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INTRODUCTION

When welding aluminium alloy structures, 
one of the most important aspects is evaluation 
of the residual stress-strain state (SSS). So, in re-
search [1–3] it is noted that in welding it is nec-
essary to take into account the influence of ma-
terial nonlinearity, geometrical nonlinearity and 
work hardening on the welding process, as well 

as the difference in the welding temperature field, 
residual stresses and welding strains. Methods of 
mathematical simulation of thermal processes are 
applied for prediction of physical-metallurgical 
processes and thermal cycles in the processes of 
fusion welding and in related technologies [4–9], 
and for distribution of residual stresses and weld-
ing strains it is rational to use numerical model-
ing by finite element method, which is in good 
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agreement with experimentally measured data 
[10, 11]. At the same time, sufficient accuracy of 
technological calculations is considered to be no 
worse than 10–15% [12–14]. Predominantly butt 
joints are considered in the examples of such pre-
diction [15, 16]. However, other kinds of joints, in 
particular, tee joints, are also of interest [17, 18]. 

In research [19] it is shown that at MIG weld-
ing of 8 mm plates from 5083-H321 alloy, the 
peak value of transverse stresses varies from +50 
MPa (19% of the strength of the plate base metal) 
at the HAZ boundary up to −150 MPa (57% of 
strength) on the weld central line. Equivalent val-
ues for longitudinal stresses are equal to +90 MPa 
(34% of strength) at the distance of approximately 
22 mm from the weld central line up to −120MPa 
(45% of strength) on the weld central line. The 
residual stress-strain state and mechanical prop-
erties of aluminium alloy joints produced by MIG 
welding are also influenced by weld geometry, in 
particular reinforcement size [20], as well as the 
welding sequence, particularly, for tee joints [21]. 

Residual stresses in fusion welding of alu-
minium alloys are quite significant and higher 
than those arising in welding processes without 
fusion, for instance in friction stir welding [22], 
or plastic strain welding [23]. It is proposed to 
lower the significant residual stresses, arising in 
aluminium alloy welding, by postweld treatment, 
for instance shot blasting [24], preheating and/or 
postweld heat treatment [25]. It should be noted 
that the occurrence and development of residual 
stresses can lead to the destruction of the welded 
joint [26]. In this case, the deformations can be 
assessed by studying the topography of the frac-
ture surface [27].

One of the approaches to reduce the residual 
stresses and strains in MIG welding of aluminium 
alloys can be an increase of the locality of thermal 
impact, through application of pulse modulation 
of welding current [28, 29]. In research [30] the 
thermoelastic-plastic model was used to conduct 
3D finite element modeling of temperature, re-
sidual stresses, and strain fields of the weld in a 
6061-T6 tee-joint during double pulse MIG weld-
ing (DP-MIG). It was found that stresses reach 
273 MPa in the fusion zone that causes angular 
distortion of 1.61°.

Thus, at MIG welding of aluminium alloys 
one of the main drawbacks is the risk of forma-
tion of considerable residual strains and develop-
ment of stresses, which may lead to lowering of 
the welded structure fatigue strength [31]. It is 

especially important to take into account residual 
deformations and stresses when manufacturing 
critical welded structures [32–35]. For prediction 
of the residual stress-strain state, it is necessary 
to model the temperature field of the respective 
welded structure. One of the approaches to sim-
plification of such a modeling task is breaking 
up the structure into spatial primitives such as 
butt and tee joints, and prediction of the residual 
stress-strain state for them by modeling the tem-
perature fields. 

PURPOSE, MATERIALS AND METHODS

The objective of the research is to establish 
the influence of the mode of MIG welding of an 
aluminium alloy of Al-Mg-Mn system on the 
process thermal cycle and to predict the influence 
of rigid restraint of the welded specimens in the 
assembly-welding fixture on the residual stress-
strain state of the butt and tee welded joints. 

The following tasks will be addressed to 
achieve the defined objective:
	• conduct technological experiments, study the 

distribution of thermal field and strains in the 
butt and tee joints of 1561 aluminium alloy, 
produced by MIG welding;

	• create a model of predictive calculation of 
thermal fields, residual stresses and strains and 
perform its validation;

	• determine the thermal fields, residual stresses 
and strains for butt and tee joints of 1561 alu-
minium alloy, produced by MIG welding;

	• determine the main tendencies and regularities 
of the influence of assembly-welding fixture 
on the results of MIG welding of butt and tee 
joints of 1561 aluminium alloy.

To conduct the technological experiments 
1561 aluminium alloy of Al-Mg-Mn system was 
selected as the base metal (Table 1), which has 
the strength (static fracture resistance) of not less 
than 360 MPa and relative elongation of the order 
of 11%. This material was used to produce plates 
of 290 × 100 × 4 mm size, from which 12 butt 
joints and 12 T-joints were welded. ER5356 wire 
of 1.2 mm diameter was selected as electrode wire 
(Table 1). When conducting experimental studies, 
the results were averaged for at least 6 specimens. 
MIG welding was conducted in the atmosphere 
of higher grade argon of 99.993 vol.% purity. The 
geometry diagram of the welded joints is shown 
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in Figure 1. Investigations were conducted by the 
following procedure: specimen preparation for 
welding (mechanical cutting out of the specimens 
from the sheet so that welding took place along the 
rolling bands, chemical etching of the specimens 
to eliminate contaminations and to reduce the ox-
ide film); assembly of the butt and tee joints in the 
assembly-welding fixture, mounting thermocou-
ples at the beginning and end of the joint; mode 
selection by the criterion of sound weld formation 
and performance of MIG welding, preparation 
of macrosections, accumulation of experimental 
data; development of a model for finite element 
modeling, conducting modeling of temperature 
field distribution, model validation; prediction of 
residual stresses and strains using finite element 
modeling; measurement of residual strains, model 
validation; analysis of the obtained results.

A laboratory facility was designed and manu-
factured for technological studies. It consists of 
(Fig. 2): assembly-welding fixture which allows 
clamping the specimens for welding butt and tee 

joints (Fig. 2a, b); three-coordinate manipulator 
and anthropomorphous robot-manipulator for fas-
tening and movement of the welding torch (Fig. 
2,с); power source with wire feed mechanism are 
designed for up to 400 A welding current.

For MIG-welding the specimens were first 
chemically etched (in NaOH and HNO3 with wa-
ter rinsing), which was followed by their clamp-
ing in the assembly-welding fixture with simulta-
neous connection of three thermocouples in the 
specimen middle and at the distance of 70–80 mm 
from its edges (Fig. 3). The thus prepared speci-
mens were welded in the respective modes. 

The method of metallographic analysis 
[36–42] was used to study the structure of the 
produced welds. Residual welding displace-
ment (deformation) in butt joint specimens was 
determined by the method of comparison of the 
measured sagging of the blanks in the initial 
condition with welded joint sagging [43–45]. 
Measurements were conducted on the surface 
of the test plate by a dial indicator with a divi-
sion value of 0.01 mm (Fig. 4a). Residual dis-
placements in the tee joint specimens were de-
termined using the same equipment by a similar 
procedure. The flange was fastened by press-
down plates to measure the web bending away 
from the vertical (Fig. 4b). 

INVESTIGATION RESULTS

Results of conducting the technological studies

Selection of the parameters of the modes of 
MIG welding of butt and tee joints of 1561 alloy 
were conducted by the following criteria: presence 
of guaranteed complete penetration of butt speci-
mens and partial penetration of the flange and web 
of the tee specimens, absence of undercuts, pres-
ence of a smooth transition from the deposited to 
base metal, reliability of gas shielding, and mini-
mizing the heat input. The mode parameters select-
ed as a result are shown in Table 2, and dimensions 

Table 1. Chemical composition of materials used in the investigations

Material
Chemical element, wt. %

Al Mg Mn Si Fe Cu Zn Zr Cr Ti

Base metal 1561 Base 5.5–6.5 0.7–1.1 ≤0.4 ≤0.4 ≤0.1 ≤0.2 0.02–0.12 - -

Welding wire  ER5356 Base 4.5–5.5 0.1–0.2 - - - - - 0.05–0.20 0.06–0.20

Note: alloy 1561 does not have an international standard (standard GOST 17232-99 “Plates made of aluminum 
and aluminum alloys”); wire ER5356 – EN ISO 18273:2015, IDT.

Figure 1. Schemes of welded joints: 
(a) – butt; (b) – T-joint
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Figure 2. Laboratory facility for conducting the technological studies: (а), (b) – 3D-model and appearance of 
assembly-welding fixture for making butt and tee joints; (с) – appearance of a three-coordinate manipulator with 

a MIG-welding torch and mounted assembly-welding fixture

Figure 3. Assembly of specimens of 1561 alloy for MIG-welding with thermocouple mounting
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of the produced weld and weld pool, required for 
further modeling of the stress-strain state are given 
in Table 3. Appearance and macrosections of the 
produced specimens are given in Fig. 5. The pa-
rameters of the obtained welds were checked ac-
cording to the ISO 10042 standard and they met the 
requirements of the standard. The convexity of the 
butt joint weld corresponds to quality level C and 
is very close to the requirements of level B. The 
convexity of the root part of the weld corresponds 

to level B. The convexity of the T-joint weld corre-
sponds to the requirements of quality level B. Dur-
ing welding, the thermal cycles were recorded by 
thermocouples mounted on the specimens that will 
be described in greater detail below. 

Welding was performed in the “1F” position, 
as the most favorable position for the welding pro-
cess. In this position, gravity facilitates the transfer 
of electrode metal. When welding T-joints in this 
position, the uniformity of the weld leg formation 

Figure 4. Measurements of residual welding displacements (deformations) in specimens 
of butt (а) and tee (b) welded joints

Table 2. Parameters of the modes of MIG welding of specimens of butt and tee joints of 1561 alloy

Specimen type Wire feed rate  
Vwire, m/min

Welding current 
І, А Arc voltage  U, V Welding speed, 

V, mm/min
Shielding gas flow 

rate Q, l/min
Heat input  Е, 

J/mm
Butt 6.9 125 19.5 380 24 347

Tee 9.4 153 16 400 16 330

Note: heat input Е was determined allowing for process efficiency η=0.9 [46].
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is improved. This also reduces the likelihood of 
burning through the wall or flange of the joint. In 
general, this position is preferable when performing 
T-joints of long welded structures in production.

Creation and verification of the model for 
calculation of the temperature fields, residual 
stresses and strains 

At mathematical modeling of MIG welding 
process the available experience was taken into 
account [47–49]. Modeling of thermal processes 
at MIG welding of 1561 alloy was performed by 

finite element method [50] at different configura-
tions of welding parameters. 

In this study Simufact Welding software en-
vironment, which specializes on simulation of 
welding processes in complex thermo-elasto-
plastic definition, was used. The main advantage 
of Simufact Welding consists in the possibility 
of assigning a wide range of welding modes and 
modeling materials with nonlinear deformation 
laws, which ensures greater correspondence to 
the real welding conditions. For realistic repro-
duction of the local physical processes Simufact 
Welding applies adaptive refinement of the mesh 

Table 3. Geometrical dimensions of the weld and weld pool of specimens of butt and tee joints of 1561 alloy

Specimen 
type

Weld width 
e, mm

Weld width from 
the reverse side 

e1, mm

Weld 
reinforcement 

g, mm

Weld reinforcement 
from the reverse 

side  g1, mm

Weld leg,  
К, mm

Weld pool 
length L, mm

Length of weld 
pool frontal 
part Lfr, mm

Butt 11 4 2.9 2 - 10 5.2

Tee - - - - 6 9 4

Figure 5. Appearance and cross-sections of butt (а) and tee (b) welded joints of 1561 alloy
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in the weld zone and allows assigning different 
conditions of part fastening that ensures more 
precise modeling of the thermal deformation state 
during welding. It allows tracking abrupt temper-
ature gradients and development of plastic zones, 
forming directly during welding.

Moreover, Simufact Welding realizes a num-
ber of specialized models of the welding heat 
source, among which the double ellipsoid model 
proposed by J. Goldak was selected [51]. In this 
model J. Goldak sets the normal (Gaussian) dis-
tribution of heat source power density in the vol-
ume of a body having the shape of a double el-
lipsoid [52]. Temperature field Т(x,y,z,t) of such a 
distributed volumetric heat source is described by 
a differential nonlinear heat conductivity equation 
in any point of the body:

	 𝑐𝑐𝑐𝑐 𝜕𝜕𝜕𝜕
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	(1)
where:	qvol(x,y,z) is the volume fraction of the 

source thermal power, W/cm3; с is the 
thermal diffusivity, ρ is the density, λ is 
the heat conductivity of 1561 alloy.

Within the double ellipsoid model the volu-
metric density of the source thermal power 
qvol(x,y,z) has a normal (Gaussian) distribution. 
Then, in keeping with the normal distribution law 
for the frontal (at x ≥ 0) and tail (at x < 0) parts of 
the ellipsoid, we can write: 
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𝑄𝑄 = ∫ ∫ ∫ 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
∞

0

∞

−∞

∞

0
+ 

+ ∫ ∫ ∫ 𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)∞
0

∞
−∞ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑∞

0   
 

(4) 
 

2 2( x )

0
0

2
a

e dx äëÿ à
a

−
 

=   

 

𝑄𝑄 = 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴1

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

+ 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴2

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

= 

= 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 ( √𝜋𝜋3

4√𝐴𝐴1𝐵𝐵𝐵𝐵 + √𝜋𝜋3

4√𝐴𝐴2𝐵𝐵𝐵𝐵)  

 
(5) 

𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 = 4𝑄𝑄 ( √𝐴𝐴1𝐴𝐴2𝐵𝐵𝐵𝐵

√𝜋𝜋3(√𝐴𝐴1+√𝐴𝐴2)
) (6) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓(𝑥𝑥 = 𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟(𝑥𝑥 = −𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = −𝑐𝑐) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
 

(7) 
 

𝐴𝐴1 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑓𝑓

2 ≈ 3
𝑎𝑎𝑓𝑓

2 ; 𝐴𝐴2 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑟𝑟2

≈ 3
𝑎𝑎𝑟𝑟2

 

𝐵𝐵 = −𝑙𝑙𝑙𝑙0.05
𝑏𝑏2 ≈ 3

𝑏𝑏2 ; 𝐶𝐶 = −𝑙𝑙𝑛𝑛0.05
𝑐𝑐2 ≈ 3

𝑐𝑐2 
(8) 

 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑓𝑓𝑓𝑓
6√3𝑄𝑄

𝑎𝑎𝑓𝑓𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒
−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)

𝑎𝑎𝑓𝑓
)

2
+(𝑦𝑦

𝑏𝑏)
2

+(𝑧𝑧
𝑐𝑐)

2
]
 (9) 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑓𝑓𝑟𝑟
6√3𝑄𝑄

𝑎𝑎𝑟𝑟𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)
𝑎𝑎𝑟𝑟

)
2

+(𝑦𝑦
𝑏𝑏)

2
+(𝑧𝑧

𝑐𝑐)
2

] (10) 
  

	 (2)

	

𝑐𝑐𝑐𝑐 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣 (1) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2) (2) 
 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2) (3) 
 
 

𝑄𝑄 = ∫ ∫ ∫ 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
∞

0

∞

−∞

∞

0
+ 

+ ∫ ∫ ∫ 𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)∞
0

∞
−∞ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑∞

0   
 

(4) 
 

2 2( x )

0
0

2
a

e dx äëÿ à
a

−
 

=   

 

𝑄𝑄 = 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴1

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

+ 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴2

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

= 

= 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 ( √𝜋𝜋3

4√𝐴𝐴1𝐵𝐵𝐵𝐵 + √𝜋𝜋3

4√𝐴𝐴2𝐵𝐵𝐵𝐵)  

 
(5) 

𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 = 4𝑄𝑄 ( √𝐴𝐴1𝐴𝐴2𝐵𝐵𝐵𝐵

√𝜋𝜋3(√𝐴𝐴1+√𝐴𝐴2)
) (6) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓(𝑥𝑥 = 𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟(𝑥𝑥 = −𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = −𝑐𝑐) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
 

(7) 
 

𝐴𝐴1 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑓𝑓

2 ≈ 3
𝑎𝑎𝑓𝑓

2 ; 𝐴𝐴2 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑟𝑟2

≈ 3
𝑎𝑎𝑟𝑟2

 

𝐵𝐵 = −𝑙𝑙𝑙𝑙0.05
𝑏𝑏2 ≈ 3

𝑏𝑏2 ; 𝐶𝐶 = −𝑙𝑙𝑛𝑛0.05
𝑐𝑐2 ≈ 3

𝑐𝑐2 
(8) 

 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑓𝑓𝑓𝑓
6√3𝑄𝑄

𝑎𝑎𝑓𝑓𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒
−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)

𝑎𝑎𝑓𝑓
)

2
+(𝑦𝑦

𝑏𝑏)
2

+(𝑧𝑧
𝑐𝑐)

2
]
 (9) 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑓𝑓𝑟𝑟
6√3𝑄𝑄

𝑎𝑎𝑟𝑟𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)
𝑎𝑎𝑟𝑟

)
2

+(𝑦𝑦
𝑏𝑏)

2
+(𝑧𝑧

𝑐𝑐)
2

] (10) 
  

	 (3)

where:	qmax is the maximal thermal power in the 
ellipsoid center; A1, A2, В, С are the co-
efficients of distribution concentration in 
the positive and negative direction along 
axis ОХ and along axes OY and OZ, re-
spectively; f and r are the coefficients of 
the ellipsoid frontal and tail parts. 

As the source effective thermal power Q (for 
arc welding Q = ηIU) is assigned by both the 
components of volumetric power density qvol,f and 
qvol,r, we can write:

	

𝑐𝑐𝑐𝑐 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣 (1) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2) (2) 
 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2) (3) 
 
 

𝑄𝑄 = ∫ ∫ ∫ 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
∞

0

∞

−∞

∞

0
+ 

+ ∫ ∫ ∫ 𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)∞
0

∞
−∞ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑∞

0   
 

(4) 
 

2 2( x )

0
0

2
a

e dx äëÿ à
a

−
 

=   

 

𝑄𝑄 = 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴1

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

+ 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴2

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

= 

= 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 ( √𝜋𝜋3

4√𝐴𝐴1𝐵𝐵𝐵𝐵 + √𝜋𝜋3

4√𝐴𝐴2𝐵𝐵𝐵𝐵)  

 
(5) 

𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 = 4𝑄𝑄 ( √𝐴𝐴1𝐴𝐴2𝐵𝐵𝐵𝐵

√𝜋𝜋3(√𝐴𝐴1+√𝐴𝐴2)
) (6) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓(𝑥𝑥 = 𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟(𝑥𝑥 = −𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = −𝑐𝑐) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
 

(7) 
 

𝐴𝐴1 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑓𝑓

2 ≈ 3
𝑎𝑎𝑓𝑓

2 ; 𝐴𝐴2 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑟𝑟2

≈ 3
𝑎𝑎𝑟𝑟2

 

𝐵𝐵 = −𝑙𝑙𝑙𝑙0.05
𝑏𝑏2 ≈ 3

𝑏𝑏2 ; 𝐶𝐶 = −𝑙𝑙𝑛𝑛0.05
𝑐𝑐2 ≈ 3

𝑐𝑐2 
(8) 

 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑓𝑓𝑓𝑓
6√3𝑄𝑄

𝑎𝑎𝑓𝑓𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒
−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)

𝑎𝑎𝑓𝑓
)

2
+(𝑦𝑦

𝑏𝑏)
2

+(𝑧𝑧
𝑐𝑐)

2
]
 (9) 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑓𝑓𝑟𝑟
6√3𝑄𝑄

𝑎𝑎𝑟𝑟𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)
𝑎𝑎𝑟𝑟

)
2

+(𝑦𝑦
𝑏𝑏)

2
+(𝑧𝑧

𝑐𝑐)
2

] (10) 
  

	(4)

Allowing for standard integral function 
2 2( x )

0
0

2
a

e dx äëÿ à
a

−
∞ π

= >∫ , we obtain from (4):

	

𝑐𝑐𝑐𝑐 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣 (1) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2) (2) 
 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2) (3) 
 
 

𝑄𝑄 = ∫ ∫ ∫ 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
∞

0

∞

−∞

∞

0
+ 

+ ∫ ∫ ∫ 𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)∞
0

∞
−∞ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑∞

0   
 

(4) 
 

2 2( x )

0
0

2
a

e dx äëÿ à
a

−
 

=   

 

𝑄𝑄 = 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴1

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

+ 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴2

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

= 

= 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 ( √𝜋𝜋3

4√𝐴𝐴1𝐵𝐵𝐵𝐵 + √𝜋𝜋3

4√𝐴𝐴2𝐵𝐵𝐵𝐵)  

 
(5) 

𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 = 4𝑄𝑄 ( √𝐴𝐴1𝐴𝐴2𝐵𝐵𝐵𝐵

√𝜋𝜋3(√𝐴𝐴1+√𝐴𝐴2)
) (6) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓(𝑥𝑥 = 𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟(𝑥𝑥 = −𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = −𝑐𝑐) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
 

(7) 
 

𝐴𝐴1 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑓𝑓

2 ≈ 3
𝑎𝑎𝑓𝑓

2 ; 𝐴𝐴2 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑟𝑟2

≈ 3
𝑎𝑎𝑟𝑟2

 

𝐵𝐵 = −𝑙𝑙𝑙𝑙0.05
𝑏𝑏2 ≈ 3

𝑏𝑏2 ; 𝐶𝐶 = −𝑙𝑙𝑛𝑛0.05
𝑐𝑐2 ≈ 3

𝑐𝑐2 
(8) 

 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑓𝑓𝑓𝑓
6√3𝑄𝑄

𝑎𝑎𝑓𝑓𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒
−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)

𝑎𝑎𝑓𝑓
)

2
+(𝑦𝑦

𝑏𝑏)
2

+(𝑧𝑧
𝑐𝑐)

2
]
 (9) 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑓𝑓𝑟𝑟
6√3𝑄𝑄

𝑎𝑎𝑟𝑟𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)
𝑎𝑎𝑟𝑟

)
2

+(𝑦𝑦
𝑏𝑏)

2
+(𝑧𝑧

𝑐𝑐)
2

] (10) 
  

	(5)

Hence, 

	

𝑐𝑐𝑐𝑐 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣 (1) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2) (2) 
 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2) (3) 
 
 

𝑄𝑄 = ∫ ∫ ∫ 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
∞

0

∞

−∞

∞

0
+ 

+ ∫ ∫ ∫ 𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)∞
0

∞
−∞ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑∞

0   
 

(4) 
 

2 2( x )

0
0

2
a

e dx äëÿ à
a

−
 

=   

 

𝑄𝑄 = 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴1

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

+ 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴2

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

= 

= 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 ( √𝜋𝜋3

4√𝐴𝐴1𝐵𝐵𝐵𝐵 + √𝜋𝜋3

4√𝐴𝐴2𝐵𝐵𝐵𝐵)  

 
(5) 

𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 = 4𝑄𝑄 ( √𝐴𝐴1𝐴𝐴2𝐵𝐵𝐵𝐵

√𝜋𝜋3(√𝐴𝐴1+√𝐴𝐴2)
) (6) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓(𝑥𝑥 = 𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟(𝑥𝑥 = −𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = −𝑐𝑐) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
 

(7) 
 

𝐴𝐴1 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑓𝑓

2 ≈ 3
𝑎𝑎𝑓𝑓

2 ; 𝐴𝐴2 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑟𝑟2

≈ 3
𝑎𝑎𝑟𝑟2

 

𝐵𝐵 = −𝑙𝑙𝑙𝑙0.05
𝑏𝑏2 ≈ 3

𝑏𝑏2 ; 𝐶𝐶 = −𝑙𝑙𝑛𝑛0.05
𝑐𝑐2 ≈ 3

𝑐𝑐2 
(8) 

 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑓𝑓𝑓𝑓
6√3𝑄𝑄

𝑎𝑎𝑓𝑓𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒
−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)

𝑎𝑎𝑓𝑓
)

2
+(𝑦𝑦

𝑏𝑏)
2

+(𝑧𝑧
𝑐𝑐)

2
]
 (9) 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑓𝑓𝑟𝑟
6√3𝑄𝑄

𝑎𝑎𝑟𝑟𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)
𝑎𝑎𝑟𝑟

)
2

+(𝑦𝑦
𝑏𝑏)

2
+(𝑧𝑧

𝑐𝑐)
2

] (10) 
  

	 (6)

In keeping with [51] normally distributed 
functions qvol,f and qvol,r will decrease to 0.05qmax 
value at certain distances af, ​​ar, b and c from the 
origin of coordinates of a moving system con-
nected to the double ellipsoid heat source, then:

	

𝑐𝑐𝑐𝑐 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣 (1) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2) (2) 
 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2) (3) 
 
 

𝑄𝑄 = ∫ ∫ ∫ 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
∞

0

∞

−∞

∞

0
+ 

+ ∫ ∫ ∫ 𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)∞
0

∞
−∞ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑∞

0   
 

(4) 
 

2 2( x )

0
0

2
a

e dx äëÿ à
a

−
 

=   

 

𝑄𝑄 = 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴1

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

+ 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴2

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

= 

= 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 ( √𝜋𝜋3

4√𝐴𝐴1𝐵𝐵𝐵𝐵 + √𝜋𝜋3

4√𝐴𝐴2𝐵𝐵𝐵𝐵)  

 
(5) 

𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 = 4𝑄𝑄 ( √𝐴𝐴1𝐴𝐴2𝐵𝐵𝐵𝐵

√𝜋𝜋3(√𝐴𝐴1+√𝐴𝐴2)
) (6) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓(𝑥𝑥 = 𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟(𝑥𝑥 = −𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = −𝑐𝑐) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
 

(7) 
 

𝐴𝐴1 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑓𝑓

2 ≈ 3
𝑎𝑎𝑓𝑓

2 ; 𝐴𝐴2 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑟𝑟2

≈ 3
𝑎𝑎𝑟𝑟2

 

𝐵𝐵 = −𝑙𝑙𝑙𝑙0.05
𝑏𝑏2 ≈ 3

𝑏𝑏2 ; 𝐶𝐶 = −𝑙𝑙𝑛𝑛0.05
𝑐𝑐2 ≈ 3

𝑐𝑐2 
(8) 

 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑓𝑓𝑓𝑓
6√3𝑄𝑄

𝑎𝑎𝑓𝑓𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒
−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)

𝑎𝑎𝑓𝑓
)

2
+(𝑦𝑦

𝑏𝑏)
2

+(𝑧𝑧
𝑐𝑐)

2
]
 (9) 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑓𝑓𝑟𝑟
6√3𝑄𝑄

𝑎𝑎𝑟𝑟𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)
𝑎𝑎𝑟𝑟

)
2

+(𝑦𝑦
𝑏𝑏)

2
+(𝑧𝑧

𝑐𝑐)
2

] (10) 
  

	(7)

Substituting (7) into (2) and (3) we will deter-
mine А1, А2, В, С:

	

𝑐𝑐𝑐𝑐 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣 (1) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2) (2) 
 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2) (3) 
 
 

𝑄𝑄 = ∫ ∫ ∫ 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
∞

0

∞

−∞

∞

0
+ 

+ ∫ ∫ ∫ 𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)∞
0

∞
−∞ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑∞

0   
 

(4) 
 

2 2( x )

0
0

2
a

e dx äëÿ à
a

−
 

=   

 

𝑄𝑄 = 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴1

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

+ 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴2

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

= 

= 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 ( √𝜋𝜋3

4√𝐴𝐴1𝐵𝐵𝐵𝐵 + √𝜋𝜋3

4√𝐴𝐴2𝐵𝐵𝐵𝐵)  

 
(5) 

𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 = 4𝑄𝑄 ( √𝐴𝐴1𝐴𝐴2𝐵𝐵𝐵𝐵

√𝜋𝜋3(√𝐴𝐴1+√𝐴𝐴2)
) (6) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓(𝑥𝑥 = 𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟(𝑥𝑥 = −𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = −𝑐𝑐) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
 

(7) 
 

𝐴𝐴1 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑓𝑓

2 ≈ 3
𝑎𝑎𝑓𝑓

2 ; 𝐴𝐴2 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑟𝑟2

≈ 3
𝑎𝑎𝑟𝑟2

 

𝐵𝐵 = −𝑙𝑙𝑙𝑙0.05
𝑏𝑏2 ≈ 3

𝑏𝑏2 ; 𝐶𝐶 = −𝑙𝑙𝑛𝑛0.05
𝑐𝑐2 ≈ 3

𝑐𝑐2 
(8) 

 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑓𝑓𝑓𝑓
6√3𝑄𝑄

𝑎𝑎𝑓𝑓𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒
−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)

𝑎𝑎𝑓𝑓
)

2
+(𝑦𝑦

𝑏𝑏)
2

+(𝑧𝑧
𝑐𝑐)

2
]
 (9) 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑓𝑓𝑟𝑟
6√3𝑄𝑄

𝑎𝑎𝑟𝑟𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)
𝑎𝑎𝑟𝑟

)
2

+(𝑦𝑦
𝑏𝑏)

2
+(𝑧𝑧

𝑐𝑐)
2

] (10) 
  

	 (8)

Substituting Equations 6 and 8 into Equations 
2 and 3, and having made the transition from the 
moving coordinate system to the general one, we 
will obtain the following equation:

	

𝑐𝑐𝑐𝑐 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣 (1) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2) (2) 
 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2) (3) 
 
 

𝑄𝑄 = ∫ ∫ ∫ 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
∞

0

∞

−∞

∞

0
+ 

+ ∫ ∫ ∫ 𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)∞
0

∞
−∞ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑∞

0   
 

(4) 
 

2 2( x )

0
0

2
a

e dx äëÿ à
a

−
 

=   

 

𝑄𝑄 = 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴1

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

+ 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴2

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

= 

= 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 ( √𝜋𝜋3

4√𝐴𝐴1𝐵𝐵𝐵𝐵 + √𝜋𝜋3

4√𝐴𝐴2𝐵𝐵𝐵𝐵)  

 
(5) 

𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 = 4𝑄𝑄 ( √𝐴𝐴1𝐴𝐴2𝐵𝐵𝐵𝐵

√𝜋𝜋3(√𝐴𝐴1+√𝐴𝐴2)
) (6) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓(𝑥𝑥 = 𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟(𝑥𝑥 = −𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = −𝑐𝑐) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
 

(7) 
 

𝐴𝐴1 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑓𝑓

2 ≈ 3
𝑎𝑎𝑓𝑓

2 ; 𝐴𝐴2 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑟𝑟2

≈ 3
𝑎𝑎𝑟𝑟2

 

𝐵𝐵 = −𝑙𝑙𝑙𝑙0.05
𝑏𝑏2 ≈ 3

𝑏𝑏2 ; 𝐶𝐶 = −𝑙𝑙𝑛𝑛0.05
𝑐𝑐2 ≈ 3

𝑐𝑐2 
(8) 

 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑓𝑓𝑓𝑓
6√3𝑄𝑄

𝑎𝑎𝑓𝑓𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒
−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)

𝑎𝑎𝑓𝑓
)

2
+(𝑦𝑦

𝑏𝑏)
2

+(𝑧𝑧
𝑐𝑐)

2
]
 (9) 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑓𝑓𝑟𝑟
6√3𝑄𝑄

𝑎𝑎𝑟𝑟𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)
𝑎𝑎𝑟𝑟

)
2

+(𝑦𝑦
𝑏𝑏)

2
+(𝑧𝑧

𝑐𝑐)
2

] (10) 
  

	 (9)

	

𝑐𝑐𝑐𝑐 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣 (1) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2) (2) 
 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2) (3) 
 
 

𝑄𝑄 = ∫ ∫ ∫ 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒(−𝐴𝐴1𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
∞

0

∞

−∞

∞

0
+ 

+ ∫ ∫ ∫ 𝑒𝑒(−𝐴𝐴2𝑥𝑥2−𝐵𝐵𝑦𝑦2−𝐶𝐶𝑧𝑧2)∞
0

∞
−∞ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑∞

0   
 

(4) 
 

2 2( x )

0
0

2
a

e dx äëÿ à
a

−
 

=   

 

𝑄𝑄 = 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴1

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

+ 2𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
√𝜋𝜋

2√𝐴𝐴2

√𝜋𝜋
2√𝐵𝐵

√𝜋𝜋
2√𝐶𝐶

= 

= 𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 ( √𝜋𝜋3

4√𝐴𝐴1𝐵𝐵𝐵𝐵 + √𝜋𝜋3

4√𝐴𝐴2𝐵𝐵𝐵𝐵)  

 
(5) 

𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 = 4𝑄𝑄 ( √𝐴𝐴1𝐴𝐴2𝐵𝐵𝐵𝐵

√𝜋𝜋3(√𝐴𝐴1+√𝐴𝐴2)
) (6) 

 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓(𝑥𝑥 = 𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟(𝑥𝑥 = −𝑎𝑎𝑓𝑓, 𝑦𝑦 = 0, 𝑧𝑧 = 0) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = 0) = 

= 𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓,𝑟𝑟(𝑥𝑥 = 0, 𝑦𝑦 = 𝑏𝑏, 𝑧𝑧 = −𝑐𝑐) = 0.05𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚 
 

(7) 
 

𝐴𝐴1 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑓𝑓

2 ≈ 3
𝑎𝑎𝑓𝑓

2 ; 𝐴𝐴2 = −𝑙𝑙𝑙𝑙0.05
𝑎𝑎𝑟𝑟2

≈ 3
𝑎𝑎𝑟𝑟2

 

𝐵𝐵 = −𝑙𝑙𝑙𝑙0.05
𝑏𝑏2 ≈ 3

𝑏𝑏2 ; 𝐶𝐶 = −𝑙𝑙𝑛𝑛0.05
𝑐𝑐2 ≈ 3

𝑐𝑐2 
(8) 

 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑓𝑓 = 𝑓𝑓𝑓𝑓
6√3𝑄𝑄

𝑎𝑎𝑓𝑓𝑏𝑏𝑏𝑏𝜋𝜋3/2 𝑒𝑒
−3[(𝑥𝑥+𝑣𝑣(𝜏𝜏−𝑡𝑡)

𝑎𝑎𝑓𝑓
)

2
+(𝑦𝑦

𝑏𝑏)
2

+(𝑧𝑧
𝑐𝑐)

2
]
 (9) 

𝑞𝑞𝑣𝑣𝑣𝑣𝑣𝑣,𝑟𝑟 = 𝑓𝑓𝑟𝑟
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)
2

+(𝑦𝑦
𝑏𝑏)

2
+(𝑧𝑧

𝑐𝑐)
2

] (10) 
  

	(10)

where:	 τ is the time elapsed since the start of the 
heat source action; t is the current time; 
v is the speed of the source movement 
(welding speed); x, y, z are the ellipsoid 
half-axes in coordinate directions OX, 
OY, OZ; ff and fr are the coefficients which 
determine the ratio of the heat, added to 
the ellipsoid frontal and tail parts (ff=0.4, 
fr=1.6 [51]). 

Application of this model in Simufact 
Welding environment enables at each stage (heat-
ing, melting, cooling) following the dynamics 
of the temperature field formation, assessing the 
magnitude and distribution of the residual stress-
es, as well as determination of the magnitude 
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Figure 6. Finite element 3D models of a butt joint (а) and spatial position of the heat source (b) during its 
welding; of a tee joint (c), of butt (d) and tee (е) joints with a substrate and fixture

of plastic deformations. It resulted in forming a 
comprehensive understanding of the dynamics 
of MIG welding process, which allowed correct 
comparison of the numerical modeling results 
with experimental observations. 

The geometrical and finite element models 
were constructed using Visual Mesh software pack-
age, while further calculations were performed in 
Simufact Welding environment [10, 19]. In order 
to reproduce the real conditions of rigid restraint, 
not only the plates and the weld, but also the fixture 
elements (backing, press-down plates) were mod-
eled. Assigning the boundary conditions consisted 
in fixing the movement of the assemblies, coming 
into contact with the fixture, to simulate absence of 
deformations in the fastened zone.

2D-section of the plate and the weld was 
first created, which was later stretched into the 
third dimension, forming a 3D model. The mesh 

consisted of predominantly four node tetrahedral 
and eight node hexahedral elements (0.1–0.2 mm 
in the vicinity of the weld, 0.5–3.0 mm father 
from the weld), where the action of mobile spatial 
heat source was calculated (9)–(10) (Fig. 6). Sen-
sitivity analysis showed that further refinement of 
the element size in the fusion zone, even though 
it improves the accuracy (by 1–2% on average), 
greatly increases the calculation time that is in 
agreement with the conclusions of works [50, 51]. 
An optimal content of elements in the models was 
13–15 thous., that ensured an acceptable accuracy 
for evaluation of the residual stresses and strains.

Temperature-dependence physico-mechani-
cal characteristics of the alloy and the filler ma-
terial were entered on the base of tabulated data 
and our own experimental measurements [4, 
10]. Plastic deformation was determined on the 
base of «stress-strain» curves, corresponding to 
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Figure 7. Temperature field at the moment of the welding arc reaching the middle of the weld length (а,с) and 
peak temperatures (b, d) in the butt (a, b) and tee (c, d) welded joints

different temperature ranges and strain rates. Al-
lowing for the rigid restrain of the plates in the 
assembly-welding fixture, the model realized re-
striction of the degrees of freedom at the contacts 
with the backing and the press-down plates. After 
construction of the geometry and the mesh the 
model was exported to Simufact Welding, where 
calculations were performed in the thermo-elas-
to-plastic definition.

Validation of the developed finite element 
model was performed by comparing the thermal 
cycles, obtained in the experiment using thermo-
couples and as a result of numerical calculation 
(Fig. 7). Comparison of the model and experi-
mental thermal cycles is shown in Fig. 8. One can 
see from this comparison that the created finite 
element model allows prediction of the results of 
aluminium alloy MIG welding with an accuracy 
not worse than 5%. 

Analysis of the parameters of residual stress-
strain state (SSS) of a butt welded joint

Calculation of the parameters of residual SSS 
for a symmetrical butt joint of 290 × 200 × 4 mm 
size was performed for the process of welding 

and cooling in the assembly-welding fixture, 
which had the form of two solid plates (Fig. 6d), 
placed on 40 mm base relative to the weld, which 
provided rigid restraint of the welded plate in the 
plane. After unfastening the welded joint from the 
fixture, the level of residual stresses in the weld 
area decreases to ~150 MPa with formation of 
compressive stresses outside of the plastic strain 
zone of the order of –68 MPa with further lower-
ing to ~ –40 MPa at the edges (Fig. 9а).

Fields of transverse normal stresses by their 
magnitude are by an order smaller than the lon-
gitudinal normal stresses (Fig. 9b). The near-end 
areas at the weld start and end are compressed, on 
the face surface the stress value is not higher than 
~ –10 MPa in the zone restrained during welding; 
in the zone free from the fixture the stresses reach 
~ –30 MPa, because of impossibility of free ex-
pansion during welding.

The main cause for formation of residual 
welding stresses are the uncompensated residual 
plastic strains, which are non-uniformly distrib-
uted in the welded joint cross-section. Figure 10a 
shows the field of residual equivalent plastic von 
Mises strains with removed fixture [53]: areas 
with zero strain values in the regions of contact of 
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Figure 8. Thermal cycles of the experimental and modeled process of welding the butt (а) and tee (b) joints

Figure 9. Fields of residual longitudinal (а) and transverse (b) stresses

the fixture with the plates are clearly defined. The 
central area of the welded joint heated up to high 
temperature, which is free from the fixture during 
welding, is characterized by rather abrupt increase 
of plastic strains with a maximum at the boundary 
of the fixture action. The limits of the zone, where 
plastic strains develop, are the same on the left and 
on the right of the weld axis due to the welded 
joint symmetry, and they are equal to 33 mm each, 
which is 1.65 times larger than the fastening base 
during welding (40 mm) by. Such a width of plas-
tic zones is attributable to the action of the fixture 
during welding, which prevents free expansion of 

the plates being welded in the transverse direction 
and promotes development of plastic strains. 

Maximal values of von Mises equivalent 
stresses are concentrated in the weld and near-end 
areas at the weld start and end (Fig. 10b) [53]. 
In the joint central part the value of stresses de-
creases nonuniformly, with peak overshoots on 
the boundaries of action of the press-down plates 
and boundaries of the plastic strain zone. Maxi-
mal stress values are in place on the weld axis (up 
to ~180 MPa) and in the places of transition from 
the weld to the base metal (up to 190 MPa), that 
is ~30% less than the deposited metal ultimate 
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Figure 10. Field of residual von Mises equivalent plastic strains (а) and stresses (b) 

strength.  Joint removal from the fixture after 
welding led to maximal shortening of the weld 
start (~0.37 mm) and end (~-0.43 mm) (Fig. 11а). 
Across the welded joint width the longitudinal 
shrinkage is nonuniformly distributed: the central 
part had the largest shrinkage displacements as a 
result of the influence of the high-gradient tem-
perature field of the welding arc on it. The area of 
maximal displacements corresponds to the base 
of fastening the plates being welded. The fields of 
transverse displacements after the fixture removal 
(Fig. 11b) demonstrate practically uniform (~0.3 
m) transverse shortening of the welded joint along 
the entire weld length. Maximal magnitude of 
out-of-plane displacements of the welded plates, 
after freeing them from the rigid restraint, is equal 
to ~0.16 mm on the weld axis (Fig. 12). In the 
joint areas which were in contact with the fixture 
during welding, displacements can be considered 
zero (~0.0007 mm). Displacements are uniformly 
distributed along the weld length, except for edge 
areas, where they reach ~0.3 mm.

Analysis of the parameters of residual stress-
strain state (SSS) of a tee welded joint

Calculation of the parameters of the residual 
SSS for a model of a symmetrical tee joint was 
performed at the action of assembly-welding 

fixture in the form of two solid plates, placed on 
the base of 60 mm as to the fillet welded joints. 
Press-down plates rigidly fixed the tee flange in 
the plane at welding fillet welds in the gravity po-
sition and during cooling. 

The general pattern of distribution of the re-
sidual longitudinal stresses in the welded tee joint 
after its unfastening from the fixture is as follows 
(Fig. 13а): the flange is in tension, because of ap-
plication of the restraining fixture during weld-
ing. In the web the stresses are distributed in a 
classical manner: tensile stresses act in the plastic 
zone, and compressive stresses act in the reactive 
zone. The pattern of distribution of the residual 
transverse stresses along the weld length in the 
tee joint corresponds to the theory of stresses and 
strains (Fig. 13b): tension – in the weld central 
part and compression – in the near-end areas. 

Field of residual equivalent plastic strains 
in the tee joint with removed fixture has clearly 
defined areas with zero values of strains in the 
regions of the fixture contact with the plates 
(Fig. 14а). Welded joint areas heated up to high 
temperatures, free from the fixture during weld-
ing, are characterized by a rather abrupt increase 
of plastic strains with achievement of a maximum 
on the weld axis. Comparison of the width of plas-
tic zones, which formed during welding in the tee 
joint flange and web, showed that rigid restraint 

Figure 11. Fields of residual longitudinal (a) and transverse (b) displacements in the butt joint
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of the flange promotes formation of a plastic zone 
which is ~1.7 times larger than that in the web.

Investigations of equivalent stresses in a tee 
welded joint showed (Fig. 14b), that equivalent 
stresses of the largest magnitude of ~255 MPa 
formed in the weld area with their further decrease 

in the flange to ~147 MPa and in the web to ~70 
MPa. The difference in the magnitude of equiva-
lent stresses in the flange and the web beyond the 
weld area is due to the formed field of equivalent 
plastic strains (Fig. 14а), the magnitude of which 
was influenced by the use of a fixture for the flange 

Figure 13. Fields of residual longitudinal (a) and transverse (b) stresses in the tee welded joint

Figure 14. Field of von Mises residual equivalent plastic strains (а) and stresses (b)

Figure 12. Fields of residual out-of-plane displacements



323

Advances in Science and Technology Research Journal 2025, 19(4), 311–328

fastening during welding. Residual longitudinal 
shortening of the tee welded joint after its releas-
ing from the fixture was equal to ~0.6 mm (Fig. 
15а). Releasing from the fixture after welding led 
to maximal shortening of the weld start and end, 
which is related to longitudinal shrinkage of the 
weld metal. The transverse displacement fields af-
ter the fixture removal allow to be sure of practi-
cally uniform transverse shortening of the flange 
of ~0.2 mm along the entire weld length (Fig. 15b). 
Tee web shortening in the direction transverse rela-
tive to the weld (along Y axis) is by an order small-
er than that in the flange, and it is equal to ~0.03 
mm along the entire weld length (Fig. 15c).

In the area of the flange, removed from the fix-
ture, the magnitude of out-of-plane displacements 
is equal to ~0.15 mm with achievement of a maxi-
mum of ~0.32 mm in the weld area (Fig. 16). In 
the areas of contact of the plates being welded with 
the fixture the displacements are minimal at ~ –0.01 
mm. Maximal out-of-plane displacements formed 
in the web, in the point farthest from the weld, be-
cause of absence of fastening during welding: devi-
ations from the vertical by ~ 1.33 mm. At the flange 
ends the residual displacements are small and equal 
to ~ 0.09 mm for both the sides, due to the influence 
of the fixture during welding and cooling.

DISCUSSION OF INVESTIGATION 
RESULTS

Conducted calculation studies showed that 
for butt joints of 1561 alloy specimens:
	• magnitudes of longitudinal stresses on the joint 

face side on the weld axis are 12% lower than 
those on the reverse side, magnitudes of longi-
tudinal stresses in the points of transition from 
the weld to the base metal are peak values, but 

their magnitude is lower than the weld met-
al ultimate strength on the joint face side by 
~33%, and on the reverse side by ~68%;

	• along the weld length the magnitude of trans-
verse stresses on the face and reverse surfaces 
is approximately the same, which is indicative 
of uniform transverse shrinkage of the weld 
metal during cooling in the fixture;

	• equivalent plastic strains on the joint reverse 
side are up to ~2.5 times higher than the strains 
on the face side, here equivalent stresses on 
the face side are up to ~10% higher than those 
on the reverse side;

	• after unfastening from the fixture, the residual 
values of longitudinal shortening on the face 
surface exceed similar values for the reverse 
surface by up to 10%.

In the HAZ the nature of out-of-plane dis-
placements is the same on both sides of the joint, 
and their magnitude is up to 30% higher on the re-
verse surface, on the weld axis the displacements 
are 40–45% greater on the welded joint face side, 
the nature of distribution and magnitude of trans-
verse shortening on the welded joint reverse side 
are practically identical to the pattern of their dis-
tribution on the joint face side. For tee joint of 
1561 alloy specimens:
	• in the area of contact of the web with the 

flange the level of longitudinal tensile stresses 
is approximately the same for the face and the 
reverse sides;

	• magnitude of transverse stresses in the web 
and the flange on the face side is 25–35% 
smaller than on the reverse side;

	• distribution of equivalent plastic strains in the 
flange and the web for the face and the reverse 
surfaces of the welded joint is practically iden-
tical, except for points, belonging to the weld 

Figure 15. Fields of residual longitudinal (а) and transverse (flange – along axis Х (b), web – along axis Y(c)) 
displacements in the tee welded joint
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area; on the weld face surface the peak strain 
values are ~4 times greater than those on the 
reverse side;

	• equivalent stresses on the flange face surface are 
40% higher than those on the reverse surface;

	• longitudinal displacements along the weld 
length after unfastening from the fixture are 
14–58% smaller than on the reverse side;

	• transverse shortening on the flange face sur-
face in the weld area is up to 20% greater than 
on the flange reverse side;

	• nature of distribution of the displacements for 
the face and reverse sides, both in the flange, 
and in the web, is the same, magnitude of out-
of-plane displacements is different in the weld 
area: for the face side it is 55–60% larger on 
the axis between the welds than for the reverse 
side, and in the leg area it is 13–19% larger for 
the face side than for the reverse side. 

The conducted studies have shown that the 
values ​​of residual stresses (both longitudinal and 
transverse), equivalent deformations and stresses, 
as well as longitudinal and transverse displace-
ments, during welding of T-joints are several times 
greater than the analogs occurring during welding 
of butt joints. This is due to the fact that the linear 
energy of welding a butt joint is 347 J/mm, and a 
T-joint is 330 J/mm for each of the two seams.

The above-described comparison of the 
model and experimental thermal cycles (Fig. 8) 
showed that the developed finite element mod-
els of the butt and tee joints allow predicting the 
results of MIG welding of the aluminium alloy 
with not worse than 5% accuracy. This parameter 
of the model accuracy can be determined more 

precisely by comparison of the results of their ap-
plication to determine out-of-plane displacements 
after MIG welding of 1561 alloy.

Mode precise determination of the validity of 
prediction by the developed finite element models 
of the butt and tee welded joints was performed by 
the parameter of “out-of-plane” displacement by 
comparing the experimental data with the results 
of numerical modeling of this parameter for the 
above-mentioned joints. Measured residual weld-
ing out-of-plane displacement in the specimens of 
butt and tee joints were determined by the method 
of comparison of sagging of the blanks in the ini-
tial condition with welded joint sagging (Fig. 4). 
Results of numerical modeling of out-of-plane 
displacements are given in Figures 12 and 16. Re-
spective data of measurements and calculations 
for the same points of the welded joints were en-
tered into Table 4. As one can see from Table 4, 
the error between the calculated results and the 
experiment by out-of-plane displacement param-
eter was equal to 6.5% and 9.3% for the start and 
end of the butt joint weld, and 7.6% for the tee 
joint web. Thus, it can be assumed that the de-
veloped finite element models are valid with the 
accuracy of up to 10% that is an acceptable result 
for the technological calculations.

The practical usefulness of the obtained re-
sults is as follows. Obtained results can be used at 
prediction of fabrication of such welded structures 
from aluminium alloys as car bodies, light-weight 
railway cars, tanks of different type for storage 
and transportation of food and technological sub-
stances, building structures and parts for facing, 
etc. For such a prediction, it is necessary to divide 
the structure being designed into spatial primitives, 

Figure 16. Fields of residual out-of-plane displacements in the tee welded joint: flange – along axis Y (а); 
web – along axis Х(b)
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Table 4. Validation of finite element (FE) models by out-of-plane displacement parameter
Butt joint of 1561 alloy Tee joint of 1561 alloy

Measured value 
of displacement of 

specimen points, mm

Displacement of specimen 
points determined by FE 

modeling, mm
Error,% Measured value 

of specimen point 
displacement, mm 

Specimen point 
displacement, obtained 

by FE modeling, mm
Error,%

Weld start Weld end Weld start Weld end Weld 
start 

Weld 
end 

0.31 0.39 0.29 0.43 6.5 9.3 1.4 1.31 7.6

which are welded as butt and tee joints. Then the 
SSS for these primitives can be predicted in keep-
ing with the developed finite element models. 

CONCLUSIONS

It was established that the thermal cycle 
of the process of consumable electrode pulse-
arc welding (MIG) of 1561 aluminium alloy 
of Al-Mg-Mn system depends on the process 
heat input and predominantly influences the 
specimen part near the butt, unrestrained in the 
assembly-welding fixture, making it rational to 
predict the influence of rigid restraint of the 
welded specimens in the assembly-welding 
fixture on the residual stress-strain state of the 
butt and tee welded joints. 

The developed finite element model of 
calculation of the temperature fields and SSS 
was used to conduct the respective prediction, 
which allowed establishing the longitudinal and 
transverse tensile stresses and displacements, 
equivalent strains and stresses, out-of-plane dis-
placements of the welded joint of Al-Mg-Mn 
aluminium alloy. The discrepancy between the 
calculated and experimental data is not higher 
than 10%.

At MIG welding of the butt joint the maxi-
mal equivalent stresses of up to 190 MPa form 
in the points of transition from the weld to the 
base metal on the face surface, and they are ~30% 
lower than the deposited metal ultimate strength. 
At welding of the tee joint the maximal equiva-
lent stresses of ~250-260 MPa form in the flange 
in the weld area, and they are smaller than the de-
posited metal ultimate strength, which eliminates 
the destruction of the joint.

Application of a rigidly fastening assembly-
welding fixture at MIG welding of the butt joint 
of 1561 aluminium alloy led to minimization of 
out-of-plane displacements: they were equal to 
less than 0.1 mm. Application of a rigid fixture for 
the flange in welding the tee joint led to formation 

of a plastic zone in the flange ~1.7 times larger 
than in the web, and out-of-plane bending of the 
web by 1.31 mm. For industrial conditions of the 
welding process, it is recommended to use rigidly 
fastening assembly-welding fixture.
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