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INTRODUCTION

Layered composite products are increasingly 
used in many industries. Expectations for the 
use of composite, layered materials often result 
in side effects, as well as technical, layered com-
binations of the materials’ properties. It should 
be noted that the shared, detailed impact of the 
complex layering is small, which translates into 
costs resulting from the files. Composite layered 
materials are finding increasingly wider indus-
trial and research applications [1–3]. The inter-
est in this type of materials is most often due to 
economic reasons [4, 5]. This phenomenon can 
be used to develop metal-layered composite tech-
nology [6]. The process includes basic metal con-
nection processes and their plastic-shaping con-
sequences. There are many methods of joining 
metals [6], but in case of a problem, the combina-
tion of layers of small thickness is a problem. It 
is often necessary to supply metal materials in the 
plastic forming process. When shaping a layered 

composite, problems arise with separating indi-
vidual composite layers resulting from their dif-
ferent properties [7, 8].

Numerical modeling is based on the struc-
tural element method for characteristic param-
eters from one of the previous elements [9]. A 
definite alternative version that takes advantage 
of the use of plasticity [10, 11]. These solutions 
are not taken into account, but the delayed vis-
coelastic effects have final significance based on 
the amounts deformed in the form of laminated 
composite sheets [12]. Viscoelastic effects are no-
ticeable immediately after the composite material 
releases the deformation zone [13, 14].

The dynamic rolling process is most often 
used to shape composite sheets. Therefore, the 
study analyzed the deformations of individual 
layers constituting the composite, both in the de-
formation zone and in the zone of delayed vis-
coelastic effects. Calculations based on the the-
ory of viscoelasticity allow for the presentation 
of the full course of the deformation process of 
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the components of layered composites, including 
both the rolling valley and the mentioned zone of 
delayed viscoelastic effects, as shown in Figure 1.

The author of the paper proposed solutions for 
viscoelastic bodies, which were developed and dis-
cussed in [6]. This solution is a new approach to the 
analysis of the rolling process of layered composites. 
Taking into account delayed viscoelastic effects al-
lows for precise determination of the values   of de-
formations of materials constituting the composite. 
In most works, the differences between the set and 
permanent deformation were attributed only and ex-
clusively to the stiffness of the rolling stand, which is 
not entirely correct. In this paper, the course of defor-
mation changes in the rolling gap and in the zone of 
delayed viscoelastic effects was determined.

Even though viscoelastic solutions were dis-
covered long ago, they are often used to analyze 
many phenomena. One example is the use of vis-
coelastic solutions described in [15] to analyze the 
behavior of a supported beam subjected to variable 
loads. The half-space reactions to the sleepers were 
replaced by an arrangement of identical springs 
placed under each sleeper. Another exciting so-
lution based on viscoelasticity is using magneto-
therm-viscoelastic surface waves in conductive 
layers, as presented in [16]. In this work, the de-
pendence of strain rate and stress on time in media 
under initial load was considered. In subsequent 
works, viscoelastic solutions were used to identify 
material properties [17, 18]. Viscoelastic solutions 
are critical [19] and often used in works dealing 

with biomechanics [20, 21], e.g., using elastog-
raphy to measure the viscoelasticity of biological 
tissues or analyzing biodynamic skin tension lines 
for surgical cutting [22, 23]. In subsequent works 
directly related to the topic discussed in this work, 
the following were analyzed: the detachment of 
viscoelastic tapes adhering to a rigid flat substrate 
[24] and the reaction of the viscoelastic substrate 
to external impacts [25]. Despite such a wide range 
of viscoelastic application applications, more work 
is needed related to their use in the rolling process. 
This is mainly due to the specialized use of specific 
solutions and complicated mathematical descrip-
tions. The effects of the discussed solutions result-
ed in this issue being taken up in work [6], where 
the rolling process of two-layer bimetal sheets was 
analyzed. The paper presents and discusses the dy-
namics of deformations occurring during cold roll-
ing of flat two-layer products using solutions for 
viscoelastic bodies [6]. The presented work con-
tinues the considerations discussed in [6] related to 
using viscoelastic solutions to analyze the rolling 
process of layered composites composed of three 
layers [26, 27]. The use of viscoelastic solutions 
allows for analyzing the course of deformations of 
individual layers during the passage through the 
zone of intense deformations and their behavior in 
the zone of delayed viscoelastic effects, Figure 1 
[28, 29]. The problem of dimensional accuracy of 
products made of layered composite materials is 
one of the main issues addressed in many research 
works [6, 30].

Figure 1. Scheme of the rolling process of viscoelastic layered composites divided into zones A - rolling 
trough (intense deformations), B – delayed viscoelastic effects; ld – length of the rolling valley, h1 – total 
deformation in the rolling trough, ht – total deformation in the zone of delayed viscoelastic effects
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MATERIAL AND METHODS

Three-layer composites obtained by explo-
sive welding were used for the tests. The chemi-
cal composition of the materials used for joining 
is given in Table 1. The three-layer composites 
were joined by explosive welding. Figure 2 shows 
a view of a sample cut from the middle part of a 
joined composite sandwich sheet.

The first stage of the research was to check the 
durability and continuity of the connection areas 
of the sandwich composite components. Then, 
test samples with dimensions of 10×120×200 mm 
were cut from the joined sheet. The plastic shap-
ing process was carried out on a duo rolling mill 
with a roll diameter of f150 mm. The view of the 
rolling mill is shown in Figure 3. As part of the 
conducted research, it was planned to carry out 
the rolling process of laminated composite sheets 
for total deformation of ez = 12% and ez = 18%.

MATHEMATICAL MODEL

Based on the literature analysis [27–29], sim-
ple one- and two-parameter models, such as the 
Maxwell model shown in Figure 4 or the Voigt 
model, do not correctly describe the actual condi-
tions of the rolling process of composite products. 
The Maxwell model is a serial combination of 
Hooke’s and Newton’s models. Maxwell’s model 
allows for the analysis of relaxation but does not 
correctly reflect the creep phenomenon [6, 29]. 
Based on the work [26], it was found that for 
Maxwell’s model, the strains increase indefinitely 
for a constant value of stress, which does not oc-
cur in typical solids.

The classical linear theory of elasticity is 
based on Hooke’s law. It was assumed that the 
relationships between stress and strain are linear 
and independent of time [31, 32]. However, based 
on the works [6, 33], it was found that metals do 

Table 1. Chemical composition of alloys (wt. [%])
Material Al. Mg Cu Zn Ti Si Mn Fe

AlMg the rest 5.8 0.10 0.25 0.15 0.4 0.60 0.40

Al1050 the rest 0.047 0.05 0.008 0.05 0.06 0.005 0.32

M1E - - the rest 0.003 0.002 0.002 - 0.005

Figure 2. View of the composite sample after joining by explosive welding

Figure 3. View of the duo rolling mill f150 mm
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not fully obey Hooke’s law. An example here is 
the case of vibrations of metal bodies, which last 
infinitely long. Another case known from many 
experimental studies for many materials may be 
its loading for a long time. As a result of this ac-
tion, it was observed that the deformations in-
crease with the time of the material load [34, 35]. 
Therefore, the assumptions of the linear theory of 
elasticity should be supplemented with the time 
factor in the equations of state. Then the equation 
of state is described by a functional relationship 
in the form [27]:
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where: σ – stress, ε – strain, t – time.

The perfectly elastic body model and the vis-
cous fluid model are used to describe viscoelas-
tic bodies [36, 37]. Elastic effects, as previously 
mentioned, are subject to Hooke’s law. However, 
the viscous effect obeys Newton’s law [38, 39]. 
The combination of the linear theory of elastic-
ity with viscous fluid mechanics was called the 
linear theory of viscoelasticity [40, 41]. In the 
linear theory of viscoelasticity, models composed 
of springs and dampers are used to describe the 
changes that occur during deformation [6, 27]. 
These models describe the behavior of an infini-
tesimal body element [29].

This work assumes small deformations and 
limits them to bodies subject to Boltzmann’s su-
perposition principle. In the further part of the 
work, the considerations will concern Boltzmann 
bodies, i.e. viscoelastic bodies with linear charac-
teristics. The principle of superposition proposed 
by Boltzmann will constitute a heuristic law that 
is the basis for the mathematical description of 
the theory of viscoelastic bodies with linear char-
acteristics. Based on the principle of superposi-
tion [6, 27], it was assumed that if stresses s1(t) 
cause material deformations e1(t) and if stresses 
s2(t) cause material deformations e2(t), then the 
sum of these stresses s1(t) + s2(t) will cause the 
sum of deformations e1(t) + e2(t).

The mechanical properties of a viscoelas-
tic body are measured in two functions, i.e., the 
creep function (Figure 6) and the relaxation func-
tion (Figure 7). The creep function from the phys-
ical side is the elongation caused by applying a 
unit force at time t = 0. The applied force is the 
Heviside function, which is equal to zero for time 
t < 0, while for t ≥ 0 it is equal to unity. Regard-
ing the relaxation function, it is the force causing 
elongation. This elongation is zero for t < 0, and 
when t ≥ 0, it equals unity.

One of the simplest examples of relaxation 
and creep functions is stretching or compress-
ing a rod made of viscoelastic material. Based 
on the work [6, 27], the concept of these func-
tions was discussed on the example of stretching 
a rod made of viscoelastic material. Thus, the rod, 

Figure 4. Maxwell’s model (a) diagram, (b) creep curve, c) relaxation curve [26–29]

Figure 5. Creep function of a viscoelastic body [6, 29]

Figure 6. Relaxation function of a viscoelastic body 
[6, 29]
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which was at rest, was loaded at time t = 0 with a 
force causing a stress s0 in the rod, and the mate-
rial’s behavior at time t was examined. Therefore, 
the case of the function [6, 29] was considered:
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Figure 5 shows that at the beginning, the de-
formation increases to the value marked at point 
A. This value is defined as:
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where: E – dynamic modulus of elasticity.

According to the AB and BC curves, the de-
formation increases with time in the next stage. 
Hence, the total deformation at time t is [6, 29]:
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Since the creep function does not depend on 
the place or shape of the body but only on time, 
it can be considered a function characterizing 
the rheological properties of a viscoelastic body. 
Moreover, it should be noted that if g = 0, only 
elastic deformation occurs for any time t.

However, if at the moment t = t0 the mate-
rial is unloaded, the deformation will gradually 
decrease until it reaches the value of permanent 
deformation et. The BD curve shows the nature 
of the strain change, which is called the recovery 
curve of a viscoelastic material.

The relaxation function of a viscoelastic ma-
terial is described by the relationship [6, 29]:
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Figure 7 shows the form of the relaxation 
function of a viscoelastic body.

In the tensile sample at t = 0, a finite strain 
e0 is applied. The deformation at t = 0 causes the 
stresses in the tensile sample to increase rapidly 
and reach the value [6, 29]: 
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Then, we observe that the stress value de-

creases with the loading time according to the 
ABC curve, which we write as [6, 29]:
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Since the relaxation curve shown in Figure 6 

is convex downwards, the derivative of the relax-
ation function is negative. However, if at the mo-
ment t=t0, the load causing the deformation e0 is 
removed, then the course of stress changes over 
time is illustrated by the ABDE curve.

Since one- and two-parameter models are in-
sufficient to describe the deformation process of 
solids, three-parameter models are used for mod-
ern solutions [6, 29]. The application of Maxwell 
and Voight models do not describe the rolling pro-
cess correctly. In current solutions, the most com-
mon models are three-, four- or more parameter 
ones. In this work, the combined three-parameter 
Jeffreys model [27, 28] was adopted for the con-
siderations - to describe each of the components 
of the layered metal composite. This model al-
lows for the analysis of independent deformation 
of the layers constituting the bimetal. In particu-
lar, the Jeffreys model consists of Maxwell and 
Newton models connected in parallel.

The equation of state for the Jeffreys model is 
described as [29]:
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For the components of the layered composite, 
a parallel connection of three three-parameter Jef-
freys models was assumed – Figure 7.

Determining the behavior of such a system is 
possible when we know the nine constants EAlMg, 
h1AlMg, h2AlMg, EAl1050, h1Al1050, h2Al1050, EM1E, h1M1E, 
h2M1E, describing the mechanical properties of the 
metals included in the layered composite. These 
constants denote the moduli of longitudinal elas-
ticity and viscosity of individual composite lay-
ers, respectively.

The equation of state for the adopted model is 
formula 11 above.

Figure 7. Schematic of the Jeffreys model [6, 28]: 
E – longitudinal modulus of elasticity, 

h1, h2 – viscosity coefficients
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The Jeffreys model presented in Figure 8 ap-
plies to the arrangement of composite layers dur-
ing the rolling process (Figure 9). On this basis, 
calculations were made of the deformations of in-
dividual layers in the rolling valley and the zone 
of delayed viscoelastic effects.

RESULTS 

As part of modeling the laminated composite 
sheets’ rolling process, calculations were made 
for total deformation of e = 12% and e = 18%. 
The Mathcad computer program was used for nu-
merical calculations. Figures 10 and 11 show the 
course of changes in the deformation of the com-
ponents of the three-layer composite.

Based on the results presented in Figures 10 
and 11, it can be observed that the values of de-
formations of composite components decrease 
after leaving the rolling gap. The values of de-
formations and their changes in the zone of de-
layed viscoelastic effects strictly depend on their 
properties. As a result of the existence of delayed 
viscoelastic effects, there is a differentiation of 
the values of deformations of composite layers in 
the zone of intensive deformations and the zone 
of delayed viscoelastic effects. Moreover, based 
on the presented test results, it can be concluded 
that the dependence of the deformation values of 
the layers constituting the composite on time is 
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Figure 8. Jeffreys’s model of the rolling process of a 
two-layer viscoelastic body

Figure 9. Scheme of shaping layered composites (a) rolling process, (b) fiber arrangement
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a linear function. This allows us to state that the 
conditions of Boltzmann’s principle are met, and 
the rolling of layered composites can be treated 
as multilayer linear viscoelastic bodies. The dif-
ferences in the deformation values of the layers 
obtained on the basis of laboratory compression 
tests and calculated for the rolling process us-
ing the developed model show high compliance. 
A rolling process was carried out analogously in 
laboratory conditions to determine the correctness 
of the calculations. The results of layer thickness 
measurements are shown in Figure 12.

Figure 12 shows the results of thickness 
measurements of the layers constituting the 
AlMg+Al1050+M1E composite. The results pre-
sented in Figure 12 show that there is practically 

no intermediate layer in the area where AlMg and 
Al1050 are joined. In contrast, in the case of the 
connection of Al1050 and M1E layers, there is an 
intermediate layer that was not deformed during 
the rolling process. Therefore, their occurrence 
was omitted in the overall calculations. Table 2 
presents the results of computational and labora-
tory tests for rolling three-layer composite sheets 
with total relative deformation of ez = 12% and 
ez = 18%. Based on the presented computational 
test results and laboratory verification, it can be 
concluded that greater computational accuracy 
was achieved by considering delayed viscoelas-
tic effects. The error in determining the value of 
permanent deformation of components of rolled 
layered composites did not exceed 1%. 

Figure 10. Distribution of viscoelastic strains in the rolling process of laminated composite sheets for ez=12%

Figure 11. Distribution of viscoelastic strains in the rolling process of laminated composite sheets for ez=18%
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CONCLUSIONS

This paper presents a new solution for the 
rolling of composite laminated sheets, based on 
the assumptions of a viscoelastic medium. The 
proposed application of the viscoelastic theory 
to the analysis of the rolling process of laminated 
composites has not been previously observed in 
a literature review. A mathematical model devel-
oped as part of the work was used for theoretical 
analysis based on the Jeffreys rheological model. 
The course of changes in the deformation of the 
composite layers in the zone of intense deforma-
tion and delayed viscoelastic effects was analyzed.

Experimental verification of the calculation 
results based on the mathematical model pre-
sented in this work demonstrated the possibility 
of correctly predicting the deformations of the 
sandwich composite layers. The results presented 
in this paper prove that the use of the theory of 
viscoelasticity leads to an increase in the accu-
racy of calculations compared to the results ob-
tained using the finite element method. As a re-
sult of the expansion of the materials constituting 
the layered composite, the deformation value of 
each layer changes. The applied solution of the 
viscoelastic theory enables the observation of the 
course of deformation changes in the rolling gap 

Figure 12. Results of measuring the thickness of composite layers after the rolling process  
(a) ez =12%, (b) ez=18%

Table 2. Summary of calculation and measurement results

Materiał
Initial dimensions Calculation results Laboratory results

h0
mm

b0
mm

l0
mm

h1
mm

ht
mm

ez
%

e1
%

et
%

ht
mm

et
%

AlMg 6 120 200 5.25 5.38
12

12.50 10.33 5.35 10.83
Al1050 2 120 200 1.73 1.75 13.50 12.50 1.73 13.00
M1E 2 120 200 1.80 1.86 10.00 7.00 1.85 7.50
AlMg 6 120 200 4.92 4.95

18
18.00 17.50 4.94 17.67

Al1050 2 120 200 1.62 1.63 19.00 18.50 1.62 19.00
M1E 2 120 200 1.66 1.68 17.00 16.00 1.68 16.00

Note: ez – total relative deformation of the layered composite, e1 – relative deformation of the laminated composite 
layers in the rolling gap, et – (permanent) plastic relative deformations of the layers of the laminated composite.
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and after leaving it. The solution proposed in the 
work is important both due to the accuracy of the 
calculations and the cognitive character of the be-
havior of materials during the rolling process.

Based on the presented calculation results and 
the experimental verification, it can be concluded 
that the intended goal of the work was achieved. 
By comparing the results of calculations of de-
formations in the zone of intense deformations 
e1, and calculations of permanent deformations 
in the zone of delayed viscoelastic effects et,, it 
can be concluded that after taking into account 
the occurrence of delayed viscoelastic effects, the 
accuracy of the calculations increases.
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