝐈𝐈] 𝛏̈𝛏 + [𝐋𝐋𝑒𝑒 + 𝐋̂𝐋𝑒𝑒 − 𝐋̂𝐋𝑒𝑒

𝑇𝑇 𝟎𝟎
𝟎𝟎 𝟐𝟐𝐙𝐙𝐙𝐙] 𝛏̇𝛏 +

[𝐊𝐊𝑒𝑒 − 𝐊̂𝐊𝑒𝑒 + ∑ 𝐓𝐓𝑙𝑙
𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 −∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 𝛀𝛀2 + ∑ 𝐖𝐖𝑙𝑙

𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

] 𝛏𝛏 =

[
∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐅𝐅𝑙𝑙
0(𝑡𝑡) + 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐅𝐅𝑙𝑙

0(𝑡𝑡) − 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙

𝑙𝑙=1
], (13) 

  

	 (11)

	

 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) = 𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), (4) 

 ℎ𝑙𝑙(𝑡𝑡) = ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) − Δℎ𝑙𝑙(𝑡𝑡) + Δℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (5) 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝐅𝐅𝑙𝑙
0(𝑡𝑡) − 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡) + 𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (6) 

where: 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡), 0, 0, 0), (7) 

 𝐅𝐅𝑙𝑙
0(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 

𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 0, 0, 0), (8) 

 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)
𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (9) 

𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (10)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡), ∆ℎ𝑙𝑙(𝑡𝑡), ∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), 0, 0, 0), (11)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡 − 𝜏𝜏𝑙𝑙), ∆ℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 

∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 0, 0, 0) (12) 

 

 

[𝐌𝐌𝑒𝑒 𝟎𝟎
𝟎𝟎 𝐈𝐈] 𝛏̈𝛏 + [𝐋𝐋𝑒𝑒 + 𝐋̂𝐋𝑒𝑒 − 𝐋̂𝐋𝑒𝑒

𝑇𝑇 𝟎𝟎
𝟎𝟎 𝟐𝟐𝐙𝐙𝐙𝐙] 𝛏̇𝛏 +

[𝐊𝐊𝑒𝑒 − 𝐊̂𝐊𝑒𝑒 + ∑ 𝐓𝐓𝑙𝑙
𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 −∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 𝛀𝛀2 + ∑ 𝐖𝐖𝑙𝑙

𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

] 𝛏𝛏 =

[
∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐅𝐅𝑙𝑙
0(𝑡𝑡) + 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐅𝐅𝑙𝑙

0(𝑡𝑡) − 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙

𝑙𝑙=1
], (13) 

  

	 (12)

where:	qzl(t) – the relative displacement of the 
cutting edge and the workpiece along the 
yl1 direction at time t and qzl(t – τl) – the 
relative displacement of the cutting edge 
and the workpiece along the yl1 direction 
at time t – τl.

Relations (9) and (10) also take into account 
the geometric nonlinearity resulting from the dy-
namic change in depth of cut.

Modeling a flexible workpiece 

Creating a discrete rigid finite element mod-
el of a workpiece in the form of a uniform thin 
bending plate with dimensions L×B×h (Figure 3, 

h – plate thickness) involves isolating a  finite 
number of rigid bodies (rigid finite elements, 
RFEs) describing kinetic energy storage, and 
a finite number of massless spring-damping el-
ements (SDEs) describing strain energy stor-
age and energy dissipation [37]. Each RFE has 
three degrees of freedom, i.e., a displacement in 
the direction normal to the plate surface and two 
angles of rotation about the axes of a rectangular 
coordinate system lying in the plate plane. The 
method for determining the SDEs (stiffness coef-
ficients) and RFEs (inertia  coefficients) param-
eters is presented in Appendix A1 and Appendix 
A2, respectively.

Additionally, the model included the mass-
es of two vibration measurement sensors per-
manently mounted on the plate. Assuming the 
sensor positions S1 and S2, their masses were 
distributed evenly and concentrated at the cen-
ters of mass of adjacent RFEs. As a  result, the 
masses of previously created RFEs no. 20 and 
33, as well as 15 and 28, were increased with-
out changing their mass moments of inertia. The 
presence of a  holder with adjustable stiffness 
was also taken into account, whose moving mass 
in a direction perpendicular to the plate surface 
(see section ‘A stand for testing the workpiece 
and the milling process’), was divided into RFEs 
65, 13, 26, 39, 52, and 78. Here, too, the con-
centrated masses of these RFEs were increased 
without changing their mass moments of inertia. 
The stiffness coefficient of SDE (Figure 2) in the 
direction normal to the plate surface was distrib-
uted among the specified RFEs, as was the mass 
of the moving part of the holder.

This resulted in a  computational model 
with 90 RFEs (270 degrees of freedom) and 
286 SDEs. The model was subjected to calcu-
lations of mod natural frequencies and normal 

Figure 3. Division of a flexible rectangular plate into RFEs and SDEs
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modes,𝑓𝑓𝑖𝑖𝑎𝑎,𝑖𝑖
𝑎𝑎, 𝑖𝑖 = 1,… ,𝑚𝑚𝑚𝑚𝑚𝑚.  The proprietary 

APARA1, AMASTA and AWLS8 software were 
used to create the computational model and then 
calculate the natural vibrations. Both programs 
were developed in FORTRAN using the free 64-
bit MSYS2 MinGW64 Shell toolkit and the free 
GNU compiler. The results of the natural vibra-
tion normal modes calculations were analyzed us-
ing MATLAB 2017 and 2022.

Hybrid model of the cutting process 

The dynamics of the milling process is mod-
elled using a  hybrid system (Figure 2), which 
integrates modal and structural subsystems in-
terconnected through coupling elements. The 
modal subsystem represents a flexible workpiece 
mounted in a stiffness-adjustable holder and mov-
ing at a feed rate vf . It is described by its modal 
coordinate vector a. The following modal model 
parameters are identified:
	• at the computational modal analysis stage – 

the frequencies and M-orthonormal modes 
of natural vibrations 𝑓𝑓𝑖𝑖𝑎𝑎,𝑖𝑖

𝑎𝑎, 𝑖𝑖 = 1,… ,𝑚𝑚𝑚𝑚𝑚𝑚. ;
	• at the experimental modal analysis stage – the 

natural frequencies and dimensionless damp-
ing coefficients 

ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) ≅ 𝑓𝑓𝑧𝑧 cos𝜑𝜑𝑙𝑙(𝑡𝑡) 

 

𝑓𝑓𝑖𝑖𝑎𝑎,𝑖𝑖
𝑎𝑎, 𝑖𝑖 = 1,… ,𝑚𝑚𝑚𝑚𝑚𝑚 

 

𝑓𝑓𝑖𝑖𝑒𝑒, 𝜁𝜁𝑖𝑖𝑒𝑒, 𝑖𝑖 = 1,… ,𝑚𝑚𝑚𝑚𝑚𝑚 

 

Ω = diag(2fia) 

 

 ≡ a = [1
a … mod

a ] 

 

Z = diag(ζie) 

 

L̂e 

K̂e 

 

ξ = {qa} 

 

16−0,011+0,000 

 

 

.

Considering a  finite number mod of normal 
modes, the dynamic model of the workpiece is 
described as follows [7]:
	• at the stage of computational modal anal-

ysis – Ω 

ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) ≅ 𝑓𝑓𝑧𝑧 cos𝜑𝜑𝑙𝑙(𝑡𝑡) 

 

𝑓𝑓𝑖𝑖𝑎𝑎,𝑖𝑖
𝑎𝑎, 𝑖𝑖 = 1,… ,𝑚𝑚𝑚𝑚𝑚𝑚 

 

𝑓𝑓𝑖𝑖𝑒𝑒, 𝜁𝜁𝑖𝑖𝑒𝑒, 𝑖𝑖 = 1,… ,𝑚𝑚𝑚𝑚𝑚𝑚 

 

Ω = diag(2fia) 

 

 ≡ a = [1
a … mod

a ] 

 

Z = diag(ζie) 

 

L̂e 

K̂e 

 

ξ = {qa} 

 

16−0,011+0,000 

 

 

, i = 1, …, mod, 
•  ≡ 𝒂𝒂 = [1

𝑎𝑎 … 𝑚𝑚𝑚𝑚𝑚𝑚
𝑎𝑎 ] . However, 

the elements  i = 1, …, mod, of the di-
mensionless damping coefficients’ matrix 
𝐙𝐙 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝜁𝜁𝑖𝑖),  due to the lack of reliable an-
alytical relationships, are roughly estimated;

	• at the stage of experimental modal analysis – 
Ω 

ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) ≅ 𝑓𝑓𝑧𝑧 cos𝜑𝜑𝑙𝑙(𝑡𝑡) 

 

𝑓𝑓𝑖𝑖𝑎𝑎,𝑖𝑖
𝑎𝑎, 𝑖𝑖 = 1,… ,𝑚𝑚𝑚𝑚𝑚𝑚 

 

𝑓𝑓𝑖𝑖𝑒𝑒, 𝜁𝜁𝑖𝑖𝑒𝑒, 𝑖𝑖 = 1,… ,𝑚𝑚𝑚𝑚𝑚𝑚 

 

Ω = diag(2fia) 

 

 ≡ a = [1
a … mod

a ] 

 

Z = diag(ζie) 

 

L̂e 

K̂e 

 

ξ = {qa} 

 

16−0,011+0,000 

 

 

, i = 1, ..., mod, Z 

ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) ≅ 𝑓𝑓𝑧𝑧 cos𝜑𝜑𝑙𝑙(𝑡𝑡) 

 

𝑓𝑓𝑖𝑖𝑎𝑎,𝑖𝑖
𝑎𝑎, 𝑖𝑖 = 1,… ,𝑚𝑚𝑚𝑚𝑚𝑚 

 

𝑓𝑓𝑖𝑖𝑒𝑒, 𝜁𝜁𝑖𝑖𝑒𝑒, 𝑖𝑖 = 1,… ,𝑚𝑚𝑚𝑚𝑚𝑚 

 

Ω = diag(2fia) 

 

 ≡ a = [1
a … mod

a ] 

 

Z = diag(ζie) 

 

L̂e 

K̂e 

 

ξ = {qa} 

 

16−0,011+0,000 

 

 

 
i = 1, ..., mod,  ≡ 𝑎𝑎 . Due to the insuffi-
cient number of sensors, which prevents pre-
cise identification of the normal mode, the 
appropriate normal modes determined at the 

stage of computational modal analysis were 
included.

The structural subsystem is a whirling slen-
der ball end cutter. Its displacements are ex-
pressed by the vector of generalized coordinates 
q in the Cartesian system xe1, xe2, xe3, which is 
fixed in one of the nodes of E-BB and rotates 
together with the cutter. Then these displace-
ments are transformed to immovable coordinate 
system x1, x2, x3. Therefore, the dynamics of the 
whirling slender tool is described by matrices of 
inertia Me, damping Le, and stiffness Ke [7], as 
well as by the matrices resulting from the tool 
rotation, i.e. 𝐋̂𝐋𝑒𝑒  𝐊̂𝐊𝑒𝑒  and 𝐋̂𝐋𝑒𝑒  𝐊̂𝐊𝑒𝑒  [7]. The way of defining 
the matrices 𝐋̂𝐋𝑒𝑒  𝐊̂𝐊𝑒𝑒  and 𝐋̂𝐋𝑒𝑒  𝐊̂𝐊𝑒𝑒  of E-BB no. e, is shown 
in the Appendix A3.

With reference to the presented consider-
ations, the matrix equation of the non-stationary 
model of the milling process in hybrid coordi-
nates was obtained, i.e. (13), where: 𝛏𝛏 = {𝐪𝐪𝐚𝐚}  – 
hybrid coordinate vector of the hybrid system, 
Tl – transformation matrix of the displacement 
vector q from coordinates xe1, xe2, xe3 of E-BB no. 
e, to the coordinate system yl1, yl2, yl3 of CE no. l 
[36], Wl(t) – transformation matrix between the 
displacement vector in modal coordinates a, and 
the displacements in the coordinate system yl1, yl2, 
yl3 of CE no. l [36], il – number of “active” CEs.

Equation 13 is used to simulate non-stationary 
cutting process in the time domain. During the pro-
cess, a continuous change in the geometrical posi-
tion of the instantaneous points of contact between 
the tool and the workpiece is observed. However, it 
looks different than in the previous studies [7, 34]. 
This time, the position of CE no. l is invariant with 
respect to the rotational system xe1, xe2, xe3 of E-BB 
no. e, which results in constant elements of the ma-
trix Tl. To simulate the hybrid model of flexible 
workpiece milling, authorial AMATSUURA soft-
ware, developed in the FORTRAN language (free 
64-bit MSYS2 MinGW64 Shell toolkit and free 

(13)

 𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡) = 𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), (4) 

 ℎ𝑙𝑙(𝑡𝑡) = ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) − Δℎ𝑙𝑙(𝑡𝑡) + Δℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (5) 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝐅𝐅𝑙𝑙
0(𝑡𝑡) − 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡) + 𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), (6) 

where: 

 𝐅𝐅𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝐹𝐹𝑦𝑦𝑦𝑦1(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦2(𝑡𝑡), 𝐹𝐹𝑦𝑦𝑦𝑦3(𝑡𝑡), 0, 0, 0), (7) 

 𝐅𝐅𝑙𝑙
0(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 

𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑𝑎𝑎𝑝𝑝ℎ𝐷𝐷𝐷𝐷(𝑡𝑡), 0, 0, 0), (8) 

 𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑ℎ𝐷𝐷𝐷𝐷(𝑡𝑡)
𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (9) 

𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡) =

[
 
 
 
 
 0 𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙2𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

0 𝜇𝜇𝑙𝑙3𝑘𝑘𝑑𝑑𝑑𝑑 (𝑎𝑎𝑝𝑝 − Δ𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡)) 0

𝟎𝟎3×3

𝟎𝟎3×3 𝟎𝟎3×3]
 
 
 
 
 

, (10)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡), ∆ℎ𝑙𝑙(𝑡𝑡), ∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡), 0, 0, 0), (11)

 Δ𝐰𝐰𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙) = 𝑐𝑐𝑐𝑐𝑐𝑐(𝑞𝑞𝑧𝑧𝑧𝑧(𝑡𝑡 − 𝜏𝜏𝑙𝑙), ∆ℎ𝑙𝑙(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 

∆𝑎𝑎𝑝𝑝𝑝𝑝(𝑡𝑡 − 𝜏𝜏𝑙𝑙), 0, 0, 0) (12) 

 

 

[𝐌𝐌𝑒𝑒 𝟎𝟎
𝟎𝟎 𝐈𝐈] 𝛏̈𝛏 + [𝐋𝐋𝑒𝑒 + 𝐋̂𝐋𝑒𝑒 − 𝐋̂𝐋𝑒𝑒

𝑇𝑇 𝟎𝟎
𝟎𝟎 𝟐𝟐𝐙𝐙𝐙𝐙] 𝛏̇𝛏 +

[𝐊𝐊𝑒𝑒 − 𝐊̂𝐊𝑒𝑒 + ∑ 𝐓𝐓𝑙𝑙
𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 −∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐓𝐓𝑙𝑙

𝑖𝑖𝑙𝑙
𝑙𝑙=1 𝛀𝛀2 + ∑ 𝐖𝐖𝑙𝑙

𝑇𝑇(𝑡𝑡)𝐃𝐃𝑃𝑃𝑃𝑃(𝑡𝑡)𝐖𝐖𝑙𝑙(𝑡𝑡)𝑖𝑖𝑙𝑙
𝑙𝑙=1

] 𝛏𝛏 =

[
∑ 𝐓𝐓𝑙𝑙

𝑇𝑇𝐅𝐅𝑙𝑙
0(𝑡𝑡) + 𝐓𝐓𝑙𝑙

𝑇𝑇𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙
𝑙𝑙=1

−∑ 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐅𝐅𝑙𝑙

0(𝑡𝑡) − 𝐖𝐖𝑙𝑙
𝑇𝑇(𝑡𝑡)𝐃𝐃𝑂𝑂𝑂𝑂(𝑡𝑡)∆𝐰𝐰(𝑡𝑡 − 𝜏𝜏𝑙𝑙)𝑖𝑖𝑙𝑙

𝑙𝑙=1
], (13) 

  



271

Advances in Science and Technology Research Journal 2026, 20(2) 264–283

GNU compiler) was applied. On the other hand, 
the MATLAB 2017 and 2022 packages were used 
to analyze the results obtained.

2-dimensional interpolation

During the milling process, the tool moves 
along the workpiece, passing through succes-
sive regions dominated by different vibration 
modes. Thanks to computational modal analy-
sis (subsection Modeling a flexible workpiece), 
the modal parameters of the workpiece are de-
termined. However, they are identified only at 
the locations of the centers of mass of the RFEs. 
For simulations using hybrid models, it is nec-
essary to specify normal modes for each point 
of calculation. In other words for a point with 
coordinates ξl, η1 lying between the known po-
sitions of the scattered centers of mass at points 
(ξl, η1), (ξj2l, ηj11), (ξj1l, ηj21) and (ξj2l, ηj21) (Figure 
4), the normal odes components must be deter-
mined. For this purpose, an adaptation of the 
2-dimensional linear interpolation technique of 
normal modes is proposed. For a position lying 
between the locations where normal mode no. 
i, i = 1, ..., mod, is defined (i.e. between the 
centers of mass of appropriate RFEs), the com-
ponent of the mode in the direction normal to 

the plate surface ̂𝑖𝑖   is calculated according to 
the following formula (14).

In this way, the transformation matrix appear-
ing in equation (13) also becomes dependent on 
the location of the current point, i.e.: 

 ̂𝑖𝑖(𝑙𝑙 ,𝑙𝑙) = [1 𝑙𝑙 𝑙𝑙 𝑙𝑙𝑙𝑙]

[
 
 
 
 1 𝑗𝑗1𝑙𝑙
1 𝑗𝑗2𝑙𝑙

𝑗𝑗1𝑙𝑙 𝑗𝑗1𝑙𝑙𝑗𝑗1𝑙𝑙
𝑗𝑗1𝑙𝑙 𝑗𝑗2𝑙𝑙𝑗𝑗1𝑙𝑙

1 𝑗𝑗1𝑙𝑙
1 𝑗𝑗2𝑙𝑙

𝑗𝑗2𝑙𝑙 𝑗𝑗1𝑙𝑙𝑗𝑗2𝑙𝑙
𝑗𝑗2𝑙𝑙 𝑗𝑗2𝑙𝑙𝑗𝑗2𝑙𝑙]

 
 
 
 
−1

{
  
  
̂𝑖𝑖,𝑗𝑗1𝑙𝑙,𝑗𝑗1𝑙𝑙
̂𝑖𝑖,𝑗𝑗2𝑙𝑙,𝑗𝑗1𝑙𝑙
̂𝑖𝑖,𝑗𝑗1𝑙𝑙,𝑗𝑗2𝑙𝑙
̂𝑖𝑖,𝑗𝑗2𝑙𝑙,𝑗𝑗2𝑙𝑙}

  
  
. (14) 

 𝐖𝐖𝑙𝑙 (𝑡𝑡, 𝑙𝑙(𝑡𝑡),𝑙𝑙(𝑡𝑡)) = [𝚯𝚯𝑙𝑙(𝑡𝑡)33 𝟎𝟎33
𝟎𝟎33 𝚯𝚯𝑙𝑙(𝑡𝑡)33

] 𝐂𝐂𝑊𝑊𝚿̂𝚿 (𝑙𝑙(𝑡𝑡),𝑙𝑙(𝑡𝑡)), (15) 

whereby: 

 𝚯𝚯𝑙𝑙(𝑡𝑡) = [
cos𝜑𝜑𝑙𝑙 −sin𝜑𝜑𝑙𝑙 0
sin 𝜑𝜑𝑙𝑙 cos 𝜑𝜑𝑙𝑙 0
0 0 1

], (16) 

 𝐂𝐂𝑊𝑊 = 𝑐𝑐𝑐𝑐𝑐𝑐(0,0,1, 0, 0,0), (17) 

 𝚿̂𝚿 (𝑙𝑙(𝑡𝑡),𝑙𝑙(𝑡𝑡)) =

[
 
 
 
 
 ̂1(𝑙𝑙,𝑙𝑙)

⋮
̂𝑖𝑖(𝑙𝑙 ,𝑙𝑙)

⋮
̂𝑚𝑚𝑚𝑚𝑚𝑚(𝑙𝑙 ,𝑙𝑙)]

 
 
 
 
 
𝑇𝑇

. (18) 

	 (15)

whereby:

	

 ̂𝑖𝑖(𝑙𝑙 ,𝑙𝑙) = [1 𝑙𝑙 𝑙𝑙 𝑙𝑙𝑙𝑙]

[
 
 
 
 1 𝑗𝑗1𝑙𝑙
1 𝑗𝑗2𝑙𝑙

𝑗𝑗1𝑙𝑙 𝑗𝑗1𝑙𝑙𝑗𝑗1𝑙𝑙
𝑗𝑗1𝑙𝑙 𝑗𝑗2𝑙𝑙𝑗𝑗1𝑙𝑙

1 𝑗𝑗1𝑙𝑙
1 𝑗𝑗2𝑙𝑙

𝑗𝑗2𝑙𝑙 𝑗𝑗1𝑙𝑙𝑗𝑗2𝑙𝑙
𝑗𝑗2𝑙𝑙 𝑗𝑗2𝑙𝑙𝑗𝑗2𝑙𝑙]

 
 
 
 
−1

{
  
  
̂𝑖𝑖,𝑗𝑗1𝑙𝑙,𝑗𝑗1𝑙𝑙
̂𝑖𝑖,𝑗𝑗2𝑙𝑙,𝑗𝑗1𝑙𝑙
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Using the same approach, it is also possible 
to extrapolate normal modes to points beyond the 
centers of mass of the RFEs located on bound-
aries of the discrete workpiece model. Interpo-
lation of the simulated model based on the rigid 
finite element method is performed during the ex-
ecution of the previously mentioned proprietary 
AMATSUURA software.

Summary of the method

The proposed method responds to the impor-
tant need for computational simulation of the en-
tire ball end milling cutter machining, taking into 
account the thin rectangular workpiece, the slen-
der cutting tool and the dynamics of the cutting 
process, as well as the non-stationary and non-lin-
ear vibration state. In comparison to the previous 
research, this method has now been substantially 
modified. This includes:
	• modeling the flexible workpiece using the 

rigid finite element method, which eliminates 
Figure 4. 2-dimensional interpolation of the normal 
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the need for often unavailable and expensive 
FEM software; 

	• creating a  modal model of the workpiece 
mounted in a stiffness-adjustable holder, while 
simultaneously utilizing computational and 
experimental modal analysis; 

	• consideration of the influence of the spindle 
speed of the rotary tool on its dynamic char-
acteristics. In contrast to the axially symmetri-
cal, non-rotating tool (this one exhibits double 
natural frequencies and decoupled modes in 
two mutually perpendicular planes), two dis-
tinct frequencies and corresponding coupled 
modes of vibration are now detected.

This modified method offers a higher level of 
accuracy in simulating the non-stationary model 
of the milling process with slender tools, enabling 
significantly improved prediction of the best and 
worst conditions for clamping flexible small-
sized workpieces.

The matrix equation of dynamics (13), 
which is the basis for the use of VP and EAVP 
techniques, is transparent and at the same time 
necessary, because it describes a non-stationary 
and nonlinear system in hybrid coordinates. It is 
solved in the time domain by the Newmark nu-
merical integration method [40], under known 
initial conditions. A possible simplification of this 
seemingly complicated mathematical description 
would result in the need to omit important prop-
erties of the analyzed milling process. And the 
authors wanted to take them into account. Oth-
erwise, in addition to the above-mentioned new 
modifications, it would be necessary to omit e.g.: 
variable system configuration, cutting process 
dynamics, separation of stationary (modal) and 
non-stationary (structural) subsystems. 

RESULTS

A stand for testing the workpiece 		
and the milling process

Two flexible workpieces in the form 
of thin rectangular plates with dimensions 
175 × 50 × 5 mm (flatness deviations of 5 mm mea-
sured on a  ZENITH 3 measuring machine with 
a resolution of ±2 mm) made of bronze CC331G 
and aluminum alloy EN AW-6101 A, respec-
tively, were selected for the experimental tests. 
Each workpiece was clamped in a  holder with 
adjustable stiffness, which in turn was mounted 

on the table of a  5-axis CNC machining center 
MATSUURA MX 520 (nmax = 20,000 rpm). Next, 
sensors (PCB accelerometers) were placed: no. 0 
(measuring range ±100 g) – on the moving part of 
the holder, no. 1 and 2 (measuring ranges ±250 g) 
– on the underside of the workpiece, at a distance 
of 70 and 127 mm, respectively, from the mov-
able part of the holder (Figure 5). The purpose of 
them is to measure signals (sampling frequency 
10 kHz) stimulated using a 086C03 PCB modal 
hammer, and in the case of sensor 1 – additionally 
to measure vibrations during the milling process. 

For modal tests, 10 impacts (H3 estimator) 
were performed with a 2 second impact recording 
time. Signals were measured using NI PXI 4496 
dynamic signal acquisition card installed in PXI 
8861 real-time controller. For this purpose, ap-
propriate proprietary software for data processing 
in the NI LabView RT environment was launched.

The operating principle of a holder with ad-
justable stiffness is as follows (Figure 5b). The 
movable part, along with the mounted workpiece, 
can move vertically relative to the immovable 
part thanks to a sliding kinematic pair. Addition-
ally, the workpiece deflects relative to the point 
of restraint in the holder. The stiffness coefficient 
of the vertical kinematic pair depends on the sup-
port location of the flexible beam, which can 
be changed by adjusting the micrometer screw. 
Therefore, different screw settings change the 
natural vibration frequency of the workpiece in 
the holder, under different and repeatable clamp-
ing conditions. The latter significantly affects the 
level of relative vibration of the tool-to-workpiece 
during milling.

On each workpiece (top surface of the plate), 
6 grooves of 25 mm length (from Lb = 80 to Ls = 
55 mm from the free end, Figure 3) were made 
as normal milling with a  slender ball end mill-
ing cutter FETTE EBG R16.016AN160 (length 
160 mm, ϕ16h6 i.e. ϕ

ℎ𝐷𝐷𝐷𝐷(𝑡𝑡) ≅ 𝑓𝑓𝑧𝑧 cos𝜑𝜑𝑙𝑙(𝑡𝑡) 
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) equipped with an 
insert having 2 cutting edges. The milling cutter 
was clamped in a SCHUNK 206 436 ϕ20 3415 
hydraulic chuck in such a  way that the radial 
run-out of the tool in the chuck was 0.010  mm 
and the length of the free part after clamping was 
120  mm. Identical cutting parameters were as-
sumed for all tool passes, i.e. tool rotational speed 
n = 15,000 rpm, feed rate vf = 300 mm/min and 
nominal cutting depth ap = 0.1 mm. The consider-
able rotational speed of the tool justifies taking 
into account the influence of the speed on the ro-
tating subsystem’s dynamic features.
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Ball end milling of thin plate of bronze CC331G

Computational modal analysis

The computational model of the thin rect-
angular plate CC331G was created according to 
the method described in subsection Modeling 
a flexible workpiece, assuming the following 
data: ρ = 7.6 × 103 kg/m3, E = 1.3 × 1011 Pa, G =  
4.89 × 1010 Pa, v = 0.33.

Furthermore, mass of the movable part of 
the adjustable vertical holder was assumed to be 
2 kg. The vertical stiffness coefficient of the hold-
er (SDE, Figure 2) was determined by perform-
ing a modal test of the holder itself (without the 
workpiece) and measuring natural frequencies for 
various micrometer screw settings. This is justi-
fied by the fact that the mass of the movable part, 
together with spring support, constitutes on oscil-
lator with one degree of freedom. The relevant 
results are presented in Table 1.

As a  result of the performed calculations, 
the natural frequencies and normal modes, 
𝑓𝑓𝑖𝑖𝑎𝑎,𝑖𝑖

𝑎𝑎, 𝑖𝑖 = 1,… ,𝑚𝑚𝑚𝑚𝑚𝑚. , were determined, and 
only those modes for which 
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 does not exceed 
1000 Hz (i.e. for mod = 3) were taken into ac-
count. The calculated frequencies (especially 

for mode 1) significantly depend on the mi-
crometer screw setting (Table 2). However, the 
calculated modes, illustrated as example for the 
23 mm setting (Figure 6), are very similar also 
for other screw settings. Thus, mode 1 results 
from the dominant role of the holder flexibility. 
Modes 2 and 3, on the other hand, are the bend-
ing modes of the plate, where mode 2 has one, 
and mode 3 – two node lines in the direction of 
the plate width.

Virtual prototyping

Virtual prototyping (VP) involves simulat-
ing a computational model of the milling process 
(section ‘A stand for testing the workpiece and 
the milling process’) using a slender ball end cut-
ter on a  flexible rectangular plate-shaped work-
piece. The extremely unfavorable case of chisel 
cutting was selected (cutter axis normal to the 
machined surface). The parameters of the work-
piece modal model, i.e., 𝑓𝑓𝑖𝑖𝑎𝑎,𝑖𝑖

𝑎𝑎, 𝑖𝑖 = 1,… ,𝑚𝑚𝑚𝑚𝑚𝑚. , i = 1, ..., 3, were 
determined in subsection ‘Computational modal 
analysis’, but due to the lack of reliable analytical 
relationships, the values 
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were estimated as the same. The abstract dynam-
ic parameters of the cutting process were used 

Figure 5. An adjustable vertical holder: a) overall view, b) important items of the structure
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for the simulation: kdl = 140 daN/mm2, μl2 = 0.4, 
μl3= 0.4 and 0.51. The basis for the selection was 
the highest value of kdl, at which the result of the 
simulation was numerically stable. On the other 
hand, the adoption of two different values of μl3 
was aimed at better matching the RMS value of 
the vibrations of the simulated plot with the val-
ues measured during the ITS technique.

Already at this stage, a  criterion for finding 
the best micrometer screw setting can be formu-
lated. The desired setting corresponds to the low-
est stiffness at which chatter vibration disappears. 
This phenomenon can be recognized by observing 
the amplitude spectrum. Thus, chatter vibration is 
accompanied by a single peak with a significantly 
dominant amplitude and a frequency close to one 
of the workpiece’s natural vibration frequencies. 
As chatter vibration disappears, as a result of in-
creasing the holder stiffness, many periodic and 
combined resonances occur [41], but with much 
smaller amplitudes. This is accompanied by a sig-
nificant reduction in the RMS. Example results 
for μl3 = 0.51 are illustrated in Figure 7. 

Experimental modal analysis

In order to identify the dominant natural vi-
brations for various workpiece clamping, modal 
tests were conducted at 6 different micrometer 
screw settings, identical to those described in sub-
section Computational modal analysis.

Signals stimulated by striking the moving 
part of the holder near sensor S0 with a  modal 
hammer were measured using sensors S0, S1 and 
S2. For the selected workpiece clamping configu-
rations, frequency response functions (FRFs) and 
their corresponding coherence functions were 
determined (Figure 8). Three magnificent natu-
ral frequencies in the range up to 1000 Hz were 
then identified, along with their dimensionless 
damping coefficients (Table 3). Damping was 
identified based on the acceleration FRFs, using 
manual peak selection and subjective evaluation 
of the Hilbert transform results visualization. The 
FRF channel with the highest peak for a  given 
frequency was selected for damping identifica-
tion. Differences between values identified for 
the same mode, but based on data from different 
channels, reach up to ±20%. Therefore, the re-
sults are rounded to 2 significant digits.

The most reliable range for identifying the 
parameters of the modal model was when the co-
herence function exceeded 0.9. This approach en-
sures that the results obtained in individual tests 
are reproducible with identical micrometer screw 
settings and signal excitation and recording meth-
ods. This is the only way to assess the accuracy of 
the workpiece model mounted in the holder.

Table 1. Stiffness coefficients of adjustable vertical holder
Micrometer screw setting [mm] Measured natural frequency [Hz] Vertical stiffness coefficient [N/m]

23 114.5 1.035144 × 106

20 107.0 9.039768 × 105

15 88.5 6.184097 × 105

10 77.0 4.681351 × 105

5 65.5 3.387446 × 105

0 56.5 2.520500 × 105

Table 2. Computed natural frequencies of a set “adjustable vertical holder-flexible workpiece”

Micrometer screw setting [mm]
Natural frequency f [Hz]

1 2 3

23 98.45 140.80 806.17

20 93.34 138.77 806.14

15 79.10 135.47 806.08

10 69.47 134.20 806.04

5 59.50 133.32 806.02

0 51.52 132.80 806.00



275

Advances in Science and Technology Research Journal 2026, 20(2) 264–283

Experimentally aided virtual prototyping

Some parameters of the workpiece modal 
model, i.e., 

ζia, i = 1,… ,mod 

 

𝜁𝜁𝑖𝑖𝑎𝑎 = 0.01, 𝑖𝑖 = 1,… ,3 
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𝑎𝑎] 

 

 

, were determined 
in subsection Experimental modal analysis, but 
due to the lack of ability to identify appropriate 
normal modes, the latter were assumed as identi-
fied in subsection Computational modal analy-
sis, i.e. 

ζia, i = 1,… ,mod 
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. The same abstract 
dynamic parameters of the cutting process, as in 
subsection Virtual prototyping, were adopted 
for the simulation: kdl = 140 daN/mm2, μl2 = 0.4, 
μl3 = 0.2 and 0.51. 

Example results for μl3 = and 0.51, at mini-
mum and maximum holder stiffness, are shown 
(Figure  9). The simulatio results obtained us-
ing the VP and EAVP techniques are compared 
in Figure 10. It turned out that the simulation of 
the milling model at the parameters determined 

by the experimental modal analysis shows, in 
contrast to VP, small changes in the RMS of the 
workpiece vibration, depending on the change in 
the stiffness of the holder.

Experimental milling results

In order to successfully apply the mecha-
tronic design technique based on the implemen-
tation in the target system (ITS) of the previously 
utilized VP and EAVP techniques, experimental 
studies were conducted on previously simulated 
normal milling passes with various stiffness set-
tings of the fixture holding the flexible work-
piece (Figure 11). For each groove, the RMS vi-
bration displacements were measured using the 
closest sensor S1, and the obtained results were 
compared with the results of the VP and EAVP 
techniques (Figure 10). Surface roughness pa-
rameters obtained in different passes were also 
used to assess the accuracy of predicting the 
results of ball end milling of the flexible work-
piece (Figure 12).

Ball end milling of thin plate of aluminum alloy 
EN AW-6101A

Computational modal analysis

The computational model of a thin rectangu-
lar plate of aluminum alloy EN AW-6101A was 
created, similarly to the case of bronze CC3331G 
(subsection ‘Computational modal analysis’), 
according to the method described in subsection 
‘Modeling a flexible workpiece’. Following 
data was assumed: ρ = 2.7 × 103 kg/m3, E = 7.0 × 
1010 Pa, G = 2.61 × 1010 Pa, v = 0.34. The vertical 
stiffness coefficients of the holder (SDE, Figure 2) 
are identical to those of the bronze CC3331G 
workpiece (Table 1).

Subsequently, the natural frequencies and 
normal modes 𝑓𝑓𝑖𝑖𝑎𝑎,𝑖𝑖

𝑎𝑎, 𝑖𝑖 = 1,… ,𝑚𝑚𝑚𝑚𝑚𝑚.  were deter-
mined, and only those modes for which 
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 does 
not exceed 1000 Hz (i.e. for mod = 3). Here, too, 
the calculated frequencies (especially for mode 1) 
depend greatly on the setting of the micrometer 
screw (Table 4). On the other hand, the calculated 
modes are very similar to those obtained in the 
case of bronze CC3331G (Figure 6). Hence, their 
illustrations were abandoned.

Experimental modal analysis

In order to identify the dominant natural vi-
brations for various workpiece clamping, modal 

Figure 6. Exemplary results of the normal
modes calculation, for screw setting 23 mm 
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tests were conducted at 6 different micrometer 
screw settings, identical to those described in sub-
section ‘Computational modal analysis’.

For the selected workpiece clamping configu-
rations, the frequency response functions (FRF) 
and the corresponding coherence functions were 
determined in the same manner as in subsec-
tion Experimental modal analysis (Figure 13). 
And then, three magnificent natural frequencies, 
whose values do not exceed 1000 Hz, were iden-
tified with their accompanying dimensionless 
damping factors (Table 5). 

Mechatronic design techniques

Virtual prototyping (VP), which involves the 
simulation of an abstract computational model 
of the milling process (section ‘A stand for test-
ing the workpiece and the milling process’) us-
ing a  slender ball milling cutter on a  flexible 
rectangular plate-shaped element, was carried 
out in a similar way to subsection Virtual proto-
typing. Modal parameters of the workpiece, i.e. 

ζia, i = 1,… ,mod 
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, have been specified in sub-
section ‘Computational modal analysis’, but due 
to the lack of reliable analytical relationships, 

the values 

ζia, i = 1,… ,mod 

 

𝜁𝜁𝑖𝑖𝑎𝑎 = 0.01, 𝑖𝑖 = 1,… ,3 

 

𝑓𝑓𝑖𝑖𝑒𝑒, 𝜁𝜁𝑖𝑖𝑒𝑒, 𝑖𝑖 = 1,… ,3 

 

 ≡ [1
𝑎𝑎 2

𝑎𝑎 3
𝑎𝑎] 

 

𝑓𝑓𝑖𝑖𝑎𝑎,𝑖𝑖
𝑎𝑎, 𝑖𝑖 = 1,… ,𝑚𝑚𝑚𝑚𝑚𝑚 

 

𝑓𝑓𝑖𝑖𝑎𝑎,𝑖𝑖
𝑎𝑎, 𝑖𝑖 = 1,… , 3 

 

𝜁𝜁𝑖𝑖𝑎𝑎 = 0.01, 𝑖𝑖 = 1,… ,3 

 

 ≡ [1
𝑎𝑎 2

𝑎𝑎 3
𝑎𝑎] 

 

 

, have been 
estimated. The parameters of the cutting pro-
cess were adjusted for the simulation: kdl = 140 
daN/mm2, μl2 = 0.4, μl3 = 0.2. As in the case of 
bronze CC3331G, the basis for the selection was 
the highest value of kdl, at which the result of the 
simulation was numerically stable. 

For experimentally aided virtual prototyping 
(EAVP), some parameters of the workpiece mod-
al model, i.e. , were specified in 
subsection Experimental modal analysis, but 
due to the inability to identify the corresponding 
normal modes, the latter were adopted as speci-
fied in subsection Computational modal analy-
sis, i.e. 
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. The same abstract 
dynamic parameters of the cutting process, i.e. kdl 
= 140 daN/mm2, μl2 = 0.4, μl3 = 0.2 were used for 
the simulation.

The simulation results obtained using the VP 
and EAVP techniques are compared in Figure 14. 
It  turned out that both simulated models of the 
milling process show a similar trend of reduction 
of RMS of the workpiece, along with an increase 
in the stiffness of the clamping in the holder.

Figure 7. Time plots and amplitude spectra during ball end milling: a) presence of chatter vibrations,
vibrations close to the plate free vibrations dominate, f = 129.76 Hz, b) a lack of chatter vibrations,

combined resonance dominates, f = 131.70 Hz 

Table 3. Measured natural frequencies and dimensionless damping coefficients of a set “adjustable vertical
holder-flexible workpiece”

Micrometer screw setting [mm]
Natural frequency f [Hz] Dimensionless damping coefficient ζ

1 2 3 1 2 3

23 90.50 108.00 621.00 0.011 0.011 0.011

20 87.50 105.00 620.00 0.013 0.030 0.010

15 79.00 99.00 620.00 0.011 0.017 0.010

10 66.00 97.50 619.50 0.009 0.009 0.010

5 55.00 96.50 617.50 0.025 0.007 0.010

0 45.50 96.00 617.50 0.028 0.035 0.010
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Figure 8. Frequency response functions (FRF) and coherence functions for different holder  
micrometer screw settings: a) 23 mm, b) 20 mm, c) 15 mm, d) 10 mm, e) 5 mm, f) 0 mm

Figure 9. Time plots and amplitude spectra during ball end milling: a) minimum stiffness of adjustable holder, 
combined resonance f = 130.90 Hz, vibration close to natural frequency f = 630.90 Hz, b) maximum stiffness of 

adjustable holder, combined resonance f = 131.70 Hz, vibration close to natural frequency f = 631.28 Hz
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Experimental milling results

In order to effectively apply the results of the 
VP and EAVP techniques used so far in the form 
of implementation in the target system (ITS), ex-
perimental studies were carried out on previously 
simulated normal milling passes (Figure 15). RMS 

vibration displacements were compared with the 
results of VP and EAVP techniques (Figure 14). 
For the purpose of assessing the accuracy of the 
prediction of results, the appropriate roughness 
parameters were measured as well (Figure 16).

DISCUSSION

The RMS measurement results during the 
ITS milling process of the CC331G bronze 
workpiece (14–20 μm) showed that the me-
chatronic design techniques used, i.e. VP and 
EAVP, generate different predictions, and the 
simulation results (especially for μl3 = 0.2) are 
clearly underestimated. Thus, in the case of the 
VP technique, the successive stiffening of the 
workpiece in the holder (micrometric screw set-
tings from 0 to 23 mm) results in a significant 
reduction in the RMS values of vibrations from 
approx. 9 to 1 μm (at μl3 = 0.2) and from approx. 
20 to 1.5 μm (at μl3 = 0.51). On the other hand, 

Figure 10. Comparison of RMS values obtained for various techniques of mechatronic design for: 
a) μl3 = 0.2 and b) μl3 = 0.51 

Figure 11. The results of ball end milling
for various holder settings 

Figure 12. Roughness parameters for various holder settings
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in the case of the EAVP technique, the RMS val-
ue of vibrations remains practically unchanged 
and amounts to approx. 2 μm (at μl3 = 0.2) and 
approx. 5 μm (at μl3 = 0.51). Hence, it is pro-
posed to intersect the VP and EAVP trend lines 
indicating the suggested best prediction (20 mm 
setting). Justification of such an approach is 
confirmed by the groove roughness parameters 

Ra and Rz obtained as a result of ITS, the values 
of which, for the suggested setting, do not ex-
ceed 1.5 and 9 μm, respectively. This classifies 
the surface quality obtained for this best setting 
even as close to grinding.

The results of RMS measurements during 
the ITS milling of an EN AW-6101A  alumi-
num alloy workpiece (14–18 μm) showed that 

Table 4. Computed natural frequencies of a set of “adjustable vertical holder-flexible workpiece”

Micrometer screw setting [mm]
Natural frequency f [Hz]

1 2 3

23 107.218 147.686 905.912

20 100.879 146.679 905.901

15 84.309 145.141 908.876

10 73.635 144.573 905.862

5 62.792 144.175 905.851

0 54.233 143.944 905.844

Figure 13. Frequency response functions (FRF) and coherence functions for different holder  
micrometer screw settings: a) 23 mm, b) 20 mm, c) 15 mm, d) 10 mm, e) 5 mm, f) 0 mm
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both mechatronic design techniques, i.e. VP and 
EAVP, accurately predicted the best (screw ad-
justment 23  mm) and worst (screw adjustment 
5–10 mm) setting. Although the simulated RMS 
values were slightly underestimated (2–4 μm at 
VP and 5–12 μm at EAVP), a  consistent trend 
in the computer prediction was clearly observed. 
The simulation results did not fully confirm the 
obtained roughness parameters of the grooves, 
in the best case scenario, but the Ra and Rz values 
did not exceed 2.5 and 16 μm, respectively. This 
classifies the obtained surface quality as finish-
ing machining.

CONCLUSIONS

The mechatronic design techniques proposed 
in this article, i.e. VP and EAVP, precisely meet 
the requirements for clamping a thin-walled 

flexible workpiece in a holder with adjustable 
stiffness. This was confirmed by comparing the 
trends in the RMS values calculated and record-
ed in the actual milling operation. Furthermore, 
there are two important advantages of the pro-
posed methodology. First, access to licensed and 
expensive Finite Element Method software is not 
required to create a simulation of a specific com-
putational model of the workpiece. Proprietary 
computational programs are sufficient to create 
and solve a  rigid finite element method model. 
Second, the task of experimental modal analysis 
is limited to identifying only the natural frequen-
cies and dimensionless damping coefficients for 
selected normal modes. For this purpose, minimal 
and significantly less expensive measurement 
equipment is sufficient. The latter contains only 
one modal hammer, a single accelerometer and a 
dual-channel data acquisition card. 

The limitation of the proposed method is 
the requirement to develop a  complicated cal-
culational model and dedicated software for the 
milling simulation. This approach is not easy to 
implement in the workshop and is relatively time-
consuming, although it has a solid substantive 

Table 5. Measured natural frequencies and dimensionless damping coefficients of a set of “adjustable vertical 
holder-flexible workpiece”

Micrometer screw setting [mm]
Natural frequency f [Hz] Dimensionless damping coefficient ζ

1 2 3 1 2 3

23 92.0 137.0 253.5 0.050 0.024 0.031

20 79.5 137.5 253.5 0.053 0.015 0.038

15 75.0 137.0 255.5 0.050 0.022 0.040

10 59.0 136.0 255.5 0.047 0.012 0.036

5 48.0 135.0 256.0 0.047 0.010 0.038

0 44.0 136.5 277.0 0.034 0.015 0.025

Figure 14. Comparison of RMS values obtained for 
various techniques of mechatronic design for μl3 = 0.2

Figure 15. The results of ball end milling
for various holder settings
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basis and a strong technical rationale. It demands 
advanced professional knowledge, specialized 
qualifications, and practical skills. However, its 
indisputable advantage is that it accurately pre-
dicts the best, and sometimes even the worst, 
variant of clamping the workpiece in a fixture 
with adjustable stiffness. The former is particu-
larly important, especially in light of potential 
practical applications.

In addition to the above limitations, it is nec-
essary to indicate the problem of numerical insta-
bility of the solution of the non-stationary strong-
ly nonlinear equation of the dynamics of the mill-
ing process, resulting from the Newmark method 
of “step-by-step” integration. It is impossible to 
indicate an unambiguous scientific criterion of 
searching for the condition of stability of the solu-
tion. Hence, at the moment, the authors suggested 
choosing the largest value of the kdl parameter, 
for which the solution of the calculation model of 
the milling process is numerically stable. Anoth-
er limitation is the applicability of the proposed 
method to the case of bending vibrations of a thin 
plate. The reason for this is the insufficient num-
ber of sensors, which makes it impossible to iden-
tify the torsional modes of the plate. On the other 
hand, an important challenge is the search for a 
better compatibility of the natural vibration fre-
quencies obtained with VP and EAVP, which the 
authors are currently working on. This is because 
the VP technique is the only source of knowledge 
about the normal modes, which are then used in 
the EAVP technique.

The deliverables of the paper will not be di-
rectly commercialized. However, these achieve-
ments may contribute to the refinement of the in-
dustrial version of the fixture with variable stiff-
ness of thin-walled workpiece clamping, which 
could attract its commercialization in the future.
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