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INTRODUCTION

The impact of solid bodies is a rapid me-
chanical process. Despite its short duration, 
significant forces of dynamic interaction 
arise during an impact, which can lead to the 

destruction of structural elements, particularly 
those made from brittle materials. This creates 
a challenge in ensuring the strength of airplane 
glass when colliding with birds in mid-air, as 
well as the durability of the coverings and glass 
of other vehicles. Similarly, impacts from hail 
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can damage fruits and vegetables, posing a 
problem that requires appropriate calculations. 
Such calculations are also necessary in cases 
where mechanical impact plays a key role in 
technological processes, such as forging in 
mechanical engineering, driving piles in con-
struction, using jackhammers in mining, etc. 
Additionally, mechanical impact is involved in 
certain methods of separating seed mixtures in 
agricultural production. Thus, mechanical im-
pact frequently occurs in human activities, and 
its modeling is an important scientific and ap-
plied problem.

There are several variants of impact theo-
ry [1, 2]. The first to emerge historically was 
the stereomechanical theory, which is based 
on general mechanical theorems and energy 
principles. An important physical characteris-
tic in this theory is the velocity restitution co-
efficient, which is often used in calculations. 
However, stereomechanical theory does not 
allow for determining the duration of the im-
pact or the force of the impact interaction, as 
it assumes the impact to be instantaneous and 
replaces the concept of force with its impulse. 
A second variant is the wave theory of im-
pact, which studies the propagation of elastic 
and elastoplastic waves in bodies subjected to 
impact. Determining the impact force and its 
duration became possible with the advent of 
the quasi-static theory, which assumes that dur-
ing the impact, waves travel several times the 
distance characterizing the size of the body. A 
hybrid version of the theory, combining quasi-
static and wave theories of impact, has found 
wide practical application [3, 4].

The second common approach to improv-
ing impact theories involves replacing elas-
tic bodies with viscoelastic ones. This model 
was initiated in [5] and explored with certain 
variations in [6–8]. In this model, the velocity 
restitution coefficient depends on the initial im-
pact velocity, which is confirmed in practice [9, 
10], where it decreases as the collision velocity 
increases.

The third direction of modifying the clas-
sical theory involves accounting for hysteresis 
energy losses during the dynamic deformation 
of bodies [11]. In such models, the velocity res-
titution coefficient is less than one, but it does 
not depend on the impact velocity, which is a 
certain drawback of the model.

The fourth direction is related to the con-
sideration of dry friction [12, 13], which can 
be regarded as positional friction, as the value 
of the friction force depends on the displace-
ment of the bodies. Despite its drawbacks, this 
model is relatively simple, and with proper 
identification of the coefficients, it can pro-
vide adequate results. We will further develop 
this direction, but unlike the general solution 
of the problem in quadratures [14], we will 
construct a closed analytical solution, limiting 
ourselves to a class of power-law nonlineari-
ties that correspond to the theory of contact de-
formations of elastic bodies [15]. This solution 
is expressed through periodic Ateb functions, 
which have gained popularity in the theory of 
nonlinear oscillations [16–19], and recently in 
the theory of mechanical impacts [20, 21]. Due 
to the availability of compact approximations 
of these special functions, there are no diffi-
culties in the numerical implementation of the 
analytical solution. 

The goal of this paper is to develop a math-
ematical model of a dissipative collinear im-
pact of elastic bodies with positional friction, 
which considers the results of experimental 
determination of the velocity restitution coef-
ficient. It should be noted that determining this 
coefficient is one of the simplest tasks when 
measuring the parameters of a transient me-
chanical process.

MATHEMATICAL MODELS

The proposed model considers the depen-
dence of the velocity restitution coefficient on 
the initial impact velocity, which enhances the 
adequacy of the modernized theory compared to 
its classical version. To achieve these aim, the 
following tasks have been outlined:
	• Mathematical modeling of the dynamic com-

pression of bodies.
	• Mathematical modeling of the dynamic de-

compression of bodies.
	• Performing calculations and conducting a 

comparative analysis of numerical results.

The modeling is based on the theory of non-
linear differential equations, the construction 
of their exact analytical solutions using special 
functions, and the approximation of these spe-
cial functions by elementary functions.
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Mathematical modeling of dynamic compression of bodies 

In accordance with the quasi-static theory of impact, this process is described by the following 
differential equation: 

Мх̈ + с1xa= 0,      (1) 

where: 
21

21

mm
mmM
+

= , 1m , 2m  – the masses of the bodies involved in the impact; ( )txx =  – the 

approach of the bodies’ centers of mass as a function of time t ; ccc ∆+=1 , 0>c , 0>α  – constants 
that depend on the materials of the bodies and the shape of the boundary surfaces in the contact region, 
in accordance with the solution to the contact problem in elasticity theory [22]; 0>∆c  – positional 
friction constant; A dot above a variable x  denotes its derivative with respect to t . 

Let’s assume that the velocity restitution coefficient K is determined experimentally. Then, с∆  can 
be easily calculated using the following formula: 

c
K
Kс 2

2

1
1
+
−

=∆ . 

Assuming that the collision of the bodies occurs at velocity 0v , Equation 1 is supplemented with 
the initial conditions: 

х(0) = 0;х̇(0) = ν0       (2) 

To obtain the analytical solution of the problem given by expressions (1) and (2), we rewrite 
Equation 1 as: 

𝑥̈𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 = −
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M
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Next, we write it in a form convenient for integration: 

𝑑𝑑𝑑𝑑 𝑑
𝑥̇𝑥𝑥𝑥2

2
� = −

с1

M
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By integrating, we find, up to a constant c: 

𝑥𝑥𝑥𝑥𝑥 2 = 𝑐𝑐𝑐𝑐 −
2с1

M
⋅
𝑥𝑥𝑥𝑥a+1

a+1
. 

Taking into account the initial conditions (2), we determine the unknown constant c which equals 
2
0v . Thus: 

𝑥𝑥𝑥𝑥𝑥 =
𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= ν0⋅�1−
2с1

𝑀𝑀𝑀𝑀ν0
2 ⋅
𝑥𝑥𝑥𝑥a+1

a+1
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At the point of maximum compression x= xc, the relative velocity of the bodies x = 0. Therefore, 
from the last formula, it follows that: 
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This is the expression for the maximum compression of the bodies during impact. By further 
integrating the velocity x, we obtain: 

tv
y
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c
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By switching to a new integration variable 
cx

yu = , we reduce the second integral of Equation 1 

to the following form:  
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Its left side represents the integral form of the Ateb-sine function [20, 23, 24]. Therefore, the 
analytical solution of Equation 1, considering the initial conditions (2), is expressed through this special 
function and is as follows: 
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where: 𝑥𝑥𝑥𝑥с = �Mνa
2

2
· a+1

c1
�

1
a+1 is the maximum approach of the centers of mass achieved at the end of the 

compression process t = ta. 

Duration of the compression process ct , at the end of which cxx = , is equal: 

0v
Ix

t c
c = ,      (4) 

where 
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where: G(z) is gamma functions, tabulated in [25, 26]. 

To calculate the body compression forces ( )tP , we have the formula: 
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cxcP cc  is maximum value of the force ( )cc tPP = . 

 

Mathematical modeling of dynamic decompression of bodies 

It occurs on an interval ( )yc ttt ;∈  and is described by the differential equation: 

М𝑥𝑥𝑥𝑥𝑥+с2xa=0,      (7) 
where: ccc ∆−=2 . 

Initial conditions for (7) are: 
х(tc)=𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐; 𝑥̇𝑥𝑥𝑥(tc)=0     (8) 

The Cauchy problem given by expressions (7) and (8) was also considered in [23], and differs from 
the one previously solved by the initial conditions. Therefore, it is necessary to construct its analytical 
solution anew. The first integral of Equation 7, considering conditions (8), has the form: 

𝑥𝑥𝑥𝑥 =
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Its second integral is: 
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Next, we’ll move on to the new integration variable 
cx

y=ξ  considering that: 

2
12 Kcc = ; ( )

2
1
02
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+=
+ αα
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M

c
. 

Then, the second integral of the equation of motion takes the form: 
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x
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. 

Its left part is an integral representation of the Ateb-sine [20, 23, 24]. Therefore, the analytical 
solution of the problem at the decompression stage is expressed through this special function and has 
the form: 
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Calculating the impact force during decompression of bodies is reduced to the use of the formula: 
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If ctt = , the force of dynamic interaction of bodies has a height jump: 

( ) ( ) αα
cccc xcxccPPP ∆=−=−=∆ 221

* . 
The process of decompression ends when: 
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This is the formula of impact duration. 
 

RESULTS AND DISCUSSION  
Using the presented theory, its numerical implementation was carried out. For calculations ( )tx  and 

( )tP  according to formulas (3), (6) and (9), (10) it is necessary to have the values of the periodic Ateb-
functions. If we limit ourselves to approximate results, then these values are quite simple to obtain using 

their approximations in the first quarter of the period [ ]I;0∈η : 
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Here: 
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where: I  is determined according to the formula (5). 
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Let’s consider the examples. 

Example 1 

We take the same input data as in the paper [14], where: M = 0.1 kg; E1 = 0.8⋅107Pa; ν1 = 0.5; E2 = 
2750⋅107Pa; ν2 = 0.15; c = 2.1873⋅106Nm-3/2; K = 0.73; a = 2/3. For these data c1 = 2.8538⋅106Nm-3/2; c2 

= 1.5208⋅106Nm-3/2. The calculated values of the characteristics when a rubber ball hits a concrete half-
space with different speeds are given in Table 1. 

 
Table 1. Impact characteristics at various ( )73,00 =Kv  

ν0, m/s 103 xc, m Pc, N Pc
*, N 103 tc, s 103 ty, s 

1 1.139 109. 70 58.46 1.676 3.972 

2 1.983 252.00 134.30 1.459 3.458 

3 2.743 409.98 218.48 1.346 3.190 

4 3.453 579.05 308.59 1.270 3.010 

5 4.128 756.89 403.36 1.215 2.879 

Note: Using formulas (4) and (11), when determining ct and yt , in the formula (5) applied: G(0.4) ≈ 2,21825; 

G(0,9) ≈ 1,06867. Thus, I ≈ 1,47164. 
 

To compare the results, we use graphs ( )tP  and ( )tx  (Fig. 1), taken from the paper [14]. The 
results presented in Table 1 are completely consistent with those on the graphs (Fig. 1), because they 
coincide with them as extreme points. 
 

 
Figure 1. Dependencies of deformation (a) and contact force (b) on time at ( ) ( ) ( ) ( ) ( )55 ,44 ,33 ,22 ,110 =v  m/s 

 
To evaluate the effect of positional friction on the impact process, Table 2 shows the results of 

calculations according to the classical theory when 1=K ; ccc == 21 ; *
cc PP = ; cy tt 2= . 

Table 2. Impact characteristics at various ( )10 =Kv  

ν0, m/s 103 xc, m Pc = Pc
*, N 103 ty, s 

1 1.267 98.64 3.729 

2 2.206 226.63 3.246 

3 3.051 368.61 2.993 

4 3.841 520.69 2.826 

5 4.592 680.57 2.703 

 
By comparing the results in Table 1 and Table 2, it was established that considering positional 

friction leads to a decrease in the maximum compression of bodies, an increase in the maximum impact 
force and the compression process over time. 
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To calculate ( )tx  and ( )tP  according to formulas (3), (6) and (9), (10) it is necessary to have 
values of periodic Ateb-functions. They can be obtained according to formulas (12), in which it is 
necessary to introduce: a = 3/2; B = –0.02613; C = –0.00207; I = 1.47164. 

Information about the accuracy of approximations (12) is given in Table 3, where along with the 
conditionally accurate ones (up to 410− ), the approximate values of the periodic Ateb-functions in the 
first quarter of their period are given in brackets. 

 
Table 3. Accurate and approximate values of Ateb-functions 

η/I 10·Sa(3/2, 1, 5/4η) 10·Ca(3/2, 1, 5/4η)  

0.0 0.000 (0.000) 10.000 (10.000) 

0.1 1.470 (1.472) 9.865 (9.866) 

0.2 2.924 (2.945) 9.466 (9.468) 

0.3 4.334 (4.333) 8.818 (8.821) 

0.4 5.667 (5.665) 7.947 (7.949) 

0.5 6.884 (6.884) 6.884 (6.884) 

0.6 7.947 (7.949) 5.667 (5.665) 

0.7 8.818 (8.821) 4.334 (4.333) 

0.8 9.466 (9.468) 2.924 (2.925) 

0.9 9.865 (9.866) 1.470 (1.472) 

1.0 10.000 (10.000) 0.000 (0.000) 

Note: Approximations (12) ensure accuracy to three significant digits after the decimal point. 
 
It is not difficult to make sure that the data given in Table 3 correspond to the graph ( )tx s (Fig. 1). 

Example 2 

Keeping the previous characteristics of the materials and the mass of the body hitting the half-
space, in example 1 we will change only the contact surface of the second order to the contact surface 
of the fourth order 4

1 Arz =  where 0>A  and r  is a radial coordinate (Fig. 2). 
 

 
Figure 2. Scheme of contact interaction of bodies bounded by smooth surfaces 

 
Using the solution of I.Ya. Steyerman [22], we obtain the formula for calculating the stiffness of 

the system: 
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The force of interaction of bodies P  also remains a power function of the convergence of the 
centers of mass of bodies 

αxCP ⋅=       (13) 
where: 4

5=α . 

But taking into account the positional friction, as before, at the stage of compression it is necessary 
to replace с  with 1с , and at the stage of compression – сwith 2с . 

Let’s consider the geometric parameter to be 410=A  m-3, and the impact of the bodies to occur at 
the initial speed 50 =v  m/s. With such numerical data: c = 1.3350⋅106Nm-5/4; c1 = 1.7418⋅106Nm-5/4; c2 

= 0.9282⋅106Nm-5/4. The calculated impact parameters are: xc = 0.002666 m; Pc = 1055.05 N; Pc
* = 

562.23 N; ty = 0.001916 s. They are significantly different from those given in Table 1 when 50 =v  m/s. 
Therefore, the geometry of the boundary surfaces in the contact area can significantly affect the impact 
characteristics.  

To get ( )tx  and ( )tP  when 4
5=α , we need to know the value 








⋅

cx
tv

Sa 0

8
9;1,

4
5  and 








⋅

cx
tv

Сa 0

8
9;1,

4
5 . 

They can be approximately calculated using formulas (12), but we need to apply: B = –0.01350; C = –
0.00139; I = 1.51640. The value І  was calculated according to the formula (5) taking into account that 
G(4/9)≈1.99289 and G(17/18)≈1.03529. 

Information about the accuracy of such trigonometric approximation is given in Table 4, where 
along with the exact values, the results of using formulas (12) are given in brackets.  
 
Table 4. Exact and approximate values of special functions 

η/I 10·Sa(5/4, 1, 9/8η)  10·Ca(5/4, 1, 9/8η)  

0.0 0.000 (0.000) 10.000 (10.000) 

0.1 1.513 (1.512) 9.871 (9.872) 

0.2 3.001 (3.002) 9.488 (9.490) 

0.3 4.431 (4.431) 8.864 (8.866) 

0.4 5.768 (5.767) 8.017 (8.019) 

0.5 6.975 (6.975) 6.975 (6.975) 

0.6 8.017 (8.019) 5.768 (5.767) 

0.7 8.864 (8.866) 4.431 (4.431) 

0.8 9.488 (9.490) 3.001 (3.002) 

0.9 9.871 (9.872) 1.513 (1.512) 

1.0 10.000 (10.000) 0.000 (0.000) 

 
As we can see, the differences between exact and approximate values of the Ateb- functions in this 

table are not significant. 

Example 3 
By analogy with studies [21], consider the collinear impact of bodies, when there is a special point 

on the boundary surface of one of them, in which there is an infinite curvature of the surface. At the 
same time, we additionally take into account positional friction, which corresponds to the specified 
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coefficient of speed recovery. The equation of the surface with a singular point has the form 2
3

1 Arz =  
where 0>A , r  – radial coordinate (Fig.3). To calculate the stiffness of the system, we have the 
formula: 

C≈ 0.81180
A2/3�Q1+Q2�

/ 

Impact force, as in formula (13), remains a power function x , but now 3
5=α . 

 

 
Figure 3. Contact of bodies with a singular point on the surface 

 
For calculations, we take the same input data as in the previous examples, setting 5=A  m-1/2; 

73,0=K . These data correspond to: c = 2.9603⋅106Nm-5/3; c1=3.8624⋅106Nm-5/3; c2 = 2.0582⋅106Nm-

5/3. At the initial impact speed ν0=5 m/s we get: xc = 5.3212⋅10-3 m; Pc=626.4273 N; Pc
*=333.8113 N; ty 

= 3.647⋅10-3 s. When calculating yt  according to the formula (11) we took into consideration that in the 

formula (14) I = 1.445927. In Example 3, value cx  is bigger, and values cP  and *
cP  are than in the 

previous examples, which is a consequence of reducing the stiffness of the system due to the presence 
of a singular point in the area of contact of bodies. For calculation ( )tx  і ( )tP , it’s necessary to calculate 

the value 







⋅

cx
tv

Sa 0

3
4;1,

3
5  and 








⋅

cx
tv

Сa 0

3
4;1,

3
5 . For this, we can use formulas (12) where now B = 

–0.02613; C = –0.00207; I = 1.47164.  

To obtain information about the errors of formulas (12), the approximate values were compared 
with the accurate values obtained in [21] by numerical integration of the impact equation on a computer. 
The results of the comparison of the approximate values with the accurate ones are given in Table 5. 
 
Table 5. Accurate and approximate values of the ratio x(t)/xc  

ν0t/xc 
Value x(t)/xc according to 

ν0t/xc 
value x(t)/xc according to 

[21] f. (3), (12) [21] f. (3), (12) 

0.3615 0.3582 0.3582 1.0845 0.9149 0.9153 

0.7230 0.6826 0.6826 1.4459 1.0000 1.0000 

 



34

Advances in Science and Technology Research Journal 2025, 19(7), 25–35

The analysis of data in Table 5 proved a good 
consistency of the calculation results of x(t) by 
the both methods. The calculations according to 
formula (12) confirmed the high accuracy of the 
approximations. Therefore, the numerical imple-
mentation of formulas (3), (6) and (9), (10) does 
not cause complications.

The developed dissipative impact model is 
quite general. It allows to make calculations of 
collinear impacts of solid bodies, bounded by 
various surfaces. The inclusion of positional fric-
tion does not change the system’s nonlinearity in-
dex. It remains the same as in the case of perfectly 
elastic impacts, but in the dissipative model, the 
processes of dynamic compression and decom-
pression of the bodies differ quantitatively due to 
the varying stiffness of the system at these stages.

Since the velocity restitution coefficient is 
specified as an input parameter in the proposed 
model, its dependence on the impact velocity, 
which is the focus of the calculation, is account-
ed for a priori. As a result, the proposed theory 
avoids the drawback of known dissipative impact 
models, in which the velocity restitution coeffi-
cient is not predefined but is calculated based on 
the determined stiffness characteristics of the sys-
tem during the dynamic compression and decom-
pression phases of the bodies [27]. In such mod-
els, the restitution coefficient does not depend 
on the impact velocity, which contradicts well-
established experimental data. Thus, by altering 
the problem’s formulation, this model eliminates 
that shortcoming, thereby improving its accuracy 
and adequacy.

CONCLUSIONS

Based on the results of calculations and anal-
yses, the following conclusions were presented:

1.	Closed-form analytical solutions for impact 
equations during the compression and decom-
pression phases of bodies, considering dry po-
sitional friction, have been constructed using 
Ateb-functions.

2.	Compact trigonometric approximations of 
periodic Ateb-functions have been proposed, 
significantly simplifying the numerical imple-
mentation of the analytical solutions.

3.	It has been established that the inclusion of 
positional friction has a significant impact on 
the calculated impact parameters. It reduces 

the maximum approach of the bodies’ centers 
of mass, increases the maximum impact force, 
and extends the duration of the dynamic in-
teraction. These parameters also depend sig-
nificantly on the shape of the bodies’ boundary 
surfaces in the contact area.

4.	Modifications were made to the formulation 
of the dissipative impact problem, where the 
velocity restitution coefficient is now treated 
as an input parameter for the calculations. 
The dependence of the restitution coefficient 
on the initial impact velocity must also be 
considered.
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