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ABSTRACT

In this paper, a survey on some selected problems of motor vehicle collisions modeling was undertaken. The aim
of this paper was to replace the classic approach based on a planar motion with a more complex resultant motion to
examine the potential additional factors affecting the process of a collision. In the case of a collision between two
vehicles, especially for a large velocity, the colliding vehicles may break away from the road surface and perform
a motion that requires including a more sophisticated approach to understand a road collision process, particularly
in view of its short duration. Moreover, the most common frontal or rear collision model was replaced with the side
impact collision model in which one vehicle struck the side of the other. Such approach makes the collision model
even more complex. It was also necessary to consider other phenomena as well. Apart from adopting a simple
momentum — impulse collision model, the authors took into account the friction between the bodies of the vehicles
involved in a collision in order to analyze the possibility of the coefficient of restitution in the case of both normal
and tangential directions versus the plane of collision common for both vehicles. In the case of a resultant motion
during the collision the forces of inertia, transportation and Coriolis were included. Such analysis can be a tool to
better understand the crucial parameters of any collision between motor vehicles, instead of performing a forensic
expertise. The novelty and one of the most important results of this paper may be creation of the more complex
mathematical model of a collision between two vehicles when compared to the regular models. Such model can
include such factors as the resultant motion during a collision that enable providing more realistic description of
a collision process than in a typical scenario. Of course, the paper deals with the momentary phenomena, which
last for a very short period of time (e.g. 0.1 s), hence including the factors which make the collision model more
complex may allow understanding its course and, what is more, the potential effect on the post-collision motion
of the vehicles involved.

Keywords: car accidents, vehicle collision modelling, parameters of collision between motor vehicles, analytical
calculations.

INTRODUCTION most common approach towards collision model-
ing. Thus far, analyses of motor vehicles collision

There is a variety of the effects of a road col- have been conducted with the use of both sim-

lision, depending on either dynamic or geometric
factors, e.g. a place of the road event. Most danger-
ous accidents in road traffic seem to be those tak-
ing place on intersections, hills and turns as well
as at high speed. This in connection with, e.g. side
impact collisions, which can cause the vehicles to
perform not only a planar motion, as assumed in

plified and more complex models, e.g. [1, 2, 3].
Mathematical description of the simplified mod-
els can be reduced to the principles of momentum
and angular momentum only. Yet, such approach
seems good for the cases in which a forensic expert
must examine only the most obvious road traffic
events without any additional factors determining
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the propriety of their opinions. In more advanced
collision models, the geometrical parameters can
also include the resultant motion of the colliding
vehicles which enables understanding the physical
nature of a collision between two motor vehicles.

There are, of course, some other directions
in which research on road traffic events has been
developed. One of them is the use of neural net-
works and fuzzy logic to develop a collision mod-
el, as, e.g. in [4] and [5] or the so-called machine
learning to analyze the impact on the so-called
vulnerable (non-protected) road users [6, 7, 8]. As
for the road users, the average male was regarded
as a norm to the analyses regarding the effects of
road accidents in [9]. Research on biomechanics
of a spine damage in a crash with the road barrier
was a subject of, e.g. [10].

Another approach was based on the statisti-
cal modeling [11] enabling the crash prediction
modeling. In [12], separation of the two vehicle
collisions from the multi vehicle ones took place.
In [13], a review of the techniques and tools used
in road accident analysis was performed, while in
[14] the factors determining the severity of each
accident under analysis were studied. Thus far,
some works have been devoted to other types of
road accidents than only a frontal impact. In [15],
the authors considered the impact into a solid ob-
ject on a roadside, while in [16] the preliminary
conclusions on the use of the restitution coeffi-
cient in the side impact collision were presented.
The techniques used in mathematical modeling

of road accidents were presented in [15], while

the special attention to frontal collisions was paid

in [16], where various overlaps were considered.

Of course, the current research also relates to the

autonomous vehicles in terms of road accidents

e.g. [17] and more advanced techniques, such as

the finite element method [18] and the big data

approach to understand a collision process [19].
This paper concentrated on the selected as-

pects of a road traffic collision modeling with the

inclusion of the additional phenomena, such as

a resultant motion for the example of a side im-

pact collision. Occurrence of the impulses of the

forces acting on the vehicles can be related to the

Mandelsztam criterion [3], determining the weak

or strong coupling of the dynamic systems such

as motor vehicles while in a collision. A math-
ematical model of a side impact collision seems
complicated, including the additional phenomena.

Yet, some simplifications are necessary in order

to provide the soluble equations without involv-

ing the time-consuming mathematical operations.

Therefore, the following assumptions have been

made, some of which refer to Figure 1:

e the models of the vehicles involved are qua-
si — stiff and linear. Non — linearity would be
advisable if, e.g. vibrations were considered.
Here, however, the vibrations during a colli-
sion are neglected,

e the bodies of both vehicles are the cuboids with
the constant stiffness and mass so their motion
can be considered in terms of material points,

Figure 1. The location of both vehicles at the beginning of the collision with the components of the
collision force impulse and the numbers of vehicles marked [based on 3]
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e the discussed example of a collision took place
on a dry road with the coefficient of adhesion 0.8,

e the system O__ is an inertial system (Fig. 1)
and the O’ , system located at the center of an
impact moves with respect to O_,

e in this case, the models of the vehicles per-
formed a resultant motion, so to describe their
motion in relation to the non-inertial O’ , co-
ordinate system, three coordinates were used:
n (normal), ¢ (tangential) and & (binormal).
The normal direction is perpendicular to the
plane of collision (i.e. the vertical plane of
initial contact common for both vehicles), the
tangential direction is coherent with the plane
of collision and the binormal is vertical and
perpendicular to the road plane,

e the geometric center of this collision is pri-
marily the point O’, i.e. the origin of the O’ ,
system located in the center of the area of ini-
tial contact between the vehicles,

e the impulses of all forces taken into account
were decomposed into the components along
the normal, tangent and binormal direction
versus the plane of collision. The external
forces and moments resulting from, e.g. vary-
ing adhesion between the wheels and the road
are not considered;

e the impulses of the forces in resultant motion
(the forces of inertia in relative motion, the
forces of transportation and the Coriolis forces)
were included in the equations specifying the
kinematic state of the vehicles and applied at
their centers of mass. Although their directions
were unknown, their components in the three
directions of the O, , system could be used,;

e Dboth the translational and the angular velocity
components after the collision were marked
with an apostrophe.

MATERIALS AND METHODS

General assumptions

The mutual location of both vehicles (no. 1
and 2) at the beginning of the collision is present-
ed in Figs. 1-3. In Fig.1, the components of the
impulse of the collision force was also added to
mark what type of a collision will be analyzed in
the further part of this paper. The markings in all
of the figures presented in this paper should be
explained here, as they refer to further analyses
in this paper:

— 1, 2—the numbers of both vehicles involved
in a discussed collision,

— n, t, b —the axes of the local coordinate sys-
tem attached to the center of the collision O,

- S§,.S,S,—the components of the collision
force impulse for each vehicle, along the
axes of the local coordinate system,

= n,t,b,n,t,b,—coordinates of the center of
mass of the vehicles no. 1 and 2, respectively,
in relation to the origin of the local coordinate
system O 'ntb,

— C,, C, — the center of mass of the vehicles 1
and 2, respectively,

- S, S, — the components of the impulse of
the inertia force for each vehicle in the nor-
mal (7) and the tangential (f) direction,

- S, »S,,— the components of the impulse of
the transportation force for each vehicle in
the normal and the tangential direction,

= S,,» S, — the components of the impulse
of the Coriolis force for each vehicle in the
normal and the tangential direction,

— v, v, — the tangential velocities directed
parallel to the # axis for each vehicle,

— the normal velocities directed parallel to the
n axis for each vehicle,

- v,, v, — the binormal velocities directed
parallel to the b axis for each vehicle,

— o,, , the angular velocities about the verti-
cal axis of each vehicle,

— I, I, — the moment of inertia of vehicle no.
1 and 2 respectively, relative to the vertical
axis of each vehicle.

In Figs. 2 and 3, the distances between the
center of mass of each vehicle and the origin of
the O’ntb system were presented in all three di-
rections. Let us assume that these three figures
will be a basis for further discussion on the resul-
tant motion included in the analyzed example of
the side impact collision.

Description of a collision model while driving
along aroad curve

In general, the equations regarding a collision
modeling for a planar motion can be formulated
as below (e.g. based on [3]), regarding Figs. 1-3:

m; (i, — Vi) = Spimi (Wi, — Vi) = S (1)
Li(w; — w;) = Sgin; + Spit; (2)
i=1,2,
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Figure 2. The physical model of the front, eccentric and oblique impact with the impulses of the impact force
marked in a plan view [based on 3]

y
O X

Figure 3. The physical model of the front, eccentric and oblique impact with the impulses of the impact force
marked in a plan view [based on 3]

where: m, — the mass of the particular vehicle, v,
— the velocity tangential to the plane of
collision for each vehicle, v, — the veloc-
ity normal to the plane of collision for
each vehicle, o, — the angular velocity of
each vehicle, § — the moment of inertia
relative to the vertical axis of each vehi-
cle, S , S, — the normal and the tangential
components of the collision force impulse
for each vehicle.
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In more specific examples, such as the one
discussed in this paper, more equations related to
the resultant motion are needed. In the most gen-
eral case, they would be as follows:

mi(vi,n - vin) =S8ni +Smi+ Stni + Scni (3)
m;(Viy — Vir) = Sei + Siei + Srei + Scei (4)

m; (i, — vip) = Sp + Sipi + Srpi + Scpi S)
Li(win — @) = Sgib; + Spt; (6)
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where:

Ii(wie — wit) = Spib; + Spn; (7)

Ii(wip — wip) = Stin; + Spitis 8)
i=12

S., S, S, —the normal, the tangential and

the binormal components of the collision
force impulse for each vehicle; — the nor-
mal and the tangential components of the
inertia force impulse for each vehicle; —
the normal and the tangential components
of the transportation force impulse for
each vehicle; — the normal and the tan-
gential components of the Coriolis force
impulse for each vehicle; — coordinates
of the center of mass of each vehicle in
relation to the center of the collision O".

Analysis of the presented case of an eccentric
side impact collision needs to be performed with
the use of some proper figures. Therefore, addi-
tional impulses of the forces included in the resul-
tant motion were presented in Figs. 4-6. Of course,
here it is most important to assume that the forces
in the resultant motion are of such great value that
they can be included in the equations describing
the kinematic state of both vehicles during the col-
lision. In Figs. 4-6, the location of the center of
mass for both vehicles is depicted by C, and C,. In
Equations 3 to 8, there seem to be too many insig-
nificant parameters and unknowns, so in order to
make these equations more usable, some of them
should be removed, having no meaning for the de-
scription of the analyzed example.

t

Figure 5. The impulses of the forces in resultant motion in a plan view [based on 3]
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Figure 6. The impulses of the forces in resultant motion in a side view [based on 3]

The main simplifications regard the most in-
significant phenomena. First, it seems unimport-
ant to take the angular velocity about the longitu-
dinal axis of each vehicle (i.e. the roll velocity).
In the case of such a short period phenomenon
as a collision, it seems that the rotation about
the vertical axis providing the most necessary
information about the change of direction of the
forward velocity of each vehicle is the most im-
portant. S the roll angular velocity (o, and o, in
Equations 2) can be neglected or at least assumed
to remain constant and therefore equal to 0 as a
difference between the beginning and the end of
the collision). However, it has to be stressed that

for vehicle no. 2, m, will be the roll angular veloc-
ity and for vehicle no. 1, it will be @ .

The same refers to the pitch angular veloc-
ity. Of course, the vehicle could move pitch-like
with, e.g. the rear wheels above the road surface,
but this kind of angular velocity will not affect the
change in the forward direction of each vehicle, so
let it be assumed that the difference between the
post and after the collision, the pitch velocity will
be equal. Again, for vehicle no. 2, w_will be the
pitch angular velocity and for vehicle no. 1, it will
be w,. The component of the binormal impulse Sb
has a common vector return for both vehicles.
Therefore, the equations in this direction for both

Figure 7. The components of the translational and the angular velocities of both vehicles in a plan view
[based on 3]
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Figure 8. The components of the velocities of both vehicles in a side view [based on 3]

vehicles will be similar. With the assumed simpli-
fications which may not affect the whole process
of the analyzed collision, some simplified equa-
tions of motion can be specified. The components
of the angular velocities which do not affect the
change in the forward direction of motion before
and after the collision were 0, while the impulses
remained. In Figures 7 and 8, the components of

the translational velocities of each vehicle were
presented. Also, in Figure 7, the angular veloci-
ties used here were marked. This, in turn, may let
us assume that the normal velocity of the vehicle
2 (v2n) is 0 at the beginning of the collision, be-
cause the vehicle moves parallel to the adopted
O’ axis. Only after the collision, the velocity v, ’
component will differ from 0.

Hence, based on Figs. 2, 3, 5, 6, 7 and 8, the general, yet specified for the given example,

equations for vehicle no. 1 would be:

a) along the O’n axis:

My (=V1n + Vin) = Sp1 + Sina + Stn1 + Sena )
b) along the Ot axis:

my (=v1e + V1) = St1 + Sier + Ster + Sca (10)
c) along the O’b axis:

my (Vip — v1p) = Sp + Sip1 + Sto1 + Scpr (11)
d) around the longitudinal axis of vehicle no. 1:

0 = Stlbl + Sbtl (12)
e) around the lateral axis of vehicle no. 1:

0 = Snlbl + Sbnl (13)
f) around the vertical axis of vehicle no. 1:

L(w1p — w1p) = Stany + Spaty, (14)
and for vehicle no. 2:
a) along the O’n axis:

My (V3n) = —Snz — Sinz — Stnz — Scnz (15)
b) along the Ot axis:
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My (Var — V3t) = —St2 — Stz — Ste2 — Scez (16)
c) along the O’b axis:

My (Vap — V2b) = Sp + Sipz + Stvz + Scovz (17)
d) around the longitudinal axis of vehicle no. 1:

0 = =Si2by — Spt, (18)
e) around the lateral axis of vehicle no. 1:

0 = —Spaby — Spny (19)
f) around the vertical axis of vehicle no 1:

L (w3 — w2p) = —=SiaNz — Spata, (20)

where: my, m, — the mass of vehicle no. 1 and 2 respectively; v,,, V5, — velocity components of both
vehicles in the O’n direction; vy, v, — velocity components of both vehicles in the Ot direction;
V1p, Vyp — Velocity components of both vehicles in the O’b direction; w4, w, — angular velocities of both
vehicles involved in the collision; I;, I, — the moments of inertia of vehicle no. 1 and 2 relative to the
vertical axes passing through the center of mass of each vehicle; S, S;, S, — the components of the
impulse of a collision force in the normal, tangential and binormal direction; S;,,4, S;¢1 — the normal and
the tangential components of the inertia force impulse of vehicle no. 1; Sy,,1, St¢1 — the normal and the
tangential components of the transportation force impulse of vehicle no. 1; S¢,1, Sce1 — the normal and
the tangential components of the Coriolis force impulse of vehicle no. 1; Sj,2, Sj¢2 — the normal and the
tangential components of the inertia force impulse of vehicle no. 2; St,,5, St¢2 — the normal and the
tangential components of the transportation force impulse of vehicle no. 2; S¢y,2, Sct2 — the normal and
the tangential components of the Coriolis force impulse of vehicle no. 2; ny, ty,n,, ty, by, b, — the
coordinates of the center of mass of each vehicle with respect to the O origin of the local coordinate
system; wqp, W2p — the angular velocity of each vehicle involved in the collision about their vertical
axis; I;,I, — the moment of inertia of each vehicle relative to the vertical axis passing through their
centers of mass.

In the next step, a kinematic state of both vehicles was presented in order to sum up which parameters
are necessary to consider such a modified and expanded side impact collision model. Thus, the kinematic state
of the vehicles for the post collision moment can be presented with the use of the following formulas:

a) for vehicle no. 1:

r Sn1+Sm1+Stn1+Scn1
Vip = Vin + = s (21)
1
ro_ St1+S161+STe1+Sce1
Vi =V + - s (22)
1
r Sp+S1p1+STh1+Sch1
Vip =V1p t ) (23)
m
1
St1b1 = =Spty, (24)
Snib1 = =Spny, (25)
T Stang+Snaty
wip = wyp t L (26)
b) for vehicle no. 2:
! — 5n2+SInZ+STn2+SCn2
vZn - = s (27)
m;
r_ St2+S1t2+STe2+SCe2
Uy = Uyt + - ) (28)
2
r_ Sp+Sib2+STh2+Sch2
Uy = VUyp + - ) (29)
2
Staby = —Spty, (30)
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Snaby = =Spny, (31)
StaN2+Snats
I, ’

Wap = Wap — (32)

In this case, the obtained 12 Equations 21-32 contain 32 unknowns, because it has been assumed
that Sy, is common for both vehicles. From these equations, it can also be concluded that the parameters
necessary to solve such a problem are mainly the components of the impulses of all forces taken into
account in the resultant motion, as well as the impulses of the collision forces. In the typical software,
such as V-Sim or PC-Crash the impulse of a collision force is usually calculated, but given a one
common magnitude, internal for a period of two vehicles remaining in contact and not decomposed into
two separate impulses, each for every vehicle.

Of course, it is difficult to specify both the resultant impulse of a collision force and the resultant
impulse of the absolute force stemming from the resultant motion as the directions of both of them are
unknown. Some additional simplifications may enable the discussed collision model more easy without
removing the resultant motion phenomena. One of them may reflect the impulse of the Coriolis force, as it
is responsible for the rotation of each vehicle, mainly about its vertical axis passing through the center of
mass. Let us assume that the Coriolis force for each vehicle remains parallel to the road, so no additional
binormal components would be taken into account. Then, the Equations 23 and 29 will be simpler:

ro_ Sp+Sip1+STh1

Vip =V1p t T (33)
r_ Sp+Sib2+STh2

Vop = Vap t T m, (34)

As for the rest of the simplifications, a certain hypothesis can be formulated to enable
determination of some unknowns so that the angles between the resultant impulse and the O’,, O’; and
O’ directions will not be necessary.

STi taking part in the modelled collision. The more
complicated model, the more unknowns and the
more equations needed to be solved. The degree
of complexity of such a model enables a more
thorough analysis of the phenomena occurring
during a road traffic collision. Of course, the most
complex models need a specified software, but
the problems presented in this paper may be a
background for further development and imple-
mentation of the more complex cases regarding
the road accidents. Introduction of the potentially
less important parameters to the model enables
more accurate reflection of reality of accidents
X that may have taken place in reality.

For example, a hypothesis regarding the co-
efficient of restitution can be made. Let the co-
efficient of restitution in the normal direction be
marked with R and the coefficient of restitution
on the normal and binormal direction be marked
with 6. It seems fair to say that the coefficient of
restitution in these directions is the same as the
axes O’ and O’, compose the plane of collision,
along which both vehicles can move while in
contact. The additional equation can therefore be

Figure 9. Mutual location of the impulses of
forces in the resultant motion during the collision

CONCLUSIONS

Modeling of collisions may be easy or com-
plicated, depending on the needs and tasks ahead
of a person doing so. It may also be a method that

enables demonstrating the influence of the se-
lected parameters on the motion of the vehicles

specified in which the normal coefficient of res-
titution (R) is regarded as an ordinary parameter
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used, e.g. in planar motion collisions, while the
coefficient of restitution for the tangential and
the binormal direction (¢) can be regarded as a
slip coefficient, similar to the one used in fric-
tion analysis (the vehicles in contact rub mutually
against each other laterally and vertically). In [16]
it was stressed — following the results of previous
research by, e.g. Japanese scientists — that the R
coefficient takes values between 0 and 1, whereas
the 6 coefficient can take values between —1 and
1, depending on the nature of collision.

The coefficient R can be used as in the case
of a regular planar motion cases to determine the
relative velocity, as, e.g. in R. Grybo$ collision
theory cited, e.g. in [3].

Therefore, using these coefficients such a hy-
pothesis, making the model of the collision more
useful, can be made. Regarding the impulses S ,
S, and S, as the forces with a very short duration
period a general form of the equations with the
coefficients of restitution:

Wi = wi,wy = —WuR,wy =w,0  (35)

where: w, — the relative tangential velocity of
each vehicle (along the Ot axis), w, — the
relative normal velocity of each vehicle
(along the O'n axis), w, — the relative
binormal velocity of each vehicle (along
the O’b axis).

The given relative velocities can be associ-
ated to the components of the translational veloc-
ity and the angular velocity. The concept of rela-
tive velocities regard both the slip (tangential and
binormal) and the compression (normal) direc-
tions. When solving the Equations 21 to 32, the
additional equations can be obtained to supple-
ment them:

wi = (V¢ + nywi) — (=g — Npw3y) = weh (36)
Wy = (V1 — t1wy) — (—vg, + t,wy) = =Wy, R(37)
Wp = V1 — Uy = Wp0 (38)

In the case of the binormal velocity, it has
been assumed that the angular component is
equal to 0 because it cannot affect the process of a
collision. The signs in Equation 38 result from the
same returns of the v, and v,, vectors in Figure 8.

According to the Coriolis theorem from the
classical mechanics, the absolute acceleration in
relation to the moving reference coordinate sys-
tem is the sum of the relative, translation and Co-
riolis accelerations. S, if the accelerations were
replaced by the impulses of the forces (which
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seems right because of the short period of dura-
tion of these forces), then the three components
taken into account in the relative motion can be
described as:

SIi = ml-ah-t,i = 1,2 (39)

STi = miaTl-t,i = 1,2 (40)

SCi =m;Qc; = Zmiwiwi sin ¢i t,i = 1,2 (41)
where: m, — the mass of each vehicle, ¢ — dura-
tion of the collision, — the relative accel-

eration of inertia of each vehicle, — the
translation acceleration of each vehicle,

— the Coriolis acceleration, — the relative
velocity of inertia of each vehicle, — the
angular velocity of each vehicle, — the an-

gle between the relative velocity of inertia
and the angular velocity of each vehicle.

In order to solve the matter of location of
these three impulses, it can be assumed that they
are mutually perpendicular. The impulse of iner-
tia was assumed to be parallel to the longitudi-
nal plane of symmetry of each vehicle. Thus, the
remaining impulses can be located as presented,
e.g. in Figure 9.

Of course, there is only one possible approach
towards collision modelling. Yet, a possibility to
include more complicated or specific phenom-
ena, regarding them as momentary at the same
time, seems to be the most important. Due to in-
corporating the more sophisticated mathematical
model into a dedicated software it seems possible
to reflect the real road traffic situations in virtual
environment.
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