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INTRODUCTION

Multi-layered composites are frequently used 
in many industrial fields, such as in automotive 
and aeronautics, aerospace and, naval. In order 
to design multi-layered composites with damp-
ing behavior for control and reducing noise, one 
has to introduce viscoelastic layers into the multi-
layered composites. Viscoelastic composites have 
time dependent properties mainly at high temper-
ature. Due to the importance of designing com-
posite with light weight and improved damping 
properties many researchers have taken the chal-
lenge and developed models for predicting effec-
tive viscoelastic properties of composites in fre-
quency and time domain. The issue of imperfect 
interfaces is crucial in designing multi-layered 

composites and taking into account their effects 
in the modeling has taken the interest of many 
researchers. The physical phenomena behind the 
imperfect interfaces are sliding, debonding due 
non perfect adhesion, cracks, among others.

 In the literature, one can find mainly two cat-
egories. The one based on the Laplace transform 
approach and the one developed directly in the 
time domain.

For the Laplace transform approach, Hash-
in [1-3], based on the correspondence principle 
and Laplace transform, derived explicit effective 
expressions for particulate and fibrous compos-
ites.  Christensen [4] developed upper and lower 
bounds for viscoelastic composites. The previ-
ously mentioned literatures are based on the 
work of Hashin [5]. Brinson and Lin [6] used 
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micromechanics approaches to estimate the effec-
tive viscoelastic properties. Haberman et al. [7-9] 
extended the work of Cherkaoui et al. [10] to ana-
lyze and estimate the effective behavior of vis-
coelastic composites. Koutsawa et al. [11] used 
the work of Lipinski et al. [12] and extended it to 
the case of viscoelastic composites. Li and Sun 
[13] extended the work of Eshelby to the case of 
viscoelastic nano-composites with imperfect in-
terfaces. Some researchers extended Laplace’s 
approach combined with micromechanics to the 
case of visco-piezoelectric and visco-magneto-
electroelastic, including [14-18]. 

For the second approach, which aims to de-
rive the effective behavior directly in the time 
domain, one can find the one based on internal 
variables. This allows one to consider complex 
path loadings and ageing behavior. One can find 
the work of Lahellec and Suquet [19-20] inves-
tigating the effective linear viscoelastic behavior 
and the nonlinear viscoelastic and visco-plastic 
behavior of composites. Ricaud and Masson [21] 
extended the internal variable approach to age-
ing viscoelastic composites. Masson et al. [22] 
adapted the work developed in [21] to estimate 
the effective ageing viscoelastic behavior of 
polycrystal materials. Berbenni et al. [23] devel-
oped a new time-incremental internal variables 
approach based on the exact solution of the Es-
helby inclusion problem. Other researchers de-
veloped modeling straightforward in the time 
domain based on a different approach. Sanahuja 
[24] developed a displacement based modeling 
combined with the Mori-Tanaka model to pre-
dict the effective time-dependent ageing behav-
ior for viscoelastic composites with spherical 
inclusions. El kouri et al. [25-26] developed a 
straightforward time-dependent modeling based 
on the Eshelby inclusion problem for heteroge-
neous and multi-coated viscoelastic composites. 
Recently, Bakkali and El kouri [27] extended the 
formulation to the case of visco-piezoelectric 
composites. Barthélémy [28] extended the Es-
helby inclusion problem to the case of ageing 
viscoelastic composites. Chen et al. [29] devel-
oped a finite strain model for particulate visco-
elastic composites. Chen et al. [30] developed a 
modeling based on the correspondence principle, 
the strain energy contribution of each constituent 
combined with micromechanics principles, lead-
ing to a time-depended closed-form expression 
for viscoelastic composites with spherical inclu-
sion. This later work, extended by Chen et al. [31] 

to the case of spherical multi-coated inclusions. 
Galadima et al. [32] developed a computation 
scheme based on a non-local homogenization 
method to estimate the effective behavior of vis-
coelastic composites. Recently, to tackle the is-
sue of imperfect interfaces on effective behavior, 
Dinzart [33] investigated the imperfect interface 
effect, based on an equivalent inclusion replace-
ment methodology, on the macroscopic effective 
viscoelastic behavior of viscoelastic composites 
with multi-coated inclusions. Another class of 
models in time domain is the one developed by 
Molinari et al. [34-35] to study the effective vis-
coelastic and viscoplastic behavior of composite 
materials. This approach is based on an affine lin-
earization of the local and macroscopic behav-
ior. Similarly, a sequential linearization method 
is developed by Kowalczyk and Petryk [36] to 
study and estimate the viscoelastic behavior of 
viscoelastic composites.

All the above-mentioned literature deals 
with reinforced viscoelastic composites. This 
paper is a contribution to modeling the fre-
quency and time-dependent behavior of multi-
layered reinforced composites. For modeling the 
effective behavior of multi-layered composites, 
one can find the work published by Kim [37] and 
Bouchikhi et al. [38] for multi-layered elastic 
composites. This later is extended by Kim [39] 
and Kim et al. [40] to the case of multi-layered 
multi-functional magnetoelectroelastic compos-
ites. The matrix formulation, first developed in 
[37], was also used and derived in other pub-
lished works [41-43] to study and estimate the 
nonlinear macroscopic behavior of laminated 
composites when martensitic transformations 
are induced in [41], and of bicrystals and duplex 
stainless steels in [42-43] respectively.   Oscar 
et al [44] based on an asymptotic approach, 
investigated the modeling of imperfect visco-
elastic interfaces in the case of multi-layered 
composites. In this paper a contribution is made 
by developing a two-step modeling procedure 
to estimate the effective behavior of multi-lay-
ered reinforced viscoelastic composites with 
imperfect interfaces. The novelty of this work 
is to extend the matrix formulation in [37] to 
the case of multi-layered viscoelastic compos-
ites with imperfect interfaces by the use of the 
Laplace Carson transform in the viscoelastic 
problem, transforming it to an analogous elastic 
one in the frequency domain, and by adapting 
the linear spring model to the case of imperfect 
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viscoelastic interfaces and then considering the 
Mori-Tanaka model to estimate the effective 
moduli of each reinforced layer and injecting it 
into the developed matrix formulation.

That way, the developed approach, called 
the imperfect hybrid model, contains two major 
steps: The first step is the development of the ma-
trix formulation allowing one the estimation of 
the effective behavior of the multi-layered visco-
elastic composite, including the imperfect inter-
face effect. The second one is the estimation of 
the effective properties of each reinforced layer 
based on the Mori-Tanaka micromechanical mod-
el. The effective properties are first estimated in 
the frequency domain and then inverted numeri-
cally to the time one. The developed approach 
allows one to estimate the effective viscoelastic 
behavior of multi-layered reinforced composites 
in time and frequency domains while taking into 
account constituents’ properties, the shape of re-
inforcement, the volume fraction of constituents, 
and the imperfect interface effect. In addition, a 
perfect hybrid model is considered when the im-
perfect interface is introduced as an interlayer 
with an equivalent thickness. It is remarked that 
the two considered models have the same estima-
tion. Different numerical results are presented in 
frequency and time domains.  

MULTI-LAYERED CONSIDERED 
COMPOSITE AND BASIC EQUATIONS

The considered multi-layered composite and 
homogenization procedure

In this work, a viscoelastic multi-layered re-
inforced composite is considered. The representa-
tive volume element (RVE) of the composite is 
shown in Figure 1. It is constituted of N visco-
elastic layers where each layer is reinforced with 
aligned short fibers. Layers are in the x1–x2 plane 
and perpendicular to the x3 axis. The interface be-
tween layers is considered imperfect. Fibers are 
considered aligned in the x2 direction. The thick-
ness, volume fraction, and viscoelastic relaxation 
tensor of the ith layer are noted, respectively hi, 
fi, and Ci(t). The volume fraction is obtained by  
𝑓𝑓𝑖𝑖 = ℎ𝑖𝑖/∑ ℎ𝑘𝑘𝑁𝑁

𝑘𝑘=1  where ℎ = ∑ ℎ𝑘𝑘𝑁𝑁
𝑘𝑘=1    is the 

thickness of the RVE. The homogenization pro-
cedure followed in this paper to obtain the effec-
tive viscoelastic properties of the multi-layered 
composite is divided into two steps:
 • Step 1: Consist of using the Mori-Tanaka mean 

field micromechanics model to derive the ef-
fective properties of each reinforced layer as 
illustrated in Figure 2.

 • Step 2: Consist of using a matrix formulation al-
lowing the derivation of the expression of the ef-
fective properties of the multi-layered composite 
where each reinforced layer is replaced by the 
homogenized one using the Mori-Tanaka model.

Figure 1. RVE of N-layer viscoelastic composite

Figure 2. The homogenization of each reinforced layer of the viscoelastic multi-layered composite 
using the Mori-Tanaka model

Figure 3. The multi-layered composite where each 
layer is replaced by the homogenized one
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Constitutive equations 

The multi-layered composite is constituted of N-viscoelastic reinforced layers. All the constituents 
are considered viscoelastic, and their behavior is described by the linear viscoelastic correspondence 
principle. A representative volume element (Fig. 1) of volume  𝛀𝛀, is considered, and it is subjected at 
its boundary to the macroscopic strain ( )E t and displacement ( , ) ( ).u x t E t x== . 

The constitutive equation modeling the linear non ageing viscoelastic behavior is given by: 

     

(( )) (( )) (( ))t kl
ij ijkl0

x ,
σ x,t C x,t d       x Ω 

 
 




== −−  


                                            (2.1)                                              
where (( ))C ,ijkl x t −−  are the components of the relaxation tensor that give the viscoelastic response through 
the ,i j directions at the time 𝐭𝐭 when a unit strain is applied through directions ,k l  at the time  . 

In the Stieltjes space, Equation (2.1) is rewritten in a condensed form through a convolution product as: 

 (( ))σ , C ( ) ( )     0( Ω)   ij ijkl klx t t x tx xd  ==                                             (2.2)                           

The mathematical formulation in this work is established first in the frequency domain and then 
inverted to the time one.  For this sake, the Laplace-Carson transform is used. The Laplace-Carson 
transform of a time-dependent function is given by 

         
(( )) (( ))

0
{ }( ) stC f s f s s e f t dt

++ −−== == L                                                                 (2.3) 

where s   is the Carson variable and it is taken as s i==  (the harmonic case is considered). 

Applying the Laplace-Carson transform to the viscoelastic constitutive equation (Eq. (2.1)) leads 
to 

 
(( )) (( )) (( )), C , ,ij ijkl kls x s x s x ==

                                                                    (2.4) 

where        
(( )) (( ))

0
, ,

t su
ijkl ijklC s x s e C u x du−−==  . 

One can see that the application of the Carson transform reduces the viscoelastic problem to another 
one analogous to the elastic problem but expressed in the frequency domain. The relaxation tensor

(( )),ijklC s x  has the same role as the elastic tensor in linear elasticity. To complete the governing 
equations in the frequency domain, the compatibility and the equilibrium equations, after applying the 
Laplace-Carson transform, are given by: 

 
(( )) (( )) (( ))(( ))1

2ij i , j j ,ix ,s u x,s u x,s ,   x == ++                                                            (2.5) 

 , ( ) 0,     ij i s x ==                                                                                                        (2.6)                 
Then the equilibrium equation, as in the time domain, is obtained in the frequency domain by: 

 (( )) (( )), ,( , , ) 0      ijkl k l jC x s u x s x==                                                                          (2.7) 

In this work, the considered multi-layered viscoelastic composites have imperfect interfaces 
between layers. The imperfect interfaces are denoted ' 'S  (see Fig. 4) and the superscripts + and - 
indicate the positive and negative parts of the surface. As illustrated in Figure 4, one can see that the 
imperfect interface between the two layers (Fig. 4(a)) could be replaced by an interphase separating the 
two layers of thickness t (Fig. 4(b)). This equivalency is used in the numerical section for comparison 
and validation. In the following, the linear spring model is considered to describe imperfect interfaces. 
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Figure 4. Imperfect interface effect: (a) the geometry of the imperfect interface, (b) the geometry of a thin 
interphase between two layers 

 

Viscoelastic imperfect interface  
To describe the mechanical behavior of viscoelastic imperfect interfaces, the linear spring model 

for elastic imperfect interfaces is extended here to the case of viscoelastic imperfect interfaces [13]. The 
linear spring model considers the discontinuity of the displacement jump and the continuity of traction 
over the interface. In the case of viscoelastic imperfect interfaces [13], the continuity of the time-
dependent traction vector field across the interface ' 'S  is given by: 

 
( 1) ( )( ) ( 0) ( )k k

ij j ij ij jt t tn n  ++   == −− ==                                                                    (2.8)  

where ( ) ( )k
ij t  stands for the time-dependent Cauchy stress tensor field over (( ))Ω k . 

The interfacial displacement jump is time dependent, and it is expressed through an integral form 
relating the time-dependent displacement jump and traction vector through the viscoelastic compliance 
describing the time-dependent behavior of the imperfect interface [13]: 

 
(( )) (( )) (( ))

0
( ) ψ

t jk
i i ij ku u t tt d n

 
 




==  == −−                                                                    (2.9) 

with (( ))ψ ij t is the viscoelastic compliance of the imperfect interface given by 

      (( )) (( )) (( )) (( ))(( ))ψ ij ij i jnt t t nt   == ++ −−                                                             (2.10) 

(( ))t and (( ))t are the interface compliance parameters related to the sliding and debonding effect. 

Equation (2.9) is written in a condensed form through the following convolution product: 

                                        (( )) ψ (( ))i i ij jk ku u t d t nt  ==  ==                                              (2.11) 

Applying again the Laplace-Carson transform on Equation (2.11) gives 

 (( )) (( )) (( ))ψi ij jk ku s s s n ==                                                                                         (2.12) 

where (( )) (( )) v

0
ψ ψ v

t s
ij ijs s v e d−−==   represents the Laplace-Carson transform of the compliance 

function.  

The frequency dependent compliance is given by 

 (( )) (( )) (( )) (( ))(( ))ψij ij i js s s s n n   == ++ −−                                                                          (2.13)   

Applying the Laplace-Carson transformation to the equation describing the continuity of the time-
dependent traction vector through the imperfect interface, one can obtain:

 

(a) (b) 
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( 1) ( )( ) ( 0) ( )k k

ij j ij ij js s sn n  ++   == −− ==                                                                           (2.14)       

Equations (2.12) and (2.14) show the analogy between the imperfect viscoelastic interface and the 
elastic one. The role played by (( ))ψij s in viscoelastic problems is the same of ψij  played in elastic ones. 

 

IMPERFECT HYBRID HOMOGENIZATION APPROACH 
Mori-Tanaka mean field model  

The homogenization approach in this work starts with the estimation of the effective behavior of 
each reinforced layer. This step is decomposed into two parts: the localization part, where the transition 
scale is made between the averaged local fields and the macroscopic ones based on the solution of the 
integral equation and Mori-Tanaka’s hypothesis, and then the part where the effective behavior is 
derived based on averaged techniques. The Mori–Tanaka mean field approach is used in this work 
because, besides its ease of implementation, it is well known to be accurate. Unlike other 
micromechanical models, such as the Self-Consistent, the Generalized Self-Consistent, and the 
Incremental Self-Consistent, the Mori-Tanaka model gives an explicit expression of the effective 
moduli, which means there is no need for iterative procedures, and it gains in the computational cost. 

The integral equation is obtained based on solving the partial differential equation (Eq. (2.7)) for 
displacement using Green function techniques and some mathematical development. Thus, one can 
obtain the following integral equation relating the partial local strain to the one of the reference medium 
by [12, 17]: 

  
(( )) (( )) (( )) (( )) (( ))0 ', ', δC ', ',mn mn mnij ijkl klV

x s s x x s x s x s dV  == −−  −−                 (3.1) 
where (( ))',mnij x x s −− is the modified Green tensor associated with the reference medium given by: 

 

(( )) (( )) (( )), ,
1', ', ',
2mnij mi nj ni mjx x s G x x s G x x s  −− == −− −− ++ −− 

                                 (3.2)   
where G is the Green tensor related to the infinite viscoelastic medium. 

(( ))δC ,ijkl x s  is the deviation part, and it is expressed as: 
 

                                  (( )) (( )) (( ))0 δC , C , C ,ijkl ijkl ijklx s x s x s== −−                                       (3.3)   

Following the same procedure as in [12, 17], which is based on the inclusion problem of Eshelby 
that considers an inclusion of volume VI and a relaxation tensor (( ))CI

ijkl s embedded in an infinite 

medium of relaxation tensor (( ))0Cijkl s , the localization equation is obtained relating the averaged strain 
in the inclusion with the averaged one of the surrounding medium. 

 

(( )) (( )) (( )) (( )) (( ))0

I

1ˆ ˆ ˆ
V

I II I I
mn mn mnij ijkl kls s s C s s  == −−  

                                                        (3.4)                
where (( ))II

mnij s  is the viscoelastic interaction tensor. It is a function of the relaxation tensor of the 
reference medium and the shape of the inclusion, and it is given by 

                             

(( )) (( ))
I

'
V

,II
mnij mnijs r r s dV dV ==  −−                                   (3.5)                          

and 

                                        (( )) (( )) (( ))0C C CI I
ijkl ijkl ijkls s s == −−                                                (3.6)              
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Equation (3.4) allows one to make the transition between the averaged strain in the inclusion 
(( ))ˆ I

mn s  and the averaged one in the surrounding medium (( ))0ˆ
mn s : 

                                           (( )) (( )) (( ))0ˆ ˆI I
klmk mnnl s A s s ==                                                       (3.7)                   

where (( ))I
klmnA s is the dilute localization tensor [12, 17] and it is given by 

                                 
(( )) (( )) (( ))

1
1I II I

klmn mnkl mnij ijkl
I

A s I s C s
V

−−
 

== ++   
                    (3.8)              

At this level, the Mori-Tanaka’s assumptions [17] are considered. The infinite surrounding medium 
is replaced by a matrix of viscoelastic properties (( ))Cijkl

M s . In order to derive the Mori-Tanaka’s 

localization tensor, (( ))0ˆ
mn s and  (( ))0Cijkl s  in Equation (3.4) are replaced respectively by the averaged 

strain (( ))ˆ M
mn s  and matrix properties (( ))Cijkl

M s , then using the fact that the applied macroscopic strain 
is given by 

      
(( )) (( )) (( ))ˆ ˆM M I I

kl kl klE s f s f s == ++                                                                               (3.9)         
where  𝑓𝑓𝐼𝐼 and 𝑓𝑓𝑀𝑀 are volume fractions of inclusion and matrix. By taking into account Mori-Tanaka’s 
assumptions and taking into consideration Equations (3.9) and (3.4), one can obtain 

 
(( )) (( )) (( ))( )ˆ I I MT

kl klmn mn ss A Es ==                                                                                           (3.10)                             
in whish The Mori-Tanaka’s localization tensor is given by 

 

(( )) (( )) (( ))
1

( )
M

I MT II I
klmn mnkl mnij ijkl

I

fA s I s C s
V

−−
 

== ++   
                                                        (3.11) 

with 
                (( )) (( )) (( ))C CI I M

ijkl ijkl ijklC s s s == −−   and  1M If f== −−  

Inserting equation (3.10) in the expression of the averaged macroscopic stress over a two-phase 
composite, as in this work two-phase layers are considered, the effective behavior of two-phase 
viscoelastic composite is obtained as 

 (( )) (( )) (( )) (( ))(( )) (( ))( )eff M I I M I MT
ijkl ijkl ijkl ijkl klmnC s C s f C s C s A s== ++ −−                                          (3.12) 

Equation (3.12) allows one to predict the effective viscoelastic moduli in the frequency domain for 
different properties of reinforcement and matrix as well as different geometries of reinforcement. This 
later is used to estimate the effective behavior of each reinforced layer. 

The formulation could be generalized to N-phase composites by considering the averaged 
macroscopic stress, for N phase composites as 

(( )) (( )) (( ))
2

ˆ ˆ
N

M M I I

I
E s f s f s 

==

== ++
                                                                           (3.13) 

Inserting the Mori-Tanak’s assumption in (Eq.3.7) leads to                                    

                                    (( )) (( )) (( ))ˆ ˆ
mnk

I I M
mn nl ms A ss ==                                                         (3.14) 

in which (( )) (( )) (( ))C CI I M
ijkl ijkl ijklC s s s == −−  

Based on equations (3.13) and (3.14), it is possible to derive an expression that connects the averaged 
local strain within the inclusion to the applied macroscopic strain on the entire composite.                                     
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                           (( )) (( )) (( )) (( ))
1

2

ˆ
N

I I M I I
sv klsv klmn mnkl mn

I
s A s f I f A s E s

−−

==

 
== ++ 

 
            (3.15) 

Equation (3.15) allows one to derive the formulation of the Mori-Tanaka’s concentration tensor for N-
phase viscoelastic composites, one can write 

                            (( )) (( )) (( ))
1

( )

2

N
I MT I M I I
svmn klsv klmn mnkl

I
A s A s f I f A s

−−

==

 
== ++ 

 


             
(3.16) 

Through the homogenization process, which consist of deriving the averaged macroscopic stress over 
the N-phase composite and inserting equation (3.16) in it, one can deduce the expression of the effective 
properties of an N-phase viscoelastic composite as 

 

(( )) (( )) (( )) (( ))(( )) (( )) (( ))
2

N
I MTeff M I I M

ijkl ijkl ijmn ijmn klmn
I

C s C s f C s C s A s
==

== ++ −−
                                 (3.17)         

This relationship makes it possible to predict the effective coefficients of an N-phase viscoelastic 
composite material in the frequency domain, taking into account the diversity of types and shapes of the 
present phases. 

Matrix homogenization method 
In this section, the effective behavior of the multi-layered reinforced viscoelastic composites with 

imperfect interfaces is derived. The reinforced layers are replaced with an equivalent homogeneous layer 
obtained by the Mori-Tanaka model. A representative volume element (RVE) with a volume V is 
considered of the composite. The considered composite is described in Figure 1. The linear viscoelastic 
behavior of the thk  layer, in the frequency domain is described by  

 
(( )) (( )) (( ))( ) *,( ) ( )ˆ ˆk k k

ij ijkl ijs C s s ==
                                                                                                   (3.18) 

where (( ))*,( )kC s represents the effective properties of the thk   reinforced layer obtained by the Mori-
Tanaka model. 

The matrix homogenization procedure ([37-40]) is based on the decomposition of the stress and strain 
tensors into normal and tangential components and they are given in vector and matrix notation as 

(( )) (( ))
(( )) (( ))
(( )) (( ))

ˆ
ˆ ;

ˆ

k
nk

k
t

s
s

s






 
 ==
 
 

    (( )) (( ))
(( )) (( ))
(( )) (( ))

k ;
ˆ

ˆ
ˆ

k
n

k
t

s
s

s






 
 ==
 
                                                        

(3.19) 

(( )) (( )) (( ))
(( ))

*,( ) *,( )
*,( )

*,( ) *,( ) .
( )

k k
nn ntk

k k
tn tt

C C
C

s s
s

s sC C
 

==   
 

 

with 

                         

(( ))

(( )) (( ))
(( )) (( ))
(( )) (( ))

33

( )
23

13

ˆ

ˆ ˆ ;
ˆ

k

kk
n

k

s

s s

s



 



 
 

==  
 
    

(( ))

(( )) (( ))
(( )) (( ))
(( )) (( ))

11

( )
22

12

ˆ

ˆ ˆ ;
ˆ

k

kk
t

k

s

s s

s



 



 
 

==  
 
  

                                    

(3.20) 

(( ))

(( )) (( ))
(( )) (( ))
(( )) (( ))

33

( )
23

13

ˆ

ˆ ;ˆ

ˆ
2

2

k

kk
n

k

s

s s

s



 



 
 

==  
 
    

(( ))

(( )) (( ))
(( )) (( ))
(( )) (( ))
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( )
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ˆ

ˆ ˆ

ˆ

k
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s s

s
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Using the vector and matrix decomposition, the constitutive behavior of the thk  layer is rewritten as 

               (( )) (( )) (( )) (( )) (( ))( ) *,( ) ( ) *,( ) ( )ˆ  ˆ ˆk k k k k
n nn n nt ts C s s C s s == ++                                    (3.21) 

                 (( )) (( )) (( )) (( )) (( ))( ) *,( ) ( ) *,( ) ( )ˆ ˆ ˆk k k k k
t tn n tt ts C s s C s s  == ++                                    (3.22) 

in which  (( )) (( )) (( ))*,( ) *,( ) *,( ), , k k k
nn nt tns C s C sC  and (( ))*,( )k

ttC s are matrix blocs related to the normal and 
tangential directions: 

(( ))
(( )) (( )) (( ))
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(3.23)    

The bloc matrices satisfy the following relationships [37-40]: 
(( )) (( )) (( ))*, *,( )( ) ,k k T

nn nnC sC s == (( )) (( )) (( )) (( ))*, *,( ) ,k k T
tt tts C sC == (( )) (( )) (( )) (( ))*, *,( ) .k k T

tn nts C sC ==
     (3.24) 

T design matrix transposition. Additionally, due to the positive definiteness property of the Voigt 
elasticity matrix, it is established that the matrices (( )) (( ))( ),  ( )k k

nn ttC s C s  are also positive definite.    
As in the case of perfect interfaces, the applied normal macroscopic stress is considered equal to 

the averaged normal one in each layer ( (( ))( )ˆ( ) n
k

n s s == ) and the tangential macroscopic strain is equal 

to the averaged tangential strain in each layer ( (( ))( )( ˆ) t
k

t s sE == ). These hypotheses are used in the 
following section in order to derive the effective behavior of the multi-layered viscoelastic composite 
with imperfect interfaces. 

 

Overall behavior of multi-layered viscoelastic composite with imperfect interfaces 
The averaged stress over the volume V of the multi-layered composites is given by: 
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f s




==

==

==





(( )) (( ))

(( ))( )

1

1Σ

ˆ

ij ijV

N
k

k ij
k

s s dV
V

f s
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                                                     (3.25) 

where (( )) (( ))( ) 1ˆ
k

k
ij ij kV

k

s s dV
V

 ==   is the averaged stress over the volume of the thk  layer of volume kV           

The averaged strain over the volume of the multi-layered composite, taking into account the strain 
jump, is given by (see Appendix A):    
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          (3.26) 

The jump of the displacement across the imperfect interface kS  (situated between the k and k+1 

layers) is denoted by (( ))[ ]iu s  with 
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(3.28)       

where ( )ˆ ( )k s  is the averaged strain over the volume of the thk layer, given by 

                         
(( )) (( ))( ) 1ˆ

k

k
ij ij

k
kV

s s dV
V

 == 
                                                                  (3.29)     

and  k
kf V

V
=     is for the volume fraction of the thk layer. 

Using matrix vector decomposition, the macroscopic normal and tangential averaged stress over 
the volume of the multi-layered composite is given by 

                      (( )) (( )) (( ))n
1

ˆΣ s s
N

k
k n

k
f 

==

== ,        (( )) (( )) (( ))t
1

ˆΣ s s
N

k
k t

k
f 

==

==                       (3.30) 

Equation (3.28), after some mathematical development (see Appendix A), and using matrix vector 
decomposition, one can derive the expression of the normal and tangential averaged strain over the 
volume of the multi-layered composite as   
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                            (( )) (( )) (( ))t
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where (( )) (( ))k s is the compliance matrix containing the imperfect interface parameters (Appendix A). 

From Equation (3.23) and using the fact that (( )) (( )) (( ))ˆ k
n ns s==  and (( ))( )) ˆ( k

t tE s s==   lead to 
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Inserting Equation (3.33) into (3.31), one can write  

(( )) (( )) (( ))(( )) (( )) (( )) (( ))(( )) (( )) (( )) (( ))
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t 1
1

s h
N

Nk k
n k nn n nt nk
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 (3.34)        
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Rearranging Equation (3.35) and after some mathematical [40, 44] development leads to 
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(3.35)            

Equation (3.35) describes the macroscopic behavior of the multi-layered composites relating the 
normal stress vector to the normal and tangential strain vectors. The macroscopic behavior has the same 
form as the local one of each layer, given by: 

 (( )) (( )) (( )) (( )) (( ))C Ceff eff
nn n nt tn s s E s s E s == ++                                                                           (3.36) 

From Equations (3.36) and (3.35), one can write 
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                                                                (3.38) 
To complete the determination of the effective behavior, (( ))Ctn

eff s and (( ))Ctt
eff s , one has to 

substitute Equation (3.21) into (3.22): 
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(3.39)                        

Rearranging Equation (3.39) and using (3.30) leads to: 
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          (3.40)                              

Substituting Equation (3.36) into (3.40) gives 
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(3.41)     

The macroscopic behavior given by the tangential stress vector: 
                      (( )) (( )) (( )) (( )) (( ))C Ceff eff

t tn n tt ts s E s s E s == ++                                               (3.42)                                         

Comparing Equation (3.41) with (3.42) leads to the expression of the effective behavior given by 

                   
(( )) (( )) (( ))(( )) (( )) (( )) (( ))

1*, *,

1
C

N
k keff eff

tn k nn nt nn
k

s f s s C sC C
−−

==

 
==  
 


                                (3.43)                             
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The effective behavior of the multi-layered reinforced viscoelastic composites with imperfect 
interfaces is completely estimated by 
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(3.45) 
 

(( )) (( )) (( ))*,( ) *,( ) *,( ), , k k k
nn nt tns C s C sC  and (( ))*,( ) k

ttC s  represent the local behavior of the thk  reinforced layer 

estimated by the Mori- Tanaka model. The relaxation effective matrix (( ))Ceff s , constituted with the four 

matrix blocs (( )) (( )) (( ))*,( ) *,( ) *,( ), , k k k
nn nt tnC s C s C s  and (( ))*,( ) k

ttC s , is a complex matrix given by: 

                      (( )) (( )) (( ))Ceff eff eff
R Is C s iC s== ++                                                                   (3.46) 

such as ( )eff
RC s  is the real part (storage part) and  ( )I

effC s  the imaginary part (loss part).  
 

TIME-DEPENDENT BEHAVIOR OF THE MULTI-LAYERED VISCOELASTIC COMPOSITE 
In the previous section (Section 3), the effective viscoelastic behavior of multi-layered composites 

is derived in the frequency domain. That is allowing one to estimate the frequency-dependent behavior. 
In this section, the effective behavior will be inverted, numerically, based on the inverse of the Laplace-
Carson transform. The analytical inverse of the Laplace-Carson transform of the effective behavior to 
the time domain is expressed as 
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s
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==                                                                                   (4.1) 

where B is the Bromwich contour (See Reference [45] for definition). 

The analytical evaluation of Equation (4.1) is impossible due to the implicit dependence of 
(( ))Ceff

mjkl s on the Carson variable s . In this paper, the inversion is performed numerically. Many 
algorithms have been developed to compute the numerical inversion of the Laplace-Carson transform. 
The Talbot algorithm is used in this work [45], which allows one to express the time-dependent behavior 
of the considered multi-layered composite as: 
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with    
2
5
Mr
t

== , k
k
M




== ,  

(( )) (( ))(( )) (( ))χ cot 1 cotk k k k k    == ++ −−  and  (( ))(( ))( ) cotk k ks r i  == ++  

The precision of the inversion to the time domain given by Equation (4.2) depends on the free 
parameter M, which indicates the number of additions to perform. Based on Equation (4.2), the effective 
behavior is predicted in the time domain taking into account the properties of each reinforced layer 
(estimated by the Mori-Tanaka model), volume fractions of layers, and the imperfect interface 
parameters. The fixed Talbot algorithm used in this work was already used in [25-27] to make the 
inversion of the effective behavior of viscoelastic composites from the frequency to the time domain, 
and it is validated by comparison with a developed straightforward formalism in the time domain. 

 

NUMERICAL RESULTS  
In this section, the numerical implementation of the developed model is performed in order to 

estimate the effective viscoelastic behavior of multi-layered composites with imperfect viscoelastic 
interfaces. The prediction is done first in the frequency domain, then in the time one. Two kinds of 
composites are considered: a two-layer composite and a three-layered one. The viscoelastic properties 
of imperfect interfaces are considered to follow the Maxwell’s model. Each layer is reinforced with 
aligned fibers in the x2 direction. The homogenization of the reinforced layers is done using the Mori-
Tanaka model. The expression of effective properties obtained by the Mori-Tanaka model (Eq. (3.12)) 
is for the general case of ellipsoidal inclusion. In the implementation, ellipsoidal inclusions of semi-axes 
a, b, and c aligned with directions x1, x2, and x3, respectively, are considered. In order to obtain aligned 
fibers in the x2 direction, the semi-axes are taken (a = 1, b = 1000, c = 1). 

 

Two-layered viscoelastic composite 

FFrreeqquueennccyy  ddoommaaiinn  
The two-layered composite (Fig. 5) is constituted of two layers separated by an imperfect interface, 

which has the viscoelastic properties described by the Maxwell’s model (Eq. (5.1)). The two layers are 
constituted with carbon fibers (properties are listed in table 1) embedded in a viscoelastic matrix where 
the behavior is described by the Burger’s model (Eq. (5.2)). Since the two layers have the same 
constituents, one can see the considered configuration as a single layer with a single imperfect interface.  

The expressions for the creep compliance in Burger’s and Maxwell’s models are given, 
respectively, as follows (see [44]). 

 
Figure 5. Two-layered viscoelastic composite for the imperfect hybrid model 

Table 1.  Parameters for elastic materials
Parameter E (GPa) ν

Carbon fiber 235 0.3

Epoxy 5 0.4
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Figure 6. Two-layered viscoelastic composite for the perfect hybrid model 
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Applying the Carson-Laplace transform on Equations (5.1) and (5.2), gives 
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One can deduce the Young's modulus by 
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 Poisson’s ratio of the used viscoelastic materials is taken as constant and they are listed in Table 2. 
The imperfect interface parameters are obtained using the following relationships [44, 48].  
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where 1t  is the thickness of the interface. 
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For the homogenization of each layer with 
The Mori-Tanaka model, the volume fraction of 
the viscoelastic matrix is fixed at fM = 0.64. The 
total thickness of the two-phase multi-layered 
composite is set at h = 3×10-1 m. The volume frac-
tion of the first layer is fixed at 0.35.

For the sake of comparison and validation 
of the developed formalism, two other models 
are considered. One model is called the perfect 
hybrid model, and it is constituted by consider-
ing the imperfect interface as an interlayer (Fig. 
6) of thickness t1 (t1 = 3×10-3) situated between 
the first and the second layer where the inter-
faces are perfect. That way, one finds a three-
layered composite constituted of the first layer, 
interlayer, and the second layer where interfaces 
are perfectly bounded. The effective properties 
of the three-layered viscoelastic composite are 
predicted based on Equation (3.45), where the 
terms due to the imperfect interphase are ne-
glected. The volume fractions of each layer are 
taken as f3 = 0.64 (second layer), f2 = t1/h (inter-
phase) and f1 = 1 – f2 – f3 (first layer).

The numerical results are presented based 
on the two models: imperfect hybrid model and 
perfect hybrid model in the frequency domain.
It is shown, in Figures 7a – 7f, the variation of 
the storage and loss part of effective moduli

 and 11 22 33 12 13 66, , , ,eff eff eff eff eff effC C C C C C , respectively. 
It is clearly demonstrated that the two proposed 
models predict the same results. The loss part of 
effective moduli shows the dissipation’s char-
acteristic of the composite, and the storage part 
shows the stiffness of the composite. In all the fig-
ures, the numerical results are presented with the 
reference case (t1 = 0), and one can see the influ-
ence of the imperfect interface on the numerical 
estimation. One can also remark that the obtained 
effective behavior, in the case of t1= 0, is trans-
versally isotropic ( 11 33 22

eff eff effC C C= ≠ ) and this is 
due to the fact that the two layers are the same 
and to the reinforcement direction. But, when the 
imperfect interface is considered, one can remark 
that 11

effC  is slightly different to 33
effC , which is 

explained by the fact that the imperfect interface 
introduces an isotropy in x3 direction.  It is clear 

that with a proper choice of materials, one can de-
sign multi-layer composites with high dissipation 
characteristics.

Time domain

In this section, the effective properties are 
presented in the time domain for the same two-
layered composites considered in the frequency 
domain. The effective properties are predicted 
based on the imperfect hybrid model, perfect hy-
brid mode and coated model. The inversion from 
the frequency domain to the time one is done 
based on the fixed Talbot algorithm. The free pa-
rameter M is taken equal to 10, as explained in 
[27]; when M = 10, the fixed Talbot algorithm 
gives good precision. 

To analyze the dependence of the CPU time 
on the M parameter of the Talbot algorithm, the 
CPU time is computed with respect to M (see 
Appendix B). One can see that the CPU time in-
creases as the parameter M, which is the number 
of summations, increases.

In Figures 8a – 8f, the effective moduli 
 and 11 22 33 12 13 66, , , ,eff eff eff eff eff effC C C C C C  are presented 

with respect to the time variable based on the 
two considered models. It is clearly shown that 
the three models predict superimposed predic-
tions. The relaxation behavior of the composite 
is shown on the presented effective moduli. In 
all the figures, results are presented with the ref-
erence case (t1=0). The effect of the imperfect 
interface is clearly shown in the results. Again, 
as in the frequency domain, one can see that

11 22 33
eff eff effC C C= ≠ in the case of t1=0, and when 

the imperfect interface effect is considered, it re-
marked that 11

effC is slightly different to 22
effC .  

In order to present the elliptical cycles due to 
harmonic strains applied on the composite, the 
considered two-layered composite is subjected to 
a uniaxial strain:
 max

11 11( ) exp( )t i tε ε ω=  (5.10)

with  max
11 1ε = .

One can write the following relationship be-
tween the stress and strain:

Table. 2.  Parameters for viscoelastic materials [44]
Parameter E0 (GPa) E1 (GPa) η0 (GPa·h) η1 (GPa·h) η2 (GPa·h) ν

Maxwell’s model 2.5 - 50 - - 0.25

Burger’s model 2.5 1.8 - 300 8000 0.25
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Figure 7a. Storage and loss parts of the effective 
viscoelastic modulus 11

effC of the two-layered 
viscoelastic composite with an imperfect interface

Figure 7b. Storage and loss parts of the effective 
viscoelastic modulus 22

effC of the two-layered 
viscoelastic composite with an imperfect interface

Figure 7c. Storage and loss parts of the effective 
viscoelastic modulus 33

effC of the two-layered 
viscoelastic composite with an imperfect interface

Figure 7d. Storage and loss parts of the effective 
viscoelastic modulus 12

effC of the two-layered 
viscoelastic composite with an imperfect interface
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Figure 7e. Storage and loss parts of the effective 
viscoelastic modulus 13

effC of the two-layered 
viscoelastic composite with an imperfect interface

Figure 7f. Storage and loss parts of the effective 
viscoelastic modulus 66

effC of the two-layered 
viscoelastic composite with an imperfect interface

Figure 8a. Effective viscoelastic modulus 11
effC  

for the two-layered viscoelastic composite with an 
imperfect interface 

Figure 8b. Effective viscoelastic modulus 22
effC  

for the two-layered viscoelastic composite with an 
imperfect interfac
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Figure 8c. Effective viscoelastic modulus 33
effC  

for the two-layered viscoelastic composite with an 
imperfect interface

Figure 8d. Effective viscoelastic modulus 12
effC  

for the two-layered viscoelastic composite with an 
imperfect interface

Figure 8e. Effective viscoelastic modulus 13
effC  

for the two-layered viscoelastic composite with an 
imperfect interface

Figure 8f. Effective viscoelastic modulus 66
effC  

for the two-layered viscoelastic composite with an 
imperfect interface

max
11 11 11( ) Re( ( ) exp( ))efft C s i tσ ε ω=  (5.11)

where 11 ( )effC s  is the effective viscoelastic mod-
ulus of the composite.

The elliptical cycles (normalized stress/strain) 
are presented in Figure 9 for the considered two-
layered viscoelastic composite based on the im-
perfect hybrid model. The effect of frequencies 
on the hysteretic response of the composite mate-
rial is clearly shown. One can see that the smaller 
the frequency, the bigger the elliptical cycle is. 
That is explained by the fact that the attenuation 
factor increases as the frequency decreases. Also, 
the area of elliptical cycles shows the dissipated 
energy due to a harmonic force, which demon-
strates the damping capability of composites.

Three-layered viscoelastic composite

Many composites, for example sandwich 
composites, used in the industry, are three-layer 
composites. To show the capability of the model 
to design and estimate the effective behavior 
of this kind of composite, a three-layered vis-
coelastic composite with imperfect interfaces is 
considered (Fig. 10). The first layer of thickness 
h1 is constituted of an epoxy matrix reinforced 
by aligned carbon fibers in the x2 direction, the 
second layer of thickness h2 is viscoelastic, and 
its behavior is described by the Burger’s model 
and the third layer, of thickness h3, has material 
constitutions that are the same as the first layer. 
Since the first and the third layers are identical 
and they compose together one layer of thickness 
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For the imperfect hybrid model, the volume 
fraction of the first layer is taken as f1 = 0.175, 
second layer is f2 = 0.64 and the third layer is 
f3 = f1.

For the perfect hybrid model the following 
parameters are considered: t2 = t3 = 1.5×10-3 m, 
the volume fraction of the first layer is f1= 0.175, 
volume fraction of the first interphase f2 = t2/h, 
volume fraction of the second layer is f3= 0.64, 
volume fraction of the second interphase is f4= 
t3/h and  the volume fraction of the third inter-
phase is f5= 0.175. The total thickness of the 
multi-layered composite is h = 3×10-1 m.

Frequency domain

Storage and loss parts of the effective visco-
elastic moduli 11 22 12, ,eff eff effC C C  and 66

effC are pre-
sented in Figures 12a – 12d. Again, it is observed 
that coefficients predicted by the presented im-
perfect hybrid model are in good agreement with 
those predicted by the equivalent perfect hybrid 
model. All the numerical results are presented 
with the reference case (t2 = t3 = 0), and the ef-
fect of imperfect interfaces is shown of the effec-
tive behavior. Again as in the case of two-layered 
composites the variation of the storage and loss 
part with different range of frequencies shows the 
dissipation and the stiffness characteristics of the 
considered composites.

Figure 9. Elliptical cycle (normalized stress/strain) 
for the two-layered viscoelastic composites with 

imperfect interface

Figure 10. Three-layered viscoelastic composite with imperfect interfaces for the imperfect hybrid model

h1 + h3, one can see the considered configuration 
of the composite as a two-layered composite 
with an imperfect interface between them.

The imperfect interface properties are de-
scribed by the Maxwell’s model. The effective 
properties are predicted by the developed Imper-
fect hybrid formulation. The prediction are com-
pared to the ones obtained by the perfect hybrid 
model (Fig. 11) where the imperfect interfaces 
are considered as interphases of thicknesses t2 and 
t3 and their viscoelastic behavior is described by 
the Maxwell’s model.

Figure 11. The equivalent viscoelastic composite with the introduced interphases for the perfect hybrid model
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Time domain

The effective moduli 
 and 11 22 33 12 44 66, , , ,eff eff eff eff eff effC C C C C C  are present-

ed in Figures 13a – 13f in the time domain for 
the same considered three-layered composite. 
Again, it is seen that the perfect hybrid model 
and the imperfect hybrid one predict the same 
results. It is clearly seen that the resulting be-
havior is anisotropic ( 11 22 33

eff eff effC C C≠ ≠ ). In 
Figure 14, based on the imperfect hybrid model, 
the effective modulus 11

effC is presented for dif-
ferent thicknesses of the imperfect interfaces. 
The imperfect sliding and debonding parameters 
of the imperfect interface vary with the thick-
ness of the interface, and this variation is clearly 
shown on the presented effective moduli. It is 
seen that there is a degradation of the effective 
coefficients as the thickness of the interfaces in-
creases, and this remark is consistent with the 
mathematical expression presented in Equation 

(3.45). The imperfect interface parameters have 
an effect on the stiffness and the dissipation 
characteristics of the composites. Also, one can 
see the relaxation behavior of the composite in 
the presented effective moduli, which shows the 
damping capabilities of the considered visco-
elastic composites.

CONCLUSIONS

In this work, a hybrid homogenization strat-
egy combining the Mori-Tanaka mean field 
model with a matrix formulation is developed 
to predict the frequency and time-dependent 
behavior of viscoelastic multi-layered com-
posites. Each layer is reinforced with aligned 
fibers, and the interfaces located between lay-
ers are considered imperfect. The linear spring 
model for elastic imperfect interfaces is gen-
eralized to the case of viscoelastic imperfect 

Figure 12a. Storage and loss parts of effective 
viscoelastic modulus 11

effC  for the three-layered 
viscoelastic composite with imperfect interfaces

Figure 12b. Storage and loss parts of effective 
viscoelastic modulus 22

effC  for the three-layered 
viscoelastic composite with imperfect interfaces
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Figure 12c. Storage and loss parts of effective 
viscoelastic modulus 12

effC  for the three-layered 
viscoelastic composite with imperfect interfaces

Figure 12d. Storage and loss parts of effective 
viscoelastic moduli 66

effC  for the three-layered 
viscoelastic composite with imperfect interfaces

Figure 13a. Time dependent effective viscoelastic 
modulus 11

effC  for the three-layered viscoelastic 
composite with imperfect interfaces

Figure 13b. Time dependent effective viscoelastic 
modulus 22

effC  for the three-layered viscoelastic 
composite with imperfect interfaces
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interfaces. The sliding and debonding param-
eters of the viscoelastic imperfect interface are 
given as a function of the viscoelastic proper-
ties of the interface and its thickness. The vis-
coelastic behavior of the interface is described 
by the Maxwell’s model. Based on the Laplace 
transform, the effective properties are derived 
in the frequency domain and then inverted nu-
merically based on the fixed Talbot algorithm 
to the time one. In the numerical results sec-
tion, two kinds of composites are considered: 
a two-layered composite and a three-layered 
one. A comparison is made with the perfect hy-
brid model where the imperfect interfaces are 

Figure 13c. Time dependent effective viscoelastic 
modulus 33

effC  for the three-layered viscoelastic 
composite with imperfect interfaces

Figure 13d. Time dependent effective viscoelastic 
modulus 12

effC  for the three-layered viscoelastic 
composite with imperfect interfaces

Figure 13e. Time dependent effective viscoelastic 
modulus 44

effC  for the three-layered viscoelastic 
composite with imperfect interfaces

Figure 13f. Time dependent effective viscoelastic 
modulus 66

effC  for the three-layered viscoelastic 
composite with imperfect interfaces

introduced as interlayers. It is demonstrated 
numerically that both models predict the same 
results in the frequency and time domain. El-
liptic cycles are presented when harmonic 
uniaxial strain is applied on the two-layered 
composite for different frequency values. The 
elliptical cycles show the damping capacity 
of the considered composite. The effect of the 
thickness of the imperfect interfaces is also 
shown on the effective behavior in the case of 
the three-layered composite. The developed 
formalism is a contribution to designing multi-
layered composites with damping characteris-
tics for different engineering applications.
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