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ABSTRACT

The problem of gear eccentricity is more and more often considered and developed in simulation models.
Eccentricity is unavoidable due to finite manufacturing accuracy and assembly process and thus can only be
minimised. Eccentricity can have a significant impact on dynamics primarily due to its effect on gear stiffness and
teeth position. Previous models of gear eccentricity have dealt with parallel axes. When considering the problem
of eccentricity with non-parallel axes of symmetry and rotation, one must take into account new phenomena that
occur. For a case of eccentricity with non-parallel axes, such phenomenon is the axial displacement of gear teeth,
the occurrence of which generates a friction force along the axis of rotation of the gear. The main objective of this
study is therefore to develop a model that would take the axial movement of gear teeth into account. To this end,
the kinematic parameters of this movement, including displacement, velocity and acceleration, are determined in
a selected plane. The developed models should contribute to increased accuracy of modelling gear operation and
occurring phenomena. Analysing teeth friction in occurrence of eccentricity with non-parallel axes must include
axial movement of teeth to receive accurate results. In the case of helical gears the influence on dynamic behaviour

is even greater because of direct influence of position of contact point.

Keywords: non-parallel eccentricity, axial friction force, spur gear axial movement, base circle reference,

centre distance.

INTRODUCTION

Previous studies on gears have investigat-
ed various aspects of their operation. One of the
main causes of vibration and noise is time-varying
mesh stiffness (TVMS) which depends on many
factors. As a result, there has been in a continuing
strong interest in the study of TVMS. A study [1]
proposed an analytical model for accurate TVMS
calculation for spiral bevel gears. A study [2] in-
vestigated the mesh stiffness of planetary gears,
while in [3] it was investigated for spur gears.

Other research works devoted to gears fo-
cused on problems such as extended tooth contact
due to gear elasticity [4], the centrifugal effect
on mesh stiffness [5, 6], the effects of gear tooth
crack [7, 8] and spalling [9] on gear mesh stiff-
ness, the analysis of load distribution in planetary

gears [10], as well as the impact of eccentricity on
power losses [11]. Although these are the main re-
search directions, they not the only ones, because
the current trend is to investigate many aspects
within a single study relating to gears.

Eccentricity in different types of gears and its
effect on gear dynamics is a more and more widely
studied problem. It always occurs as a result of lim-
ited manufacturing accuracy and assembly process.
Models have been developed for planetary gears,
where the eccentricity error primarily affects plan-
ets [12] or planets and a sun [13]. As for cylindrical
gears, spur gears [ 14] and helical gears [15] are con-
sidered. Eccentricity affects, among other things,
gear spacing and pressure angle, which translates
into a change in contact ratio and, consequently,
gear mesh stiffness and teeth position. It therefore
has a significant impact on gear dynamics.
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Previous studies investigated the eccen-
tricity model relating to a case where the axis
of symmetry of the gear was parallel relative
to the axis of rotation [12, 14-16]. This is the
basic variant and the simplest to analyse, yet
it is representative of a smaller proportion of
cases occurring in reality. In the general case
of eccentricity, the axis of symmetry of the
gear neither overlaps with the axis of rotation,
nor it is parallel to this axis. By dividing the
gear into segments, we can determine the cen-
tres of gravity for these segments. The trajec-
tories of the centres of gravity of the segments
will form circles of varying diameters. Still,
the general eccentricity case requires deter-
mining the radius of eccentricity and its loca-
tion, which is not an easy task. A study [17]
was the first to have investigated such case
and to have proposed a method for determin-
ing these eccentricity parameters.

The meshing of gears for a case of eccen-
tricity with non-parallel axes is more compli-
cated than for parallel axes. There is an addi-
tional movement of the teeth along the axis of
rotation. Since the position of the gear teeth
for eccentricity with non-parallel axes depends
on their contact point along the face width, the
simulation of such case requires the use of a
segmented gear model for more accurate rep-
resentation. To facilitate analyses of such cas-
es, the main objective of this study is to de-
termine the parameters of movement along the
axis of rotation — in other words, to establish
relationships describing the displacement, ve-
locity and acceleration of gears in any plane.

This work offers an extension of the mod-
el proposed in [17]. For validation of the ob-
tained equations for kinematic parameters,
results will be presented for displacement,
velocity and acceleration along the axis of
rotation for two different cases of eccentric-
ity. The occurrence of motion along the axis
of rotation makes the determination of fric-
tion force difficult. Previous studies focused
on the friction force only along the off-line of
action (OLOA). For eccentricity with non-par-
allel axes, the total friction force consists of a
force component acting in the OLOA direction
and a force component that is parallel to the
axis of rotation. Hence, additional simulations
were performed to determine the friction force
components and vibrations along the pinion’s
axis of rotation.
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DETERMINATION OF THE KINEMATIC
PARAMETERS OF AXIAL
DISPLACEMENT Z |

Manufacturing and assembly errors or wear
may cause the axis of symmetry of the gear to be
displaced in relation to the axis of rotation. The
distance of the axis of symmetry of the gear in re-
lation to the axis of rotation in the bearing plane is
known as eccentricity. If the axes are not parallel,
there is an axial displacement of the gear during
gear rotation. This results in axial movement of
the teeth, for which, under normal operating con-
ditions, relative movement in the axial direction
does not occur. The movement of the gear teeth
in the axial direction causes the teeth to slide and
thus generates the friction force.

Determination of the axial displacement z_in
a plane perpendicularto the minimal distance

The axial displacement of the gear teeth
with eccentricity is shown in Figure 1. The
plane in which the distance z is determined
is perpendicular to the minimum distance and
passes through the centre of the gear. The gear
is rotated by an angle ¢, with respect to the
theoretical position. The determination of the
distance z for this case is simple and made in
accordance with the relation:

Z, = T;,Sin @ (1)

where: the distance z, is determined on the roll-
ing radius 7 that is parallel to the axis of
rotation.

The above method of z determination was
developed for a plane perpendicular to the min-
imum distance. The axial displacement z_ reach-
es its maximum value for this case. However,
the same approach cannot be employed to deter-
mine the distance in any plane, which is a must
in gear simulation.

Determination of the axial displacement z_
in any plane

Figure 2 shows the spatial view of the position
of a gear with eccentricity radii r,, and r, defined
in the bearing planes. The gear with a rolling ra-
dius 7, is denoted by the blue circle (plane x,).
The axis of symmetry of the gear is located in the
circles described by eccentricity radii 7,, and r,.
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Figure 1. Axial displacement z, of gear teeth due to eccentricity

The green circle (plane 7 ) represents the position
of the gear with eccentricity perpendicular to the
axis of rotation. The blue and green circles have a
common centre denoted by O. The intersection of
the blue and green circles (as well as of the planes
m, and 7 ) forms a common edge through which
anaxis R _is drawn. The position of both the R
axis and the minimum distance r,depends on
the axes of symmetry and rotation of the gear.
The R axis is always parallel to the minimum
distance r . The determination of the minimum
distance, its position and other eccentricity-relat-
ed quantities is discussed in [17].

Plane of the bearing 1

Axis of the gear symmetry

Zis of the

gear rotation

A plane 7 is defined on which the distance x,
should be determined. The 7 plane is parallel to
the axis of rotation of the gear and passes through
the point O. It is inclined relative to the R = axis
by any angle ¢ . The point b is a result of the in-
tersection of the 7 plane and the blue gear with a
rolling radius 7. By projecting the b point onto
the green gear, we can calculate the distance z,
= |bb"|. To facilitate the determination of the z_
distance, the points b and 5" are projected onto
a plane x, , which yield points b, and b",. The =,
plane is parallel to the axis of rotation of the gear,
passes through the point O and is perpendicular to

Plane of the bearing 2

Figure 2. Axial displacement z_ of gear teeth due to eccentricity, as determined for a plane
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the R axis. The distances between the points are
therefore equal to z, = |bb"| = [b,b,"|

To determine the distance z, it was first neces-
sary to establish a relationship between the angles
¢, and ¢,. Figure 5 shows the gears in orthogonal
projections. A point ¢ is introduced, belonging to
the green circle and the 7 plane. The ¢ angle lies
in the green circle’s plane (z,) and is defined be-
tween the arms of the angle formed by the R axis
and the Oa length. Similarly, the ¢, angle lies in
the blue circle’s plane (7,) and is defined between
the arms of the angle formed by the R = axis and
the Ob length. The points a and b lie at the same
distance from the centre O. After that, a point ¢ was
introduced, and the b point was projected onto the
7, plane, giving rise to a point b', as shown in Fig-
ure 3. For these points, the angle between the arms
defined by the R  axis and the Ob length is equal
to ¢,. The relationship can be written:

Cbll
tan @, = ||0c|| (2)
and
|cb’|
tan ¢, = I 3)
Transforming Equations 2 and 3, we get:
lcb"|
tan o, = m tan @, 4)
Then, from Figure 3 b) it follows:
lcb"”|
COs gy =T (5)

It should be noted that |ch| = |cb'|, so the rela-
tionship between the angles ¢ _and ¢, is:

tan ¢, = cos @; tan @, (6)
It was assumed that the ¢ angle is the known
angle equal to pinion rotation, hence we finally get:

_ tan Pa
oy = tan (L )

Knowing the relationship in (7), we can cal-
culate the distance |Ob )
|0b, | = 7, cos(@pp) (8)
where: ¢, = 90— ¢,

b

2

Figure 3. Relationship between the angles ¢_and ¢,.
Front view a) and top view b)

Finally, the displacement z_can be written as:

. (tang .
Z, = T, COS (90 —tan™?! (cos q:)) sing; (9)

Differentiating Equation 9, we obtain a rela-
tionship describing velocity:

. dz . 1, tangg sing; (tan(@,) + 1)
Zo = = ~Pa
dgq 2 3 (10
cos? ¢, (222(5)“ + 1) )
!

and by further differentiation and transforma-
tion we obtain the equation (11) for acceleration:

The proposed research can be presented in
simplified way by block diagram (Figure 4).

. d*z . )
Z, = —d<p2 = —1, sin@; (tan*(¢p,) + 1)
a
- 3 -2 2 2 2 2 3 2 2 2 - 2
Qg tan” @q Qg tan® @q + @5 cos” @, + 3¢z tan” @, cos” @ + Pg tan @, cos” @, (11)
tan?(¢@,) 5/2
cos*g, (—cosz ¢"; + 1)
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DETERMINATION OF AXIAL
DISPLACEMENT Z , VELOCITY ZO AND
ACCELERATION Z, FOR TWO CASES
OF ECCENTRICITY

A numerical analysis was conducted to show
the effect of eccentricity on the kinematic parame-
ters associated with the axial movement of the teeth
(along the axis of rotation) during mesh. The fol-
lowing operating conditions and gear parameters
were used in the analysis: 7 = 3000 rpm, z, = 61, m
=3 mm, o = 20°, /=100 mm, re/ =300 um . Two
simulations were performed.

The first simulation was performed using the
eccentricity angles ¢, = 0°, ¢ , = 180° and treat-
ing the gear as a flat element located at /, = 0.5.
For these conditions, the radius of eccentricity is
r. =0, which means that only axial movement
occurs. Figure 5 shows the axial displacement z_
during one revolution of the pinion. The ampli-
tude of the displacement is 549 um, and the total

Real position of the gear-

Position of the gear perpendicular
to the axis of rotation

SRS

l, 25
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Application to friction

displacement is almost 1.1 mm. The maximum
velocity z is 0.17 m/s (Figure 6) and the maxi-

mum acceleration Z, is 54 m/s?.

In the second simulation, the values of the ec-
centricity angles were changed to ¢, = 50° and
@,, = 130°. Other parameters were left unchanged.
The axial displacement z_ (Figure 8) from the po-
sition 0 is 353 um and the total displacement is
706 pm. The maximum value of the velocity Z is
0.11 m/s (Figure 9) and the maximum accelera-

tion Z, is equal to 35 m/s? (Figure 10).

In both simulations, the axial displacement z_
is higher than the eccentricity radius 7, . The axial
velocity Z is not high compared to typical slip ve-
locities of gear teeth. On the other hand, the axial

acceleration Z, is as high as several tens of m/s
and these values should be considered significant
and affecting the gear dynamics. The values of the
motion parameters obtained in the second simula-
tion are lower than in the first one.

zo = |0by|sin ¢,

7, tan @, sin @, (tan?(p,) + 1)

tan? ¢ e
2 a
cos? @ (c052 2 + 1)

Zop = —Qq

Analytical equations of
kinematic parameters

v

0.15

Velocity 2, [m/s]

0 30 60 90 120 150 180 210 240 270 300 330 360
Pinion angle of rotation ¢, [deg]

Model analysis

Figure 4. Block diagram
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Figure 5. Determination of the displacement z, for one revolution of the pinion
and the angles ¢, = 0°, ¢ , = 180°
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Figure 6. Determination of the velocity Z_ for one revolution of the pinion
and the angles ¢ , = 0°, ¢ , = 180°
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Figure 7. Determination of the acceleration Z, for one revolution of the pinion
and the angles ¢ , = 0°, ¢ , = 180°
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Figure 8. Determination of the displacement z, for one revolution of the pinion
and the angles ¢ , = 50°, ¢ , = 130°
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Figure 9. Determination of the velocity z for one revolution of the pinion and the angles ¢, = 50°, ¢ , = 130°
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Figure 10. Determination of the acceleration Z, for one revolution of the pinion
and the angles ¢, = 50°, ¢ = 130°.
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ANALYTICAL DYNAMIC MODEL AND
SIMULATIONS OF THE OPERATION OF
GEARS WITH AXIAL FRICTION

The proposed analytical dynamic model is an
extension of the model presented in [17]. Equa-
tions 12 and 13 have been added to reflect the de-
grees of freedom associated with the movement
of the shafts along the z-axis of rotation. For this
case, parameters like contact ratio and centre dis-
tance are dependent on the pinion angle of rota-
tion, and not on time as in previous simulations.

In spur gears, bearings are used for carrying
transverse loads. These are usually ball bearings
or cylindrical bearings. In this study, ball bear-
ings were assumed. Ball bearings can carry axial
loads to a small extent. They are designed such
that the radial backlash is small and consistent
with the bearing size and type, while the axial
backlash is greater than the radial one. Based on
previous studies [21] and measurements, the to-
tal backlash was set equal to 0.1 mm in the sim-
ulation. The backlash model was consistent with
that presented in [17].

The equations of axial motion:

MypZpcom + Fp12z = Frz (12)
MgZgcom + Fpzzz = Frz (13)

where: F, is the friction force acting along the
z-axis (along the axis of shaft rotation),

F, .. is the reaction force of bearings 1

and 2.

0.08

Mesh friction was described by a simplified
Coulomb friction model. The resultant friction
force was divided into two directions: along
OLOA and along the z-axis of rotation. The total
friction force was maintained constant and equal
to the product of the friction coefficient and the
contact force. The basic parameters used in the
simulation were as follows:

e eccentricity radii », =7, = 0.3 mm,

e eccentricity angles ¢, = 0°, ¢ , = 180°,
e backlash b, = 0.1 mm,

e friction coefficient ;= 0.015.

In the second simulation, the friction coeffi-
cient value was changed to p = 0.15. Obtained
results are plotted, showing the time variations
of a given variable, its RMS and maximum val-
ues. The variables were the pinion displacement
and the friction force along the z-axis.

Figure 11 shows the results of pinion dis-
placement in a function of time. An increase in
the friction coefficient causes and increase in the
vibration frequency, and the pinion movement
becomes more regular.

An analysis of the data in Figure 12 reveals
that the maximum value of displacement from the
equilibrium position for the friction coefficient
=0.015 is 0.054 mm, while for the friction coeffi-
cient p=0.15 it is equal to 0.074 mm. The change
in the displacement value is much smaller than
that obtained for the friction coefficient, which
results from the assumed backlash. The RMS val-
ues are 0.029 mm and 0.039 mm, respectively.
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Figure 11. Displacement of a pinion along the z-axis for different friction coefficients
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Figure 12. Comparison of RMS and max values for pinion displacement along the z axis
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Figure 13. Friction force along the z-axis

The friction force as a function of time is plot-
ted in Figure 13. This is a component of the fric-
tion force in the z-axis direction corresponding
to the pinion’s axis of rotation. The effect of the
friction coefficient value on the friction force is
very significant.

The maximum friction force is 12 N for the
friction coefficient p = 0.015 and 119 N for the
friction coefficient = 0.15 (Figure 14). The RMS
value is 3 N and 31 N, respectively. These results
are as expected, and the friction force is directly

proportional to the friction coefficient. The fre-
quency of variations in the friction force depends
on the pinion rotational speed and the direction of
z-axis displacement.

CONCLUSIONS

The main objective of the study was to de-
velop an analytical model that would allow con-
sidering gear teeth movement along the axis of
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50

Friction force along z axis (N)

rotation for a case of general eccentricity with

non-parallel axes. In Sections 3 and 4, numerical

simulations were performed to validate the de-
rived relationships and developed models.

Detailed conclusions are as follows:

e [t should be noted that the axial movement pa-
rameters depend on two main factors, namely
the rolling diameter of the gear and the angle ¢,
In turn, the ¢,angle depends on the centre dis-
tance and the value and position of eccentricity.
The effect of the axial displacement of the gear
will be much greater for helical gears and will
directly affect the contact point position due to
the tooth profile shape. Consequently, the gear
ratio error will increase, which will translate
into increased vibration and noise.

e The occurrence of axial motion significantly
alters the impact of the friction force. In the
absence of eccentricity and for a case of ec-
centricity with parallel axes, the friction force
only occurs along the OLOA direction. For
eccentricity with non-parallel axes, the fric-
tion force can be divided into two force com-
ponents: the first one acting along the OLOA
direction and the other along the axis of gear
rotation (in simplified terms). Assuming the
Coulomb friction model, this results in a
twofold reduction in the value of the com-
ponent along the OLOA, as the total value
of the friction force will not change. In addi-
tion, the changes in the senses of the friction
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RMS

Figure 14. Comparison of RMS and max. value for friction force along the z-axis

force components occur at different times (for
which case the value equals zero), resulting
in a sudden increase in one component. A de-
scription of the friction force becomes even
more complicated. The models which inves-
tigate the effect of friction on gear dynamics
without taking the axial movement of gear
teeth into consideration will not describe the
occurring phenomena correctly, as there will
be additional axial movement of the gears and
shafts caused by the friction force.

The results of this study can serve as a basis
for further research into gears, where the effect of
gear eccentricity cannot be ignored. Future work
will be carried out to investigate other phenome-
na that are present in the case of gear eccentricity
with non-parallel axes.
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