
88

INTRODUCTION

The auditory system is a great example of 
evolution [1], enabling humans to hear, which 
is crucial for communication, navigation, and 
awareness. The human ear, made up of the outer, 
middle, and inner ear, is designed to catch, boost, 
and change sound into signals that the brain can 
understand [2]. Sound starts its journey in the 
outer ear, which includes the pinna and ear canal. 
These parts direct sound waves to the eardrum, 
which is the entrance to the middle ear [2]. In-
side the middle ear, tiny bones called ossicles—
the malleus, incus, and stapes—work together to 
carry and amplify vibrations from the eardrum to 
the oval window, leading to the inner ear.

The inner ear, located in the temporal bone, 
contains the cochlea, vestibular system, and au-
ditory nerve. The cochlea is essential for hear-
ing [2]. It is a spiral-shaped, fluid-filled structure 
with special cells called hair cells. When sound 
vibrations reach the cochlea, they move the fluid, 
which in turn activates the hair cells to change 
mechanical energy into electrical signals. These 
signals travel through the auditory nerve to the 

brainstem and then to the brain’s hearing centre 
[2]. The precision of human hearing is owing to 
the ear’s detailed design and the complex pro-
cesses that control it. Researchers use advanced 
models, like lumped parameter models, to study 
how the middle ear works [3–8]. These models 
simplify the middle ear into parts like masses, 
springs, and dampers, each with specific proper-
ties. They help understand things like how the 
ear’s conduct, resonance frequencies, and energy 
transfer. These models are valuable for under-
standing hearing loss, designing hearing aids, 
and improving treatments. By studying middle 
ear mechanics, these models help advance the 
knowledge of hearing and create new solutions 
for hearing problems.

The middle ear implant (MEI) is a medical 
device that helps restore hearing in people with 
certain types of hearing loss. Unlike regular hear-
ing aids that just amplify sound, these implants 
directly stimulate the ossicles or cochlea, bypass-
ing the damaged parts of the ear. MEIs have three 
main parts: an external processor, a transducer, 
and an implanted receiver-stimulator [9]. The 
external processor picks up sound and changes it 
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into electrical signals. For ossicle stimulation, the 
signals are sent to a transducer on one of the os-
sicles, usually the incus. The transducer vibrates 
in response to the signals, bypassing the dam-
aged parts and directly stimulating the functional 
parts to send sound (in form of vibration) to the 
inner ear. These implants improve sound quality, 
reduce feedback, and are more comfortable than 
traditional hearing aids, especially for those with 
certain types of hearing loss [9].

When placing an implant on the long or 
short process of the incus, one does not remove 
the tympanic membrane, regardless of its condi-
tion. This way (through the membrane), sound 
still reaches the ME ossicles causing movement 
and resulting in double stimulation. Furthermore, 
since the implant is an electronic system, it has 
a delay due to several factors, each contributing 
to the overall latency experienced in signal pro-
cessing, communication, and computation. This 
research explored the double excitation phenom-
enon in implanted middle ears, using lumped 
parameter model to understand and explain the 
problem of MEI configuration and finally to im-
prove hearing implants as well as their configura-
tion. The reason for the double excitation test is 
the fact that, despite the deterioration of the hear-
ing system, sound reaches the eardrum and sets 
it in motion despite the implant being placed on 
the incus. Consequently, ossicles are stimulated 
both by MEI and sound reaching to the tympanic 
membrane. This is a novel approach and impor-
tant problem that has not been explored in the lit-
erature before.

The structure of the paper is organised as fol-
lows: Section 2 describes the model with an im-
plant and the mathematical equations. Section 3 
focuses on results from numerical simulation. Fi-
nally, Section 4 discusses the results and provides 
conclusions.

IMPLANTED HUMAN MIDDLE EAR 
MODEL

In the human middle ear, a chain of bones—
the malleus, incus, and stapes—are connected 
each other by the incudomallear and incudosta-
pedial joints [2]. This system of bones is also at-
tached to the temporal bone with ligaments and 
tendons: the incus is secured by the posterior in-
cudal ligament, and the malleus by the anterior 
mallear ligament. The stapes is linked to the oval 

window via the stapedial annular ligament. In an 
ear with an implant, a holder is usually placed 
on either the long or short process of the incus to 
support the system that induces movement [10].

In this model of the intact human middle ear 
(ME), visco-elastic properties of tendons and liga-
ments are represented by springs (k) and dampers 
(c). Experimental measurements of AL (Annular 
Ligament) stiffness are taken from [11] and are 
compared with the proposed cubic approximation 
in paper [12]. Three masses represent the ossicles: 
the malleus (mM), the incus (mI), and the stapes 
(mS), that can move in the x direction on a base [5].

The floating mass transducer (FMT) includes 
a floating mass magnet (Mm) and a metal case (Mc). 
The magnet (Mm) is supported by dampers (cm) 
and springs, which have both linear (km) and non-
linear components. The nonlinear parts include 
quadratic (km2) and cubic (km3) terms. Typically, 
silicone rubber is used as the suspension material 
for the magnet, and these parameters (km2, km3) de-
scribe the nonlinear properties of the silicone rub-
ber, as reported in [13]. The floating mass in real-
ity moves due to an electromagnetic field; how-
ever, in this case it is driven by an external force 
(P) with frequency (ω) which represents electro-
magnetic force between the magnet and a coil, as 
shown in Figure 1. FMT is attached to the short or 
to the long process of the incus and this connec-
tion is secured with a coupler (clip) that has damp-
ing coefficient cCLIP, and linear and cubic stiffness 
coefficients kCLIP, and kCLIP3. The clip’s stiffness is 
assumed as nonlinear (qubic – kCLIP3) because can 
be adjusted for each patient if a specially designed 
coupler is used, e.g. coupler with variable stiffness 
published as a patent No. 238475 in Polish Patent 
Office [The Bulletin of the Patent Office 12/2021] 
Therefore, the differential equations governing 
the implanted human middle ear system in dimen-
sional form are as follows:

	

 
𝑥̈𝑥𝑀𝑀𝑚𝑚𝑀𝑀 + 𝑘̃𝑘11𝑥𝑥𝑀𝑀 + 𝑘̃𝑘12𝑥𝑥𝐼𝐼 + 𝑐̃𝑐11𝑥̇𝑥𝑀𝑀 + 𝑐̃𝑐12𝑥̇𝑥𝐼𝐼 = 

=  𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄(𝜔𝜔𝜔𝜔) 
 

(1) 

𝑥̈𝑥𝐼𝐼𝑚𝑚𝐼𝐼 + 𝑘̃𝑘21𝑥𝑥𝑀𝑀 + 𝑘̃𝑘22𝑥𝑥𝐼𝐼 + 𝑘̃𝑘23𝑥𝑥𝑆𝑆 + 𝑘̃𝑘24𝑥𝑥𝐶𝐶 + 
+ 𝛾̃𝛾24(𝑥𝑥𝐼𝐼 − 𝑥𝑥𝐶𝐶)3 + 𝑐̃𝑐21𝑥̇𝑥𝑀𝑀 + 𝑐̃𝑐22𝑥̇𝑥𝐼𝐼 + 

+𝑐̃𝑐23𝑥̇𝑥𝑆𝑆 + + 𝑐̃𝑐24𝑥̇𝑥𝐶𝐶 = 0 

 
 
 

(2) 
 
 

𝑥̈𝑥𝑆𝑆𝑚𝑚𝑆𝑆 + 𝑘̃𝑘32𝑥𝑥𝐼𝐼 + 𝑘̃𝑘33𝑥𝑥𝑆𝑆 + 𝑐̃𝑐32𝑥̇𝑥𝐼𝐼 + 
+𝑐̃𝑐33𝑥̇𝑥𝑆𝑆 + 𝛾̃𝛾3𝑥𝑥𝑆𝑆

3 = 0 
 
 

(3) 

𝑥̈𝑥𝐶𝐶𝑀𝑀𝑐𝑐 + 𝑘̃𝑘42𝑥𝑥𝐼𝐼 + 𝑘̃𝑘44𝑥𝑥𝐶𝐶 + 𝑘̃𝑘45𝑥𝑥𝑚𝑚 + 𝑐̃𝑐42𝑥̇𝑥𝐼𝐼 + 
+ 𝑐̃𝑐44𝑥̇𝑥𝐶𝐶 + 𝑐̃𝑐45𝑥̇𝑥𝑚𝑚 − 𝛾̃𝛾24(𝑥𝑥𝐼𝐼 − 𝑥𝑥𝐶𝐶)3 − 

− 𝛽̃𝛽45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)2 + 𝛾̃𝛾45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)3 = 0 
 

(4) 

𝑥̈𝑥𝑀𝑀𝑀𝑀𝑚𝑚 + 𝑘̃𝑘54𝑥𝑥𝐶𝐶 + 𝑘̃𝑘55𝑥𝑥𝑚𝑚 + 𝑐̃𝑐54𝑥̇𝑥𝐶𝐶 + 
𝑐̃𝑐55𝑥̇𝑥𝑚𝑚 + 𝛽̃𝛽45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)2 − 𝛾̃𝛾45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)3 

= 𝐻𝐻(𝜏𝜏) ∗ 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃(𝜔𝜔𝜔𝜔) 

(5) 

 
where: 
 

𝑘̃𝑘11 = 𝑘𝑘𝑇𝑇𝑇𝑇 + 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘12 = −𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 
𝑐̃𝑐11 = 𝑐𝑐𝑇𝑇𝑇𝑇 + 𝑐𝑐𝐴𝐴𝐴𝐴𝐴𝐴 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 

𝑐̃𝑐12 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘21 = 𝑘̃𝑘12, 𝑘̃𝑘22 = 
= 𝑘𝑘𝑃𝑃𝑃𝑃𝑃𝑃 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

𝑘̃𝑘23 = −𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘24 = −𝑘̃𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 𝛾̃𝛾24= 
= 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐3, 𝑐̃𝑐21 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 

𝑐̃𝑐22 = 𝑐𝑐𝑃𝑃𝑃𝑃𝑃𝑃 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 
𝑐̃𝑐23 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 𝑐̃𝑐24 = −𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 

𝑘̃𝑘32 = 𝑘̃𝑘23, 𝑘̃𝑘33 = 𝑘𝑘𝐴𝐴𝐴𝐴 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝐶𝐶, 
𝑐̃𝑐32 = 𝑐̃𝑐23, 𝑐̃𝑐33 = 𝑐𝑐𝐴𝐴𝐴𝐴 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝐶𝐶, 𝛾̃𝛾3 = 𝑘𝑘𝐴𝐴𝐴𝐴3, 

𝑘̃𝑘42 = 𝑘̃𝑘24, 𝑘̃𝑘44 = 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑘𝑘𝑚𝑚, 𝑘̃𝑘45 = 
= −𝑘𝑘𝑚𝑚,  𝑐̃𝑐42 = 𝑐̃𝑐24,  𝑐̃𝑐44 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑐𝑐𝑚𝑚, 

𝑐̃𝑐45 = −𝑐𝑐𝑚𝑚, 𝛾̃𝛾45 = 𝑘𝑘𝑚𝑚3, 𝛽̃𝛽45 = 𝑘𝑘𝑚𝑚2, 𝑘̃𝑘54 = 𝑘̃𝑘45 
𝑘̃𝑘55 = 𝑘𝑘𝑚𝑚 = −𝑘̃𝑘54, 𝑐̃𝑐54 = 𝑐̃𝑐45, 𝑐̃𝑐55 = 𝑐𝑐𝑚𝑚 = −𝑐̃𝑐54 

 

 
 
 
 

(6) 

 

𝐻𝐻(𝜏𝜏) = {0 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 < 𝜏𝜏
1 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 ≥ 𝜏𝜏  (7) 

 

	(1)

	

 
𝑥̈𝑥𝑀𝑀𝑚𝑚𝑀𝑀 + 𝑘̃𝑘11𝑥𝑥𝑀𝑀 + 𝑘̃𝑘12𝑥𝑥𝐼𝐼 + 𝑐̃𝑐11𝑥̇𝑥𝑀𝑀 + 𝑐̃𝑐12𝑥̇𝑥𝐼𝐼 = 

=  𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄(𝜔𝜔𝜔𝜔) 
 

(1) 

𝑥̈𝑥𝐼𝐼𝑚𝑚𝐼𝐼 + 𝑘̃𝑘21𝑥𝑥𝑀𝑀 + 𝑘̃𝑘22𝑥𝑥𝐼𝐼 + 𝑘̃𝑘23𝑥𝑥𝑆𝑆 + 𝑘̃𝑘24𝑥𝑥𝐶𝐶 + 
+ 𝛾̃𝛾24(𝑥𝑥𝐼𝐼 − 𝑥𝑥𝐶𝐶)3 + 𝑐̃𝑐21𝑥̇𝑥𝑀𝑀 + 𝑐̃𝑐22𝑥̇𝑥𝐼𝐼 + 

+𝑐̃𝑐23𝑥̇𝑥𝑆𝑆 + + 𝑐̃𝑐24𝑥̇𝑥𝐶𝐶 = 0 

 
 
 

(2) 
 
 

𝑥̈𝑥𝑆𝑆𝑚𝑚𝑆𝑆 + 𝑘̃𝑘32𝑥𝑥𝐼𝐼 + 𝑘̃𝑘33𝑥𝑥𝑆𝑆 + 𝑐̃𝑐32𝑥̇𝑥𝐼𝐼 + 
+𝑐̃𝑐33𝑥̇𝑥𝑆𝑆 + 𝛾̃𝛾3𝑥𝑥𝑆𝑆

3 = 0 
 
 

(3) 

𝑥̈𝑥𝐶𝐶𝑀𝑀𝑐𝑐 + 𝑘̃𝑘42𝑥𝑥𝐼𝐼 + 𝑘̃𝑘44𝑥𝑥𝐶𝐶 + 𝑘̃𝑘45𝑥𝑥𝑚𝑚 + 𝑐̃𝑐42𝑥̇𝑥𝐼𝐼 + 
+ 𝑐̃𝑐44𝑥̇𝑥𝐶𝐶 + 𝑐̃𝑐45𝑥̇𝑥𝑚𝑚 − 𝛾̃𝛾24(𝑥𝑥𝐼𝐼 − 𝑥𝑥𝐶𝐶)3 − 

− 𝛽̃𝛽45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)2 + 𝛾̃𝛾45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)3 = 0 
 

(4) 

𝑥̈𝑥𝑀𝑀𝑀𝑀𝑚𝑚 + 𝑘̃𝑘54𝑥𝑥𝐶𝐶 + 𝑘̃𝑘55𝑥𝑥𝑚𝑚 + 𝑐̃𝑐54𝑥̇𝑥𝐶𝐶 + 
𝑐̃𝑐55𝑥̇𝑥𝑚𝑚 + 𝛽̃𝛽45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)2 − 𝛾̃𝛾45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)3 

= 𝐻𝐻(𝜏𝜏) ∗ 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃(𝜔𝜔𝜔𝜔) 

(5) 

 
where: 
 

𝑘̃𝑘11 = 𝑘𝑘𝑇𝑇𝑇𝑇 + 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘12 = −𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 
𝑐̃𝑐11 = 𝑐𝑐𝑇𝑇𝑇𝑇 + 𝑐𝑐𝐴𝐴𝐴𝐴𝐴𝐴 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 

𝑐̃𝑐12 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘21 = 𝑘̃𝑘12, 𝑘̃𝑘22 = 
= 𝑘𝑘𝑃𝑃𝑃𝑃𝑃𝑃 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

𝑘̃𝑘23 = −𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘24 = −𝑘̃𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 𝛾̃𝛾24= 
= 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐3, 𝑐̃𝑐21 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 

𝑐̃𝑐22 = 𝑐𝑐𝑃𝑃𝑃𝑃𝑃𝑃 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 
𝑐̃𝑐23 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 𝑐̃𝑐24 = −𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 

𝑘̃𝑘32 = 𝑘̃𝑘23, 𝑘̃𝑘33 = 𝑘𝑘𝐴𝐴𝐴𝐴 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝐶𝐶, 
𝑐̃𝑐32 = 𝑐̃𝑐23, 𝑐̃𝑐33 = 𝑐𝑐𝐴𝐴𝐴𝐴 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝐶𝐶, 𝛾̃𝛾3 = 𝑘𝑘𝐴𝐴𝐴𝐴3, 

𝑘̃𝑘42 = 𝑘̃𝑘24, 𝑘̃𝑘44 = 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑘𝑘𝑚𝑚, 𝑘̃𝑘45 = 
= −𝑘𝑘𝑚𝑚,  𝑐̃𝑐42 = 𝑐̃𝑐24,  𝑐̃𝑐44 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑐𝑐𝑚𝑚, 

𝑐̃𝑐45 = −𝑐𝑐𝑚𝑚, 𝛾̃𝛾45 = 𝑘𝑘𝑚𝑚3, 𝛽̃𝛽45 = 𝑘𝑘𝑚𝑚2, 𝑘̃𝑘54 = 𝑘̃𝑘45 
𝑘̃𝑘55 = 𝑘𝑘𝑚𝑚 = −𝑘̃𝑘54, 𝑐̃𝑐54 = 𝑐̃𝑐45, 𝑐̃𝑐55 = 𝑐𝑐𝑚𝑚 = −𝑐̃𝑐54 

 

 
 
 
 

(6) 

 

𝐻𝐻(𝜏𝜏) = {0 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 < 𝜏𝜏
1 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 ≥ 𝜏𝜏  (7) 

 

	(2)

	

 
𝑥̈𝑥𝑀𝑀𝑚𝑚𝑀𝑀 + 𝑘̃𝑘11𝑥𝑥𝑀𝑀 + 𝑘̃𝑘12𝑥𝑥𝐼𝐼 + 𝑐̃𝑐11𝑥̇𝑥𝑀𝑀 + 𝑐̃𝑐12𝑥̇𝑥𝐼𝐼 = 

=  𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄(𝜔𝜔𝜔𝜔) 
 

(1) 

𝑥̈𝑥𝐼𝐼𝑚𝑚𝐼𝐼 + 𝑘̃𝑘21𝑥𝑥𝑀𝑀 + 𝑘̃𝑘22𝑥𝑥𝐼𝐼 + 𝑘̃𝑘23𝑥𝑥𝑆𝑆 + 𝑘̃𝑘24𝑥𝑥𝐶𝐶 + 
+ 𝛾̃𝛾24(𝑥𝑥𝐼𝐼 − 𝑥𝑥𝐶𝐶)3 + 𝑐̃𝑐21𝑥̇𝑥𝑀𝑀 + 𝑐̃𝑐22𝑥̇𝑥𝐼𝐼 + 

+𝑐̃𝑐23𝑥̇𝑥𝑆𝑆 + + 𝑐̃𝑐24𝑥̇𝑥𝐶𝐶 = 0 

 
 
 

(2) 
 
 

𝑥̈𝑥𝑆𝑆𝑚𝑚𝑆𝑆 + 𝑘̃𝑘32𝑥𝑥𝐼𝐼 + 𝑘̃𝑘33𝑥𝑥𝑆𝑆 + 𝑐̃𝑐32𝑥̇𝑥𝐼𝐼 + 
+𝑐̃𝑐33𝑥̇𝑥𝑆𝑆 + 𝛾̃𝛾3𝑥𝑥𝑆𝑆

3 = 0 
 
 

(3) 

𝑥̈𝑥𝐶𝐶𝑀𝑀𝑐𝑐 + 𝑘̃𝑘42𝑥𝑥𝐼𝐼 + 𝑘̃𝑘44𝑥𝑥𝐶𝐶 + 𝑘̃𝑘45𝑥𝑥𝑚𝑚 + 𝑐̃𝑐42𝑥̇𝑥𝐼𝐼 + 
+ 𝑐̃𝑐44𝑥̇𝑥𝐶𝐶 + 𝑐̃𝑐45𝑥̇𝑥𝑚𝑚 − 𝛾̃𝛾24(𝑥𝑥𝐼𝐼 − 𝑥𝑥𝐶𝐶)3 − 

− 𝛽̃𝛽45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)2 + 𝛾̃𝛾45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)3 = 0 
 

(4) 

𝑥̈𝑥𝑀𝑀𝑀𝑀𝑚𝑚 + 𝑘̃𝑘54𝑥𝑥𝐶𝐶 + 𝑘̃𝑘55𝑥𝑥𝑚𝑚 + 𝑐̃𝑐54𝑥̇𝑥𝐶𝐶 + 
𝑐̃𝑐55𝑥̇𝑥𝑚𝑚 + 𝛽̃𝛽45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)2 − 𝛾̃𝛾45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)3 

= 𝐻𝐻(𝜏𝜏) ∗ 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃(𝜔𝜔𝜔𝜔) 

(5) 

 
where: 
 

𝑘̃𝑘11 = 𝑘𝑘𝑇𝑇𝑇𝑇 + 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘12 = −𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 
𝑐̃𝑐11 = 𝑐𝑐𝑇𝑇𝑇𝑇 + 𝑐𝑐𝐴𝐴𝐴𝐴𝐴𝐴 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 

𝑐̃𝑐12 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘21 = 𝑘̃𝑘12, 𝑘̃𝑘22 = 
= 𝑘𝑘𝑃𝑃𝑃𝑃𝑃𝑃 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

𝑘̃𝑘23 = −𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘24 = −𝑘̃𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 𝛾̃𝛾24= 
= 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐3, 𝑐̃𝑐21 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 

𝑐̃𝑐22 = 𝑐𝑐𝑃𝑃𝑃𝑃𝑃𝑃 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 
𝑐̃𝑐23 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 𝑐̃𝑐24 = −𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 

𝑘̃𝑘32 = 𝑘̃𝑘23, 𝑘̃𝑘33 = 𝑘𝑘𝐴𝐴𝐴𝐴 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝐶𝐶, 
𝑐̃𝑐32 = 𝑐̃𝑐23, 𝑐̃𝑐33 = 𝑐𝑐𝐴𝐴𝐴𝐴 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝐶𝐶, 𝛾̃𝛾3 = 𝑘𝑘𝐴𝐴𝐴𝐴3, 

𝑘̃𝑘42 = 𝑘̃𝑘24, 𝑘̃𝑘44 = 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑘𝑘𝑚𝑚, 𝑘̃𝑘45 = 
= −𝑘𝑘𝑚𝑚,  𝑐̃𝑐42 = 𝑐̃𝑐24,  𝑐̃𝑐44 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑐𝑐𝑚𝑚, 

𝑐̃𝑐45 = −𝑐𝑐𝑚𝑚, 𝛾̃𝛾45 = 𝑘𝑘𝑚𝑚3, 𝛽̃𝛽45 = 𝑘𝑘𝑚𝑚2, 𝑘̃𝑘54 = 𝑘̃𝑘45 
𝑘̃𝑘55 = 𝑘𝑘𝑚𝑚 = −𝑘̃𝑘54, 𝑐̃𝑐54 = 𝑐̃𝑐45, 𝑐̃𝑐55 = 𝑐𝑐𝑚𝑚 = −𝑐̃𝑐54 

 

 
 
 
 

(6) 

 

𝐻𝐻(𝜏𝜏) = {0 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 < 𝜏𝜏
1 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 ≥ 𝜏𝜏  (7) 

 

	 (3)

	

 
𝑥̈𝑥𝑀𝑀𝑚𝑚𝑀𝑀 + 𝑘̃𝑘11𝑥𝑥𝑀𝑀 + 𝑘̃𝑘12𝑥𝑥𝐼𝐼 + 𝑐̃𝑐11𝑥̇𝑥𝑀𝑀 + 𝑐̃𝑐12𝑥̇𝑥𝐼𝐼 = 

=  𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄(𝜔𝜔𝜔𝜔) 
 

(1) 

𝑥̈𝑥𝐼𝐼𝑚𝑚𝐼𝐼 + 𝑘̃𝑘21𝑥𝑥𝑀𝑀 + 𝑘̃𝑘22𝑥𝑥𝐼𝐼 + 𝑘̃𝑘23𝑥𝑥𝑆𝑆 + 𝑘̃𝑘24𝑥𝑥𝐶𝐶 + 
+ 𝛾̃𝛾24(𝑥𝑥𝐼𝐼 − 𝑥𝑥𝐶𝐶)3 + 𝑐̃𝑐21𝑥̇𝑥𝑀𝑀 + 𝑐̃𝑐22𝑥̇𝑥𝐼𝐼 + 

+𝑐̃𝑐23𝑥̇𝑥𝑆𝑆 + + 𝑐̃𝑐24𝑥̇𝑥𝐶𝐶 = 0 

 
 
 

(2) 
 
 

𝑥̈𝑥𝑆𝑆𝑚𝑚𝑆𝑆 + 𝑘̃𝑘32𝑥𝑥𝐼𝐼 + 𝑘̃𝑘33𝑥𝑥𝑆𝑆 + 𝑐̃𝑐32𝑥̇𝑥𝐼𝐼 + 
+𝑐̃𝑐33𝑥̇𝑥𝑆𝑆 + 𝛾̃𝛾3𝑥𝑥𝑆𝑆

3 = 0 
 
 

(3) 

𝑥̈𝑥𝐶𝐶𝑀𝑀𝑐𝑐 + 𝑘̃𝑘42𝑥𝑥𝐼𝐼 + 𝑘̃𝑘44𝑥𝑥𝐶𝐶 + 𝑘̃𝑘45𝑥𝑥𝑚𝑚 + 𝑐̃𝑐42𝑥̇𝑥𝐼𝐼 + 
+ 𝑐̃𝑐44𝑥̇𝑥𝐶𝐶 + 𝑐̃𝑐45𝑥̇𝑥𝑚𝑚 − 𝛾̃𝛾24(𝑥𝑥𝐼𝐼 − 𝑥𝑥𝐶𝐶)3 − 

− 𝛽̃𝛽45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)2 + 𝛾̃𝛾45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)3 = 0 
 

(4) 

𝑥̈𝑥𝑀𝑀𝑀𝑀𝑚𝑚 + 𝑘̃𝑘54𝑥𝑥𝐶𝐶 + 𝑘̃𝑘55𝑥𝑥𝑚𝑚 + 𝑐̃𝑐54𝑥̇𝑥𝐶𝐶 + 
𝑐̃𝑐55𝑥̇𝑥𝑚𝑚 + 𝛽̃𝛽45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)2 − 𝛾̃𝛾45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)3 

= 𝐻𝐻(𝜏𝜏) ∗ 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃(𝜔𝜔𝜔𝜔) 

(5) 

 
where: 
 

𝑘̃𝑘11 = 𝑘𝑘𝑇𝑇𝑇𝑇 + 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘12 = −𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 
𝑐̃𝑐11 = 𝑐𝑐𝑇𝑇𝑇𝑇 + 𝑐𝑐𝐴𝐴𝐴𝐴𝐴𝐴 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 

𝑐̃𝑐12 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘21 = 𝑘̃𝑘12, 𝑘̃𝑘22 = 
= 𝑘𝑘𝑃𝑃𝑃𝑃𝑃𝑃 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

𝑘̃𝑘23 = −𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘24 = −𝑘̃𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 𝛾̃𝛾24= 
= 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐3, 𝑐̃𝑐21 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 

𝑐̃𝑐22 = 𝑐𝑐𝑃𝑃𝑃𝑃𝑃𝑃 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 
𝑐̃𝑐23 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 𝑐̃𝑐24 = −𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 

𝑘̃𝑘32 = 𝑘̃𝑘23, 𝑘̃𝑘33 = 𝑘𝑘𝐴𝐴𝐴𝐴 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝐶𝐶, 
𝑐̃𝑐32 = 𝑐̃𝑐23, 𝑐̃𝑐33 = 𝑐𝑐𝐴𝐴𝐴𝐴 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝐶𝐶, 𝛾̃𝛾3 = 𝑘𝑘𝐴𝐴𝐴𝐴3, 

𝑘̃𝑘42 = 𝑘̃𝑘24, 𝑘̃𝑘44 = 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑘𝑘𝑚𝑚, 𝑘̃𝑘45 = 
= −𝑘𝑘𝑚𝑚,  𝑐̃𝑐42 = 𝑐̃𝑐24,  𝑐̃𝑐44 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑐𝑐𝑚𝑚, 

𝑐̃𝑐45 = −𝑐𝑐𝑚𝑚, 𝛾̃𝛾45 = 𝑘𝑘𝑚𝑚3, 𝛽̃𝛽45 = 𝑘𝑘𝑚𝑚2, 𝑘̃𝑘54 = 𝑘̃𝑘45 
𝑘̃𝑘55 = 𝑘𝑘𝑚𝑚 = −𝑘̃𝑘54, 𝑐̃𝑐54 = 𝑐̃𝑐45, 𝑐̃𝑐55 = 𝑐𝑐𝑚𝑚 = −𝑐̃𝑐54 

 

 
 
 
 

(6) 

 

𝐻𝐻(𝜏𝜏) = {0 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 < 𝜏𝜏
1 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 ≥ 𝜏𝜏  (7) 

 

	(4)
(5)



90
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𝑥̈𝑥𝑀𝑀𝑚𝑚𝑀𝑀 + 𝑘̃𝑘11𝑥𝑥𝑀𝑀 + 𝑘̃𝑘12𝑥𝑥𝐼𝐼 + 𝑐̃𝑐11𝑥̇𝑥𝑀𝑀 + 𝑐̃𝑐12𝑥̇𝑥𝐼𝐼 = 

=  𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄(𝜔𝜔𝜔𝜔) 
 

(1) 

𝑥̈𝑥𝐼𝐼𝑚𝑚𝐼𝐼 + 𝑘̃𝑘21𝑥𝑥𝑀𝑀 + 𝑘̃𝑘22𝑥𝑥𝐼𝐼 + 𝑘̃𝑘23𝑥𝑥𝑆𝑆 + 𝑘̃𝑘24𝑥𝑥𝐶𝐶 + 
+ 𝛾̃𝛾24(𝑥𝑥𝐼𝐼 − 𝑥𝑥𝐶𝐶)3 + 𝑐̃𝑐21𝑥̇𝑥𝑀𝑀 + 𝑐̃𝑐22𝑥̇𝑥𝐼𝐼 + 

+𝑐̃𝑐23𝑥̇𝑥𝑆𝑆 + + 𝑐̃𝑐24𝑥̇𝑥𝐶𝐶 = 0 

 
 
 

(2) 
 
 

𝑥̈𝑥𝑆𝑆𝑚𝑚𝑆𝑆 + 𝑘̃𝑘32𝑥𝑥𝐼𝐼 + 𝑘̃𝑘33𝑥𝑥𝑆𝑆 + 𝑐̃𝑐32𝑥̇𝑥𝐼𝐼 + 
+𝑐̃𝑐33𝑥̇𝑥𝑆𝑆 + 𝛾̃𝛾3𝑥𝑥𝑆𝑆

3 = 0 
 
 

(3) 

𝑥̈𝑥𝐶𝐶𝑀𝑀𝑐𝑐 + 𝑘̃𝑘42𝑥𝑥𝐼𝐼 + 𝑘̃𝑘44𝑥𝑥𝐶𝐶 + 𝑘̃𝑘45𝑥𝑥𝑚𝑚 + 𝑐̃𝑐42𝑥̇𝑥𝐼𝐼 + 
+ 𝑐̃𝑐44𝑥̇𝑥𝐶𝐶 + 𝑐̃𝑐45𝑥̇𝑥𝑚𝑚 − 𝛾̃𝛾24(𝑥𝑥𝐼𝐼 − 𝑥𝑥𝐶𝐶)3 − 

− 𝛽̃𝛽45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)2 + 𝛾̃𝛾45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)3 = 0 
 

(4) 

𝑥̈𝑥𝑀𝑀𝑀𝑀𝑚𝑚 + 𝑘̃𝑘54𝑥𝑥𝐶𝐶 + 𝑘̃𝑘55𝑥𝑥𝑚𝑚 + 𝑐̃𝑐54𝑥̇𝑥𝐶𝐶 + 
𝑐̃𝑐55𝑥̇𝑥𝑚𝑚 + 𝛽̃𝛽45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)2 − 𝛾̃𝛾45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)3 

= 𝐻𝐻(𝜏𝜏) ∗ 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃(𝜔𝜔𝜔𝜔) 

(5) 

 
where: 
 

𝑘̃𝑘11 = 𝑘𝑘𝑇𝑇𝑇𝑇 + 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘12 = −𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 
𝑐̃𝑐11 = 𝑐𝑐𝑇𝑇𝑇𝑇 + 𝑐𝑐𝐴𝐴𝐴𝐴𝐴𝐴 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 

𝑐̃𝑐12 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘21 = 𝑘̃𝑘12, 𝑘̃𝑘22 = 
= 𝑘𝑘𝑃𝑃𝑃𝑃𝑃𝑃 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

𝑘̃𝑘23 = −𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘24 = −𝑘̃𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 𝛾̃𝛾24= 
= 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐3, 𝑐̃𝑐21 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 

𝑐̃𝑐22 = 𝑐𝑐𝑃𝑃𝑃𝑃𝑃𝑃 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 
𝑐̃𝑐23 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 𝑐̃𝑐24 = −𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 

𝑘̃𝑘32 = 𝑘̃𝑘23, 𝑘̃𝑘33 = 𝑘𝑘𝐴𝐴𝐴𝐴 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝐶𝐶, 
𝑐̃𝑐32 = 𝑐̃𝑐23, 𝑐̃𝑐33 = 𝑐𝑐𝐴𝐴𝐴𝐴 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝐶𝐶, 𝛾̃𝛾3 = 𝑘𝑘𝐴𝐴𝐴𝐴3, 

𝑘̃𝑘42 = 𝑘̃𝑘24, 𝑘̃𝑘44 = 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑘𝑘𝑚𝑚, 𝑘̃𝑘45 = 
= −𝑘𝑘𝑚𝑚,  𝑐̃𝑐42 = 𝑐̃𝑐24,  𝑐̃𝑐44 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑐𝑐𝑚𝑚, 

𝑐̃𝑐45 = −𝑐𝑐𝑚𝑚, 𝛾̃𝛾45 = 𝑘𝑘𝑚𝑚3, 𝛽̃𝛽45 = 𝑘𝑘𝑚𝑚2, 𝑘̃𝑘54 = 𝑘̃𝑘45 
𝑘̃𝑘55 = 𝑘𝑘𝑚𝑚 = −𝑘̃𝑘54, 𝑐̃𝑐54 = 𝑐̃𝑐45, 𝑐̃𝑐55 = 𝑐𝑐𝑚𝑚 = −𝑐̃𝑐54 

 

 
 
 
 

(6) 

 

𝐻𝐻(𝜏𝜏) = {0 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 < 𝜏𝜏
1 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 ≥ 𝜏𝜏  (7) 

 

	 (5)

where:

	

 
𝑥̈𝑥𝑀𝑀𝑚𝑚𝑀𝑀 + 𝑘̃𝑘11𝑥𝑥𝑀𝑀 + 𝑘̃𝑘12𝑥𝑥𝐼𝐼 + 𝑐̃𝑐11𝑥̇𝑥𝑀𝑀 + 𝑐̃𝑐12𝑥̇𝑥𝐼𝐼 = 

=  𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄(𝜔𝜔𝜔𝜔) 
 

(1) 

𝑥̈𝑥𝐼𝐼𝑚𝑚𝐼𝐼 + 𝑘̃𝑘21𝑥𝑥𝑀𝑀 + 𝑘̃𝑘22𝑥𝑥𝐼𝐼 + 𝑘̃𝑘23𝑥𝑥𝑆𝑆 + 𝑘̃𝑘24𝑥𝑥𝐶𝐶 + 
+ 𝛾̃𝛾24(𝑥𝑥𝐼𝐼 − 𝑥𝑥𝐶𝐶)3 + 𝑐̃𝑐21𝑥̇𝑥𝑀𝑀 + 𝑐̃𝑐22𝑥̇𝑥𝐼𝐼 + 

+𝑐̃𝑐23𝑥̇𝑥𝑆𝑆 + + 𝑐̃𝑐24𝑥̇𝑥𝐶𝐶 = 0 

 
 
 

(2) 
 
 

𝑥̈𝑥𝑆𝑆𝑚𝑚𝑆𝑆 + 𝑘̃𝑘32𝑥𝑥𝐼𝐼 + 𝑘̃𝑘33𝑥𝑥𝑆𝑆 + 𝑐̃𝑐32𝑥̇𝑥𝐼𝐼 + 
+𝑐̃𝑐33𝑥̇𝑥𝑆𝑆 + 𝛾̃𝛾3𝑥𝑥𝑆𝑆

3 = 0 
 
 

(3) 

𝑥̈𝑥𝐶𝐶𝑀𝑀𝑐𝑐 + 𝑘̃𝑘42𝑥𝑥𝐼𝐼 + 𝑘̃𝑘44𝑥𝑥𝐶𝐶 + 𝑘̃𝑘45𝑥𝑥𝑚𝑚 + 𝑐̃𝑐42𝑥̇𝑥𝐼𝐼 + 
+ 𝑐̃𝑐44𝑥̇𝑥𝐶𝐶 + 𝑐̃𝑐45𝑥̇𝑥𝑚𝑚 − 𝛾̃𝛾24(𝑥𝑥𝐼𝐼 − 𝑥𝑥𝐶𝐶)3 − 

− 𝛽̃𝛽45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)2 + 𝛾̃𝛾45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)3 = 0 
 

(4) 

𝑥̈𝑥𝑀𝑀𝑀𝑀𝑚𝑚 + 𝑘̃𝑘54𝑥𝑥𝐶𝐶 + 𝑘̃𝑘55𝑥𝑥𝑚𝑚 + 𝑐̃𝑐54𝑥̇𝑥𝐶𝐶 + 
𝑐̃𝑐55𝑥̇𝑥𝑚𝑚 + 𝛽̃𝛽45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)2 − 𝛾̃𝛾45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)3 

= 𝐻𝐻(𝜏𝜏) ∗ 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃(𝜔𝜔𝜔𝜔) 

(5) 

 
where: 
 

𝑘̃𝑘11 = 𝑘𝑘𝑇𝑇𝑇𝑇 + 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘12 = −𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 
𝑐̃𝑐11 = 𝑐𝑐𝑇𝑇𝑇𝑇 + 𝑐𝑐𝐴𝐴𝐴𝐴𝐴𝐴 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 

𝑐̃𝑐12 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘21 = 𝑘̃𝑘12, 𝑘̃𝑘22 = 
= 𝑘𝑘𝑃𝑃𝑃𝑃𝑃𝑃 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

𝑘̃𝑘23 = −𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘24 = −𝑘̃𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 𝛾̃𝛾24= 
= 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐3, 𝑐̃𝑐21 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 

𝑐̃𝑐22 = 𝑐𝑐𝑃𝑃𝑃𝑃𝑃𝑃 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 
𝑐̃𝑐23 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 𝑐̃𝑐24 = −𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 

𝑘̃𝑘32 = 𝑘̃𝑘23, 𝑘̃𝑘33 = 𝑘𝑘𝐴𝐴𝐴𝐴 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝐶𝐶, 
𝑐̃𝑐32 = 𝑐̃𝑐23, 𝑐̃𝑐33 = 𝑐𝑐𝐴𝐴𝐴𝐴 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝐶𝐶, 𝛾̃𝛾3 = 𝑘𝑘𝐴𝐴𝐴𝐴3, 

𝑘̃𝑘42 = 𝑘̃𝑘24, 𝑘̃𝑘44 = 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑘𝑘𝑚𝑚, 𝑘̃𝑘45 = 
= −𝑘𝑘𝑚𝑚,  𝑐̃𝑐42 = 𝑐̃𝑐24,  𝑐̃𝑐44 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑐𝑐𝑚𝑚, 

𝑐̃𝑐45 = −𝑐𝑐𝑚𝑚, 𝛾̃𝛾45 = 𝑘𝑘𝑚𝑚3, 𝛽̃𝛽45 = 𝑘𝑘𝑚𝑚2, 𝑘̃𝑘54 = 𝑘̃𝑘45 
𝑘̃𝑘55 = 𝑘𝑘𝑚𝑚 = −𝑘̃𝑘54, 𝑐̃𝑐54 = 𝑐̃𝑐45, 𝑐̃𝑐55 = 𝑐𝑐𝑚𝑚 = −𝑐̃𝑐54 

 

 
 
 
 

(6) 

 

𝐻𝐻(𝜏𝜏) = {0 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 < 𝜏𝜏
1 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 ≥ 𝜏𝜏  (7) 

 

	(6)

In this model, it is assumed that the excitation 
P applied to the FMT would be delayed, as delays 
are common in electronic systems. Then, Heavi-
side step function H(τ) is defined as follows:

	

 
𝑥̈𝑥𝑀𝑀𝑚𝑚𝑀𝑀 + 𝑘̃𝑘11𝑥𝑥𝑀𝑀 + 𝑘̃𝑘12𝑥𝑥𝐼𝐼 + 𝑐̃𝑐11𝑥̇𝑥𝑀𝑀 + 𝑐̃𝑐12𝑥̇𝑥𝐼𝐼 = 

=  𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄(𝜔𝜔𝜔𝜔) 
 

(1) 

𝑥̈𝑥𝐼𝐼𝑚𝑚𝐼𝐼 + 𝑘̃𝑘21𝑥𝑥𝑀𝑀 + 𝑘̃𝑘22𝑥𝑥𝐼𝐼 + 𝑘̃𝑘23𝑥𝑥𝑆𝑆 + 𝑘̃𝑘24𝑥𝑥𝐶𝐶 + 
+ 𝛾̃𝛾24(𝑥𝑥𝐼𝐼 − 𝑥𝑥𝐶𝐶)3 + 𝑐̃𝑐21𝑥̇𝑥𝑀𝑀 + 𝑐̃𝑐22𝑥̇𝑥𝐼𝐼 + 

+𝑐̃𝑐23𝑥̇𝑥𝑆𝑆 + + 𝑐̃𝑐24𝑥̇𝑥𝐶𝐶 = 0 

 
 
 

(2) 
 
 

𝑥̈𝑥𝑆𝑆𝑚𝑚𝑆𝑆 + 𝑘̃𝑘32𝑥𝑥𝐼𝐼 + 𝑘̃𝑘33𝑥𝑥𝑆𝑆 + 𝑐̃𝑐32𝑥̇𝑥𝐼𝐼 + 
+𝑐̃𝑐33𝑥̇𝑥𝑆𝑆 + 𝛾̃𝛾3𝑥𝑥𝑆𝑆

3 = 0 
 
 

(3) 

𝑥̈𝑥𝐶𝐶𝑀𝑀𝑐𝑐 + 𝑘̃𝑘42𝑥𝑥𝐼𝐼 + 𝑘̃𝑘44𝑥𝑥𝐶𝐶 + 𝑘̃𝑘45𝑥𝑥𝑚𝑚 + 𝑐̃𝑐42𝑥̇𝑥𝐼𝐼 + 
+ 𝑐̃𝑐44𝑥̇𝑥𝐶𝐶 + 𝑐̃𝑐45𝑥̇𝑥𝑚𝑚 − 𝛾̃𝛾24(𝑥𝑥𝐼𝐼 − 𝑥𝑥𝐶𝐶)3 − 

− 𝛽̃𝛽45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)2 + 𝛾̃𝛾45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)3 = 0 
 

(4) 

𝑥̈𝑥𝑀𝑀𝑀𝑀𝑚𝑚 + 𝑘̃𝑘54𝑥𝑥𝐶𝐶 + 𝑘̃𝑘55𝑥𝑥𝑚𝑚 + 𝑐̃𝑐54𝑥̇𝑥𝐶𝐶 + 
𝑐̃𝑐55𝑥̇𝑥𝑚𝑚 + 𝛽̃𝛽45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)2 − 𝛾̃𝛾45(𝑥𝑥𝐶𝐶 − 𝑥𝑥𝑚𝑚)3 

= 𝐻𝐻(𝜏𝜏) ∗ 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃(𝜔𝜔𝜔𝜔) 

(5) 

 
where: 
 

𝑘̃𝑘11 = 𝑘𝑘𝑇𝑇𝑇𝑇 + 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘12 = −𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 
𝑐̃𝑐11 = 𝑐𝑐𝑇𝑇𝑇𝑇 + 𝑐𝑐𝐴𝐴𝐴𝐴𝐴𝐴 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 

𝑐̃𝑐12 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘21 = 𝑘̃𝑘12, 𝑘̃𝑘22 = 
= 𝑘𝑘𝑃𝑃𝑃𝑃𝑃𝑃 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

𝑘̃𝑘23 = −𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼, 𝑘̃𝑘24 = −𝑘̃𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 𝛾̃𝛾24= 
= 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐3, 𝑐̃𝑐21 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 

𝑐̃𝑐22 = 𝑐𝑐𝑃𝑃𝑃𝑃𝑃𝑃 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 
𝑐̃𝑐23 = −𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼, 𝑐̃𝑐24 = −𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 

𝑘̃𝑘32 = 𝑘̃𝑘23, 𝑘̃𝑘33 = 𝑘𝑘𝐴𝐴𝐴𝐴 + 𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑘𝑘𝐶𝐶, 
𝑐̃𝑐32 = 𝑐̃𝑐23, 𝑐̃𝑐33 = 𝑐𝑐𝐴𝐴𝐴𝐴 + 𝑐𝑐𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝐶𝐶, 𝛾̃𝛾3 = 𝑘𝑘𝐴𝐴𝐴𝐴3, 

𝑘̃𝑘42 = 𝑘̃𝑘24, 𝑘̃𝑘44 = 𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑘𝑘𝑚𝑚, 𝑘̃𝑘45 = 
= −𝑘𝑘𝑚𝑚,  𝑐̃𝑐42 = 𝑐̃𝑐24,  𝑐̃𝑐44 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑐𝑐𝑚𝑚, 

𝑐̃𝑐45 = −𝑐𝑐𝑚𝑚, 𝛾̃𝛾45 = 𝑘𝑘𝑚𝑚3, 𝛽̃𝛽45 = 𝑘𝑘𝑚𝑚2, 𝑘̃𝑘54 = 𝑘̃𝑘45 
𝑘̃𝑘55 = 𝑘𝑘𝑚𝑚 = −𝑘̃𝑘54, 𝑐̃𝑐54 = 𝑐̃𝑐45, 𝑐̃𝑐55 = 𝑐𝑐𝑚𝑚 = −𝑐̃𝑐54 

 

 
 
 
 

(6) 

 

𝐻𝐻(𝜏𝜏) = {0 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 < 𝜏𝜏
1 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡 ≥ 𝜏𝜏  (7) 

 
	 (7)

where:	 t means delay of the FMT due to electron-
ic equipment.

RESULTS AND ANALYSIS

Numerical simulations of the model present-
ed in Section 2 are compared with experimental 
outcomes reported in ASTM standard [14] con-
cerning Standard Practice for Describing Sys-
tem Output of Implantable Middle Ear Hearing 
Devices. The analysis is focused significantly on 
the stapes vibration because of its pivotal role 
in facilitating sound transmission to the inner 
ear. Hence, the configuration and operation of 
the implant are critically important from the end 
user’s standpoint.

Methodology

The middle ear transfer function (METF), 
classically used for estimation of stapes vibra-
tion will be compared with experimental data 
taken from [14, 15]. The METF indicates stapes 
displacement divided by sound pressure versus 
excitation frequency produced by sound stimu-
lation or/and the FMT. According to the ASTM 
standard, the METF, measured in an experiment 
on temporal bone, should meet the criterion de-
fined by Rosowski et al. in 2007 [15]. Later, the 
criterion becomes the basis for the ASTM stan-
dard [14] concerning measurement accuracy in 
the middle ear which is presented graphically as 

Figure 1. Lumped parameter model of implanted human middle ear with 5 degrees of freedom
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a grey region in Figure 2. Numerical simulations 
are developed using MATLAB Simulink using 
the mathematical models defined by Equations 
1–5. These simulations employ the Runge-Kutta 
4th order method (ode45) with a variable step size 
and a relative tolerance of 10-10 s for accurate 
computations. The numerical experiments uti-
lised the parameters listed in Table 1. Stiffness 
(k), damping (c), and mass (m) parameters were 
derived from [8], while additional parameters 
introduced in the model are estimated based on 
experimental data.

Numerical simulations were performed in 
three variants, namely as sound stimulation (Q), 
FMT stimulation (P) and simultaneously sound 
and FMT force stimulation (Q + P) with various 
time delay (τ).

Numerical results

Figure 2a presents three curves obtained from 
numerical simulations of the model presented in 
the previous section. It can be observed that for 
double excitation with P and Q as mentioned in 
Table 1 without time delay, the blue curve lies 
within the range indicated in the literature up to 
frequencies around 4 kHz. When the excitation is 
applied only to the FMT (P), the METF value is 
low but still falls within the literature range. For 
excitation applied only to the first bone (sound 
stimulation of the TM with the force Q) in the 
implanted ear, METF values are also small and 
the lowest and around 850-1000 Hz. Moreover, 
it drops down below the range indicated in [15] 
(grey area in Figure 2). 

Table 1. Parameters for 5DOF lumped parameter model
Name Abbr. Value

Tympanic memebrane stiffness parameter ktm 300 [N/m]

Anterior mallear ligament stiffness parameter kaml 800 [N/m]

Incudomallear joint stiffness parameter kimj 1000000 [N/m]

Posterior incudal ligament stiffness parameter kpil 400 [N/m]

Incudostapedial joint stiffness parameter kisj 1350 [N/m]

Cochlea stiffness parameter kc 200 [N/m]

Annular ligament stiffness parameter kal 623 [N/m]

Cubic nonlinear stiffness parameter of the annular ligament kal3 1.3e+13 [N/m]

Stiffness parameter of the mas inside the FMT km 850 [N/m]

Square nonlinear stiffness parameter of the mas inside the FMT km2 1.88e+8 [N/m]

Cubic nonlinear stiffness parameter of the mas inside the FMT km3 1.4e+13 [N/m]

Stiffness parameter of the clip of the FMT kclip 20000 [N/m]

Cubic nonlinear stiffness parameter of the clip of the FMT kclip3 2.25e+15 [N/m]

Tympanic membrane dumping parameter ctm 0.06 [Ns/m]

Tympanic membrane dumping parameter caml 0.275 [Ns/m]

Anterior mallear ligament dumping parameter cimj 0.359 [Ns/m]

Incudomallear joint dumping parameter cpil 0.055 [Ns/m]

Posterior incudal ligament dumping parameter cisj 0.0079 [Ns/m]

Incudostapedial joint dumping parameter cc 0.0017 [Ns/m]

Annular ligament dumping parameter cal 0.0020 [Ns/m]

Damping parameter of the mas inside the FMT cm 0.32 [Ns/m]

Damping parameter of the clip of the FMT cclip 0.15 [Ns/m]

Malleus mass mM 2.5e-5 [kg]

Incus mass mI 2.8e-05 [kg]

Stapes mass mS 1.78e-06 [kg]

Floating mass Mm 1e-5 [kg]

FMT case mass Mc 1.5e-5 [kg]

Mechanical excitation force applied to the FMT P 4.32e-05 [N]

Mechanical excitation force applied to the first mass Q 3.336e-05 [N]
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In this study, it was assumed that the excita-
tion P applied to the FMT would be delayed, as 
delays are common in electronic systems. Figure 
2b shows METF with delays of 0.01 s, 0.03 s, and 
0.05 s. All of these curves have a drop, at 4 kHz, 
2.2 kHz and 1.5 kHz, respectively from the small-
est to the largest delay time. The curves with a 
time delay of 0.03 s and 0.05 s have the best fit to 
the literature and ASTM criterion.

In Figure 2c, three curves are shown for small-
er delay times of 0.001 s, 0.003 s, and 0.005 s. For 
t delay time t = 0.005 s – the green curve – METF 
has the best fit to literature criterion and has only 
one drop around 1.5 kHz. For the curves with de-
lay times of 0.001 s and 0.003 s, there are cyclic 
increases and decreases in METF values. Both of 
those curves (black and blue) fall below literature 

criterion at 0.5 kHz and 1.6 kHz. However, for the 
higher delay time (blue curve), the curve returns to 
the range in lower frequency range than the black 
curve. For both of these curves (black and blue), 
cyclic increases and decreases in amplitude are 
observed which will be explained in next chapter.

In the case of even smaller delay, presented 
in Figure 2d, the curve with the shortest delay 
time of 0.0005 s shows the best fit to the lit-
erature range of METF (it is below range only 
around 1kHz and 2.1 kHz). For a delay time of 
0.0003s, the curve (blue) drops below the range 
for frequencies around 100 Hz, 900 Hz,1400 Hz 
and 2400 Hz. For a delay time of 0.0001 s, the 
black curve drops below in three areas, first from 
around 450 Hz to 650 Hz, second from 1.5 kHz to 
1.6 kHz and third around 2.7 kHz.

Figure 2. Middle ear transfer function comparison between numerical results and Rosowski et al. 2007 [15] 
(ASTM standard [14]). Single excitations without time delay effect (a), double excitation with different times of 

delay (b–d)
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RESULTS AND DISCUSSION

To explain the effect of double excitation and 
time delay, an amplitude of stapes vibration (a3) 
for 1 kHz excitation frequency is shown in Figure 
3, which illustrates how the amplitude of stapes 
vibration (a3) changes with time delay (t). There 
are cyclic increases and decreases in the ampli-
tude values depending on t. The period of change 
in the amplitude (a3) of vibrations caused by the 
delay is T = 1

1000 s  
 
𝑞𝑞 = 𝑄𝑄

𝑚𝑚𝑀𝑀·𝑥𝑥𝑠𝑠𝑠𝑠·𝜔𝜔02
  

 
 𝑝𝑝 = 𝑃𝑃

𝑚𝑚𝑀𝑀·𝑥𝑥𝑠𝑠𝑠𝑠·𝜔𝜔02
,  

 

𝜔𝜔0 = √𝑘𝑘𝑎𝑎𝑎𝑎𝑎𝑎𝑚𝑚𝑀𝑀
 

 
 
 2𝜋𝜋𝜔𝜔  
 

 which is marked in the fig-
ure. Three points (A, B, C) are marked and their 
meaning is explained in Figure 4.

In Figure 4, three periodic forces are depicted: 
the excitation force on the malleus coming from 
sound stimulation (q), the excitation force of the 
FMT (p), and their sum (p+q). The mentioned 
forces are dimensionless in the simulation calculat-
ed as 

T = 1
1000 s  

 
𝑞𝑞 = 𝑄𝑄

𝑚𝑚𝑀𝑀·𝑥𝑥𝑠𝑠𝑠𝑠·𝜔𝜔02
  

 
 𝑝𝑝 = 𝑃𝑃

𝑚𝑚𝑀𝑀·𝑥𝑥𝑠𝑠𝑠𝑠·𝜔𝜔02
,  

 

𝜔𝜔0 = √𝑘𝑘𝑎𝑎𝑎𝑎𝑎𝑎𝑚𝑚𝑀𝑀
 

 
 
 2𝜋𝜋𝜔𝜔  
 

 and 

T = 1
1000 s  

 
𝑞𝑞 = 𝑄𝑄

𝑚𝑚𝑀𝑀·𝑥𝑥𝑠𝑠𝑠𝑠·𝜔𝜔02
  

 
 𝑝𝑝 = 𝑃𝑃

𝑚𝑚𝑀𝑀·𝑥𝑥𝑠𝑠𝑠𝑠·𝜔𝜔02
,  

 

𝜔𝜔0 = √𝑘𝑘𝑎𝑎𝑎𝑎𝑎𝑎𝑚𝑚𝑀𝑀
 

 
 
 2𝜋𝜋𝜔𝜔  
 

, where xst 

= 1 mm and 

T = 1
1000 s  

 
𝑞𝑞 = 𝑄𝑄

𝑚𝑚𝑀𝑀·𝑥𝑥𝑠𝑠𝑠𝑠·𝜔𝜔02
  

 
 𝑝𝑝 = 𝑃𝑃

𝑚𝑚𝑀𝑀·𝑥𝑥𝑠𝑠𝑠𝑠·𝜔𝜔02
,  

 

𝜔𝜔0 = √𝑘𝑘𝑎𝑎𝑎𝑎𝑎𝑎𝑚𝑚𝑀𝑀
 

 
 
 2𝜋𝜋𝜔𝜔  
 

 just to fasten simulations 

Figure 4a, which corresponds to the point A on 
the amplitude plot from Figure 3, shows that both 
forces are in phase because delay (t) is equal to the 
excitation period (or multiple of excitation period 

T = 1
1000 s  

 
𝑞𝑞 = 𝑄𝑄

𝑚𝑚𝑀𝑀·𝑥𝑥𝑠𝑠𝑠𝑠·𝜔𝜔02
  

 
 𝑝𝑝 = 𝑃𝑃

𝑚𝑚𝑀𝑀·𝑥𝑥𝑠𝑠𝑠𝑠·𝜔𝜔02
,  

 

𝜔𝜔0 = √𝑘𝑘𝑎𝑎𝑎𝑎𝑎𝑎𝑚𝑚𝑀𝑀
 

 
 
 2𝜋𝜋𝜔𝜔  
 

), resulting in the largest combined force. Fig-
ure 4b illustrates the forces at a point B indicated 
in Figure 3 between the maximum and minimum 
values where a phase shift coming from delay be-
tween the forces leads to a smaller resultant force 
than in Figure 4a. Figure 4c displays the forces at 
the lowest point on the amplitude graph (Figure 
3), where the forces are in opposite phases, yield-
ing the smallest sum (p + q). This significantly 
impacts the amplitude graph in Figure 3 and also 

Figure 3. Changes in amplitude of the stapes 
vibration depending on the excitation force delay time 

(t) for 1 kHz

Figure 4. Plot of the sinusoidal excitation forces on 
the malleus from sound stimulation (p), from FMT 

(p) and sum of both excitation forces (p + q) for 
points A,B and – indicated in Figure 3, respectively

a)

b)

c)

influences the oscillations observed in Figures 2b–
d, where the METF results from the forces sum-
ming in different phases due to a constant time de-
lay and varying excitation frequency. If time delay 
meets excitation period, stapes vibration is ampli-
fied, whereas delay is half of the excitation period, 
vibration is reduced significantly.

The literature lacks analyses of double exci-
tation problem in the implanted ear stimulated 
by FMT despite some experimental results re-
veal fluctuations in METF, as seen in Shraven et 
al. [16] and Shin et al. [17]. These experimental 
works [16, 17] in which the stapes movements 
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forced by the FMT are analysed, show that MET-
Fs are not smooth as in the numerical and experi-
mental results obtained for unaided ear (without 
FMT). It is therefore expected that the fluctua-
tions are caused by the double excitation and the 
delay in the action of one of the two excitation 
sources. Unlike studies [4, 8], the results obtained 
from the model under investigation does not dis-
play nonlinear phenomena. Stapes vibration al-
ways is regular. 

Considering Figures 2–4, it is crucial to ac-
count for potential delays in the system when 
configuring the implant. These delays can signif-
icantly affect implant performance, particularly 
during double excitation, which may introduce 
disturbances like amplitude fluctuations that 
fall below the METF accepted range, as noted 
in [15]. These findings are important, because 
they directly impact the reliability and precision 
of sound transmission in middle ear implants. 
In real-world applications, accurately address-
ing these delays is essential for optimising the 
implant’s performance, improving the clarity 
and stability of sound perception for users. By 
minimising the disturbances caused by delays, 
implant devices can better align with natural 
auditory processes, ultimately leading to more 
consistent and effective hearing restoration for 
patients. This optimisation can enhance user 
satisfaction, reduce complications, and improve 
long-term auditory outcomes.
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