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INTRODUCTION

Recently, artificial neural networks have been 
increasingly applied to solve scientific problems. 
Among these, physics-informed neural networks 
(PINNs) have emerged as a powerful tool for 
solving ordinary and partial differential equations 
(ODEs and PDEs) that describe nonlinear dy-
namical systems. The foundations for this method 
were laid in two seminal publications [1, 2]. The 
main idea of PINNs is to construct a neural net-
work that not only fits measured data but also 
satisfies the governing differential equations. To 
achieve this, the loss function is formulated to 
include terms that penalize deviations from the 
physical laws, guiding the model to learn solu-
tions that are physically consistent. In their initial 

papers, the authors formulated the basic principles 
of PINNs and demonstrated their effectiveness in 
solving forward and inverse problems for vari-
ous nonlinear dynamical systems. These works 
initiated a surge of research in this area, which 
has been summarized in recent reviews [3–5]. 
Despite their conceptual simplicity and numer-
ous successes, PINNs also face several significant 
challenges. The primary challenge lies in the opti-
mization process. The composite loss function is a 
weighted sum of different terms – typically one for 
data fidelity and one for physics compliance. A sig-
nificant imbalance between the gradients of these 
components can stall the training process. For in-
stance, the network might learn a trivial (e.g., zero) 
solution that satisfies the differential equation but 
fails to meet the initial and boundary conditions.
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Another challenge is the spectral bias inherent 
in neural networks. Artificial neural networks tend 
to learn low-frequency functions more readily than 
high-frequency ones. This poses a critical problem 
when the solution to the differential equation con-
tains high-frequency components, sharp gradients, 
or multi-scale features, often hindering conver-
gence. The network struggles to capture these fine 
details, resulting in an overly smooth and inaccu-
rate approximation of the true solution [6].

A further issue arises with stiff differential 
equations. In such systems, gradients from the 
fast-evolving components of the solution can be 
orders of magnitude larger than those from the 
slowly evolving parts. Consequently, the optimiz-
er (e.g., Adam) may cause the network to focus 
on minimizing the error from the fast dynamics 
while neglecting the slower components. This 
can lead to a scenario where the loss function de-
creases, but only because the network has adapted 
to one aspect of the physics, failing to learn the 
system’s complete and complex dynamics [7]. 

Several strategies have been proposed to ad-
dress these limitations. One approach involves 
using adaptive algorithms that dynamically adjust 
the weights of the loss components during train-
ing. Another strategy is domain decomposition, 
which divides the problem’s temporal or spatial 
domain into smaller subdomains. Multiple neural 
networks are then trained in parallel, each respon-
sible for approximating the solution within one 
subdomain. After training, these individual solu-
tions are assembled to form the complete solu-
tion for the entire domain. Such techniques are 
described in detail in the literature [8] and [9].

A promising approach to mitigate the issues is 
the use of Fourier feature mapping (FFM), a tech-
nique that transforms low-dimensional input data 
into a higher-dimensional feature space using a 
basis of sine and cosine functions of various fre-
quencies [10]. Analogous to a Fourier transform, 
this mapping decomposes the input signal into 
its constituent frequency components. This al-
lows the neural network to learn a function in this 
new space where high-frequency components are 
explicitly represented and therefore easier to ap-
proximate, thereby helping to overcome the net-
work’s inherent spectral bias.

In this work, is employed a simplified varia-
tion of this technique. Instead of a full feature 
mapping, the sine function is used as the acti-
vation function in the first layer of the neural 
network. This approach serves a similar purpose 

to FFM and is a core characteristic of Sinusoi-
dal Representation Networks (SIRENs), as de-
scribed in [11]. The method has demonstrated 
considerable success in the context of PINNs, 
particularly for modelling nonlinear dynamical 
systems [12–14] including the modeling of hy-
drodynamic systems described by the Navier-
Stokes equations [15, 16].

This publication aims to develop an innova-
tive tool for analyzing nonlinear dynamic sys-
tems with an extremely minimal amount of input 
data which is crucial for easier and more efficient 
analysis of complex dynamic systems in vari-
ous fields of science and engineering. The use of 
a sine activation function achieves this goal by 
eliminating model convergence problems during 
the learning process related to the phenomena de-
scribed above, particularly spectral bias. The final 
discussion presents a comparison of this method 
to PINNs based on classical activation functions 
(tanh, elu) [17] and to the popular Sparse Identifi-
cation of Nonlinear Dynamics (SINDy) algorithm 
and its variants, used to identify the dynamics of 
nonlinear systems [18] and [19].

The following sections of the article pres-
ent the principles of the PINNs algorithm,  
a description of the selected neural network mod-
el, and the dynamical system chosen for the study 
– the Duffing dynamical system. The results of 
the study are then presented, followed by a com-
prehensive discussion of the obtained results in 
the context of the literature on the subject.

METHODOLOGY

Consider a general nonlinear partial differ-
ential equation (PDE) with initial and boundary 
conditions defined as follows:

	
𝐷𝐷(𝑢𝑢(𝑥𝑥, 𝑡𝑡); 𝜆𝜆) = 𝑓𝑓(𝑥𝑥, 𝑡𝑡), (𝑥𝑥, 𝑡𝑡) ∈ 𝛺𝛺 × [0, 𝑇𝑇], 

𝑢𝑢(𝑥𝑥, 0) = 𝑢𝑢0(𝑥𝑥), 𝑥𝑥 ∈ 𝛺𝛺, 
𝐵𝐵𝐵𝐵(𝑥𝑥, 𝑡𝑡) = 𝑔𝑔(𝑥𝑥, 𝑡𝑡), ( 𝑥𝑥, 𝑡𝑡) ∈ 𝜕𝜕𝜕𝜕 × [0, 𝑇𝑇], 

 
 

𝑅𝑅(𝑥𝑥, 𝑡𝑡; 𝜃𝜃;  𝜆𝜆) = 𝐷𝐷 𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑡𝑡; 𝜃𝜃) − 𝑓𝑓(𝑥𝑥, 𝑡𝑡, 𝜆𝜆) 
 
 

𝐿𝐿(𝜃𝜃, 𝜆𝜆) = 𝑤𝑤𝑟𝑟𝐿𝐿𝑟𝑟(𝜃𝜃, 𝜆𝜆)  + 𝑤𝑤𝑖𝑖𝑖𝑖𝐿𝐿𝑖𝑖𝑖𝑖(𝜃𝜃) + 
+𝑤𝑤𝑏𝑏𝑏𝑏𝐿𝐿𝑏𝑏𝑏𝑏(𝜃𝜃) + 𝑤𝑤𝑑𝑑𝐿𝐿𝑑𝑑(𝜃𝜃) 

 

𝐿𝐿𝑟𝑟  =  1
𝑁𝑁𝑟𝑟

∑ ||
𝐷𝐷 (𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑟𝑟

(𝑖𝑖), 𝑡𝑡𝑟𝑟
(𝑖𝑖); 𝜃𝜃); 𝜆𝜆)

−𝑓𝑓(𝑥𝑥𝑟𝑟
(𝑖𝑖), 𝑡𝑡𝑟𝑟

(𝑖𝑖))
||

2

,
𝑁𝑁𝑟𝑟

𝑖𝑖=1
 

 

𝐿𝐿𝑖𝑖𝑖𝑖  =  1
𝑁𝑁𝑖𝑖𝑖𝑖

∑ ||
𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑖𝑖𝑖𝑖

(𝑖𝑖), 0; 𝜃𝜃)

−𝑢𝑢0(𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖))

||

2
𝑁𝑁𝑖𝑖𝑖𝑖

𝑖𝑖=1
 

 

𝐿𝐿𝑏𝑏𝑏𝑏  =  1
𝑁𝑁𝑏𝑏𝑏𝑏

∑ ||
𝐵𝐵𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑏𝑏𝑏𝑏

(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏
(𝑖𝑖); 𝜃𝜃)

−𝑔𝑔(𝑥𝑥𝑏𝑏𝑏𝑏
(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏

(𝑖𝑖))
||

2
𝑁𝑁𝑏𝑏𝑏𝑏

𝑖𝑖=1
 

 

𝐿𝐿𝑑𝑑  =  1
𝑁𝑁𝑑𝑑

∑ ||
𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑑𝑑

(𝑖𝑖), 𝑡𝑡𝑑𝑑
(𝑖𝑖); 𝜃𝜃)

− 𝑢𝑢𝑑𝑑
(𝑖𝑖) ||

2

,
𝑁𝑁𝑑𝑑

𝑖𝑖=1
 

 
𝑥̈𝑥 + 𝛿𝛿𝑥̇𝑥 + 𝛼𝛼𝛼𝛼 + 𝛽𝛽𝑥𝑥3 = 𝛾𝛾𝛾𝛾𝛾𝛾𝛾𝛾(𝜔𝜔𝜔𝜔), 

 
 

 

	 (1)

where:	u(x,t) is the solution; x ∈ Rd represents 
the spatial variables; t ∈ [0, T] is the time 
domain; 𝛺𝛺 ⊂ 𝑅𝑅𝑑𝑑 

 

𝜕𝜕𝜕𝜕; 

 

(𝑥𝑥𝑟𝑟
(𝑖𝑖), 𝑡𝑡𝑟𝑟

(𝑖𝑖)) 

 

𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖) ∈ 𝛺𝛺 

 

(𝑥𝑥𝑏𝑏𝑏𝑏
(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏

(𝑖𝑖)) 

 

(𝑥𝑥𝑑𝑑
(𝑖𝑖), 𝑡𝑡𝑑𝑑

(𝑖𝑖), 𝑢𝑢𝑑𝑑
(𝑖𝑖)) 

 

 

 is the spatial domain 
with boundary 

𝛺𝛺 ⊂ 𝑅𝑅𝑑𝑑 

 

𝜕𝜕𝜕𝜕; 

 

(𝑥𝑥𝑟𝑟
(𝑖𝑖), 𝑡𝑡𝑟𝑟

(𝑖𝑖)) 

 

𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖) ∈ 𝛺𝛺 

 

(𝑥𝑥𝑏𝑏𝑏𝑏
(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏

(𝑖𝑖)) 

 

(𝑥𝑥𝑑𝑑
(𝑖𝑖), 𝑡𝑡𝑑𝑑

(𝑖𝑖), 𝑢𝑢𝑑𝑑
(𝑖𝑖)) 

 

 

; D is a differential op-
erator; f (x,t) is a source function; B is a 
boundary operator; and g (x,t) defines the 
boundary values. The system may also 
depend on a set of parameters, denoted 
by the vector λ.
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The PINN model

In the PINN framework, the unknown func-
tion u (x,t) is approximated by a deep neural 
network, uNN(x, t; θ). This network takes the in-
dependent variables x and t as input and outputs 
an approximation of the solution. The network 
is parameterized by a vector θ , which con-
sists of all its weights and biases. For inverse 
problems, the system parameters λ can also be 
included alongside θ as trainable variables, al-
lowing the model to identify them from data 
and physics. 

A cornerstone of the PINN methodology is 
automatic differentiation (AD), implemented in 
modern deep learning frameworks such as Py-
Torch [20] and TensorFlow [21]. AD allows for 
the precise and efficient computation of the de-
rivatives of the network’s output with respect to 
its inputs (x and t). This mechanism is crucial for 
defining the PDE residual, which measures how 
well the network’s approximation satisfies the 
governing equation:

	

𝐷𝐷(𝑢𝑢(𝑥𝑥, 𝑡𝑡); 𝜆𝜆) = 𝑓𝑓(𝑥𝑥, 𝑡𝑡), (𝑥𝑥, 𝑡𝑡) ∈ 𝛺𝛺 × [0, 𝑇𝑇], 
𝑢𝑢(𝑥𝑥, 0) = 𝑢𝑢0(𝑥𝑥), 𝑥𝑥 ∈ 𝛺𝛺, 

𝐵𝐵𝐵𝐵(𝑥𝑥, 𝑡𝑡) = 𝑔𝑔(𝑥𝑥, 𝑡𝑡), ( 𝑥𝑥, 𝑡𝑡) ∈ 𝜕𝜕𝜕𝜕 × [0, 𝑇𝑇], 
 
 

𝑅𝑅(𝑥𝑥, 𝑡𝑡; 𝜃𝜃;  𝜆𝜆) = 𝐷𝐷 𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑡𝑡; 𝜃𝜃) − 𝑓𝑓(𝑥𝑥, 𝑡𝑡, 𝜆𝜆) 
 
 

𝐿𝐿(𝜃𝜃, 𝜆𝜆) = 𝑤𝑤𝑟𝑟𝐿𝐿𝑟𝑟(𝜃𝜃, 𝜆𝜆)  + 𝑤𝑤𝑖𝑖𝑖𝑖𝐿𝐿𝑖𝑖𝑖𝑖(𝜃𝜃) + 
+𝑤𝑤𝑏𝑏𝑏𝑏𝐿𝐿𝑏𝑏𝑏𝑏(𝜃𝜃) + 𝑤𝑤𝑑𝑑𝐿𝐿𝑑𝑑(𝜃𝜃) 

 

𝐿𝐿𝑟𝑟  =  1
𝑁𝑁𝑟𝑟

∑ ||
𝐷𝐷 (𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑟𝑟

(𝑖𝑖), 𝑡𝑡𝑟𝑟
(𝑖𝑖); 𝜃𝜃); 𝜆𝜆)

−𝑓𝑓(𝑥𝑥𝑟𝑟
(𝑖𝑖), 𝑡𝑡𝑟𝑟

(𝑖𝑖))
||

2

,
𝑁𝑁𝑟𝑟

𝑖𝑖=1
 

 

𝐿𝐿𝑖𝑖𝑖𝑖  =  1
𝑁𝑁𝑖𝑖𝑖𝑖

∑ ||
𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑖𝑖𝑖𝑖

(𝑖𝑖), 0; 𝜃𝜃)

−𝑢𝑢0(𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖))

||

2
𝑁𝑁𝑖𝑖𝑖𝑖

𝑖𝑖=1
 

 

𝐿𝐿𝑏𝑏𝑏𝑏  =  1
𝑁𝑁𝑏𝑏𝑏𝑏

∑ ||
𝐵𝐵𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑏𝑏𝑏𝑏

(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏
(𝑖𝑖); 𝜃𝜃)

−𝑔𝑔(𝑥𝑥𝑏𝑏𝑏𝑏
(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏

(𝑖𝑖))
||

2
𝑁𝑁𝑏𝑏𝑏𝑏

𝑖𝑖=1
 

 

𝐿𝐿𝑑𝑑  =  1
𝑁𝑁𝑑𝑑

∑ ||
𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑑𝑑

(𝑖𝑖), 𝑡𝑡𝑑𝑑
(𝑖𝑖); 𝜃𝜃)

− 𝑢𝑢𝑑𝑑
(𝑖𝑖) ||

2

,
𝑁𝑁𝑑𝑑

𝑖𝑖=1
 

 
𝑥̈𝑥 + 𝛿𝛿𝑥̇𝑥 + 𝛼𝛼𝛼𝛼 + 𝛽𝛽𝑥𝑥3 = 𝛾𝛾𝛾𝛾𝛾𝛾𝛾𝛾(𝜔𝜔𝜔𝜔), 

 
 

 

	(2)

The loss function

The training of a PINN involves minimizing a 
composite loss function, which is a weighted sum 
of several components. These terms represent the 
PDE residual, the initial and boundary conditions, 
and any available measurement data. The total 
loss function has the form:

	

𝐷𝐷(𝑢𝑢(𝑥𝑥, 𝑡𝑡); 𝜆𝜆) = 𝑓𝑓(𝑥𝑥, 𝑡𝑡), (𝑥𝑥, 𝑡𝑡) ∈ 𝛺𝛺 × [0, 𝑇𝑇], 
𝑢𝑢(𝑥𝑥, 0) = 𝑢𝑢0(𝑥𝑥), 𝑥𝑥 ∈ 𝛺𝛺, 

𝐵𝐵𝐵𝐵(𝑥𝑥, 𝑡𝑡) = 𝑔𝑔(𝑥𝑥, 𝑡𝑡), ( 𝑥𝑥, 𝑡𝑡) ∈ 𝜕𝜕𝜕𝜕 × [0, 𝑇𝑇], 
 
 

𝑅𝑅(𝑥𝑥, 𝑡𝑡; 𝜃𝜃;  𝜆𝜆) = 𝐷𝐷 𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑡𝑡; 𝜃𝜃) − 𝑓𝑓(𝑥𝑥, 𝑡𝑡, 𝜆𝜆) 
 
 

𝐿𝐿(𝜃𝜃, 𝜆𝜆) = 𝑤𝑤𝑟𝑟𝐿𝐿𝑟𝑟(𝜃𝜃, 𝜆𝜆)  + 𝑤𝑤𝑖𝑖𝑖𝑖𝐿𝐿𝑖𝑖𝑖𝑖(𝜃𝜃) + 
+𝑤𝑤𝑏𝑏𝑏𝑏𝐿𝐿𝑏𝑏𝑏𝑏(𝜃𝜃) + 𝑤𝑤𝑑𝑑𝐿𝐿𝑑𝑑(𝜃𝜃) 

 

𝐿𝐿𝑟𝑟  =  1
𝑁𝑁𝑟𝑟

∑ ||
𝐷𝐷 (𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑟𝑟

(𝑖𝑖), 𝑡𝑡𝑟𝑟
(𝑖𝑖); 𝜃𝜃); 𝜆𝜆)

−𝑓𝑓(𝑥𝑥𝑟𝑟
(𝑖𝑖), 𝑡𝑡𝑟𝑟

(𝑖𝑖))
||

2

,
𝑁𝑁𝑟𝑟

𝑖𝑖=1
 

 

𝐿𝐿𝑖𝑖𝑖𝑖  =  1
𝑁𝑁𝑖𝑖𝑖𝑖

∑ ||
𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑖𝑖𝑖𝑖

(𝑖𝑖), 0; 𝜃𝜃)

−𝑢𝑢0(𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖))

||

2
𝑁𝑁𝑖𝑖𝑖𝑖

𝑖𝑖=1
 

 

𝐿𝐿𝑏𝑏𝑏𝑏  =  1
𝑁𝑁𝑏𝑏𝑏𝑏

∑ ||
𝐵𝐵𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑏𝑏𝑏𝑏

(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏
(𝑖𝑖); 𝜃𝜃)

−𝑔𝑔(𝑥𝑥𝑏𝑏𝑏𝑏
(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏

(𝑖𝑖))
||

2
𝑁𝑁𝑏𝑏𝑏𝑏

𝑖𝑖=1
 

 

𝐿𝐿𝑑𝑑  =  1
𝑁𝑁𝑑𝑑

∑ ||
𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑑𝑑

(𝑖𝑖), 𝑡𝑡𝑑𝑑
(𝑖𝑖); 𝜃𝜃)

− 𝑢𝑢𝑑𝑑
(𝑖𝑖) ||

2

,
𝑁𝑁𝑑𝑑

𝑖𝑖=1
 

 
𝑥̈𝑥 + 𝛿𝛿𝑥̇𝑥 + 𝛼𝛼𝛼𝛼 + 𝛽𝛽𝑥𝑥3 = 𝛾𝛾𝛾𝛾𝛾𝛾𝛾𝛾(𝜔𝜔𝜔𝜔), 

 
 

 

	 (3)

where:	Lr is the loss from the PDE residual, Lic is 
the loss from the initial conditions, Lbc is 
the loss from the boundary conditions, Ld 
is the loss from the measurement data, if 
available, wr, wic, wbc, wd are weights that 
control the relative importance of each 
component and can help balance terms 
of different magnitudes or physical units. 
The selection of these weights is crucial 
for effective training.

Each loss component is typically defined as 
the mean squared error (MSE) over a set of train-
ing points. The residual loss Lr enforces the PDE 
at a set of collocation points distributed through-
out the domain Ω × [0, T]:

	

𝐷𝐷(𝑢𝑢(𝑥𝑥, 𝑡𝑡); 𝜆𝜆) = 𝑓𝑓(𝑥𝑥, 𝑡𝑡), (𝑥𝑥, 𝑡𝑡) ∈ 𝛺𝛺 × [0, 𝑇𝑇], 
𝑢𝑢(𝑥𝑥, 0) = 𝑢𝑢0(𝑥𝑥), 𝑥𝑥 ∈ 𝛺𝛺, 

𝐵𝐵𝐵𝐵(𝑥𝑥, 𝑡𝑡) = 𝑔𝑔(𝑥𝑥, 𝑡𝑡), ( 𝑥𝑥, 𝑡𝑡) ∈ 𝜕𝜕𝜕𝜕 × [0, 𝑇𝑇], 
 
 

𝑅𝑅(𝑥𝑥, 𝑡𝑡; 𝜃𝜃;  𝜆𝜆) = 𝐷𝐷 𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑡𝑡; 𝜃𝜃) − 𝑓𝑓(𝑥𝑥, 𝑡𝑡, 𝜆𝜆) 
 
 

𝐿𝐿(𝜃𝜃, 𝜆𝜆) = 𝑤𝑤𝑟𝑟𝐿𝐿𝑟𝑟(𝜃𝜃, 𝜆𝜆)  + 𝑤𝑤𝑖𝑖𝑖𝑖𝐿𝐿𝑖𝑖𝑖𝑖(𝜃𝜃) + 
+𝑤𝑤𝑏𝑏𝑏𝑏𝐿𝐿𝑏𝑏𝑏𝑏(𝜃𝜃) + 𝑤𝑤𝑑𝑑𝐿𝐿𝑑𝑑(𝜃𝜃) 

 

𝐿𝐿𝑟𝑟  =  1
𝑁𝑁𝑟𝑟

∑ ||
𝐷𝐷 (𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑟𝑟

(𝑖𝑖), 𝑡𝑡𝑟𝑟
(𝑖𝑖); 𝜃𝜃); 𝜆𝜆)

−𝑓𝑓(𝑥𝑥𝑟𝑟
(𝑖𝑖), 𝑡𝑡𝑟𝑟

(𝑖𝑖))
||

2

,
𝑁𝑁𝑟𝑟

𝑖𝑖=1
 

 

𝐿𝐿𝑖𝑖𝑖𝑖  =  1
𝑁𝑁𝑖𝑖𝑖𝑖

∑ ||
𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑖𝑖𝑖𝑖

(𝑖𝑖), 0; 𝜃𝜃)

−𝑢𝑢0(𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖))

||

2
𝑁𝑁𝑖𝑖𝑖𝑖

𝑖𝑖=1
 

 

𝐿𝐿𝑏𝑏𝑏𝑏  =  1
𝑁𝑁𝑏𝑏𝑏𝑏

∑ ||
𝐵𝐵𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑏𝑏𝑏𝑏

(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏
(𝑖𝑖); 𝜃𝜃)

−𝑔𝑔(𝑥𝑥𝑏𝑏𝑏𝑏
(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏

(𝑖𝑖))
||

2
𝑁𝑁𝑏𝑏𝑏𝑏

𝑖𝑖=1
 

 

𝐿𝐿𝑑𝑑  =  1
𝑁𝑁𝑑𝑑

∑ ||
𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑑𝑑

(𝑖𝑖), 𝑡𝑡𝑑𝑑
(𝑖𝑖); 𝜃𝜃)

− 𝑢𝑢𝑑𝑑
(𝑖𝑖) ||

2

,
𝑁𝑁𝑑𝑑

𝑖𝑖=1
 

 
𝑥̈𝑥 + 𝛿𝛿𝑥̇𝑥 + 𝛼𝛼𝛼𝛼 + 𝛽𝛽𝑥𝑥3 = 𝛾𝛾𝛾𝛾𝛾𝛾𝛾𝛾(𝜔𝜔𝜔𝜔), 

 
 

 

	(4)

where:	

𝛺𝛺 ⊂ 𝑅𝑅𝑑𝑑 

 

𝜕𝜕𝜕𝜕; 

 

(𝑥𝑥𝑟𝑟
(𝑖𝑖), 𝑡𝑡𝑟𝑟

(𝑖𝑖)) 

 

𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖) ∈ 𝛺𝛺 

 

(𝑥𝑥𝑏𝑏𝑏𝑏
(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏

(𝑖𝑖)) 

 

(𝑥𝑥𝑑𝑑
(𝑖𝑖), 𝑡𝑡𝑑𝑑

(𝑖𝑖), 𝑢𝑢𝑑𝑑
(𝑖𝑖)) 

 

 

 are the Nr collocation points.

The initial condition loss Lic is calculated at 
time t = 0:

	

𝐷𝐷(𝑢𝑢(𝑥𝑥, 𝑡𝑡); 𝜆𝜆) = 𝑓𝑓(𝑥𝑥, 𝑡𝑡), (𝑥𝑥, 𝑡𝑡) ∈ 𝛺𝛺 × [0, 𝑇𝑇], 
𝑢𝑢(𝑥𝑥, 0) = 𝑢𝑢0(𝑥𝑥), 𝑥𝑥 ∈ 𝛺𝛺, 

𝐵𝐵𝐵𝐵(𝑥𝑥, 𝑡𝑡) = 𝑔𝑔(𝑥𝑥, 𝑡𝑡), ( 𝑥𝑥, 𝑡𝑡) ∈ 𝜕𝜕𝜕𝜕 × [0, 𝑇𝑇], 
 
 

𝑅𝑅(𝑥𝑥, 𝑡𝑡; 𝜃𝜃;  𝜆𝜆) = 𝐷𝐷 𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑡𝑡; 𝜃𝜃) − 𝑓𝑓(𝑥𝑥, 𝑡𝑡, 𝜆𝜆) 
 
 

𝐿𝐿(𝜃𝜃, 𝜆𝜆) = 𝑤𝑤𝑟𝑟𝐿𝐿𝑟𝑟(𝜃𝜃, 𝜆𝜆)  + 𝑤𝑤𝑖𝑖𝑖𝑖𝐿𝐿𝑖𝑖𝑖𝑖(𝜃𝜃) + 
+𝑤𝑤𝑏𝑏𝑏𝑏𝐿𝐿𝑏𝑏𝑏𝑏(𝜃𝜃) + 𝑤𝑤𝑑𝑑𝐿𝐿𝑑𝑑(𝜃𝜃) 

 

𝐿𝐿𝑟𝑟  =  1
𝑁𝑁𝑟𝑟

∑ ||
𝐷𝐷 (𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑟𝑟

(𝑖𝑖), 𝑡𝑡𝑟𝑟
(𝑖𝑖); 𝜃𝜃); 𝜆𝜆)

−𝑓𝑓(𝑥𝑥𝑟𝑟
(𝑖𝑖), 𝑡𝑡𝑟𝑟

(𝑖𝑖))
||

2

,
𝑁𝑁𝑟𝑟

𝑖𝑖=1
 

 

𝐿𝐿𝑖𝑖𝑖𝑖  =  1
𝑁𝑁𝑖𝑖𝑖𝑖

∑ ||
𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑖𝑖𝑖𝑖

(𝑖𝑖), 0; 𝜃𝜃)

−𝑢𝑢0(𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖))

||

2
𝑁𝑁𝑖𝑖𝑖𝑖

𝑖𝑖=1
 

 

𝐿𝐿𝑏𝑏𝑏𝑏  =  1
𝑁𝑁𝑏𝑏𝑏𝑏

∑ ||
𝐵𝐵𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑏𝑏𝑏𝑏

(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏
(𝑖𝑖); 𝜃𝜃)

−𝑔𝑔(𝑥𝑥𝑏𝑏𝑏𝑏
(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏

(𝑖𝑖))
||

2
𝑁𝑁𝑏𝑏𝑏𝑏

𝑖𝑖=1
 

 

𝐿𝐿𝑑𝑑  =  1
𝑁𝑁𝑑𝑑

∑ ||
𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑑𝑑

(𝑖𝑖), 𝑡𝑡𝑑𝑑
(𝑖𝑖); 𝜃𝜃)

− 𝑢𝑢𝑑𝑑
(𝑖𝑖) ||

2

,
𝑁𝑁𝑑𝑑

𝑖𝑖=1
 

 
𝑥̈𝑥 + 𝛿𝛿𝑥̇𝑥 + 𝛼𝛼𝛼𝛼 + 𝛽𝛽𝑥𝑥3 = 𝛾𝛾𝛾𝛾𝛾𝛾𝛾𝛾(𝜔𝜔𝜔𝜔), 

 
 

 

	 (5)

where:	

𝛺𝛺 ⊂ 𝑅𝑅𝑑𝑑 

 

𝜕𝜕𝜕𝜕; 

 

(𝑥𝑥𝑟𝑟
(𝑖𝑖), 𝑡𝑡𝑟𝑟

(𝑖𝑖)) 

 

𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖) ∈ 𝛺𝛺 

 

(𝑥𝑥𝑏𝑏𝑏𝑏
(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏

(𝑖𝑖)) 

 

(𝑥𝑥𝑑𝑑
(𝑖𝑖), 𝑡𝑡𝑑𝑑

(𝑖𝑖), 𝑢𝑢𝑑𝑑
(𝑖𝑖)) 

 

 

 are the Nic points sampled from 
the initial domain.

The boundary condition loss Lbc is calculated 
on the domain boundary:

	

𝐷𝐷(𝑢𝑢(𝑥𝑥, 𝑡𝑡); 𝜆𝜆) = 𝑓𝑓(𝑥𝑥, 𝑡𝑡), (𝑥𝑥, 𝑡𝑡) ∈ 𝛺𝛺 × [0, 𝑇𝑇], 
𝑢𝑢(𝑥𝑥, 0) = 𝑢𝑢0(𝑥𝑥), 𝑥𝑥 ∈ 𝛺𝛺, 

𝐵𝐵𝐵𝐵(𝑥𝑥, 𝑡𝑡) = 𝑔𝑔(𝑥𝑥, 𝑡𝑡), ( 𝑥𝑥, 𝑡𝑡) ∈ 𝜕𝜕𝜕𝜕 × [0, 𝑇𝑇], 
 
 

𝑅𝑅(𝑥𝑥, 𝑡𝑡; 𝜃𝜃;  𝜆𝜆) = 𝐷𝐷 𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑡𝑡; 𝜃𝜃) − 𝑓𝑓(𝑥𝑥, 𝑡𝑡, 𝜆𝜆) 
 
 

𝐿𝐿(𝜃𝜃, 𝜆𝜆) = 𝑤𝑤𝑟𝑟𝐿𝐿𝑟𝑟(𝜃𝜃, 𝜆𝜆)  + 𝑤𝑤𝑖𝑖𝑖𝑖𝐿𝐿𝑖𝑖𝑖𝑖(𝜃𝜃) + 
+𝑤𝑤𝑏𝑏𝑏𝑏𝐿𝐿𝑏𝑏𝑏𝑏(𝜃𝜃) + 𝑤𝑤𝑑𝑑𝐿𝐿𝑑𝑑(𝜃𝜃) 

 

𝐿𝐿𝑟𝑟  =  1
𝑁𝑁𝑟𝑟

∑ ||
𝐷𝐷 (𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑟𝑟

(𝑖𝑖), 𝑡𝑡𝑟𝑟
(𝑖𝑖); 𝜃𝜃); 𝜆𝜆)

−𝑓𝑓(𝑥𝑥𝑟𝑟
(𝑖𝑖), 𝑡𝑡𝑟𝑟

(𝑖𝑖))
||

2

,
𝑁𝑁𝑟𝑟

𝑖𝑖=1
 

 

𝐿𝐿𝑖𝑖𝑖𝑖  =  1
𝑁𝑁𝑖𝑖𝑖𝑖

∑ ||
𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑖𝑖𝑖𝑖

(𝑖𝑖), 0; 𝜃𝜃)

−𝑢𝑢0(𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖))

||

2
𝑁𝑁𝑖𝑖𝑖𝑖

𝑖𝑖=1
 

 

𝐿𝐿𝑏𝑏𝑏𝑏  =  1
𝑁𝑁𝑏𝑏𝑏𝑏

∑ ||
𝐵𝐵𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑏𝑏𝑏𝑏

(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏
(𝑖𝑖); 𝜃𝜃)

−𝑔𝑔(𝑥𝑥𝑏𝑏𝑏𝑏
(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏

(𝑖𝑖))
||

2
𝑁𝑁𝑏𝑏𝑏𝑏

𝑖𝑖=1
 

 

𝐿𝐿𝑑𝑑  =  1
𝑁𝑁𝑑𝑑

∑ ||
𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑑𝑑

(𝑖𝑖), 𝑡𝑡𝑑𝑑
(𝑖𝑖); 𝜃𝜃)

− 𝑢𝑢𝑑𝑑
(𝑖𝑖) ||

2

,
𝑁𝑁𝑑𝑑

𝑖𝑖=1
 

 
𝑥̈𝑥 + 𝛿𝛿𝑥̇𝑥 + 𝛼𝛼𝛼𝛼 + 𝛽𝛽𝑥𝑥3 = 𝛾𝛾𝛾𝛾𝛾𝛾𝛾𝛾(𝜔𝜔𝜔𝜔), 

 
 

 

	 (6)

where:	

𝛺𝛺 ⊂ 𝑅𝑅𝑑𝑑 

 

𝜕𝜕𝜕𝜕; 

 

(𝑥𝑥𝑟𝑟
(𝑖𝑖), 𝑡𝑡𝑟𝑟

(𝑖𝑖)) 

 

𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖) ∈ 𝛺𝛺 

 

(𝑥𝑥𝑏𝑏𝑏𝑏
(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏

(𝑖𝑖)) 

 

(𝑥𝑥𝑑𝑑
(𝑖𝑖), 𝑡𝑡𝑑𝑑

(𝑖𝑖), 𝑢𝑢𝑑𝑑
(𝑖𝑖)) 

 

 

 are the Nbc points sam-
pled from the boundary 

𝛺𝛺 ⊂ 𝑅𝑅𝑑𝑑 

 

𝜕𝜕𝜕𝜕; 

 

(𝑥𝑥𝑟𝑟
(𝑖𝑖), 𝑡𝑡𝑟𝑟

(𝑖𝑖)) 

 

𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖) ∈ 𝛺𝛺 

 

(𝑥𝑥𝑏𝑏𝑏𝑏
(𝑖𝑖), 𝑡𝑡𝑏𝑏𝑏𝑏

(𝑖𝑖)) 

 

(𝑥𝑥𝑑𝑑
(𝑖𝑖), 𝑡𝑡𝑑𝑑

(𝑖𝑖), 𝑢𝑢𝑑𝑑
(𝑖𝑖)) 

 

 

 × [0, T] . 
The data loss Lb is included when di-
rect measurements of the solution are 
available:

	

𝐷𝐷(𝑢𝑢(𝑥𝑥, 𝑡𝑡); 𝜆𝜆) = 𝑓𝑓(𝑥𝑥, 𝑡𝑡), (𝑥𝑥, 𝑡𝑡) ∈ 𝛺𝛺 × [0, 𝑇𝑇], 
𝑢𝑢(𝑥𝑥, 0) = 𝑢𝑢0(𝑥𝑥), 𝑥𝑥 ∈ 𝛺𝛺, 

𝐵𝐵𝐵𝐵(𝑥𝑥, 𝑡𝑡) = 𝑔𝑔(𝑥𝑥, 𝑡𝑡), ( 𝑥𝑥, 𝑡𝑡) ∈ 𝜕𝜕𝜕𝜕 × [0, 𝑇𝑇], 
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 are the Nd measurement 
data points.

The total loss function L(θ, λ) is minimized 
using gradient-based optimization algorithms, 
such as Adam or L-BFGS, which leverage back-
propagation. This process iteratively updates the 
trainable parameters (θ and, optionally, λ) to re-
duce the error across all components. Upon suc-
cessful training, the network with the optimized 
parameters θ*, denoted as uNN(x, T; θ*), provides 
an approximation of the true solution u(x,t). For 
inverse problems, the optimized vector λ* repre-
sents the identified system parameters.

Duffing oscillator

The Duffing oscillator stands as a quintes-
sential example of a nonlinear dynamic system, 
characterized by an exceptionally rich range of 
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solutions [22]. Its applications extend beyond 
the analysis of harmonic vibrations, encompass-
ing fields such as the modelling of stiffening 
springs, nonlinear electronic circuits, plasma 
physics, and superconducting Josephson ampli-
fiers [23]. Furthermore, this system finds utility 
in neurobiology, particularly in modelling the 
behaviour of neuronal cells during the analysis 
of epileptic seizures [24].

The dimensionless Duffing equation is given 
by the formula:

	

𝐷𝐷(𝑢𝑢(𝑥𝑥, 𝑡𝑡); 𝜆𝜆) = 𝑓𝑓(𝑥𝑥, 𝑡𝑡), (𝑥𝑥, 𝑡𝑡) ∈ 𝛺𝛺 × [0, 𝑇𝑇], 
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where:	x(t) represents the solution to the equa-
tion, while ẋ and ẍ denote the first and 
second derivatives of x with respect to 
time, respectively. The symbols δ, a and 
β correspond to the damping coefficient, 
the linear stiffness parameter, and the 
nonlinear restoring force parameter, in 
that order. Meanwhile, γ and ω signify 
the amplitude and frequency of the ex-
ternal driving force acting on the system. 
The dynamics of the Duffing system are 
extensively documented in the relevant 
literature [23]. In this paper, the equa-
tion’s parameters and the trajectory of 
the driving force are reconstructed by 
an inverse physics-informed neural net-
works. In the context of the neural net-
work applications considered here, it is 
worth mentioning the publication pre-
senting an analytical approach to the use 
of the Duffing system to detect and char-
acterize periodic vibrations [25].

Methodology for inverse problem analysis

To investigate the applicability of the Physics-
Informed Neural Networks (PINNs) algorithm to 
an inverse problem, two distinct sets of equation 
parameters and initial conditions were selected, 
as detailed in Table 1.

The training data were obtained through com-
putational simulation by solving the Duffing equa-
tion using the fourth-order Runge-Kutta method 
(RK4). This simulation was performed with a 
time step of dt = 0.001 over N = 100,000 steps, 
which defined the time domain of the solution as 
t ∈ [0, 100] Each training dataset comprised 50 
equispaced points of the numerical solution. The 
chosen parameter sets corresponded to distinct 

dynamic behaviors of the Duffing system: one rep-
resented a nonlinear oscillator without damping, 
and the other a nonlinear oscillator with damping 
and a driving force exhibiting chaotic vibrations. 
Additionally, for the chaotic vibration scenario, 
noisy signal were generated from normal dis-
tribution with a standard deviation of σ = 0.15, 
equivalent to 10% of the system’s vibration am-
plitude. Due to the high complexity involved in 
analyzing noisy signals, 1000 training data points 
were utilized across the entire time domain for 
this specific case.

Neural network model and training

A fully connected feedforward neural network 
was implemented using the PyTorch framework. 
The network had one input neuron representing 
time, two output neurons representing position 
and velocity of the system, and four hidden lay-
ers, each with 36 neurons. Different activation 
functions were tested: sigmoid, tanh, GELU, and 
a hybrid configuration in which a sine activation 
was applied to the first hidden layer and tanh to 
the remaining layers. The output layer employed 
a linear activation function to ensure that the 
range of values generated by the neural network 
remained unrestricted. In accordance with the 
PINNs approach, automatic differentiation was 
employed during training to compute the time de-
rivatives of the output vectors. These derivatives 
were used to construct the physics-based compo-
nent of the loss function, representing the residual 
of the Duffing differential equation.

The dynamic system parameters were intro-
duced as trainable variables, initialized with val-
ues of 1. Automatic differentiation was performed 
on a time vector with 5.000 collocation points for 
parameter estimation and 10.000 points for recon-
structing the driving force time series. Training 
was carried out for 50,000 epochs using the Adam 
optimizer with a learning rate of 0.001. When the 
loss value fell below 0.005, the learning rate was 
reduced to 0.0001 to improve convergence.

The selection of loss function weights was 
carried out through a series of trials, initially as-
signing a value of 1 to each weight. The primary 
criterion for evaluation was the convergence of 
the model and the stability of the estimated param-
eters during training. For weights wr = 0.05, wic 
= 0.05, wd = 10, the training process and param-
eter estimation were found to be optimal. Choos-
ing weights of the correct order of magnitude is 
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crucial, as it ensures that the model learns not 
only from the experimental data but also from the 
underlying physics encoded in the loss function.

All computations were performed on a sys-
tem equipped with an AMD Ryzen 5 9600X pro-
cessor, 8 GB of RAM, and an Nvidia RTX 4060 
GPU. On this hardware, training the neural net-
work for 50,000 epochs required no more than 
6 minutes. This short runtime highlights the ef-
ficiency of the proposed method, making it an at-
tractive candidate for practical applications.

RESULTS

Initially, a comparative test of neural net-
work training with different activation func-
tions was conducted. The objective of this test 
was to identify the optimal network struc-
ture for subsequent experiments. The evolu-
tion of the loss function for the analysed ac-
tivation functions is presented in Figure 1. 
It is observed that for such a small training data 
set (50 points), neural networks employing clas-
sical activation functions, such as sigmoid, tanh, 

and GELU, were unable to achieve satisfactory 
convergence, thereby disqualifying them for this 
type of application. For instance, in the case of 
the network utilizing hyperbolic tangent activa-
tion, the mean square error (MSE) was 0.22 for 
a test set comprising 1000 points. Only the ap-
plication of a periodic activation function facili-
tated good convergence, yielding an MSE value 
of 1.46 × 10−5 for the test set. This indicates that 
the MSE for the periodic activation function is 
four orders of magnitude smaller than for the 
tanh activation. For comparison, Figures 2 and 
3 illustrate the estimated parameters of the Duff-
ing equation for the tanh activation function and 
the sine function, respectively. The lack of con-
vergence observed with classical activation func-
tions results in a poor-quality estimation of the 
investigated system’s parameters.

Subsequently, the parameters of the tested 
dynamic system exhibiting chaotic behaviour 
were reconstructed. Such a system is character-
ized by five non-zero parameters: linear damp-
ing, linear and nonlinear elasticity, and the am-
plitude and frequency of the driving force. As 

Table 1. Duffing dynamical system parameters and initial conditions for the experiment.
Solution type δ α β γ ω x(0) v(0)

Periodic 0.0 1.0 -1.0 0.0 0.0 0.0 1.0

Chaotic -0.1 1.0 -1.0 0.38 1.4 0.0 0.0

Figure 1. Convergence test of the learning process for sigmoid, tanh, GELU and sine activation functions 
showing losses as a function of epochs
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depicted in Figure 4 showing the loss function, 
good convergence was not achieved, resulting 
in poor estimation of the system’s parameters 
(Figure 5). This indicated that the problem’s 
complexity is too high. This limitation arises be-
cause the effect of the forcing frequency on the 
system’s response is strongly coupled with the 
linear stiffness and damping parameters, shifts 
in frequency can be compensated by adjustments 
in these parameters, leading to nearly indistin-
guishable trajectories. As a result, the inverse 

problem becomes ill-posed – multiple param-
eter combinations can explain the observed data 
equally well – and the network fails to uniquely 
identify the excitation frequency without addi-
tional constraints or prior information. A short 
proposal for a new broader algorithm for the fu-
ture is included in the discussion section.

To address this, the problem’s complex-
ity was reduced by setting the frequency of the 
driving force as a known parameter. Figure 6 
and 7 illustrates the loss function and estimated 

Figure 2. System parameter estimation curves for a neural network with tanh activation functions only

Figure 3. System parameter estimation curves for a neural network with sine activation function
for periodic solution
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values of the system parameters during the neu-
ral network training process under this modified 
condition. To obtain good convergence, 25,000 
epochs were sufficient. It is observed that elimi-
nating the driving force frequency parameter 
led to good model convergence, with an MSE of 
5.35 × 10−5 for 1000 testing points, and accurate 
estimation of the remaining system parameters. 
The estimated system parameter values are list-
ed in Table 2.

It can be noticed that PINNs is not able to es-
timate the value of the frequency of the driving 
force, however, for the case of a periodic solution, 
the value of the estimated frequency is irrelevant 
due to the zero amplitude of this force.

The time series of position and velocity and 
reconstructed phase portrait are shown in Figures 
8, 9 and 10. The figures below show a high agree-
ment of the obtained results with the ground true 
numerical solution of the differential equation.

Figure 4. Loss function curve of the neural network model with a sine activation function, illustrating
poor convergence caused by coupling between the driving force and the other system parameters

Figure 5. System parameter estimation curves for a neural network with a sine activation function
under a chaotic solution. The absence of clear convergence is attributed to coupling

between the driving force and the other system parameters
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Figure 6. Loss function curve of the neural network model with a sine activation function for a fixed value
of the driving force frequency

Figure 7. System parameter estimation curves for a neural network with a sine activation function
under a chaotic solution for a fixed value of the driving force frequency

Table 2. Estimated parameters of the Duffing system
Solution type δ α β γ ω

Periodic 0.0004 0.994 -0.994 0.0006 0.936

Chaotic -0.101 0.992 -0.991 0.382 -

Next, an experiment is conducted to recon-
struct the time series of the driving force. For this 
purpose, all system parameters, except driving 
force amplitude and frequency, were treated as 
known. The driving force is defined as a learnable 
parameter, represented as a vector whose number 
of elements matched the number of collocation 

points. This vector replaced the explicit form of the 
force within the loss function, which accounted for 
the system’s dynamics. The initial values of the el-
ements in this vector are randomly generated from 
a normal distribution with a standard deviation of 
0.25. The result of the driving force reconstruction 
is presented in Figure 11. The MSE for the estimated 
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Figure 8. Comparison of the PINNs predicted position over time with the ground true solution
and data points for chaotic solution

Figure 9. Comparison of the PINNs predicted velocity over time with the ground true solution and data points 
for chaotic solution

Figure 10. Reconstructed phase portrait of the Duffing system: PINNs prediction vs ground true solution
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driving force is 0.0002 for 10000 collocation points. 
The final test involved estimating the Duffing sys-
tem’s parameters using training data corrupted 
with noise. The noise is generated from a normal 
distribution with a standard deviation of 0.15, 
which is approximately 10% of the system’s vibra-
tion amplitude and velocity. The Figures 12 and 
13 show the noisy training data for position and 
velocity, respectively. The system’s reconstruct-
ed phase portrait and the values of the estimated 
system parameters are presented in Figure 14 and 
Table 3, respectively. The reconstructed phase por-
trait exhibited an MSE of 0.0019 for 1000 testing 
points, calculated with respect to the original (un-
distorted) portrait.

DISCUSSION

PINNs are a very efficient tool for analysing 
nonlinear dynamic systems described by differ-
ential equations [1–3]. In the literature, there are 
studies in which PINNs have been used to analyse 
the Duffing equation [13, 17]. The first of these 
works focuses exclusively on the forward PINNs 
problem, where the authors successfully found 
solutions to the Duffing equation but within a nar-
row time domain. In contrast, the second study 
[17] presents an effective approach to retriev-
ing the forcing term in the inverse problem. To 
achieve this, the authors constructed a dense neu-
ral network composed of 10 layers with 1, 15, 30, 

Figure 11. Reconstructed driving force of the Duffing system: PINNs prediction vs ground true

Figure 12. Noisy data points of oscillator position vs ground true simulation and PINNs prediction
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60, 120, 240, 120, 60, 30, 15, and 3 neurons, em-
ploying the eLU activation function in each layer. 
The analysis was performed over a time domain 
of 50 seconds, and the training dataset was sig-
nificantly larger than in this study (the domain is 
twice as small and the amount of required training 

data is ten times greater than that presented in this 
work). The use of periodic activation functions 
ensures faster convergence with less training data 
and a significantly smaller neural network size.

Additionally, analyzing publications present-
ing the application of the Sparse Identification 

Figure 13. Noisy data points of oscillator velocity vs ground true simulation and PINNs prediction

Figure 14. Reconstructed phase portrait of the Duffing system from noisy data: PINNs prediction
vs ground true solution

Tabel 3. Estimated Duffing system parameters from noisy data
Solution type δ α β γ ω

Chaotic -0.098 1.012 -1.013 0.374 -
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of Nonlinear Dynamics (SINDy) algorithm in 
the classic publication on the topic [18, 19] and 
applying this method to the analysis of the Duff-
ing system, it is noted that this method requires 
as many as 700 measurement points to identify 
the system parameters in a very narrow time do-
main of 15s. This fact shows the inverse PINNs 
algorithm with a periodic activation function as 
a highly effective and competitive analytical tool 
in relation to widely used methods (SINDy). The 
authors of work [19] omitted the discussion of the 
impossibility of determining the frequency of the 
driving force and in their calculations assumed 
this parameter of the system to be known without 
any description and analysis.

The results presented in this paper show that 
employing the sine function as the activation 
function is a key solution to addressing the chal-
lenge posed by very sparse training data sets. 
To achieve good convergence and small mean 
squared error in the reconstructed phase portrait 
and the parameters of the described dynamic 
system, only 50 measurement points over a wide 
time domain t ∈ [0, 100] are sufficient. Further-
more, the use of a periodic activation function 
helps to mitigate the spectral bias problem, which 
can be observed by comparing solutions for mod-
els with and without the sinusoidal activation. 
One might expect that employing a periodic ac-
tivation function could introduce multiple min-
ima during the optimization process of neural 
network parameters. However, the results show 
that this problem, if it occurs at all, is practically 
imperceptible. The nonlinear Duffing oscilla-
tor is a very complex system, for which it is not 
possible to solve the inverse problem for all its 
parameters at once. The presence of a periodic 
forcing term prevents accurate estimation of the 
remaining parameters. This makes the inverse 
problem too challenging for PINNs. However, 
when driving force frequency is known, it is 
possible to accurately reconstruct the other pa-
rameters of the system. 

Additionally, the algorithm allows for the re-
construction of the driving force time series when 
the rest of the system’s parameters are known. 
As a direction for future work, the identifiabil-
ity of the forcing frequency could be improved 
by combining PINNs with a classical solver. 
In such a hybrid scheme, candidate frequen-
cies would be sampled, the PINN would infer 
the remaining parameters, and the trajectories 
would be validated via RK4 integration. This 

approach may reduce parameter coupling and 
provide a more robust estimation framework. 
The results demonstrate that PINNs can be suc-
cessfully used to reconstruct time series for non-
linear systems from very sparse and noisy data.

In the proposed neural network architecture 
choice can be regarded as an implicit form of Fou-
rier feature mapping: by introducing a sinusoidal 
nonlinearity to the linearly transformed inputs, 
the representation space is enriched with period-
ic basis functions, analogous to explicit Fourier 
embeddings commonly employed in PINNs and 
coordinate networks. Since the argument of the 
sine includes both a learned linear transformation 
of the inputs and an additive bias term, the acti-
vation is effectively equivalent to using a cosine. 
The bias can be interpreted as a phase shift, and 
sine and cosine differ only by such a phase. In 
this way, the network gains access to a richer set 
of harmonic features, which facilitates the repre-
sentation of oscillatory dynamics without requir-
ing hand-crafted embeddings. Furthermore, the 
number of neurons in the first hidden layer plays 
a role directly comparable to the feature number 
in Fourier feature mapping, as it determines how 
many distinct periodic components can be repre-
sented by the model. Note, however, that there is 
an important distinction between using a learned 
sinusoidal layer (SIREN) and applying a fixed/
random Fourier feature mapping prior to a stan-
dard multilayer perceptron: Fourier feature meth-
ods typically use a fixed projection to enforce a 
chosen spectral bandwidth and improve general-
ization to high-frequency components, whereas 
SIREN learns the projection weights and there-
fore trades explicit spectral control for flexibility 
and smoother derivatives [10, 11].

Future work will extend this investigation 
to other dynamical systems to gain a broader 
understanding of spectral bias and methods to 
mitigate it.

CONCLUSIONS

As shown in this paper Physics-Informed 
Neural Network algorithms are increasingly 
used to analyse complex problems in the non-
linear dynamics of physical systems. The ap-
plicability of this method, combined with the 
incorporation of a periodic activation function 
into the network architecture, results in im-
proved efficiency when analysing systems with 
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very sparse measurement data. This approach 
avoids convergence issues related to spectral 
bias and significantly improves convergence 
speed. Based on the analysed Duffing system, 
the method’s usefulness for investigating cha-
otic behaviour in dynamic systems – including 
those affected by noise. The simultaneous esti-
mation of all system parameters presented a sig-
nificant challenge in this work, highlighting an 
area for future research. A strong coupling ex-
ists between the driving and damping forces, in 
addition to the linear spring force components, 
which hinders their unambiguous identification. 
Consequently, this necessitates the development 
of a more advanced and comprehensive Physics-
Informed Neural Network algorithm.
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