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INTRODUCTION

Composite materials, particularly carbon 
fiber reinforced polymers (CFRPs), are widely 
used in lightweight structural applications due 
to their excellent strength-to-weight ratio and 
tailored mechanical properties. In structural de-
sign, one of the key challenges is ensuring sta-
bility under compressive or axial loads, where 
slender elements are prone to buckling. Accu-
rate prediction of the critical load, beyond which 
sudden instability may occur, is essential for 
safe and efficient design.

Identifying the mechanical properties of a 
composite material is a key stage in the design 
process. These properties depend on the internal 
structure of the material, including the topology 
and geometry of the composite, as well as the 
material constants of its components. In unidirec-
tional prepregs, two phases can be distinguished: 
the matrix and the reinforcement. The matrix is 
resin (the most commonly used in industry is 

epoxy resin [1]), while the reinforcement is fibres 
arranged in one direction, i.e. continuous, long 
fibres [2–3]. Depending on the diameter of the 
carbon fibres and their volume in the laminate, 
the properties of the entire prepreg change. Since 
fibres are the main load-bearing component of the 
composite, a high fibre volume fraction (Vf) has a 
positive effect on the mechanical properties of the 
composite. However, the percentage of reinforce-
ment cannot be overdone, as volume fractions 
higher than 60% result in poor wettability and in-
filtration of the matrix material into the fibres [4]. 
The theoretical fibre volume limit is determined 
by the cylindrical shape of the fibre, while the 
practical limit is determined by processing limita-
tions and the ability of the matrix to transfer loads 
to and from the fibres. The resin volume must 
be sufficient to minimise voids in the laminate. 
Voids are stress concentrators and reduce the fi-
nal strength of the laminate, so their presence is 
not desirable. For prepregs used in the aerospace 
industry, typical Vf values range from 50 to 60%. 
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Analytical and numerical methods are help-
ful in properly designing the properties of a pre-
preg before it is manufactured. Several analytical 
micromechanical models are available to predict 
the effective elastic properties of composite ma-
terials. The classical models proposed by Voigt 
[5] and Reuss [6] set the upper and lower limits 
of these estimates. In addition, the Mori-Tanaka 
model [7–9] focuses on evaluating the average 
internal stress in a matrix containing inclusions, 
using the concept of intrinsic deformation. Be-
low is an overview of research papers presenting 
available methods in the context of carbon lami-
nate simulation. In [10], the authors compared 
different methods of homogenising the mechani-
cal properties of CFRP composites, such as the 
Voigt, Reuss, Mori-Tanaka and Method of Cells 
(MOC) [11–12], as well as FEM numerical 
analysis using a representative volume element 
(RVE) in the Abaqus software [13]. A carbon 
laminate in an epoxy matrix with a fibre content 
of 62% was analysed. The numerical model con-
sisted of unidirectional cylindrical fibres period-
ically arranged in a polymer matrix to reproduce 
the cross-section. Periodic Boundary Conditions 
(PBCs) were applied, which allowed for the con-
tinuity of displacements between opposite RVE 
walls, simulating an unlimited, repeatable mate-
rial structure. The Voigt and Reuss models only 
provided limit values, while the Mori-Tanaka 
and MOC models showed high consistency with 
both FEM simulation results and experimen-
tal data. These models predicted longitudinal, 
transverse and shear moduli with a deviation of 
less than 5% from the experimental values, in-
dicating their high accuracy in the analysis of 
the structural properties of CFRP composites. 
The authors of [14] presented a new algorithm 
for generating representative volume elements 
(RVE) with random fibre distribution, which 
statistically reflects the actual microstructure 
of fibre-reinforced composites. The generated 
structures were compared with the actual struc-
ture, showing high consistency. On the basis of 
the developed RVEs, finite element simulations 
(Abaqus) were performed to determine the ef-
fective elastic properties of carbon prepreg. The 
results showed very good agreement for the 
longitudinal modulus, while the values for the 
transverse direction were slightly underestimat-
ed. In article [15], a new method of probabilistic 
analysis of the elastic properties of unidirection-
al carbon composites was proposed, based on 

a micromechanical model of theory and Monte 
Carlo simulation. The authors compared various 
commonly used micromechanical models (in-
cluding the rule of mixtures, Halpin–Tsai, and 
bridging models) to determine the deterministic 
properties of the composite. The bridging model 
proved to be the best. In addition, a sensitiv-
ity analysis was performed, which showed that 
E1 is most influenced by the fibre modulus and 
fibre volume fraction, E2 by the fibre fraction, 
whereas matrix properties, and G12 by the fibre 
fraction and matrix parameters. The paper [16] 
presented an advanced numerical homogeniza-
tion methodology for predicting the mechani-
cal properties of polymer composites based on 
their microstructure. The composites containing 
spherical particles and fibres were studied us-
ing RVE in finite element analysis. An innova-
tive approach to three-dimensional boundary 
conditions, especially periodic ones, was devel-
oped, which significantly improved the accuracy 
of the simulation. The results were compared 
with experimental data and classical analytical 
models (such as Mori-Tanaka or Double Inclu-
sion), achieving good agreement. The article 
[17] presented new analytical models predict-
ing effective Young’s moduli and shear strength 
in carbon composites, taking into account the 
material, layer orientation and thickness. The 
authors proposed an original K-PY algorithm 
consisting of three main steps: (1) calculating 
the elastic properties of the components (fibres 
and matrix) using the Chamis model; (2) obtain-
ing the stiffness matrix of each layer by volume 
averaging; (3) optimizing the results using an 
objective function to obtain properties closest to 
the experiment. Good parameter agreement (up 
to 5%) was obtained. Katouzian et al. [18] pro-
posed an effective method for calculating the ho-
mogenised mechanical properties of fibre-rein-
forced epoxy matrix composites, assuming that 
the material can be treated as elastic and trans-
versely isotropic. The model was based on the 
use of the finite element method (FEM) to calcu-
late the stress and strain field in a representative 
volume element (RVE), followed by the use of 
the least squares method to obtain the most reli-
able values of elastic constants. In article [19], 
a multiscale analysis of the mechanical proper-
ties of flat-woven fabric composites reinforced 
with carbon fibres and an epoxy matrix was 
conducted. The research included homogenisa-
tion of the material microstructure to determine 
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the effective elastic properties and the use of 
Monte Carlo simulation to account for material 
uncertainties at the micro and macro levels. The 
results were compared with mixture theory and 
experimental data, confirming the effectiveness 
of the method used. In addition, a sensitivity 
analysis was performed, which showed that the 
mechanical properties are most influenced by the 
parameters of the carbon fibres and the matrix.

Material models obtained by homogenisation 
are a practical tool in the engineering analysis 
of carbon composite structures. Homogenisa-
tion makes it possible to replace the complex 
microstructure of a composite with a homoge-
neous medium with effective mechanical prop-
erties. The material data simplified in this way 
can be directly used in classic engineering calcu-
lations, such as the analysis of composite beam 
deflection or the estimation of the critical force 
of load-bearing structures. This method reduces 
the time required for numerical calculations [20] 
and allows for high accuracy in predicting the 
behaviour of structures, especially when the ap-
propriate directions of anisotropy, both in-plane 
and out-of-plane, are taken into account. In en-
gineering practice, this allows for the design of 
lightweight and durable CFRP components with 
greater certainty regarding their load-bearing ca-
pacity and stiffness.

Modern multiscale modelling tools, such as 
Digimat, enable detailed assessment of the ef-
fective properties of composites based on mi-
crostructural parameters. These unified proper-
ties can then be used in finite element models to 
analyse the global response of structures. Many 
scientific publications used Digimat to model 
various types of composites, including ceramics 
[21], WPC composites [22], carbon composites 
[23–24] and natural composites [25–26]. In [27], 
the authors tested two methods of modelling ma-
terial in the Digimat software: MF (Mean Field) 
and FE (Finite Element), using carbon-epoxy 
fabrics as an example. The results of numeri-
cal modelling were compared with experimen-
tal samples. It was found that the largest error 
(approx. 14%) between the simulation and the 
actual experiment was obtained for the Digi-
mat FE model, while the simpler Digimat MF 
model yielded the smallest difference of 0.5%. 
In summary, Digimat is a useful tool for mod-
elling layered composites, because it allows for 
accurate prediction of how different layers affect 
the properties of the entire composite structure. 

This helps to better understand the behaviour of 
composites under load and to design them to be 
more durable and efficient. This work aimed to 
present the capabilities of Digimat and demon-
strate how it can assist in the analysis and design 
of composites. 

The buckling of laminated composite plates 
has been extensively studied within the frame-
work of the classical laminate theory (CLT), 
which combines Classical Plate Theory with lam-
ination theory to predict in-plane stiffness, bend-
ing stiffness, and coupling effects. However, CLT 
neglects transverse shear deformation, which can 
lead to discrepancies for moderately thick lami-
nates or when shear effects are significant. To ad-
dress this limitation, refined models such as the 
first-order shear deformation theory (FSDT) and 
various higher-order shear deformation theories 
(HSDT) have been developed [28]. More re-
cently, finite element methods have become the 
standard tool for analysing buckling in laminated 
structures, enabling the consideration of realis-
tic layups, boundary conditions, and geometric 
nonlinearities. In [29], the authors presented the 
results of compressive analytical and numerical 
tests of beams with different cross-sections made 
of polymer composites. An interesting direction 
of research are modern structures made of natu-
ral laminates. Numerical studies of various con-
figurations of composite angles were presented 
in [30]. The first modes of buckling under axial 
compression of a simply supported column made 
of flax prepreg were analysed.

This paper analysed the buckling of a carbon 
fibre composite beam. The novelty is combining 
Euler’s method for determining the critical load, 
Mori-Tanaka homogenisation, and finite element 
method (FEM) analysis to demonstrate that a sim-
plified homogenised model can effectively replace 
a full layered model in buckling analysis. Using 
Digimat software, the multilayer composite struc-
tures were homogenised and the effective stiffness 
parameters were calculated as a function of the 
elastic properties of the fibre and matrix. Next, a 
cantilever beam with different material properties 
was modelled in the Abaqus environment (detailed 
model: laminate; simplified model: homogeneous 
structure). The critical load at which the system 
loses stability was determined using the FEM.The 
numerical results were compared with the classical 
theory of laminates using Euler’s theory to assess 
the accuracy of material property homogenisation 
in the context of composite structures.
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HOMOGENISATION OF MATERIAL

The work used the Digimat MF module. It 
uses Eshelby-based semi-analytical mean-field 
homogenisation approaches and an analytical de-
scription of the material in order to compute the 
thermo-mechanical, thermal or electrical proper-
ties of a composite as a function of its microstruc-
ture morphology, i.e., inclusion shape, orienta-
tion, volume/mass fraction, and micro, i.e., per-
phase, material behaviour.

The material data for the fibre and resin in 
the elastic range were taken from publication 
[31] (Table 1–2). The reinforcement material 
was modelled as elastic, with transverse isot-
ropy, while the resin material was modelled as 
isotropic. On this basis, a composite layer mod-
el was constructed based on a RVE with a re-
inforcement volume fraction of 50%. The next 
step was homogenization according to the se-
lected scheme. 

A simplified fibre geometry was adopted, 
with a circular cross-section. The fibres in the unit 
cell of a single composite layer were arranged in 
one direction. These were continuous fibres, not 
bonded in the transverse direction, with diameters 
given in Table 1. The fibre distribution was ran-
dom with respect to position, maintaining mutual 
parallelism (Figure 1). The free spaces between 
the carbon fibres were completely filled with 
resin. Consequently, the volume fractions of the 
composite components were the same.

The homogenization of composites in Digi-
mat-MF takes place in two stages. The actual 
composite RVE is replaced by a model RVE, 
which is an aggregate of so-called pseudo-grains. 
Each pseudo-grain occupies a specific domain 
and is a basic two-phase composite consisting of 
a phase that is a matrix reinforced with identi-
cal and aligned inclusions with appropriate ori-
entation. The homogenisation of the model RVE 
(Figure 1) takes place in two stages. First, each 
pseudo-grain is homogenised using the MFH 
(Mean Field Homogenization) model appropriate 
for basic two-phase composites (in this work, the 
Mori-Tanaka first order model was used). Then, 
the effective response of the set of homogenised 
pseudo-grains is calculated. In this second stage, 
the Voigt model is used, which gives good re-
sults, especially in the most common case of N = 
1 (i.e., one inclusion family). A view of the unit 
cell of the tested composite is shown in Figure 1. 
The calculations allowed the mechanical proper-
ties of a single layer for the tested laminate to be 
determined (Table 3).

In the next step, a representative volume el-
ement (RVE) model was created, reflecting the 
composite layer arrangement in a given fibre 
orientation sequence (Table 4). Each layer was 
treated as a separate phase with specific micro-
mechanical properties (Tables 1–2). The rein-
forcement filling covered 50% of the layer. The 
model assumed perfect bonding between layers, 
no porosity, and uniform fibre distribution in each 

Table 1. Material properties of the carbon fibre T700 [31] 
Parameter Sample Unit T700

Density ρf kg/m3 1800

Fibre diameter df m 0.00000762

1-direction tensile modulus Ef1 Pa 230000000000

2-direction tensile modulus Ef2 Pa 18000000000

12- direction shear modulus Gf12 Pa 8700000000

23- direction shear modulus Gf23 Pa 5800000000

12-direction Poisson’s ratio νf12 - 0.2

23-direction Poisson’s ratio νf23 - 0.49

Table 2. Material properties of the epoxy resin AF-426A/B [31]
Parameter Sample Unit AF-426A/B

Density ρm kg/m3 1200

Tensile modulus Em Pa 3000000000

Shear modulus Gm Pa 1250000000

Poisson’s ratio νm - 0.33
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layer. Five configurations with different structure 
thicknesses in the range of 0.4–0.8 mm were con-
sidered. The thickness of a single composite layer 
was 0.05 mm.

All analysed cases contained an even number 
of layers, the distribution of which was symmetri-
cal with respect to the reference plane. As a result 
of the homogenisation of the entire composite, 
the results were obtained in the form of a compli-
ance matrix. Sample values for the [0/30/-30/90]s 
configuration are shown in Figure 2.

The compliance matrices obtained for com-
posite structures with a given layer arrangement 
allowed determining the resultant engineering 
constants (Table 5) based on well-known rela-
tions from composite mechanics [32] concern-
ing the general theory of anisotropic elasticity 
(Equation 1):

	

{
 
 
 
 
𝜀𝜀1
𝜀𝜀2
𝜀𝜀3
𝛾𝛾23
𝛾𝛾13
𝛾𝛾12}
 
 
 
 
=

[
 
 
 
 
 𝑆𝑆11𝑆𝑆21
𝑆𝑆31
𝑆𝑆41
𝑆𝑆51
𝑆𝑆61

𝑆𝑆12
𝑆𝑆22
𝑆𝑆32
𝑆𝑆42
𝑆𝑆52
𝑆𝑆62

𝑆𝑆13
𝑆𝑆23
𝑆𝑆33
𝑆𝑆43
𝑆𝑆53
𝑆𝑆63

𝑆𝑆14
𝑆𝑆24
𝑆𝑆34
𝑆𝑆44
𝑆𝑆54
𝑆𝑆64

𝑆𝑆15
𝑆𝑆25
𝑆𝑆35
𝑆𝑆45
𝑆𝑆55
𝑆𝑆65

𝑆𝑆16
𝑆𝑆26
𝑆𝑆36
𝑆𝑆46
𝑆𝑆56
𝑆𝑆66]
 
 
 
 
 

×

{
 
 
 
 
𝜎𝜎1
𝜎𝜎2
𝜎𝜎3
𝜏𝜏23
𝜏𝜏13
𝜏𝜏12

 

}
 
 
 
 

 

 

E1 =
1
𝑆𝑆11

; 𝐸𝐸2 =
1
𝑆𝑆22

; 𝐸𝐸3 =
1
𝑆𝑆33

 

𝜈𝜈12 = −
𝑆𝑆12
𝑆𝑆11

 ;  𝜈𝜈13 = −
𝑆𝑆13
𝑆𝑆11

 ; 𝜈𝜈23 = −𝑆𝑆23𝑆𝑆22
  

G12 =
1
𝑆𝑆66

;  G13 =
1
𝑆𝑆55

; G23 =
1
𝑆𝑆44

 

 

 [
𝜎𝜎1
𝜎𝜎2
𝜏𝜏12
] = [

𝑄𝑄11 𝑄𝑄12 0
𝑄𝑄12 𝑄𝑄22 0
0 0 𝑄𝑄66

] × [
𝜀𝜀1
𝜀𝜀2
𝛾𝛾12
]  

 

[𝑄𝑄] =

[
 
 
 
 
𝐸𝐸1
𝐷𝐷𝑄𝑄

𝐸𝐸2𝜈𝜈12
𝐷𝐷𝑄𝑄

0
𝐸𝐸2𝜈𝜈12
𝐷𝐷𝑄𝑄

𝐸𝐸2
𝐷𝐷𝑄𝑄

0
0 0 𝐺𝐺12]

 
 
 
 
   

 

𝑄̅𝑄11 = 𝑄𝑄11𝑐𝑐𝑐𝑐𝑐𝑐4𝜃𝜃 + 2(𝑄𝑄12 + 2𝑄𝑄66) 
𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃 + 𝑄𝑄22𝑠𝑠𝑠𝑠𝑠𝑠4𝜃𝜃 
𝑄̅𝑄12 = (𝑄𝑄11 + 𝑄𝑄22 −  4𝑄𝑄66 ) 

𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃 + 𝑄𝑄12(𝑠𝑠𝑠𝑠𝑠𝑠4𝜃𝜃 +𝑐𝑐𝑐𝑐𝑐𝑐4𝜃𝜃) 
𝑄̅𝑄22 = 𝑄𝑄11𝑠𝑠𝑠𝑠𝑠𝑠4𝜃𝜃 + 2(𝑄𝑄12 + 2𝑄𝑄66) 

𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃 + 𝑄𝑄22𝑐𝑐𝑐𝑐𝑐𝑐4𝜃𝜃 
𝑄̅𝑄16 = (𝑄𝑄11 − 𝑄𝑄12 −  2𝑄𝑄66)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑐𝑐𝑐𝑐𝑐𝑐3𝜃𝜃 + 

+(𝑄𝑄12 − 𝑄𝑄22 −  2𝑄𝑄66)𝑠𝑠𝑠𝑠𝑠𝑠3𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 
𝑄̅𝑄26 = (𝑄𝑄11 − 𝑄𝑄12 −  2𝑄𝑄66 )𝑠𝑠𝑠𝑠𝑠𝑠3𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 
+(𝑄𝑄12 − 𝑄𝑄22 −  2𝑄𝑄66)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑐𝑐𝑐𝑐𝑐𝑐3𝜃𝜃 
𝑄̅𝑄66 = (𝑄𝑄11 + 𝑄𝑄22 −  2𝑄𝑄12 − 2𝑄𝑄66 ) 
𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃 + 𝑄𝑄66(𝑠𝑠𝑠𝑠𝑠𝑠4𝜃𝜃 +𝑐𝑐𝑐𝑐𝑐𝑐4𝜃𝜃) 

 
 

𝐴𝐴𝑖𝑖𝑖𝑖 = ∑(𝑄̅𝑄𝑖𝑖𝑖𝑖)𝑛𝑛(𝑧𝑧𝑛𝑛 − 𝑧𝑧𝑛𝑛−1)
𝑛𝑛

𝑛𝑛=1
 

 
 

 
      

	(1)

where:	 ε1​,ε2​,ε3​ – normal strains in the direc-
tions of the principal axes of the mate-
rial, γ23,γ13,γ12 – shape strains (angular) in 
the respective planes, σ1,σ2,σ3 – normal 
stresses, τ23,τ13,τ12 ​ – shear stresses. The Sij 
coefficients contain information about the 
susceptibility of the material to deforma-
tion under a specific type of stress.

For an orthotropic material such as carbon 
prepreg, some terms of the compliance matrix 
are 0. The remaining terms can be transformed 
as follows:
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𝑆𝑆24
𝑆𝑆34
𝑆𝑆44
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𝑆𝑆15
𝑆𝑆25
𝑆𝑆35
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𝑆𝑆55
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𝑆𝑆16
𝑆𝑆26
𝑆𝑆36
𝑆𝑆46
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𝑆𝑆66]
 
 
 
 
 

×

{
 
 
 
 
𝜎𝜎1
𝜎𝜎2
𝜎𝜎3
𝜏𝜏23
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}
 
 
 
 

 

 

E1 =
1
𝑆𝑆11

; 𝐸𝐸2 =
1
𝑆𝑆22

; 𝐸𝐸3 =
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𝑆𝑆33

 

𝜈𝜈12 = −
𝑆𝑆12
𝑆𝑆11

 ;  𝜈𝜈13 = −
𝑆𝑆13
𝑆𝑆11

 ; 𝜈𝜈23 = −𝑆𝑆23𝑆𝑆22
  

G12 =
1
𝑆𝑆66

;  G13 =
1
𝑆𝑆55

; G23 =
1
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 [
𝜎𝜎1
𝜎𝜎2
𝜏𝜏12
] = [

𝑄𝑄11 𝑄𝑄12 0
𝑄𝑄12 𝑄𝑄22 0
0 0 𝑄𝑄66

] × [
𝜀𝜀1
𝜀𝜀2
𝛾𝛾12
]  

 

[𝑄𝑄] =

[
 
 
 
 
𝐸𝐸1
𝐷𝐷𝑄𝑄

𝐸𝐸2𝜈𝜈12
𝐷𝐷𝑄𝑄

0
𝐸𝐸2𝜈𝜈12
𝐷𝐷𝑄𝑄

𝐸𝐸2
𝐷𝐷𝑄𝑄

0
0 0 𝐺𝐺12]
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𝑄̅𝑄12 = (𝑄𝑄11 + 𝑄𝑄22 −  4𝑄𝑄66 ) 
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𝑄̅𝑄22 = 𝑄𝑄11𝑠𝑠𝑠𝑠𝑠𝑠4𝜃𝜃 + 2(𝑄𝑄12 + 2𝑄𝑄66) 

𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃 + 𝑄𝑄22𝑐𝑐𝑐𝑐𝑐𝑐4𝜃𝜃 
𝑄̅𝑄16 = (𝑄𝑄11 − 𝑄𝑄12 −  2𝑄𝑄66)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑐𝑐𝑐𝑐𝑐𝑐3𝜃𝜃 + 

+(𝑄𝑄12 − 𝑄𝑄22 −  2𝑄𝑄66)𝑠𝑠𝑠𝑠𝑠𝑠3𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 
𝑄̅𝑄26 = (𝑄𝑄11 − 𝑄𝑄12 −  2𝑄𝑄66 )𝑠𝑠𝑠𝑠𝑠𝑠3𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 
+(𝑄𝑄12 − 𝑄𝑄22 −  2𝑄𝑄66)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑐𝑐𝑐𝑐𝑐𝑐3𝜃𝜃 
𝑄̅𝑄66 = (𝑄𝑄11 + 𝑄𝑄22 −  2𝑄𝑄12 − 2𝑄𝑄66 ) 
𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃 + 𝑄𝑄66(𝑠𝑠𝑠𝑠𝑠𝑠4𝜃𝜃 +𝑐𝑐𝑐𝑐𝑐𝑐4𝜃𝜃) 

 
 

𝐴𝐴𝑖𝑖𝑖𝑖 = ∑(𝑄̅𝑄𝑖𝑖𝑖𝑖)𝑛𝑛(𝑧𝑧𝑛𝑛 − 𝑧𝑧𝑛𝑛−1)
𝑛𝑛

𝑛𝑛=1
 

 
 

 
      

	 (2)

where:	E1,E2,E3 – Young’s moduli,
	 ν12,ν13,ν23 – Poisson’s ratios,
	 G12,G13,G23 – Kirchhoff’s moduli. 

Figure 1. View of the RVE 

Table 3. Calculated engineering constants for the layer of the tested composite
Parameter Sample Unit Composite

Density ρc kg/m3 1500

1-direction tensile modulus Ec1 Pa 116520000000

2-direction tensile modulus Ec2 Pa 6377000000

12- direction shear modulus Gc12 Pa 2277000000

23- direction shear modulus Gc23 Pa 2541000000

12-direction Poisson’s ratio νc12 - 0.399

23-direction Poisson’s ratio νc23 - 0.418
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ANALYTICAL STUDY

Composite laminates, due to their layered 
structure, are characterised by strong anisotro-
py of mechanical properties. Therefore, CLT is 
used for their analysis, which allows the effective 

properties of the entire laminate cross-section to 
be determined based on the properties of indi-
vidual layers [32]. In the analysis of laminates, 
a simplified, orthotropic form of the elastic stiff-
ness matrix (in the 1–2 plane) is usually used:

	

{
 
 
 
 
𝜀𝜀1
𝜀𝜀2
𝜀𝜀3
𝛾𝛾23
𝛾𝛾13
𝛾𝛾12}
 
 
 
 
=

[
 
 
 
 
 𝑆𝑆11𝑆𝑆21
𝑆𝑆31
𝑆𝑆41
𝑆𝑆51
𝑆𝑆61

𝑆𝑆12
𝑆𝑆22
𝑆𝑆32
𝑆𝑆42
𝑆𝑆52
𝑆𝑆62

𝑆𝑆13
𝑆𝑆23
𝑆𝑆33
𝑆𝑆43
𝑆𝑆53
𝑆𝑆63

𝑆𝑆14
𝑆𝑆24
𝑆𝑆34
𝑆𝑆44
𝑆𝑆54
𝑆𝑆64

𝑆𝑆15
𝑆𝑆25
𝑆𝑆35
𝑆𝑆45
𝑆𝑆55
𝑆𝑆65

𝑆𝑆16
𝑆𝑆26
𝑆𝑆36
𝑆𝑆46
𝑆𝑆56
𝑆𝑆66]
 
 
 
 
 

×

{
 
 
 
 
𝜎𝜎1
𝜎𝜎2
𝜎𝜎3
𝜏𝜏23
𝜏𝜏13
𝜏𝜏12

 

}
 
 
 
 

 

 

E1 =
1
𝑆𝑆11

; 𝐸𝐸2 =
1
𝑆𝑆22

; 𝐸𝐸3 =
1
𝑆𝑆33

 

𝜈𝜈12 = −
𝑆𝑆12
𝑆𝑆11

 ;  𝜈𝜈13 = −
𝑆𝑆13
𝑆𝑆11

 ; 𝜈𝜈23 = −𝑆𝑆23𝑆𝑆22
  

G12 =
1
𝑆𝑆66

;  G13 =
1
𝑆𝑆55

; G23 =
1
𝑆𝑆44

 

 

 [
𝜎𝜎1
𝜎𝜎2
𝜏𝜏12
] = [

𝑄𝑄11 𝑄𝑄12 0
𝑄𝑄12 𝑄𝑄22 0
0 0 𝑄𝑄66

] × [
𝜀𝜀1
𝜀𝜀2
𝛾𝛾12
]  

 

[𝑄𝑄] =

[
 
 
 
 
𝐸𝐸1
𝐷𝐷𝑄𝑄

𝐸𝐸2𝜈𝜈12
𝐷𝐷𝑄𝑄

0
𝐸𝐸2𝜈𝜈12
𝐷𝐷𝑄𝑄

𝐸𝐸2
𝐷𝐷𝑄𝑄

0
0 0 𝐺𝐺12]
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+(𝑄𝑄12 − 𝑄𝑄22 −  2𝑄𝑄66)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑐𝑐𝑐𝑐𝑐𝑐3𝜃𝜃 
𝑄̅𝑄66 = (𝑄𝑄11 + 𝑄𝑄22 −  2𝑄𝑄12 − 2𝑄𝑄66 ) 
𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃 + 𝑄𝑄66(𝑠𝑠𝑠𝑠𝑠𝑠4𝜃𝜃 +𝑐𝑐𝑐𝑐𝑐𝑐4𝜃𝜃) 

 
 

𝐴𝐴𝑖𝑖𝑖𝑖 = ∑(𝑄̅𝑄𝑖𝑖𝑖𝑖)𝑛𝑛(𝑧𝑧𝑛𝑛 − 𝑧𝑧𝑛𝑛−1)
𝑛𝑛

𝑛𝑛=1
 

 
 

 
      

	 (3)

where:	Qij – stiffness matrix terms.

In this case, a cantilever beam with a rectan-
gular cross-section (Figure 3) composed of many 
thin layers oriented at different angles to the main 
axis is considered (according with cases present-
ed in Table 4).

Table 4. Analysed configurations of composite 	
layer arrangement

Case Configuration

C1 [0/30/-30/90]s

C2 [0/-30/30/90/0]s

C3 [0/30/-30/90/0/90]s

C4 [0/60/-60/45/-45/90/0]s

C5 [0/0/45/-45/90/90/0/0]s

Figure 2. Example of a compliance matrix obtained from the Digimat-FM module 
for a composite structure with C1 configuration

Table 5. Calculated engineering constants for the tested structures
Parameter C1 C2 C3 C4 C5

E1 [Pa] 61470370000 72516320000 62656640000 43084880000 67069080000

E2 [Pa] 35498760000 30165910000 44662800000 43103450000 40128410000

E3 [Pa] 7300870000 7266390000 7314750000 7322790000 7304600000

v12 [-] 0.34 0.34 0.20 0.33 0.23

v13 [-] 0.36 0.38 0.42 0.33 0.42

v23 [-] 0.38 0.39 0.41 0.33 0.41

G12 [Pa] 2442480000 2462210000 2431490000 2409520000 2442480000

G13 [Pa] 2376540000 2356710000 2387550000 2409520000 2376540000

G23 [Pa] 12740480000 10700910000 9340560000 16139440000 9340560000

Figure 3. The composite beam shape
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Using the material data specified for carbon 
prepreg based on the MF model from Digimat 
(Table 3), the stiffness matrix [Q] of the layer ori-
ented in the 0 direction (x-axis) was determined 
using Equation 4:

	

{
 
 
 
 
𝜀𝜀1
𝜀𝜀2
𝜀𝜀3
𝛾𝛾23
𝛾𝛾13
𝛾𝛾12}
 
 
 
 
=

[
 
 
 
 
 𝑆𝑆11𝑆𝑆21
𝑆𝑆31
𝑆𝑆41
𝑆𝑆51
𝑆𝑆61

𝑆𝑆12
𝑆𝑆22
𝑆𝑆32
𝑆𝑆42
𝑆𝑆52
𝑆𝑆62

𝑆𝑆13
𝑆𝑆23
𝑆𝑆33
𝑆𝑆43
𝑆𝑆53
𝑆𝑆63

𝑆𝑆14
𝑆𝑆24
𝑆𝑆34
𝑆𝑆44
𝑆𝑆54
𝑆𝑆64

𝑆𝑆15
𝑆𝑆25
𝑆𝑆35
𝑆𝑆45
𝑆𝑆55
𝑆𝑆65

𝑆𝑆16
𝑆𝑆26
𝑆𝑆36
𝑆𝑆46
𝑆𝑆56
𝑆𝑆66]
 
 
 
 
 

×

{
 
 
 
 
𝜎𝜎1
𝜎𝜎2
𝜎𝜎3
𝜏𝜏23
𝜏𝜏13
𝜏𝜏12

 

}
 
 
 
 

 

 

E1 =
1
𝑆𝑆11

; 𝐸𝐸2 =
1
𝑆𝑆22

; 𝐸𝐸3 =
1
𝑆𝑆33

 

𝜈𝜈12 = −
𝑆𝑆12
𝑆𝑆11

 ;  𝜈𝜈13 = −
𝑆𝑆13
𝑆𝑆11

 ; 𝜈𝜈23 = −𝑆𝑆23𝑆𝑆22
  

G12 =
1
𝑆𝑆66

;  G13 =
1
𝑆𝑆55

; G23 =
1
𝑆𝑆44

 

 

 [
𝜎𝜎1
𝜎𝜎2
𝜏𝜏12
] = [

𝑄𝑄11 𝑄𝑄12 0
𝑄𝑄12 𝑄𝑄22 0
0 0 𝑄𝑄66

] × [
𝜀𝜀1
𝜀𝜀2
𝛾𝛾12
]  

 

[𝑄𝑄] =

[
 
 
 
 
𝐸𝐸1
𝐷𝐷𝑄𝑄

𝐸𝐸2𝜈𝜈12
𝐷𝐷𝑄𝑄

0
𝐸𝐸2𝜈𝜈12
𝐷𝐷𝑄𝑄

𝐸𝐸2
𝐷𝐷𝑄𝑄

0
0 0 𝐺𝐺12]
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+(𝑄𝑄12 − 𝑄𝑄22 −  2𝑄𝑄66)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑐𝑐𝑐𝑐𝑐𝑐3𝜃𝜃 
𝑄̅𝑄66 = (𝑄𝑄11 + 𝑄𝑄22 −  2𝑄𝑄12 − 2𝑄𝑄66 ) 
𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃 + 𝑄𝑄66(𝑠𝑠𝑠𝑠𝑠𝑠4𝜃𝜃 +𝑐𝑐𝑐𝑐𝑐𝑐4𝜃𝜃) 

 
 

𝐴𝐴𝑖𝑖𝑖𝑖 = ∑(𝑄̅𝑄𝑖𝑖𝑖𝑖)𝑛𝑛(𝑧𝑧𝑛𝑛 − 𝑧𝑧𝑛𝑛−1)
𝑛𝑛

𝑛𝑛=1
 

 
 

 
      

	 (4)

where:	𝐷𝐷𝑄𝑄 = 1 − 𝐸𝐸2
𝐸𝐸1

𝜈𝜈122 = 1 − 𝜈𝜈21𝜈𝜈12 

 

𝑄𝑄𝑖𝑖𝑖𝑖̅̅ ̅̅  

 

 

Then, using the matrix values for layer 0, the 
matrices for individual layers at any angle θ were 
determined using Equations 5:

	

{
 
 
 
 
𝜀𝜀1
𝜀𝜀2
𝜀𝜀3
𝛾𝛾23
𝛾𝛾13
𝛾𝛾12}
 
 
 
 
=

[
 
 
 
 
 𝑆𝑆11𝑆𝑆21
𝑆𝑆31
𝑆𝑆41
𝑆𝑆51
𝑆𝑆61

𝑆𝑆12
𝑆𝑆22
𝑆𝑆32
𝑆𝑆42
𝑆𝑆52
𝑆𝑆62

𝑆𝑆13
𝑆𝑆23
𝑆𝑆33
𝑆𝑆43
𝑆𝑆53
𝑆𝑆63

𝑆𝑆14
𝑆𝑆24
𝑆𝑆34
𝑆𝑆44
𝑆𝑆54
𝑆𝑆64

𝑆𝑆15
𝑆𝑆25
𝑆𝑆35
𝑆𝑆45
𝑆𝑆55
𝑆𝑆65

𝑆𝑆16
𝑆𝑆26
𝑆𝑆36
𝑆𝑆46
𝑆𝑆56
𝑆𝑆66]
 
 
 
 
 

×

{
 
 
 
 
𝜎𝜎1
𝜎𝜎2
𝜎𝜎3
𝜏𝜏23
𝜏𝜏13
𝜏𝜏12

 

}
 
 
 
 

 

 

E1 =
1
𝑆𝑆11

; 𝐸𝐸2 =
1
𝑆𝑆22

; 𝐸𝐸3 =
1
𝑆𝑆33

 

𝜈𝜈12 = −
𝑆𝑆12
𝑆𝑆11

 ;  𝜈𝜈13 = −
𝑆𝑆13
𝑆𝑆11

 ; 𝜈𝜈23 = −𝑆𝑆23𝑆𝑆22
  

G12 =
1
𝑆𝑆66

;  G13 =
1
𝑆𝑆55

; G23 =
1
𝑆𝑆44

 

 

 [
𝜎𝜎1
𝜎𝜎2
𝜏𝜏12
] = [

𝑄𝑄11 𝑄𝑄12 0
𝑄𝑄12 𝑄𝑄22 0
0 0 𝑄𝑄66

] × [
𝜀𝜀1
𝜀𝜀2
𝛾𝛾12
]  

 

[𝑄𝑄] =

[
 
 
 
 
𝐸𝐸1
𝐷𝐷𝑄𝑄

𝐸𝐸2𝜈𝜈12
𝐷𝐷𝑄𝑄

0
𝐸𝐸2𝜈𝜈12
𝐷𝐷𝑄𝑄

𝐸𝐸2
𝐷𝐷𝑄𝑄

0
0 0 𝐺𝐺12]

 
 
 
 
   

 

𝑄̅𝑄11 = 𝑄𝑄11𝑐𝑐𝑐𝑐𝑐𝑐4𝜃𝜃 + 2(𝑄𝑄12 + 2𝑄𝑄66) 
𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃 + 𝑄𝑄22𝑠𝑠𝑠𝑠𝑠𝑠4𝜃𝜃 
𝑄̅𝑄12 = (𝑄𝑄11 + 𝑄𝑄22 −  4𝑄𝑄66 ) 

𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃 + 𝑄𝑄12(𝑠𝑠𝑠𝑠𝑠𝑠4𝜃𝜃 +𝑐𝑐𝑐𝑐𝑐𝑐4𝜃𝜃) 
𝑄̅𝑄22 = 𝑄𝑄11𝑠𝑠𝑠𝑠𝑠𝑠4𝜃𝜃 + 2(𝑄𝑄12 + 2𝑄𝑄66) 

𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃 + 𝑄𝑄22𝑐𝑐𝑐𝑐𝑐𝑐4𝜃𝜃 
𝑄̅𝑄16 = (𝑄𝑄11 − 𝑄𝑄12 −  2𝑄𝑄66)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑐𝑐𝑐𝑐𝑐𝑐3𝜃𝜃 + 

+(𝑄𝑄12 − 𝑄𝑄22 −  2𝑄𝑄66)𝑠𝑠𝑠𝑠𝑠𝑠3𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 
𝑄̅𝑄26 = (𝑄𝑄11 − 𝑄𝑄12 −  2𝑄𝑄66 )𝑠𝑠𝑠𝑠𝑠𝑠3𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 
+(𝑄𝑄12 − 𝑄𝑄22 −  2𝑄𝑄66)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑐𝑐𝑐𝑐𝑐𝑐3𝜃𝜃 
𝑄̅𝑄66 = (𝑄𝑄11 + 𝑄𝑄22 −  2𝑄𝑄12 − 2𝑄𝑄66 ) 
𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃 + 𝑄𝑄66(𝑠𝑠𝑠𝑠𝑠𝑠4𝜃𝜃 +𝑐𝑐𝑐𝑐𝑐𝑐4𝜃𝜃) 

 
 

𝐴𝐴𝑖𝑖𝑖𝑖 = ∑(𝑄̅𝑄𝑖𝑖𝑖𝑖)𝑛𝑛(𝑧𝑧𝑛𝑛 − 𝑧𝑧𝑛𝑛−1)
𝑛𝑛

𝑛𝑛=1
 

 
 

 
      

	 (5)

In the analysis of laminates, the next step is 
to determine the disc stiffness matrix [A] of the 
entire laminate, which takes into account the in-
fluence of all layers and their orientation relative 
to each other, using Equation 6:
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where:	n is the total number of layers in the lam-
inate, 

𝐷𝐷𝑄𝑄 = 1 − 𝐸𝐸2
𝐸𝐸1

𝜈𝜈122 = 1 − 𝜈𝜈21𝜈𝜈12 

 

𝑄𝑄𝑖𝑖𝑖𝑖̅̅ ̅̅  

 

 

 are the elements of the stiffness 
matrix of the n-th layer, zn is the distance 
from the reference plane to the surface of 
the n-th layer (Figure 4).

Then, using the first term of matrix A11, the 
effective Young’s modulus of the laminate along 
the main axis was calculated [33]:

	 E𝑒𝑒𝑒𝑒𝑒𝑒 =
𝐴𝐴11
ℎ  

 

F𝑐𝑐𝑐𝑐 =
𝜋𝜋2𝐸𝐸𝑒𝑒𝑒𝑒𝑒𝑒𝐽𝐽
(µ𝐿𝐿)2  

 
 

 

 

	 (7)

The determined effective Young’s modulus 
was used to determine the critical force of the 

structure subjected to compressive force using 
Euler’s formula [34]:

	

E𝑒𝑒𝑒𝑒𝑒𝑒 =
𝐴𝐴11
ℎ  

 

F𝑐𝑐𝑐𝑐 =
𝜋𝜋2𝐸𝐸𝑒𝑒𝑒𝑒𝑒𝑒𝐽𝐽
(µ𝐿𝐿)2  

 
 

 

 

	 (8)

where: Fcr– bifurcation force, Eeff – effective 
Young’s modulus, J – minimal area mo-
ment of inertia of the cross section, 	
µ – beam effective length factor (for the 
case of a cantilever beam equal 2), 	
L – length of the beam.

NUMERICAL MODEL

Numerical studies were conducted for the 
cantilever beam shown in Figure 3. A buckling 
analysis was performed in the Buckling module, 
which resulted in the value of the force corre-
sponding to the first mode of buckling. The finite 
element method was used in the Abaqus software, 
where five different configurations were analysed 
(Table 4). The data flow between Digimat (ma-
terial homogenization), Abaqus (FEM analysis) 
and classical laminate theory (analytical study) is 
presented in Figure 5.

A system with a length of 300 mm and 
a width of 30 mm was subjected to a detailed 
analysis. This maintains a balanced length to 
width ratio (L/b=10), which is within the typical 
range for beam elements and allows for conduct-
ing a buckling analysis without the dominance 
of local phenomena. The thickness of the tested 
element resulted from the definition of the con-
figuration of layers with a specified single layer 
thickness of 0.05 mm.

Three numerical models of the analysed 
structure were prepared in the Abaqus software. 
In the first model of thin-walled structures (Fig-
ure 6a), S8R shell elements were used. These 
are 8-node shell elements of the second order, 
which have six degrees of freedom in each 
node (displacements and rotations). The second 
variant used SC8R elements, which are solid, 
8-node continuum shell elements (Figure 6b). 
Each node of the element has 3 translational 
degrees of freedom. In both models, the layer 
configurations were defined using the Layup-
Ply technique, with which each layer was as-
signed the appropriate thickness, fibre orienta-
tion and material constants defined in Table 3. 
The third model was made of S8R shell elements 



368

Advances in Science and Technology Research Journal 2026, 20(2), 361–373

(Figure 4a), while the layer arrangement of com-
posite structures was not modelled. Instead, the 
material description specified in the Digimat 
simulation was used (Table 5). In addition, the 
structure was defined as homogeneous with a 
thickness corresponding to the total thickness of 
the compressive element.

Each of the analysed models was identically 
loaded with an axial force of 1N at one end of the 
beam, directed along the beam. The opposite end 
of the beam was blocked in all directions, simu-
lating full wall restraint.

COMPARISON ANALYSIS

After conducting analytical and numerical 
studies, a comparative analysis of the results ob-
tained for all configuration cases was performed. 
Table 6 presents the critical force results obtained 
for the first buckling mode (Figure 7). Relative 
errors were calculated between the obtained re-
sults based on the following relationships: Er-
ror1 = ((FM3-FT)/FM3) × 100%; Error2 = ((FM3-
FM1)/FM3) × 100%; Error3 = ((FM3-FM2)/FM3) × 
100%. The reference model for calculating the 

Figure 4. Distances layers from the reference plane

Figure 5. Diagram illustrating the data flow during calculations
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above-mentioned errors is FEM M3. The aim was 
to demonstrate the differences in the context of 
the simplified model.

After analysing the results, it was found that the 
structure model using homogenised material (M3) 
obtained values similar to those of model M2 (the 
relative error for each configuration was below 5%) 
and analytical calculations (relative error between 
2–11% depending on the layer configuration). On 
the other hand, the shell model, in which compos-
ite layers were modelled (M1), achieved the high-
est stiffness for each configuration (Figure 8). The 

largest difference between the M3 substitute model 
and the M1 model was observed for configuration 
C1 (approx. 37%). Overall, the M1 model exhib-
its the highest bifurcation force among the models 
considered, even exceeding the value predicted by 
classical laminate theory (CLT). These differences 
result primarily from the kinematics adopted in 
the shell element and the full consideration of the 
layer arrangement, including the surface layers [0], 
which have the greatest influence on bending stiff-
ness. Simplified shell assumptions limit through-
thickness shear strain, which also contributes to 

Figure 6. Numerical models of the analysed structures: a) shell, b) solid

Table 6. Bifurcation force results for all configurations and errors obtained
Parameter Bifurcation force [N]

Case C1 C2 C3 C4 C5

Theory 0.290 0.650 0.950 1.130 2.420

FEM M1 0.371 0.690 1.150 1.169 2.690

FEM M2 0.284 0.632 0.957 1.030 2.390

FEM M3 0.271 0.622 0.929 1.019 2.358

Error1 -7.010 -4.500 -2.260 -10.890 -2.630

Error2 -36.900 -10.930 -23.790 -14.720 -14.080

Error3 -4.800 -1.610 -3.010 -1.080 -1.360
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increased stiffness. The M2 model allows for full 
3D deformations, including through-thickness 
shear and tension, which reduces the effective 
stiffness and produces a result similar to CLT the-
ory. On the other hand, the shell with equivalent 
properties (M3) treats the laminate as a homoge-
neous orthotropic cross-section, the properties 
of the surface layers are not taken into account, 
therefore the obtained results are closer to the the-
ory than to the M1 model. In addition, it was ob-
served globally for all models that as the number 
of layers in the composite structure increased, the 

stiffness of the structure also increased (Figure 9). 
Moreover, using the M3 model as an example, it 
was found that adding two additional layers in the 
centre of the composite in the [0] direction (the 
difference between C1–C2) increased the stiff-
ness of the system by 129%. Furthermore, includ-
ing two additional layers in the [90] direction (the 
difference between C2–C3) increased the stiff-
ness by 49%. The system is very sensitive to the 
direction of the layers.

In addition, the theoretical results were com-
pared with the FEM models (Figure 10). Relative 

Figure 7. The first buckling mode 

Figure 8. Bifurcation load of cantilever beam for different method 
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errors were calculated on the following relation-
ships: Error4 = ((FT-FM1)/FT) × 100%; Error5 = 
((FT-FM2)/FT) × 100%; Error6 = ((FT-FM3)/FT) × 
100%. The largest differences in results between 
the theoretical analysis and FEM models were 
obtained for the M1 shell model. A similar ten-
dency was obtained for all configurations, except 
case C4. In this case, the M1 model achieved the 
highest compliance with CLT (3.5%). However, 
the remaining models (M2 and M3) achieved the 
highest differences in this case, approximately 
9% and 10%, respectively.

The level of agreement between the FEM 
models and CLT strongly depends on the lami-
nate configuration. The possible reasons for this 
include the significant contribution of surface 
plies and the effective in-plane stiffness. In au-
thors’ view, the role of laminate symmetry or 

orthotropic coupling is less important, since all 
configurations considered are symmetric and, as 
a result, such couplings remain inactive.

CONCLUSIONS

This paper presented analytical and numerical 
studies of the compression of a cantilever beam 
made of carbon prepreg in various layer configu-
rations. The main objective was to verify the ef-
fectiveness of modelling a substitute material for 
a composite with any layer configuration in the 
Digimat software. The first-order Mori-Tanaka 
homogenisation model was used, assuming 50% 
carbon fibre filling and 50% epoxy resin in a single 
prepreg layer. Determining the substitute properties 
of the entire composite structure enabled simple 

Figure 9. Relative errors calculated for all configurations

Figure 10. Relative errors with respect to theoretical results for five configurations
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FEM modelling of the structure as a homogeneous 
solid with orthotropic properties. The results ob-
tained for five different configurations (with dif-
ferent structure thicknesses) were compared with 
the models in which all layers were determined 
separately using the Layup-ply technique. In ad-
dition, the classical theory of laminates was used 
to determine the effective Young’s modulus of the 
structure, which allowed the critical force of the 
structure to be determined based on Euler’s formu-
la. High consistency of theoretical results with nu-
merical models (M2 and M3) was achieved, with 
relative error ranging from -1% to 10% depending 
on the configuration. For the configuration [0/60/-
60/45/-45/90/0]s, it was found that the results of 
model M1 were closest to the theory (error below 
4%). In the other configurations, a large discrep-
ancy in the results was observed (maximum dif-
ference of approximately 28%). Different stacking 
sequences exhibit varying stiffness, anisotropy, 
and coupling between directions, which affect how 
accurately the classical laminate theory captures 
the actual behaviour of the laminate. On the oth-
er hand, the finite element method accounts for a 
more complete field of displacements and stresses. 
In authors’ opinion, this is the reason why the dis-
crepancy between FEM and CLT results varies de-
pending on the stacking sequence.

The proposed replacement model M3 also 
achieved high consistency of results with the solid 
model M2 (minimum consistency 95%) for all 
configurations. However, between the M3 model 
and the theoretical results, high agreement was ob-
tained for cases C2, C3, and C5 (agreement above 
95%) and slightly worse agreement of results for 
models C1 (approx. 93%) and C4 (approx. 89%). 
Using the Digimat software, it was found that the 
thickness of a single laminate layer does not affect 
the considered material properties (engineering 
constants). An important factor is the volume of 
fibre filling in the layer, which, according to sci-
entific literature, is usually assumed to be in the 
range of 50–60% for layered composites.
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