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ABSTRACT

This paper deals with the development of a new formula for the critical moment (M) of lateral torsional buckling
of a beam for extreme conditions of its support for bending M, (i.e. simply support or complete restraint) and
simultaneous occurrence of elastic restraint against warping (x,) and against lateral rotation (x,) at the supports.
For specific parameters (x_, x,) defining the boundary conditions of lateral torsional buckling of the beam, the
full and mutually independent range of elastic restraint degrees was taken into account, from their complete free-
dom (x, = 0, x, = 0) to their complete fixity (x, = 1, x, = 1). Single-span beams with a hot-rolled bisymmetric
I section (or its welded equivalent) were considered. The most common beam loading schemes encountered in
engineering practice were taken into account. In constructing the new approximation formula, the concept of the
integrated interaction coefficient was used according to the idea presented in the previous work of the authors.
Small percentage differences of the estimated M_(x , x, ) values, compared to finite element method (L7BeamN),
allow us to conclude that the proposed new formula gives sufficiently accurate results. The algorithm used in this
paper to create approximation formulas may allow for taking into account a larger number of degrees of beam
elastic restraint. The subject of further research will be the interactive consideration of three technically important
conditions of elastic beam restraint, i.e. elastic restraint of warping, elastic restraint of lateral rotation (rotation in
the lateral torsional buckling plane) and elastic restraint of rotation relative to the major axis of the cross-section
(rotation in the bending plane).

Keywords: critical moment of lateral torsional buckling, elastic restraint against warping, elastic restraint against
lateral rotation, approximation formulas.

INTRODUCTION

The development of modern methods of de-
signing metal structures tends to more and more
accurately represent the actual behaviour of the
structural element in the engineering computational
model. In this case, numerical simulations using the
finite element method (FEM) as well as analytical
calculations and approximation formulas are used.
The developed formulas are used to verify numeri-
cal simulations, and in many technically important
cases can be used for basic design. Currently, there
is a trend in theoretical research aimed at developing
exact or approximate formulas used to verify FEM
calculations, e.g. [1-5]. This approach improves the
safety of the structure already at the design stage.

One of the important research directions in the
field of design of bending elements is to take into
account the actual support conditions of beams
sensitive to lateral torsional buckling (LTB). So far,
the commonly accepted scheme of the so-called
“fork” support is in many cases inadequate. Such
beams are found, for example, in frame structures,
flat or spatial frames and in grillages.

An important design parameter of the trans-
versely loaded steel beams is the elastic critical
resistance due to the LTB condition. A convenient
measure for design calculations of this resistance
is the elastic critical moment (M ). On the basis
of M_, the so-called relative slenderness (/TT) and
the reduction factor (X, ,) influencing on the design
resistance of the beam from the lateral torsional
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buckling condition are determined. This way of
taking into account the phenomenon of instabil-
ity and the impact of inevitable imperfections is
widely accepted in European standards [6, 7] for
the design of steel structures.

The M, elastic critical moment of the beam
depends, among others, on: a) the type and ge-
ometry of the cross-section, b) the beam loading
method (the My moment distribution), ¢) the or-
dinate of application of the transverse load at the
cross-section height, and d) the method of beam
restraint at support nodes. A concise list of articles
describing the influence of selected factors on the
critical moment of lateral torsional buckling of a
beam can be found, among others, in [8—10].

In the previous works of the authors [9, 11, 12]
the influence of different configurations of elastic
restraints in the beam support nodes on its elastic
critical moment resulting from the LTB condition
was analyzed. In the study [11], only the influence
of elastic restraint against warping of beam cross-
section at the support nodes was taken into account.
The tests considered simply supported beams in
bending both about the minor (z-z) and major (y-))
axis of the cross-section. In this case, the original
“coupling” of a certain group of power polynomials
was used to approximate the torsion angle function
(¢). To determine the M _, the energy method [13] in
the Rayleigh-Ritz formulation was used. Based on
symbolic “computations”, an approximation formu-
la for M was derived. The results of the analytical
solution [11] were confirmed using FEM (LTBeam,
Abaqus) and the formulas available in [14].

In the paper [12] the interaction of elastic re-
straint against warping and elastic restraint against
rotation in the plane of lateral torsional buckling
(lateral rotation) was considered. The studies con-
cerned single-span and simply supported beams at
bending M, in which independent of each other
elastic fixity indexes against warping and against
lateral rotation (i.e. concerning the z-z axis) were
used. In the construction of an analytical model
based on the energy method [13], the polynomial
“coupling” proposed in the work [11] was used
both for the approximation of the torsion angle
function (p) as well as for the approximation of the
lateral deflection function (u). Efficient computa-
tional programs were developed, obtaining good
agreement of results compared to L7Beam (FEM).
Moreover, based on symbolic “computations” for
the first terms of the polynomial “series” (¢ and u)
approximation formulas were derived. A good ap-
proximation of M was obtained compared to the
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values obtained from LTBeam. However, the ob-
tained formulas have a much more extensive form
compared to the formulas derived in the work [11].
This is due to the use of two displacement func-
tions (¢, u), which extend the function of the total
potential energy of the system: beam with elastic
restraints — load.

In turn, the study [9] considered the inter-
action of elastic restraint against warping and
elastic restraint against rotation in the bending
plane M. Such beams occur, for example, in flat
frames. The elastic restraint against warping was
taken into account in the same way as in [11,12].
However, the elastic restraint against rotation in
the bending plane of the beam was taken into ac-
count in the form of a properly calibrated the co-
efficient of interaction. This approach proved to
be very effective and allowed for the determina-
tion of approximate formulas for M_, despite the
occurrence of the phenomenon of change of the
position of the maximum moment as a function of
the elastic index of fixity. Also, in this case, good
compliance of the designated M was obtained
compared to FEM (LTBeamN).

In this paper, a new formula for M _from the
LTB condition of beams for two extremely dif-
ferent support conditions in the bending plane M,
(i.e. simply support and bilaterally fixed) is devel-
oped, assuming their elastic fixing against warp-
ing and lateral rotation. Single-span beams with
a hot-rolled bisymmetric I section (or its welded
equivalent) were considered. For the above-men-
tioned nodal fixing parameters, the full and mutu-
ally independent range of variation of the degree
of elastic restraint was taken into account, from
complete freedom of warping to its complete pre-
vent and from complete freedom of lateral rota-
tion to its complete prevent. In the construction
of approximation formulas, the concept of inte-
grated interaction coefficient was used according
to the idea presented in the paper [9], which sig-
nificantly simplified the calculations.

Taking into account a total of three techni-
cally important conditions of elastic fixation (i.e.
taking into account also the stiffness of elastic fix-
ation to bending M ) will be the subject of further
research by the authors.

The following assumptions were made in this
work: (1) the single-span beams have a constant,
bisymmetrical hot-rolled I section or its welded
equivalent, (2) the same boundary conditions oc-
cur at both support nodes, (3) the three most typical
and most frequently encountered load schemes in
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engineering practice were taken into account, (4)

the conditions of elastic beam fixation in support

sections include one rotational (relative to the mi-

nor axis of the cross-section) and one warping de-

gree of freedom, with the simultaneous occurrence
of one of the two extreme boundary conditions for
bending M, (simply support or full restraint).

Compared to the solutions available in the lit-
erature, the paper offers an innovative approach
that takes into account:

e derivation of a new and simpler formulation
of the approximation formula for M (with
integrated interaction coefficient), while tak-
ing into account any degree of elastic restraint
of the stiffness of the nodes against: warping
and rotation about the minor axis of the cross-
section for two extreme support conditions
relative to the major axis of the cross-section
(simply support, full restraint),

e obtaining an analytical solution that allows
for relatively simple and sufficiently accurate,
from a technical point of view, consideration
of the actual behaviour of a steel beam sensi-
tive to LTB, which is part of a frame structure,
e.g. a grillage or frame,

e obtaining a solution constituting the starting
point and reference point for deriving ap-
proximation formulas on M taking into ac-
count the elastic impact of three, technically
important from the point of view of the design
of frame structures, elastic restraints, i.e. re-
straints against: a) warping, b) lateral rotation,
¢) rotation in the bending plane M.

Caution: The approximation formula derived
in the work [12] on M applies only to beams sim-
ply supported in the plane of the main bending M,
and has a much more extensive form compared
to the proposal presented in this work. In addi-
tion, the methodology of using the integrated in-
teraction coefficient adopted in this paper allows
for the mathematical unification of the proposed
formulas, which can potentially allow their exten-
sion to even more complex conditions of elastic
fixation in nodes.

BEAM FIXING CONDITIONS AT SUPPORT
NODES

An example of a static scheme of a single-
span beam fully restrained in bending (M} ) about
the major axis of the cross-section and loaded
with a concentrated force at the mid-span is
shown in Figure la. The analysis takes into ac-
count the elastic stiffness of the node (Fig. 1b)
against: a) warping a_ (red) and b) rotation in the
lateral torsional buckling plane o, (blue). Two ex-
treme boundary conditions for bending relative to
the axis of higher stiffness a (simply support o,
= 0 or full fixation & = o0) were also taken into
account (Fig. Ic).

The elastic stiffnesses a_ [9, 11, 12, 15, 16]
and o [12], express the values of generalized
cross-sectional forces (i.e. bimoment B and
moment M) caused by unit generalized dis-
placements (warping do/dx and lateral rotation
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Figure 1. (a) Static scheme of a beam loaded with concentrated force, (b) Elastic stiffnesses at the support node,
(c) Conditions for fixing the beam in the bending plane
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du/dx, respectively). The stiffnesses (o, )
varies from a = 0, = 0 in complete absence
of stiffness (“fork™ support) to a =0, a = o0 in
complete fixation.

The elastic fixities of beam are taken into ac-
count by means of dimensionless elastic restraint
indexes x_ [9, 11, 12] and x [12].

The dimensionless index of the elastic fixa-
tion against warping ¥, was determined on the
basis of o in the form [9, 11, 12] of:

a,l
Ko = 2El,+ayL (1)
where: L — beam span, £ — Young’s modulus,
I — warping constant, and a  — rigid-
ity of elastic restraint against warping
[9,11,12,15,16].

The index of elastic fixity against warping
changes is from ¥ = 0 for complete warping free-
dom to x, = 1 for full prevention of warping.

The dimensionless index of the elastic fixa-
tion against lateral rotation (i.e. in the LTB plane)
x, was determined on the basis of « as [12]:

ayl
T 2Bl tagl (2)

Ky

where: I_ — second moment of inertia in bending
about the z-axis, and o, — rigidity of elas-
tic restraint against lateral rotation [12].

The index of elastic fixity against lateral rota-
tion changes is from x, = 0 for complete lateral
rotation freedom to x, = 1 for full prevention of
lateral rotation.

The simple transformation of formulas (1)
and (2) allows the expression of stiffnesses (« ,
«,) in the function of indexes (x, k) according to
formulas [12]:

2K, Ely,
%= e 3)

2K, El,,
%o = GorgL

The static schemes of the beam adopted in the
analysis (Fig. 1c) take into account two extreme
conditions of its fixing in the M moment bending
plane (simply support . = 0, full fixation o, = o).
According to the [9] markings, the simply support
is described with the index x = 0 and the full fixa-
tion with the index x = 1.

THE PREVIOUS APPROXIMATION
FORMULA FORTHEM_,

The approximation formula for the critical
moment M LTB of a beam simply supported in
the bending plane (x, = 0), taking into account the
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elastic restraint against warping (0 <x_ < 1) and
the elastic restraint against lateral rotation (0 <«
< 1) was determined in [12]:

My =

“BiELzy+ [EL(B,GLI? + BEL, + BELZ) (4)

:l)1

B,L?

where: B,B,,B,,B,, D, — coefficients according to
Table 1, z,— ordinate of the point of trans-
verse load application with respect to shear
centre (see Fig. 1a), G — Kirchhoft’s modu-
lus, /,— Saint-Venant torsional constant.

Table 1 lists the B,, B,, B,, B, and D, coeffi-
cients for beams simply supported against bending
(x, = 0) and the most common loading schemes.

As already mentioned in the introduction, the
approximation formula (4) proposed in [12] al-
lows for obtaining a good approximation of M
compared to the values obtained from the L7-
Beam software. It should be noted, however, that
the obtained approximation formulas (see Table
1) have a very extended form. Moreover, the so-
lution proposed in [12] is dedicated only for sim-
ply supported beams. For this reason, in the next
chapter of the paper a new, simplified formula for
M (x , x,) for simply supported (x, = 0) or bilat-
erally fixed (x, = 1) beams is proposed.

A NEW FORM OF THE APPROXIMATION
FORMULA FORTHE M_ OF BEAMS
ELASTICALLY RESTRAINED AGAINST
WARPING (K ) AND AGAINST LATERAL
ROTATION (K))

To determine the M of the beams elastically
restrained against warping (x, ) and against lateral
rotation (x, ), the idea of an integrated interaction
coefficient presented in the works [2,9] was used.

The approximation formula for M can be
presented as:

My (Ko, 1) = Mer o (K, Ky = 0) +
Mo 16y = 1) = Morg (1 = 0)] i) )
where: M (x ,x = 0)—the LTB critical moment
for beam with complete freedom of lat-
eral rotation and a given value of the x
index, M (x , x, = 1) —the LTB critical
moment for beam with complete block-
age of lateral rotation and a given value
of the x_ index, (k) — the coefficient of
interaction determined for a given value
of the 0 <x, <1 index.
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Table 1. Coefficients B, B,, B,, B, and D, for simply supported beams (x, = 0) for M_ [12]

Item Static scheme

Coefficients

B, =1152- (12 — k) - (1.563 — 2.5k, + K3)
B, =30.719- B, - (1.2 — k) - (1457 — 2.4k, + k2)
B; =368.638-B, - (1.2 — k) - (1.2 — k)

a; = 1.488 - (1.761 — 2.654k, + k2); a; = 2.44 - (1.752 — 2.647k,, + K2)

By = 0.043 - (21.855 — k) + 0.004 - (—1.399 + k5) - K,y + 0.081 - (—0.398 — k3) - K5,
B, = 0.001 - (0.42 + k) + 0.0001 - (0.182 — k2) - k,, + 0.001 - (0.327 + &5) - k5

B, = a; — ayk,, + azk’
Dy = B + Bz
auxiliary coefficients:

as = 1.742 — 2.64k, + K2

B, =75-(1.2 — k) - (1476 — 2.429,, + K3)
B, =18.749-B, - (1.2 — k) - (1457 — 2.4k, + k2)
By =225.001-B, - (1.2 — k) - (1.2 — k)

a; = 1474 - (1675 — 2.5881, + K2); a, = 2.429 - (1.664 — 258k, + k2)
a3 = 1.653 — 2,571k, + K2
By = 0.029 - (33.337 — k) + 0.006 - (=0.432 — k) - K,y + 0.103 - (=0.293 + K3) - k5,
B, = 0.001 - (0.246 + k2) + 0.0002 - (0.015 — K3) - K, + 0.001 - (—0.002 — K3) - k5,

B, = a; — ayk,, + azk2
Dy = B + Bz
auxiliary coefficients:

q:z

B, = 7.68- (1.2 — k) - (1476 — 2.429k,, + K2)
B, =19.66 - B, - (1.2 — k) - (1.457 — 2.4k, + k3)
By =235.929-B,- (1.2 — k) - (1.2 — k,,)

a; = 1474 - (1675 — 2.5881k, + K2); a, = 2.429 - (1.664 — 258k, + k2)
a3 = 1.653 — 2,571k, + K2
By = 0.033 - (29.373 — k) + 0.005 - (=0.512 — k) - K, + 0.103 - (=0.279 + k) - k5,
B, = 0.001 - (0.174 + K2) + 0.0002 - (—0.054 — K5) - K, + 0.001 - (0.024 — &%) - K5

B, = a; — ayk,, + azk2

Dy = By + Bz
auxiliary coefficients:

The values of the M (x ,x =0)and M _ (x ,
k, = 1) moments for the extreme conditions
of beam attachment in the plane of its bending
should be calculated using the formulas proposed
in the next chapter of this work.

Equation 5 can be converted to a simplified
form:

Mcr = Mo + (Mu - MO) N (6)
where: M =M, (k,,x,=0),M =M, (k,,«, =1),
n=nlx,).

Using formulas (5) and (6), M _(x_, ) can
be determined for extreme conditions of beam
fixing in the bending plane (My), i.e. for sim-
ply support (x, = 0) and full fixation (x, = 1),
which significantly facilitates the calculations.
For this purpose, it is necessary to calculate the
moments (M, and M ) in the function of x_ and
determine the interaction coefficient # in the
function of x .

This approach facilitates the construction of ap-
proximation formulas, as it is based on the extreme
values M and M of the critical moment, which are

usually determined much more simply than for the
“double” elastic restraint conditions (i.e. for two
elastic fixings at the same time) and on the integrat-
ed interaction coefficient #, the form of which can
be determined in a manner analogous to that in [9].

APPROXIMATION FORMULAS FOR
M_(K ) FOR EXTREME BOUNDARY
CONDITIONS (K, K )

M_ of beams elastically restrained against
warping (k ), simply supported for lateral
rotation (k, = 0) and simply supported in the
bending plane (x, = 0)

In the case of a beam simply supported both
against lateral rotation about the minor axis of the
cross-section (x, = 0) and in the plane of the major
bending (x, = 0) and elastically restrained against
warping (0 <x_<1) in the support nodes, the criti-
cal moment of lateral torsional buckling can be de-
termined using the formula (7) given in [11]:
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Mcr,o(KmrKu = 0) =

—B,El,z; + \/EIZ(B3GItL2 + B,El, + B?EL,z2) (7)
B,12
where: B, B,, B,, B, — coefficients according to
Table 2 and z, - ordinate of the point of
transverse load application with respect to
shear centre (Fig. 1a).

Table 2 lists the B, B,, B, and B, coefficients
for beams simply supported against bending (x, =
0), with complete freedom of lateral rotation (r,
= () and the most common loading schemes [11].

M_ of beams elastically restrained against
warping (k ), simply supported for lateral
rotation (k, = 0) and fully fixed in the bending
plane (x, = 1)

The approximation formula for the critical
moment M_ LTB of the beam, fully restrained in
the bending plane (x, = 1), taking into account the
simply support on lateral rotation (x, = 0) and the

elastic restraint against warping (0 <x < 1) was
determined in the work [9]. The formula has the
form (7), and the values of coefficients B, B,, B,
and B, are given in Table 3 [9].

M_ of beams elastically restrained against
warping (k ), fully restrained against lateral
rotation (k, = 1) and simply supported in the
bending plane (x, = 0)

In the case of a beam simply supported (x, =
0) in the bending plane, with a full lateral rotation
restrained (x, = 1) and the elastic restraint against
warping (0 <« < 1) in the support nodes, the
proposed formula is as follows (8):

Mcr,u(Kw:Ku =1)=
—ByEl,zy + \/512(330142 + B,El, + B2ELz2) (8)
B,I?

=D,

where: B, B,, B,, B,, D, — coefficients according
to Table 4 and z,— ordinate of the point of
transverse load application with respect to
shear centre (Fig. 1a).

Table 2. Coefficients B,, B,, B, and B, for simply supported beams (x, = 0) for M_ (x , x = 0)[11]

CLO

Iltem Static scheme Coefficients
[ I Il
P, B; = 7.242 - (1.563 — 2.5k, + k2)
: 3 B, = 1.522 — 2467k, + K2
. By = 19.248 - B, - (1457 — 2.4k, + k2)
B, = 231.816- B, - (1.2 — k,,)
B, = 5.25- (1476 — 2.429k,, + K3)
) 4z B, = 1.507 — 2.455k,, + k2,
@ By = 13.092 - B, - (1457 — 2.4k, + K2)
B, = 157.633- B, - (1.2 — k,,)
By = 5.322- (1476 — 2.429k,, + k2)
3 4: B, = 1.507 — 2.455k,, + K2
ﬂ B; = 13.624 - B, - (1457 — 2.4k, + k2)
B, = 163.486 - B, - (1.2 — k,))

Table 3. Coefficients B,, B,, B, and B, for bilaterally fixed beams (x, = 1) for M_ (x , x, = 0)[9]

cro

IrtT? Static scheme Coefficients
| I I
P-L Pp. P-L B, = 23.333- (1.563 — 2.5k, + k3
§ 2+~ <773 B, = 1.522 — 2.467k,, + K2,
! . L2 ' By = 31.032 - B, - (1.457 — 2.41,, + k2)
3 . 2 . . w w
<—Lj B, = 372.934- B, - (1.2 — k)
5 R By = 42 - (1476 — 2.429,, + k2)
) gL 4= =L B, = 1.507 — 2.455k,, + K2,
12 - 12 B; = 69.692 - B, - (1.457 — 2.4k, + Kk2)
By = 839.664 - B, - (1.2 — k)
o » By = 49.033 - (1.476 — 2.429,, + k2)
5 | £ 9z il B, = 1.507 — 2.455k,, + K2,
30 - 20 By = 102.445 - B, - (1.457 — 2.4k, + K2)
B, = 1234.274- B, - (1.2 — k)
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To derive the formula (8), the energy method
[13] was used in a manner analogous to the proce-
dure described in [11]. The behaviour of the beam
in the lateral torsional buckling phase is described
by the first term of the torsion angle function ¢,
and the first term of the lateral deflection func-
tion u, according to [11]. In the case of the tor-
sion angle function, the full (from 0 to 1) varia-
tion of the K, index was taken into account, and
for the lateral deflection function, the full rotation
restraint was assumed, i.e. x, = 1. This approach
made symbolic calculations much easier than the
procedure described in [12]. The formulas for the
coefficients B, to B, and D, derived in this paper
are presented in Table 4.

Table 4 lists the B, B,, B,, B, and D, coeffi-
cients for beams simply supported against bending
(x,= 0), with complete blockage of lateral rotation
(x, = 1) and the most common loading schemes.

M, of beams elastically restrained against
warping (k ), fully restrained against lateral
rotation (k= 1) and fully fixed in the bending
plane (x =1)

To calculate the critical lateral torsional buck-
ling moment M_ of a beam, taking into account
the full rotation restraint in the bending plane (x,
= 1) and in the LTB plane (x, = 1) with the elastic
restraint of warping (x ), formula (8) can be used.

The form of formula (8) and the functions of
coefficients B, B,, B,, B, and D, were determined

in a similar way as for those presented in the pre-
vious subsection of the paper. Differences in the
value of some components result from a different
form of the function of external forces. The for-
mulas for coefficients B, to B, and D, derived in
this paper, for x = 1, are given in Table 5.

INTEGRATED INTERACTION COEFFICIENT

To develop and calibrate the formulas for the
integrated interaction coefficient #(x ), the rela-
tionships of M in the function of elastic restraint
indexes (x , k , k) determined using FEM simula-
tion (LTBeamN) for a selected group of hot-rolled I-
beams (IPE, HEB, HEA) were analyzed. LTBeamN
[17] is a well-known engineering software that uses
the finite element method. The computational algo-
rithm is based on the so-called thin-walled bar finite
elements (7 degrees of freedom at the node). The
software allows to determine the M of a beam tak-
ing into account, among others, the complex con-
ditions of its elastic restraints in the support nodes.
LTBeamN is successfully used, among others, in the
verification of analytical solutions and approxima-
tion formulas proposed in various works [18-21].

Figures 2, 3 and 4 show example curves of M |
variation as a function of the x index for beams:
1) IPE300 with span L = 5 m for k= 0.6 (Fig. 2),
2) HEA400 with span L =7 m for k= 0.4 (Fig. 3)
and, 3) HEB500 with span L = 10 m for x,_ = 0.8
(Fig. 4). The beams were simply supported in the

Table 4. Coefficients B, B,, B, B, and D, for simply supported beams (x, = 0) for M (x,x,=1)
Item Static scheme Coefficients
| Il 1l
By = 22.5- (1.563 — 2.5k, + k3)
P. B, = 1.554 — 2.493k,, + k2
1 — By = 60- B, - (1457 — 2.4k, + k2)
B, =720-B, (1.2 — k)

L2 ,
m——

Zg
D; =092 +0.07 =%~ 0.03x,,

q:z

B, = 18375 - (L476 — 2.429k,, + k2
B, = 1.563 — 2.5k, + K2,
By = 45.937 - B, - (1457 — 2.4k, + k2)
B, = 551.25- B, - (1.2 — k,,)

Zg
D; =096 +0.07 -=% — 0.03x,,

qz

B, = 18.816 - (L476 — 2.429k,, + k2
B, = 1.563 — 2.5k, + K2,
By = 48.169 - B, - (1457 — 2.4k, + K2)
B, = 578.028 - B, - (1.2 — k)

Zg
D; = 0.96 +0.07- -2 — 0.03x,,

Note: z — ordinate of the point of transverse load application with respect to shear centre (see Fig. 1a), 47 — high

of the bgeam (see Fig. 1a).
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Table 5. Coefficients B, B,, B,, B, and D, for bilaterally fixed beams (x, = 1) for

M (K{U, K,

cru

:1)

Iltem Static scheme Coefficients
| [ i
B, = 45 - (1.563 — 2.5k, + k2)
P:L P, P:L B, = 1.458 — 2.415k,, + K2
.| 8 % 8 By = 60-B, - (L457 — 2.4ic,, + K2)
. B, =720-B, ~Z(1.2 —K,)
D, =08+03 7“’ —0.05k,
B; = 70.56 - (1.476 — 2.429%k,, + k2)
B, = 1.44 — 2.4k, + K2
- L . . L? 2 w T Ko
, | £ e == By = 117.6 - By - (1457 — 2.4k, + k2
12 7 12 B, =1411.2 - B, - (1.2 — k,,)
Z
D, =09+022- Fg —0.05k,
B, = 84.672 - (1.476 — 2.429,, + K2)
— 2
2 2 B, =144 — 2.4k, + kg,
3 .‘130 ] g ‘]2_0 By = 169.344 - B, - (1457 — 2.4k, + K2)
%“ﬂ T , B, = 2032.128- B, - (1.2 — k)
Z,
Dy =0.9+0.22- f —0.05K,,

Note: z — ordinate of the point of transverse load application with respect to shear centre (see Fig. 1a), 4 — high

of the bi:am (see Fig. 1a).

IPE300, L=>5m, r,=0.6, x,=0

igg * eeceees CFL
2%(5) ===-TDL | Z,= -h/2
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ZE 325 CFL
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5 275
g 250 ——UDL
oo oo CFL
175 ==~=-TDL| z,=+h12
153 —
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Py,
0 0.2 0.4 0.6 0.8 1 K, [-] |:lL:z ‘Ikz‘
[
rY
P: q: : |
Static L2 ;FFHTHTerme/ I e E Rl V =
- T T |
= L = ' =
scheme CEL UDL oL

Figure 2. Trends in M_ (k) variation according

to LTBeamN software for simply supported (x, = 0)

IPE300 beam (L = 5 m)

bending plane (x, = 0) and loaded successively:
a) concentrated force load (CFL) at the centre of
the span, b) uniform distributed load (UDL), c)
triangle distributed load (TDL).

The analysis of Figures 2, 3 and 4 shows that
the highest trend of non-linear increase of M in
function x, was observed for loads applied to the
bottom flange of the beam (blue line). As the or-
dinate of load application increases, the nonlinear
increase of M decreases. Similar relationships
were observed for the entire range of variability
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of the index x, = {0, 0.2, 0.4, 0.6, 0.8, 1} in indi-
vidual cross-section types.

Due to the observed nonlinear increases of
M _(x ) for simply supported beams (x, = 0), the
interaction coefficient 5(x ) was described by the
second-degree function (Table 6). For its calibra-
tion, M obtained from FEM (LTBeamN) was
used, for the IPE300 beam with span L = 5m, for
restraint index x = 0, and for the full range of in-
dexesx =10,0.2,0.4,0.6,0.8, 1} andx, = {0,0.2,
0.4,0.6,0.8, 1}.
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HEA400, L=Tm, x,=04, x,=0

4150
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0.8 1 x, [-]
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Static ] ‘grrm RERREE nmﬁ’\/ - S an B y .='
scheme - L ‘ ‘ ‘ —
CFL UDL TDL

Figure 3. Trends in M () variation according to LTBeamN software for simply supported («, = 0)
HEA400 beam (L =7 m)

HEB500, L =10m, x,=0.8, x,=0

4600 - e CL
4270
3610
g 3280 ceeeees CFL
= 2950 —==-TDL | z,=0
= 2620 —UbL
2990 cesesss CFL
1960 -==-TDL | z,=+h/2
1630 ——UDL
1300 zZ
P,,
0 02 04 06 08 1wl J:Z qf i
I
—l—PZ 'rrn*n*rrgz:ﬂTnm . ﬁ\y !
Static L 2 5 S =
scheme t i - 1 £ 1 — !
CFL UDL TDL

Figure 4. Trends in M_ () variation according to LTBeamN software for simply supported («, = 0)
HEBS500 beam (L = 10 m)

In practical calculations of the critical mo-
ment for simply supported beams in bending M,
(x, = 0) using the approximation formula (5) and
the integrated interaction coefficient according
to Table 6, it should be assumed that the calcu-
lations are carried out for the range x, from 0.1
to 0.9. In the extreme ranges, i.e. for x, from 0
to 0.1 and from 0.9 to 1, the M values should
be interpolated linearly, i.e. between the value
M, (x , x, = 0) from formula (7) and M _(x , x,

cro

= 0.1) from formula (5) for the lower range, and

between the value M (x , x, = 0.9) from formula
(5)and M (x , k, = 1) from formula (8) for the
upper range. This assumption made it possible to
simplify the function of the interaction coefficient
n(x,), whose form for the full range of x, (0 + 1)
was excessively complicated.

Figure 5 shows example M (x ) variation
curves for an IPE300 beam with a span of L =
5m, full restrained in the bending plane (x, = 1).
The load parameters and the restraint index x,
were assumed in the same way as in Figure 2.
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Table 6. Coefficient of interaction 5(x ) for simply supported beams (x, = 0) for M _(x , x )

Iltem Static scheme Coefficient
| I I
P.
1 I ®
L
qz Zg 2 Zg Zg
2 @ n(iy) = (0.66 - 0.177) K2 + (0.27 + 0.257) ey = 0,027 4001
qz
3
A

Note: z_— ordinate of the point of transverse load application with respect to shear centre (see Fig. 1a), # — high

of the éeam (see Fig. 1a).

IPE300, L=5m, x,=0.6, x,=1
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Figure 5. Trends in M_ (x ) variation according to LTBeamN software for bilaterally fixed (x, = 1)
IPE300 beam (L = 5 m)

Similarly to Figure 3 and Figure 4, very similar
M (x ) variation curves for beams restrained in
the bending plane (x, = 1) were also obtained for
HEA and HEB type cross-sections.

The analysis of Figure 5 shows that the high-
est trend, in principle, of linear increase M in
function x , was noted for loads applied to the
bottom beam flange (blue line). With the increase
of the ordinate of load application, the linear in-
crease of M  decreases. Similar relationships
were observed for the entire range of variability
of the index k= {0, 0.2,0.4, 0.6, 0.8, 1}.

Due to the observed almost linear increases
of M_(x,) for beams fully restrained against rota-
tion in the bending plane (x, = 1), the interaction
coefficient 7(x ) is described by the first-degree
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function (Table 7). For its calibration, M_ ob-
tained from FEM (LTBeamN) was used, for the
IPE300 beam with span L = 5m, for restraint in-
dex x, = 1, and for the full range of indexes «
=1{0,0.2,0.4,0.6,0.8, 1} and x, = {0, 0.2, 0.4,
0.6, 0.8, 1}.

Similarly to the previous case (for x, = 0), in
practical calculations of the critical moment of
beams bilaterally fixed at bending M, (x,=1), us-
ing the approximation formula (5) and the inte-
grated interaction coefficient according to Table
7, it should be assumed that the calculations are
carried out for the range x, from 0.1 to 0.9. In the
extreme ranges, i.e. for x, from 0 to 0.1 and from
0.9 to 1, the M values should be interpolated lin-
carly, i.e. between the value M (x , x, = 0) from
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Table 7. Coefficient of interaction #(x, ) for bilaterally fixed beams (x, = 1) for M _(x_, )

Iltem Static scheme

Coefficient

_quz_ qz qZL2

i R i
] L

g: L q- q: L

31 730 20

Zg
n(ky) = Kky + 0.087 —0.05

Note: z_— ordinate of the point of transverse load application with respect to shear centre (see Fig. 1a), # — high

of the éeam (see Fig. 1a).

formula (7) and M _(x_, k, = 0.1) from formula
(5) for the lower range, and between the value
M (x ,x,=0.9) from formula (5) and M__ (x , x,
= 1) from formula (8) for the upper range. This
assumption made it possible to simplify the func-
tion of the interaction coefficient 7(x ), whose
form for the full range of x, (0 ~ 1) was exces-

sively complicated.

EXAMPLES

In the comparative examples, the critical mo-
ments M were estimated for steel beams made
of sections: a) IPE300, HEA300, HEB300 for
spans L = 5 and 7 m, and b) IPE500, HEA500,
HEBS500 for spans L = 8 and 10 m. The static
schemes of the beams presented in Tables 6 and
7 were taken into account for the loads applied
to: the top flange (zg = +h/2), the gravity axis (zg
= 0) and the bottom flange (z, = -h/2) (see Fig.
la). The calculations were carried out for the
entire range of variation of the elastic fixing in-
dexes for the warping x_ and lateral rotation « ,
assuming x, = {0, 0.25,0.5,0.75,0.9, 1} _ . The
calculations were carried out for various combi-
nations of indexes x_ and « . In accordance with
the assumptions of this stage of research, it was
assumed that the analyzed beams were simply
supported (x, = 0) or fully fixed (x, = 1) in bend-
ing M, at both support nodes (cf. Tables 6, 7).

Table 8 presents example results of M (x ,
x ) calculations for an IPE300 beam uniformly
loaded at the height of the top flange (z, = +4/2)
with a span of L = 5 m in two variants of restraint
on M) = a) simply support (col. IV — VI), b) full
fixing (col. VII — IX). The critical moments were

estimated using formula (5) and calculated nu-
merically using the L7BeamN (FEM) software.

The critical moments of lateral torsional
buckling (Table 8) estimated using formula (5)
differed (col. VI, IX) from the values determined
using the LTBeamN (FEM) software in the range
from -0.6 to +4.0%. The comparison of the M
values shows that an increase in the x_ index val-
ue usually causes a higher increase in the elastic
critical moment than in the case of the same in-
crease in the x index. This applies in particular
to a beam bilaterally fixed in the plane of main
bending M .

Table 9 presents example results of M _(x ,
x,) calculations for selected combinations of « ,
x, indexes values for simply supported (x, = 0)
or bilaterally fixed (x, = 1) beams with IPE300
cross-section (L = 5m), loaded with a concentrat-
ed force in the middle of the span or a triangle
distributed load. The loads were applied at the
height of the top flange (zg = +h/2) of the cross-
section. M was estimated using formula (5) and
determined using FEM (LTBeamN).

In addition to comparisons, the M (x , x,)
values presented in Tables 8 and 9 can be used to
verify the correctness of the notation of formulas
(5) to (8) and the formulas of the coefficients from
Tables 2 to 7 in spreadsheets.

Caution: The lower values of critical mo-
ments observed in some places in Tables 8 and 9
for bilaterally fixed beams (x, = 1) compared to
simply supported beams (x, = 0) with the same
values of the x and x, indexes result from the
longitudinal distribution of the bending moment
M and, in some cases, the change in the loca-
tion of the maximum moment identified with M
(e.g. for a simply supported and uniformly loaded
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Table 8. Comparison of M_(x , k)

Static scheme
IPE300, L = 5m, z, = +h/2 IPE300, L = 5m, z; = +h/2
q: q:L* q-L?
o | 5 | p : :
Kk, =0
M, [KNm] % [-] M, [KNm] % [-]
LTBeamN Formula (5) V-1V LTBeamN Formula (5) VII-VII
| I I} \% \Y \ VI Vil IX
1 0 98.74 98.83 +0.1 124.34 124.20 -0.1
2 0.25 105.45 104.91 -0.5 125.51 126.67 +0.9
3 0.5 113.95 114.23 +0.2 126.74 129.25 +2.0
4 0 0.75 125.26 126.79 +1.2 127.99 131.82 +3.0
5 0.9 134.21 135.88 +1.2 128.75 133.36 +3.6
6 1 141.55 143.94 +1.7 129.28 134.49 +4.0
7 0 104.62 104.73 +0.1 134.55 134.45 -0.1
8 0.25 111.82 111.15 -0.6 135.92 136.88 +0.7
9 0.5 120.94 121.00 0.0 137.34 139.41 +1.5
10 025 0.75 133.13 134.28 +0.9 138.81 141.94 +2.3
11 0.9 142.79 143.89 +0.8 139.74 143.46 +2.7
12 1 150.75 152.41 +1.1 140.39 144.58 +3.0
13 0 114.01 114.16 +0.1 151.34 151.30 0.0
14 0.25 121.98 121.20 -0.6 153.09 153.91 +0.5
15 0.5 132.10 131.98 -0.1 154.87 156.63 +1.1
16 05 0.75 145.65 146.52 +0.6 156.77 159.34 +1.6
17 0.9 156.42 157.05 +0.4 157.93 160.97 +1.9
18 1 165.29 166.39 +0.7 158.75 162.17 +2.2
19 0 131.56 131.84 +0.2 183.89 184.29 +0.2
20 0.25 140.91 140.07 -0.6 186.53 187.76 +0.7
21 0.5 152.80 152.69 -0.1 189.39 191.38 +1.0
22 075 0.75 168.72 169.71 +0.6 192.25 194.99 +1.4
23 0.9 181.39 182.02 +0.3 194.12 197.16 +1.6
24 1 191.80 192.95 +0.6 195.31 198.75 +1.8
25 0 152.21 152.79 +0.4 22414 225.43 +0.6
26 0.25 163.06 162.38 -0.4 228.10 230.70 +1.1
27 0.5 176.83 177.10 +0.2 232.43 236.19 +1.6
28 09 0.75 195.20 196.94 +0.9 236.85 241.68 +2.0
29 0.9 209.71 211.30 +0.8 239.85 24497 +2.1
30 1 221.60 224.03 +1.1 241.88 247.39 +2.3
31 0 177.21 178.46 +0.7 274.29 278.31 +1.5
32 0.25 189.64 189.52 -0.1 280.58 287.05 +2.3
33 0.5 205.31 206.48 +0.6 287.26 296.15 +3.1
34 ! 0.75 225.98 229.35 +1.5 294.76 305.25 +3.6
35 0.9 24210 245.90 +1.6 299.71 310.71 +3.7
36 1 255.13 260.57 +2.1 303.01 314.71 +3.9
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Table 9. Comparison of M _(x , k)

Iltem Static scheme Ka Ky Mer [N %]
-] -] LTBeamN Formula (5) VI-V

[ [ i IV Vv Vi VI
1 1 0 191.82 194.13 +1.2
2 IPE300, L = 5m, z, = +h/2 0.9 0.25 176.14 176.28 +0.1
3 ‘TL 075 | 05 163.71 163.62 -0.1
4 I 05 0.75 153.56 154.22 +0.4
5 K,=0 0.25 0.9 148.32 149.75 +1.0
6 0 1 145.13 148.42 +2.3
7 1 0 167.43 172.76 +3.2
8 IPE300, L = 5m, z; = +h/2 0.9 0.25 144.20 148.57 +3.0

P-L P. P-L

9 g 2 <% 0.75 0.5 124.04 127.32 +2.6
10 L2 ; ' 05 | 075 106.36 109.06 +2.5
11 =1 0.25 0.9 96.64 99.71 +3.2
12 0 1 90.56 94.37 +4.2
13 1 0 180.60 181.99 +0.8
14 IPE300, L = 5m, z, = +h/2 0.9 0.25 165.91 165.75 0.1
15 gz 0.75 0.5 155.21 156.03 +0.5
16 ‘ﬂ 05 0.75 147.73 149.90 +1.5
17 K, =0 0.25 0.9 144.75 147.28 +1.8
18 0 1 143.50 147.40 +2.7
19 1 0 324.26 343.90 +6.1
20 IPE300, L = 5m, z, = +h/2 0.9 0.25 269.26 283.42 +5.3
21 g:1 qz q: L 075 | 05 223.23 233.50 +4.6
22 30« - . 20 05 | 075 184.73 192.91 +4.4
23 K, =1 0.25 0.9 164.77 172.82 +4.9
24 1 152.46 161.39 +5.9

beam M occurs in the middle of the span, and
for a bilaterally fixed beam on the support). The
occurrence of such situations when changing the
degree of fixity to bending M in the nodes is de-
scribed in [9].

Figure 6 shows the variation surfaces of M as
a function of the indexes x_ and x for an IPE300
beam with a span of L =5 m, uniformly loaded at
the height of the top (Zg = +h/2) and the bottom
(zg = -h/2) flange of the cross-section. Figure 6a
shows the M _(x , x ) plots for a simply supported
beam (x, = 0), and Figure 6b shows the M _(x ,x )
plots for a bilaterally fixed beam (x, = 1). The crit-
ical moments were estimated using formula (5).

The analysis of the plots (Fig. 6) allows us to
conclude that with the increase of the ¥ and x in-
dexes, the value of the critical moment of lateral
torsional buckling of the beam increases. An in-
crease in the x_ index (from 0 to 1), for a constant
value of the x index, causes a strongly non-linear

increase in M . However, with the increase of the
x index (from 0 to 1), at a constant value of the
x index, an essentially linear increase in M_ was
observed with the load applied to the top flange
(z,=+h/2) and a mildly non-linear increase in M
with the load suspended to the bottom flange (Zg =
-h/2). Analogous observations of M_(x , k) vari-
ation curves were found for all analyzed beams.

Table 10 presents the maximum percentage
differences of M_(x , k) values estimated using
the approximation formula (5) with the values
obtained from the LTBeamN (FEM) software.
The analysis took into account beams made of
IPE300, HEA300, HEB300 sections (for L = 5
and 7 m) and IPE500, HEA500, HEB500 sections
(for L=8 and 10 m).

For simply supported beams x = 0 (rows
1 to 9), the percentage differences (col. IV) of
M estimates compared to FEM ranged from
-3.3 (uniformly distributed load) to +4.0%
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Figure 6. Trends in M _(x , k) variation according to formula (5) for a uniformly loaded beam: (a) simply
supported beam (x, = 0), (b) bilaterally fixed beam (x, = 1)

Table 10. Percentage differences in M _(x , x ) values for all analyzed beams

Differences in Mc,
Item Static scheme Formula (5) vs. LTBeamN
Ordinate of load application % [-]

I Il i I\

1 P- zg=+h/2 from -0.4 to +3.7%

2 S |2 z;=0 from -1.5 to +2.2%
3 <—Lj 2= -hi2 from -3.0 to +2.2%
4 gz zy=+h/2 from -0.7 to +2.4%

5 i z;=0 from -1.3 to +1.9%
6 @ zy=-h/2 from -3.3 to +3.1%

7 g z5=+h/2 from -0.3 to +3.4%
8 z;=0 from -1.2 to +2.5%
9 ﬂ zg=-h/2 from -3.0 to +4.0%
10 P:L P- P:L 2y =+h/2 from +0.4 to +6.8%
11 8 ?TA\ 8 2,=0 from -1.2 to +4.7%
12 ,—Lj zg=-h/2 from -4.8 to +8.0%
13 gz 12 g gz 12 z4 = +h/2 from -0.3 to +5.1%
14 127 12 z3=0 from -0.6 to +3.8%
15 L zg=-h/2 from -2.4 to +5.1%
16 gz 12 g g: 12 z5=+h/2 from +2.7 to +7.2%
17 30 ° 20 23=0 from +0.7 to +6.2%
18 L 2,=-hi2 from 4.2 to +8.9%
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(triangularly distributed load). In the case of
bilaterally fixed beams x = 1 (rows 10 to 18),
differences were obtained (col. IV) in the range
from -4.8 (concentrated force load) to +8.9%
(triangular distributed load). Slightly higher
differences in the estimation of the M value
of bilaterally fixed beams (x, = 1) according
to formula (5) in comparison with FEM (L7-
BeamN) are related, among others, to the loca-
tion of the maximum moment M of the beam
(moment over the support), identified with the
estimated critical moment [9], and additionally,
in the case of triangular loading, to the rela-
tively asymmetric form of stability loss.

Table 11 compares the percentage differ-
ences of the current estimate of M_(x_, k) from
formula (5) compared to L7BeamN (FEM) with
the percentage differences of the estimate of
M (x , k) given in [12], formula (4) compared
to LTBeam (FEM).

The analysis of the values given in Table 11
shows that the accuracy of the M _(x , k) estimate
from formula (5), in relation to FEM, is compa-
rable to the estimate obtained in [12] according
to formula (4). It should be noted that the cur-
rently proposed formula (5) has a simpler ana-
lytical form compared to formula (4) [12]. The
mathematical homogeneity and the method of
constructing approximation formulas are in this
case analogous to the procedure proposed in [9],
which may allow its extension to even more com-
plicated cases of elastic restraint of the beam in
the support nodes.

Table 12 compares the M (x_, ) values for
a beam with a span of L =7 m, made of IPE300,
HEA300 and HEB300 sections. The selected sec-
tions have a similar cross-sectional height (for

HEA 300, &2 = 290 mm), corresponding to often
encountered in engineering practice beams, e.g.
in classical composite ceilings (steel — concrete).
In such a case, the lateral torsional buckling of
the steel beam may occur, for example, during
the phase of placing the concrete mixture on the
formwork of the ceiling slab. For a beam uni-
formly loaded at the height of the top flange (z,=
+h/2), two extreme fixing conditions at M, were
assumed: a) simply support (rows 1-9), b) full
fixing (rows 10-18). The critical moments were
determined using formula (5).

The obtained M (Table 12) confirm the sig-
nificant influence of the flexural-torsional charac-
teristics of the beam cross-section (7, 7, I ) on
the elastic critical resistance. The lowest M val-
ues were obtained for the IPE300 narrow flange
beam (col. V). Changing the cross-section to the
HEA300 profile with a wide flange (col. VI) re-
sulted in an average six-fold (col. VII) increase
in the critical moment. The highest M was ob-
tained for the HEB300 beam (col. VIII), which
was on average +60% higher than that obtained
for HEA300 (col. X).

In turn, Table 13 compares the M (x , x,)
values of the same beams (IPE300, HEA300,
HEB300) with a span of L = 7 m when loaded
with a concentrated force in the middle of the
span for z,= +h/2. The critical moments were de-
termined from formula (5).

The obtained M (Table 13) confirm (analo-
gously to the results from Table 12) the signifi-
cant influence of the flexural-torsional charac-
teristics of the beam cross-section (/, 1, 1) on
the elastic critical resistance. The change from a
narrow flange I-section to a wide flange H-sec-
tion, i.e. from IPE300 to HEA300 and HEB300,

Table 11. Comparison of percentage differences in the M_(x , x ) values obtained in the current work with the

percentage differences obtained in the work [12]
Differences in M,
Item Static scheme
Formula (5) vs. LTBeamN Formula (4) [12] vs. LTBeam
| Il 1 \Y
P:
1 IR 2 from -3.0 to +3.7% from -3.8 to +4.1%
L
qz
2 @ from -3.3 to +3.1% from -3.0 to +2.6%
> I :
q:z
3 ﬂ from -3.0 to +4.0% from -2.3 to +3.3%
S I3 :
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Table 12. Comparison of M_(x , x )

M, [KNm] acc. Formula (5)
ltem Static scheme Ko | Ku % [-] % | %[
[ -] IPE300 | HEA300 HEB300
VIV VIV | VII-VI
| I Il \Y v VI VI VIl IX X
1 025 | 74.67 53226 | +613 | 861.44 | +1054 | +61.8
2 025 | 05 | 8205 577.92 | +604 | 940.08 | +1046 | +62.7
3 075 | 92.00 639.46 | +595 | 1046.07 | +1037 | +63.6
4 = 025 | 7881 585.48 | +643 | 926.81 | +1076 | +58.3
5 @ 05 | 05 | 8650 636.19 | +635 | 1011.22 | +1069 | +58.9
6 Zs:;;/‘z 075 | 96.87 70455 | +627 | 1125.00 | +1061 | +59.7
7 k=0 025 | 87.01 684.47 | +687 | 1052.04 | +1109 | +53.7
8 075 | 05 | 95.41 74492 | +681 | 114821 | +1103 | +54.1
9 0.75 | 106.73 826.40 | +674 | 1277.85 | +1097 | +54.6
10 0.25 | 100.36 640.34 | +538 | 1084.60 | +981 | +69.4
1 025 | 05 | 10279 651.31 | +534 | 1106.18 | +976 | +69.8
12 0.75 | 105.23 662.29 | +529 | 1127.76 | +972 | +70.3
13 0.25 | 108.08 728.32 | +574 | 1198.25 | +1009 | +64.5
14 05 | 05 | 11058 74020 | +569 | 1220.87 | +1004 | +64.9
15 0.75 | 113.08 752.09 | +565 | 1243.50 | +1000 | +65.3
16 0.25 | 124.06 902.11 | +627 | 1427.39 | +1051 | +58.2
17 075 | 05 | 127.08 918.33 | +623 | 1456.27 | +1046 | +58.6
18 0.75 | 130.10 93454 | +618 | 1485.16 | +1042 | +58.9
Table 13. Comparison of M _(x , x)
M, [KNm] acc. Formula (5)
Item Static scheme Ko | K % [] %[ | %[
-] -] IPE300 | HEA300 HEB300
VIV VIV | VIV
[ I Il \Y Y% VI VI VIl IX X

1 0.25 | 84.24 502.85 | +604 | 964.73 | +1045 | +62.7
2 025 | 05 90.29 628.05 | +596 | 1027.01 | +1037 | +63.5
3 P. 0.75 | 98.44 675.50 | +586 | 1110.96 | +1029 | +64.5
4 e 0.25 | 88.40 648.66 | +634 | 1032.03 | +1067 | +59.1
5 <—Lj 05 | 05 94.62 687.33 | +626 | 1097.99 | +1060 | +59.7
6 ZS:ZL?z 0.75 | 103.00 739.45 | +618 | 1186.91 | +1052 | +60.5
7 K, =0 025 | 96.56 750.57 | +677 | 1158.84 | +1100 | +54.4
8 075 | 05 | 103.23 796.09 | +671 | 1232.76 | +1094 | +54.9
9 075 | 112.22 857.44 | +664 | 1332.40 | +1087 | +55.4
10 0.25 | 70.81 45628 | +544 | 769.88 | +987 | +68.7
1 025 | 0.5 71.98 45977 | +539 | 77841 | +981 | +69.3
12 | P.L P. P-L 075 | 73.14 46325 | +533 | 786.94 | +976 | +69.9
13 | 8 ’%q 8 025 | 74.94 508.50 | +579 | 834.42 | +1013 | +64.1
14 ,—Lj 05 | 05 76.05 511.83 | +573 | 84247 | +1008 | +64.6
15 ZQL:Z,% 075 | 77.15 51516 | +568 | 850.52 | +1002 | +65.1
16 Ky =1 0.25 | 83.22 606.66 | +629 | 959.06 | +1052 | +58.1
17 075 | 05 84.45 611.12 | +624 | 968.62 | +1047 | +585
18 075 | 85.67 61559 | +619 | 978.18 | +1042 | +58.9
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resulted in a very significant percentage increase
in the elastic critical resistance (Table 13).

Moreover, a comparison of the results from
Tables 12 and 13 shows that for beams simply
supported on M , the longitudinal distribution
of the moment due to concentrated force load is
more favourable than in the case of the longi-
tudinal distribution of the moment due to uni-
form load (i.e. the M_ value for concentrated
force load is higher than for uniform load). In
this case, M occurs in the middle of the span,
and the lateral torsional buckling is determined
by the span zone of the beams. However, for
beams fully fixed on M , the opposite phenom-
enon occurs, i.e. the value of the critical mo-
ment due to concentrated force load (M, in the
middle of the beam span) is smaller than the
absolute value of M_ due to uniform load. In
the latter case, M_ occurs at the support and the
lateral torsional buckling is determined by the
zone near the support.

CONCLUSIONS

In this paper, a new, simpler approximation
formula (5) (with the so-called integrated in-
teraction coefficient) for the critical moment
of lateral torsional buckling of beams elasti-
cally restrained in support nodes is proposed.
The proposed solution allows to estimate the
M, of the beam, taking into account: a) any
degree of elastic restraint against warping (x,)
and lateral rotation (x, ), b) free (x, = 0) or fixed
(rc, = 1) rotational restraint in the plane of the
main bending My, ¢) load schemes often found
in engineering practice, d) the ordinate of the
transverse load application point (zg) at the
cross-section height.

The obtained solution allows for a relatively
simple and sufficiently accurate, from a techni-
cal point of view, taking into account the actual
behaviour of a steel beam sensitive to lateral tor-
sional buckling, which is an element of a frame
structure, e.g. a grillage or a frame. It can also be
used to verify FEM numerical simulations.

The estimated values of M_(x , x,) allow to
conclude that formula (5) gives a good approxi-
mation of the critical moments of lateral torsional
buckling in comparison with FEM (e.g. LT-
BeamN). The obtained percentage differences for
the analyzed beams show that from the engineer-
ing point of view the proposed solution gives a

sufficient approximation of the values determined
by numerical simulations.

In practical calculations of the critical mo-
ment it should be assumed that the calculations
are carried out for the range x, from 0.1 to 0.9,
which covers the majority of technically impor-
tant cases of elastic restraint of beams at support
nodes. In the extreme ranges, i.e. from 0 to 0.1
and from 0.9 to 1, the M_ values should be lin-
early interpolated.

The calculations confirmed that the M_(x .k, )
value is significantly influenced by the flexural-
torsional characteristics (7, 1, 1) of the beam
cross-section. Replacing a narrow flange I-sec-
tion, e.g. IPE300, with a wide flange H-section,
e.g. HEA300, can allow for a several times in-
crease in the critical elastic resistance of the beam
while maintaining the appropriate structural
height, e.g. of the ceiling. The support conditions
of the beam in bending with respect to the major
axis of the cross-section influence the value and
location of the maximum moment M identified
with the engineering interpretation of M.

A new formula for M _(x , x ) gives a good
estimate of the elastic critical resistance and has a
simpler analytical notation. An additional advan-
tage of this approach is the possibility of taking
into account the full restraint of the beam in its
bending plane (x = 1).

The obtained solution is a starting point and
a reference point for deriving approximation
formulas for M taking into account the elastic
interaction of three elastic restraints, technically
important from the point of view of designing
frame structures, i.e. the restraints against: a)
warping, b) lateral rotation, c) rotation in the
bending plane M .
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