AST Advances in Science and Technology
\MRJ Research Journal

Advances in Science and Technology Research Journal, 2025, 19(1), 15-24
https://doi.org/10.12913/22998624/194892
ISSN 2299-8624, License CC-BY 4.0

Received: 2024.09.02
Accepted: 2024.11.15
Published: 2024.12.01

Kinematics of a manipulator with 1-DOF joints controlled
by elastic, inner ties

Dominik Ozog' ®, Ryszard Leniowski' ®

! Department of Computer and Control Engineering, Rzeszow University of Technology, al. Powstancow
Warszawy 12, 35-959 Rzeszéw, Poland
* Corresponding author’s e-mail: d.ozog@prz.edu.pl

ABSTRACT

This paper presents a mathematical model of forward and inverse kinematics for a manipulator composed of joints
with one degree of freedom allowing only the rotation of a Cartesian coordinate system around one axis. The
manipulator is controlled by means of internal ties running from the point of connection with the controlled arm
to the place of connection with the mechanism regulating the length of the individual tie. This length is the basis
in derived equations, and its change is the direct cause of the movement of the described robot. In contrast to the
commonly used arm drives, the articulated variable in derived kinematic equations is the length of the tie, which
affects the change in the angle between the arms, while it is not the same value of this angle. In addition, these
joints are arranged parallel to each other, which results in the working space of the manipulator in one plane. The
kinematic chain, which is the object of the described research, consisted of three series connected joints enabling
rotation around one axis of the coordinate system. However, the dependencies and formulas enabling their applica-
tion to the description of forward kinematics and inverse kinematic chains built from a larger number of similarly
arranged joints were demonstrated. The kinematics model presented in the paper proves that it is possible to inde-

pendently control each of the serially connected joints using internal ties.

Keywords: 1-DOF joint, forward kinematics, inverse kinematics, ties, inner ties, manipulator.

INTRODUCTION

There are many publications relating to the
issues of the kinematics model of manipulators
made of joints with one degree of freedom, which
is a rotation. Examples of these are [1, 2, 3]. How-
ever, the articulated variable in these articles is the
rotation angle. The movement of arms depends
on it. The joint through the gears is connected to
the drive unit [4]. This construction makes it pos-
sible to trivially convert the rotation angle of the
drive unit into a rotational movement of the arm.
This concept has been known for many years and
very often uses the Denavit-Hartenberg notation
in calculations. A different situation occurs when
using ties to control the manipulator. This solu-
tion is known from medical applications, in par-
ticular from the construction of a laparoscope [9]
or more complex laparoscopic systems [10, 11].

Instead of gears converting the rotary motion of
the driving motor into the angular rotation of the
arm, these devices use internal cables to transfer
the pulling forces — ties. In the case where one
end of the tie is rigidly connected to the selected
arm, the movement of this arm can affect changes
in the length of the tie or changes in the point of
engagement of the other end. The use of this type
of mechanism is widely known, especially in the
field of medicine, but the force acting on the tie
is always the result of the operator’s action on
one of the ends of the tie. Often, a lever transmis-
sion is used to achieve greater precision. There
is a publication [5] that discussed the model of
direct and inverse kinematics and dynamics for
a single joint controlled using internal ties. How-
ever, there i1s no known mathematical model for
many such joints connected in series. This paper
describes the kinematics model of a manipulator
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consisting of any number of series-connected
joints. The concept of such a robot is presented,
for example, in the document [11]. It should be
noted that the lack of presented kinematic models
of such mechanisms in the literature may affect
their low popularity. This article, by presenting
a mathematical description, aimed to contribute
to an increase in the number of applications for
manipulators controlled by internal ties, not only
through the direct effect of the operator’s move-
ments on the ties, but also by facilitating the use
of electromechanical drives to affect the ties and
creating systems that automatically control them.

The kinematics model presented in this paper
uses the D-H notation, but introduces one small
change. The classic D-H notation and the extended
D-H notation describe the relationship between the
manipulator’s tool center point (TCP) and the rota-
tion angles of individual joints. In the case of con-
trol using cables, the joint rotation angle is the re-
sult of changing the length or attachment points of
the cables. Hence, the joint rotation angle is not a
variable, but a function that takes the length of the
tie as a variable. As a result, the presented kinemat-
ics model based on the D-H notation will describe
the equations between the manipulator’s TCP and
the lengths of individual tiles. As a disadvantage of
such a solution, one can mention the need to use
more computing power to determine the trajectory
of the robot’s movement. However, the solution
with internal ties makes it possible to achieve the
degree of miniaturization of the manipulator that
was not possible using the previously described
drive mechanisms, which is discussed in paper [5].

The principle of control based on internal ties
consists in changing the length of the tie while
maintaining constant co-ordinates of its origin in
the global reference system or changing its start-
ing point or maintaining a constant length of the
tie. A combination of both variants is also pos-
sible. In this case, the tie is controlled by chang-
ing the position of one end of it. This can be done
by using a screw mechanism to which the tie is
attached indirectly. Then, by turning the screw,
the position of the system is forced to change,
which forces the pull rod to be pulled. In the fur-
ther course, the tie must run through the hole of
the sleeve, which forces a constant position of the
tie in this section. At the end of this sleeve, a point
should be taken, which in further calculations will
be considered the beginning of the position of the
tie. In the remainder of this publication, this point
has been marked with the letter A, (Fig. 1), where
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i is the number of the tie rod. From the starting
point, the tie extends into the rotary joint sleeve.
In this sleeve, there is a hole, both ends of which
are inside the hinge on the side surface of the roll.
One of these holes is located on the side of the
i-th arm, while the other on the side of the i+1
arm manipulator. Through these points, a tie runs
from the side of the previous arm and from the
side of the other arm. The places from which the
tie enters and exits the sleeve will be appropri-
ately marked with the letters B, and C; (Fig. 1),
where i — like previously — is the number of the
tie rod, while j is the next number of the joint.
In the second and in the following arms of the
manipulator, the tie can be guided in two ways.
The first is the end of the tie, through its rigid con-
nection to the inner wall of the arm, and which
will affect the tie. The second method is to guide
the rod to the hole in the sleeve of the next joint
and consequently to the next arm. Inside this arm,
some of the ties are connected to it again and are
responsible for its control. However, the other ties
carried out in an analogous manner are respon-
sible for subsequent parts of the manipulator. The
points of the rigid connection of the end of the tie
with the robot’s arm will be denoted by D. in the
further part of the work (Fig. 1) while retaining
the earlier meaning of the index.

For the control used so far in medical lapa-
roscopes, which uses a single internal rod, there
are no known kinematic models. This limits the
possibility of developing medical procedure sim-
ulators using computer engineering tools, which
are very important at the stage of educating medi-
cal staff and developing doctors’ skills [20, 21].
Moreover, for cases such as those described in
[22, 23] and [24] only direct control of the laparo-
scope by the surgeon is possible, which takes into
account only the movement of the laparoscope
tip, but does not allow for controlling its indi-
vidual joints. Hence, this paper proves that it is
possible to develop another control using 1-DOF
joints and internal rods, which will allow for a
mathematical description of the position of the
joints of such a manipulator, and it will also be
possible to control individual joints.

CONTROLLED OBJECT

Description of the kinematics of a single joint
is presented in publication [5]. In contrast, the ma-
nipulator subjected to a mathematical description
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Figure 1. The scheme of a manipulator using internal ties

consists of three arms and six ties. Each arm is
controlled by two ties. The ties are connected to
the arm on opposite sides. This combination al-
lows the pulling forces transmitted by these ties to
act on the two sides of the arm. This allows forc-
ing its torque in both directions. As it can be seen
in Fig. 1, all starting points Ai are derived from
the construction of the manipulator’s arms. Such
operation aims at moving the propulsion sys-
tems beyond the arms of the manipulator, which
generate forces transmitted by the strands to the
arms. Such operation allows performing a large
miniaturization of the robot. This is done by the
possibility of reducing the diameter of the arms,

inside which there must be no gears, drive units
and wires supplying energy to these units. In the
proposed solution, only the ties run through the
arms. In the arms that are more and more distant
from the base point, the number of these ties is
smaller, which additionally allows for a further
reduction in their diameter.

In Figure 1, the coordinates of the points have
been represented in a symbolic manner using indi-
ces from 1 to 6 points. This simplification is intend-
ed to increase the readability of the drawing. In this
case, the subsequent indices are in the following
ranges: 1€<1,6>, j€<1,4>, ke<1,2>, i),k € Z. Fig-
ure 2 is an enlarged view of an area which in Fig.

Figure 2. Enlarges a fragment of the scheme from Figure 1
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1 has been covered by a dashed line. This diagram
shows the waveforms of individual ties and the
points between them run inside the sleeve.

Figure 2 shows a variant in which the points
of entry and exit of the tie rod from the sleeve
are parallel to each other and run at a constant
distance expressed on the axis OY. This variant
has been chosen to preserve the readability of
the drawing. All formulas shown below will be
met for any location of B, and G points. It is also
possible to place them in the XZ plane parallel
to the OX axis at various distances expressed on
the OZ axis. This variant is the easiest to obtain
in the production process, because in both cases
it is necessary for the pin connecting the arms to
be immobilized relative to one of them. This im-
mobilization can be achieved by locally changing
the shape of the pin, using the previous pin or a
cotter pin. In each of these situations, it requires
additional fastening operations performed by the
assembler or an appropriate mechanism that must
reach this place. Reaching the inner arm is prob-
lematic due to limited access to the size of its in-
ternal hole. Hence, the variant with bearings used
in the second, inner arm and the use of pin locks
on the first, outer arm allows for greater freedom
of movement for the assembler.

Two variants of joints

The manipulator presented in this paper is a
simplified model of a manipulator consisting of
three universal joints, i.e. joints with two degrees
of freedom (two rotations), as described in [5]. If
in each of these joints you prevent one of the two
rotations and set them in a way that will cause the
only possible rotation to take place around the OZ
axis, then the effector’s tip will move in the XY
plane, which presents a simplified diagram shown
in Figure 1. However, the universal joint consists

Figure 3. The first variant 1-DOF joint
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of two different joints with one degree of freedom
[5].

One of these joints concerns a situation in
which the sleeve connecting the first and second
manipulator arms is in rigid connection with the
last arm, as shown in Figure 3. In contrast, when
the bearing is applied, rotation relative to the first
of the arms about an axis extending longitudinally
through the center of the sleeve. The second part
of the universal bushing in the universal joint is
differently connected to the arms. This situation is
shown in Figure 4. The sleeve is rigidly connect-
ed to the first arm. In contrast, contact with the
other is bearing, which causes its rotation relative
to the first and the sleeve. This difference affects
the length of the tie passing through the manipu-
lator built from one or the other type of joints [5].

KINEMATICS

In the further part of the article the coordinates
of points A, B, C and D in the coordinate system
will be marked by a small letter x, y or z together
with the subscript, in which the point symbol will
be saved. Despite considering the effector move-
ment in two-dimensional space, all equations have
been determined for three-dimensional space with
the need to coordinate for each point. This is to
enable the use of derived equations to be imple-
mented after minor adjustments in the kinematics
description of the manipulator composed of three
universal joints connected in series.

Kinematics of the tie

Figure 5 shows the symbolic construction
of the manipulator with the rotation symbols
marked on it. The first arm rotates by angle al
relative to the basic coordinate system. From the
center of the pivot point of the first arm to the

Figure 4. The second variant 1-DOF joint
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Figure 5. The second variant 1-DOF joint

pivot point of the second arm, the length of the
first arm is determined as L1. The second arm
rotates by angle a2 relative to the system dis-
placed by the rotation angle and the length of the
first arm and has a length L2 to the pivot point
of the third arm. Similarly, the last arm rotates
in the local system determined by the two afore-
mentioned angles and lengths by a3. The length
of the third arm is measured from the point of its
rotation to its physical end, where the effector is
marked by the point P.

Let f{4, B) denote the function that takes two
points and calculates the Euclidean distance be-
tween them [6].

f(4,B) = /(g —x4)* + (v5 — ya)? + (25 — 24)* (1)

After rotation by any angle a, the original
points are displaced according to the equations
given below:

Bij = ITp- (R(“p’ Lp)) Bij
Cli = p=y (R(“pJLp)) Cij (2)

Df’ = HEL (R(“p'l‘p)) D;
where: i€<1,3>, je<1,6>, [,jEZ and
cos(ay) —sin(@,) 0 Ly cos(a)
Rl 1) = [sin(s)  cos() 0 Lysin(a,)|(3)

0 0 1 0
0 0 0 1

Equations 2 and 3 follow directly from the
Denavit-Hartenberg convention [7].

If the length of the first or second tie is de-
fined by li — according to the numbering shown in

Fig. 1 and Fig. 2 — then it can be expressed with
the function f'as (4).
li = (A Byy) + f (B, C1p) + f(C1i, D) 11 € {1,2}(4)

If the joint is used in the first variant (joint
sleeve joined to the second arm), it should be not-
ed that the two functions in (4) always have the
same value [5] regardless of the angle of rotation
ol. What can be saved as (5).

f(Bij €i;) = (B, Cuj) 5
(€L DY) = [(Cyi D7) )

where: ie<1,2>je<[,6>,ijeZ.

From (5) it follows that the length of sec-
tions between points Bli, Cli and Cli, Di for
i€{1,2} is constant. Similar equations can be
derived for subsequent wrists. In the consid-
ered case, these are joints 2 and 3; however, the
equations can be extended for any number of
manipulator arms (6).

f(Bij, Ci;) = f(Byj. Cij)
f(Cii, D)) = f(Cy, D;) (6)
f(Clisry Digieny) = f(Cigiery Diisn))

where: i,jEN+ and i is the number of the joint,
j is the number of the tie.

Using (6) it is possible for each tie to deter-
mine the characteristic value of lp, which does not
change. These values are presented in (7).

lpi = f(Byi Cyi) + f(Cyi, Dy)
lpj = (B, Cyj) + f(Baj, Coj) + £(Cyi, D)
Ik = f(Big, Cix) + f(Bak, Cop) +
+7 (Bak, Car) + f(Cax, D)
where: ie{1,2}, je{3,4}, ke {5,6}.

(7

The equation (7) can be written in a general
form (8) for any number of articulations, while
keeping the numbering as in Fig. 1 and Fig. 2.

bi=Ff (C[%']i,Di) + Z[;Ej1f(8ji: Cji), i € NL(8)

From (4) and (8) a simplified equation (9) can
be obtained.

l; = f(A;, By) + i i € {1,2} 9)

From (9) one can calculate the angle value al,
which is presented in [5]. This is possible because
as a result of the function f{A,B ), iENT is as-
sociated only with the angle al. This is a very im-
portant relationship that can be used to calculate
the values of other angles. By using (1), (2) and

19



Advances in Science and Technology Research Journal 2025, 19(1), 15-24

(7) the lengths of ties numbered 3 and 4 can be
represented as (10).

l; = f(A; By) + f(Cyi, By) + Ly, T € {3,43(10)

In (10) the only unknown values contain the
expression AC,',B,")(C,/,B,/). The value of lpi is
constant, while f{A,B,) can be calculated from
(9) using the transformations described in [5]. By
transforming (10) one obtains (11).

a; cos(a,) + b; sin(ay) = ¢
,where
a4 = ZleBzi - Zszi,xCli - zyﬁ'ziycli

by = zxcliygzi - Zsziycli - ZLlszi

2
C; = (Ii: - Ipi - f(Ai' Bi[)) - (Ll - xcli)z -

2 2 2 2
_(ZBZi - chi) T XBy; T VBy T Viy;
i €{3,4}

(11)

It is also possible to deduce on the base (11)
the generalized patterns for the £ joint, where & >
3 (12).

a; cos(ay) + b;sin(ay) = ¢;
,Where
@ = 2LinXpy; = 2XpyXe,, T 2VBi Ve,
bi = 2%, VB — 2XpgYems — 2lm Ve
I r I 2
i = (i = by = F (A B1) = Xty f(Chis Blnsn)i))

(L ) = ( )* =2
m = Xepy, 2By T ZCm By

_yfziki_yﬁz'mi
k=3
m=k—1
i€ {2k —1,2k}

(12)

From (11) or (12) and trigonometric identities
[8], equations analogous to those in [5] are ob-
tained. The mentioned dependences are obtained
(13).

ay = {ageR:ay € azp_q A @y € @y}, where

s t [ai+b}—c} (13)

€i

Z1(b; _
a; = tan ! (—‘) + tan

L

It should be noted that the calculation of angle
values is a recursive task and it is possible to de-
termine them for & only if their values for -1 are
known, where kEN+. In addition, variables a, b
and ¢ from (11) or (12) are used in (13).

Kinematics of the angle

The derivation above showed how to cal-
culate the position angles of the arms knowing
the length of the ties. The values of these angles
can be used when calculating the position of the
effector P. The coordinates of this point and its
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orientation can be read from the DH notation after
the calculation (14).

P' =Tl R(ay, Ly) (14)

In the case of the described manipulator, in-
versekinematics requires two stages of calculation.
The first is to determine the angles of the rotation
of'the arms, and then knowing them one can calcu-
late the lengths of the ties. When the coordinates
of the P’ point are known, it must be determined
whether it is in the manipulator’s workspace. For
this purpose R1(L1cos(al),L1sin(a1),0), will be
entered. This point describes the coordinates of
the tip of the first arm. In the initial simplification,
it was assumed that all points in the radius L2 +
L3 from the point R1 are within the scope of the
manipulator.

Starting from the wheel Equation 15, they can
be transformed to find the range of the al angle
for which the point P* will be in range (16).

(x.w - XRI)Z + (fo - le)z = (L, + L3)2 < 0(15)

Lo+L3)2—x3,-v3,-L2
(La+L3) 7211'91 yp 1(16)

As mentioned earlier, the range given in (16)
concerns the unlimited rotational possibilities of
the first joint. In order to include in the consider-
ations the physical construction of the manipula-
tor, its permissible range was introduced for each
joint (17).

@; €< Buni, Buaxi >, 1 € Ny (17)
From (16) and (17) were obtained (18).

Xp, cos(a,) + yp, sin(a;) =

ay €< =Yy, V1 >N< Byint, Puax: >, where

[2 . 2 2
Xprtyp—di

Y, =tan™! (&) + tan~! ) as)
1

XP1

(L2+L3)*—xp,—yp,~LF
d, =
—2L,

Because the manipulator under study is a re-
dundant system, the results of inverse kinematics
calculations are ranges and sets of values. Equa-
tion 18 derives the range that can be taken by the
al angle. The calculation of the remaining angle
values will be based on the al values selected from
the range (18). This form of calculating inverse ki-
nematics for a redundant manipulator allows for
the implementation of a trajectory whose aim is to
minimize the displacement of the first joint. This
form of traffic is used due to lower energy con-
sumption and greater traffic dynamics. This is due
to larger movements usually with lighter arms that
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are closer to the effector instead of the heaviest and
often the largest arms close to the base point. Such
movement is also natural for many operations per-
formed by man. In a situation where the range of
motion is within wrist range, people rarely use the
arm joint, although a desirable hand position can
be achieved by using each of these joints. Howev-
er, if there is a need to minimize the movement in
the last wrist, you can easily reverse the presented
algorithm by calculating instead of Rlthe point
R2, which is the beginning of the third arm and
assuming that its end is at P ‘and then checking
whether within the range of the remaining arms is
the point with coordinates (0, 0, 0).

Equation 18 allowed checking whether the
point is not too far from the assumed origin of the
coordinate system to be in the workspace. Know-
ing (17) the limits for other joints, you can check
whether the point is too close to the origin of the
coordinate system. For this purpose, analogous
wheel equations should be derived for all combi-
nations of the minimum and maximum values of
the remaining joints, and then checked whether
the coordinates of the point are greater than any
of the designated circles. However, it is proposed
to apply me to complex calculations. For this pur-
pose, the distance 7, between the points P” and R1
should be calculated (19).

m = \[(xpr - Xﬂl)z + (}’Pr - le)z (19)

After determining the length of the segment
r , one should check what values can take the
a, angle in the triangle L, L, r,, in which the a,
angle is opposite the segment r . To this end, the
Heron’s formula is applied to the area of the tri-
angle (20).

S=p@—L)® —Ls)(p — 1), where
p=3(Ly+ Ly +7)

(20)

Using (20) and the formula on the area of the
triangle using the length of two sides and the val-
ue of the angle between them two possible values
of the angle a3 can be determined (21).

as € {_a'3partj ﬂ'3part}

) 28 1)

28 12
LzLs }17(1.21.3)

The above-mentioned formula cannot be di-
rectly used to calculate the value of the 02 angle

Azpere = tan

in the local coordinate system X1Y1 shown in
Figure 5. It is proposed to appropriately convert
the kinematics Equations 14 from which (22) is
obtained.

a; € {ailr 953,2}

2 2 2
., (bi . a; +by—cj
3 ; = tan — ]+ tan EE——

i Ci

,Where
a, = L,cos(a,) + Lycos(ay +az)  (22)
by = =L, sin(ay) — Ly sin(a; + a3)

¢, = Xp, — Ly cos(a;)
a, = L, sin(a,) + Ly sin(a, + a3)
b, = L, cos(a;) + Ly cos(a; + a3)

c; = ¥pr — Ly sin(ay)

The a,, values based on (22) should be calcu-
lated for the previously adopted a, value and all
possible a, values. Then, one should check if they
are in the compartments (17).

RESULTS

The derived equations were verified on a real
object. For this purpose, a station was built to con-
trol a single joint. Both the arms and the joint were
printed on a 3D printer using FFF (Fused Filament
Fabrication) printing technology. The outer diam-
eter of the arms of the tested model was 20 cm,
while the inner diameter was 18 cm. This directly
influenced the position of the D, points, which had
coordinates D, (0 cm, 9 ¢cm, 10 cm) and D, (0 cm,
-9 c¢cm, 10 cm). The calculations were based on
the centimeter unit on the axes of the coordinate
system and the coordinate system positioned in
such a way that the z axis ran centrally along the
axis of the first arm, while the joint rotated around
the x axis. Similarly, points C, have coordinates
C,(0cm,4cm, 1 cm)and C, (0 cm, -4 cm, 1 cm),
while points B;: B, (0 ¢cm, 4 ¢cm, -1 cm) and B,
(0 cm, -4 cm, -1 cm). For the measurement sta-
tion with one joint prepared in this way, tests were
carried out to determine the dependencies of the
actual length of the tie and the angle of rotation
of the joint, and to compare them with the data
resulting from the derived formulas.

Figure 6 shows a graph of changes in the
length of the tie depending on the angle of rota-
tion of the joint controlled using this tie. The val-
ues read on the physical station enabling control
of the joint are marked in red, while the values
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Figure 6. Dependencies of the change length of the tie and the angle of rotation of the joint

resulting from the kinematics model presented
in this paper are marked in red. For negative
values of the angle, i.e. rotation in the opposite
direction than the point of attachment of the tie
to the arm, it can be observed that the calculated
and actual values match almost identically. The
situation is different in the case of rotation to-
wards the point of attachment of the tie to the
arm wall — positive values. Up to a value of
about 25° one can also speak of ideal represen-
tation of kinematics and actual readings; how-
ever, with the increase of the tie length, a model
mismatch error appeared. From the angle value
of 40° we can speak of a sudden increase in the
error. It should be noted here that the tie used for
the tests was a copper cable, with a copper purity
degree of 4N, i.e. consisting of at least 99.99%
copper. Young’s modulus (which is responsible
for longitudinal elasticity for elements made of
a given material) for copper is about 120 GPa.
At the same time, with the increase of the angle
of rotation towards the tie attachment, the force
that the arm exerts on the tie increases, increas-
ing its tension. The increase in this force is not
uniformly proportional to the value of the angle,
but this relationship can be approximated as the
square of the sine function. Hence, the increase
in the discrepancy between the calculated and
actual values shown in the graph results from
the extensibility of the material from which the
tie was made. The kinematic models currently
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presented in the paper do not take into account
the properties of the tie’s material. In further
work, the authors plan to extend these mod-
els and conduct tests for other materials with a
higher Young’s modulus, such as tungsten and
titanium oxide.

DISCUSSION

This paper presents a metameric description
of direct and inverse kinematics for a manipula-
tor controlled by internal ties. In this model, the
joint variables are not the angles of rotation of in-
dividual joints but the lengths of the ties acting on
the subsequent arms of the manipulator. This work
provides a theoretical basis for further research en-
abling the implementation of the presented math-
ematical model and enables the automation of pre-
cise control of manipulators using inner ties. The
aim of the work is not only to describe the basic
phenomena occurring in the discussed structure,
but also to facilitate the application and increase
the popularity of using such mechanisms.

Due to the lack of a large number of publica-
tions addressing exactly the same problem, it is
not possible to make a collective comparison for
exactly the same case. However, paper [5] also
refers to joints controlled by inner ties, but the
problem described therein concerns only a single
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IDOF joint, which significantly limits the appli-
cation of such a mechanism in real cases.

It is also important to note that the use of
cables for robot movement is not new in indus-
trial applications. Such concepts are presented
in the review article [12]. It mainly concerns
the construction of cable-driven parallel robots
(CDPR). Most of the mechanisms described
therein concern solutions in which cables are
located on the outside of the manipulator struc-
ture, not inside. The last of the discussed mod-
els is an exception: low motion-noise humanoid
head/neck simulator driven by seven cables,
which can generate 1-DOF jaw movement and
3-DOF neck movement [12]. However, in this
case, a spring was used to generate forces act-
ing in the opposite direction to the forces trans-
mitted by the ties [13].

The application of other designs using ex-
ternal cables is also widely presented in the
review [14]. These solutions mainly focus on
different CDPR models, for which the kinemat-
ics and dynamics model is widely known in
the literature. The application for such robots
is also widely known in industry, e.g. for auto-
mated warehousing, specifically for Automated
Storage and Retrieval Systems [15] or in mate-
rial processing [16]. Such solutions have basic
control concepts widely discussed in the litera-
ture [17] and various variants of their improve-
ment have been proposed [18]. However, for
mechanisms with internal cables, the available
literature is very poor. Hence, there is a need to
describe the basic phenomena, which is part of
this publication.

For the full picture of the situation, it is
necessary to mention flexible manipulators, in
which one of the concepts assumes the use of
internal ties [19]. For them, the issues related
to kinematics have been presented in the litera-
ture. However, due to the completely different
characteristics of the joints, their kinematics do
not relate to the solutions based on cylindrical
joints discussed in this paper.

As part of further work on the subject of
joint control using internal tendons, the authors
plan to address the issues related to the vibra-
tions generated during such control and the pos-
sibilities of their damping [25], the influence of
different tendon materials on the precision of
control [26] taking into account their extensi-
bility, and the planning of complex trajectories
[27] including the type of force transfer.

CONCLUSIONS

In this publication, the equations of forward
and inverse kinematics for the manipulator ma-
nipulated using internal ties and constructed from
three interconnected joints with one degree of free-
dom - rotation were derived, assuming that these
joints work around one axis. The equations that
allow calculating the coordinates of the effector
tip are shown when the lengths of ties are known
— the formulas (18), (21), (22) and (4) are used
successively, or in the reverse situation, when the
lengths of ties are known, the position of the end
of the manipulator is it is possible to determine
by using formulas (11), (13) and (14). In addition,
the formulas (8), (12), (13) have been determined,
which concern the problem of control by means of
tie rods consisting of more arms than 3.*
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