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INTRODUCTION

Improvised explosive devices (IEDs) con-
stitute one of the greatest threat to civilians and 
soldiers in modern asymmetric conflicts in the 
world [1]. Explosive devices may be considered 
as improvised when any of their structural com-
ponents was modified from its original function. 
IEDs are responsible for death and injury of thou-
sands of people annually [2]. Such a widespread 
use of IEDs results from their specific features – 
they are relatively cheap, easy to assemble, easy 
to use and highly effective at the same time. IEDs 
can be produced by modifications of conventional 
weapons (mines, artillery shells etc.). IEDs can 
also be manufactured by home methods by using 
ammunition-derived explosives, produced from 
commercially available chemicals, fertilizers with 

additional elements used to increase the amount 
of debris driven by the explosion: metal balls, 
nails, glass shards, etc. Various types of IEDs can 
be used depending on the intended target..

Relatively easy access of shells in the area 
of military conflict, low costs and high effective-
ness of IEDs make them an ideal weapon of guer-
rilla forces, terrorist organizations, criminals, etc. 
Over the last decade IEDs constituted 42% of all 
recorded injurious explosive attacks. Nearly half 
of the people (48%) killed or injured by explosive 
weapons globally were harmed by IEDs [1]. Al-
though 80% of those harmed were civilians, re-
cent military operations in Iraq and Afghanistan 
showed that Improvised Explosive Devices (IED) 
are dangerous and lethal on the battlefield too 
[3]. For example, 48.7% of total military deaths 
(5,413) of US soldiers between September, 2011 
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and October 2020 were attributed to IEDs, mainly 
roadside bombs (73%), suicide bombs (16%), and 
car bombs (11%). At the same time 43% of total 
UK service personnel killed (634) were attributed 
to IEDs (32% in Iraq, 48 in Afghanistan) [1]. The 
continuously rising threat of the IED enforced 
the European Defense Agency (EDA) to start 
Counter-IED program in 2007. The international 
doctrine Countering IEDs consists of 6 key op-
erational areas: Detect, Mitigate, Neutralize, Ex-
ploit, Predict, Prevent.

One of the ways of preventing modification 
of currently used artillery shells intended to make 
it more difficult to use as IEDs was analyzed in 
the article. In most of the currently used high-ex-
plosive shells, after unscrewing a fuse there is a 
direct access to the explosive material.

The explosive can be then easily extracted 
from the shell or a pocket in the explosive can 
be made in which an electric fuse may be placed 
and connected with a source of electrical impulse 
(Fig. 1) creating in this way a simple IED (Fig. 2).

In view of the above, it is advisable to pre-
vent or to hinder the access to the explosive in the 
shell without reducing its original combat capa-
bilities. Therefore a special safety barrier placed 
between the fuse and the explosive to block the 
access to the explosive after unscrewing the fuse 

was proposed (Fig. 3). The barrier is used also 
to protect explosive against detonation with com-
monly used electric initiation systems.

The idea of using a barrier inside an explosive 
shell is protected by patent in Polish Patent Office 
[5]. The optimal barrier should be non-removable 
and resistant to a destruction with available cut-
ting tools or reagents. At the same time it should 
provide proper functioning of the shell. The bar-
rier should not disturb the initiation process of the 
explosive with the use of original fuse. Therefore 
it is crucial to determine the suitable thickness of 

Figure 1. Examples of possible ways of creating IEDs from explosive shells: (a) unscrewing the fuse and direct 
access to the explosive, (b) extraction of the explosive, (c) drilling the nest for external detonator, (d) using of the 

explosive in improvised devices, (e) using of external detonator in artillery shell

Figure 2. IEDs made of explosive shells and an 
antipersonnel mine [4]
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the barrier, which on the one hand should be thin 
enough to allow the original fuse of the shell to 
initiate the explosive, on the other hand it should 
be thick enough to prevent detonation by the ex-
ternal initiation systems.

Shock sensitivity of the explosive is the main 
factor that influence the required thickness of 
such barrier. It can be can be quantified by the 
critical shock wave initiation pressure parameter. 
Different experimental and theoretical procedures 
are used to measure the initiation capacity of the 
explosives [6–13]. The paper [11] investigates the 
characteristics of shock waves in soil due to the 
explosion of a cylindrical explosive charge. The 
main purpose of the analysis was to study the de-
pendence of the peak stress attenuation during the 
shock wave propagation on the full locking pa-
rameter. A new modeling method of shock wave 
overpressure under free-field air explosion was 
proposed in the work [10] expressed as a prod-
uct of the three factor functions of peak, attenua-
tion and oscillation. In the works [12, 13] the au-
thors performed shock sensitivity experiments on 
TATB/HMX-based PBX explosives with various 
particle size and porosity. The results indicated 
that together with the decrease of the particle size, 
the ignition of the explosive become more diffi-
cult but the detonation grows more rapidly when 
the explosive is ignited. Shock wave sensitivity of 
eleven explosives were analyzed by the authors in 
the work [14] with the use of the gap test with alu-
minum barriers. The peak shock pressure and the 
shock sensitivity curves were determined for the 
PBXN-109 explosive with the use of combined 
experimental and numerical study in the work 
[15]. The shock induced detonation sensitivity of 
an explosive was analyzed in the work [16] using 
the shock Hugoniots of the condensed material 
and the detonation products. 

Shock sensitivity of the explosive is most 
frequently assessed with the use of various mod-
ifications of classic gap tests [17–20]. The test 
usually consists of four components: a donor 
charge, a gap/attentuator, an acceptor charge, 
and a witness plate. The donor is usually deto-
nated by an electrical initiation system. Deto-
nation generates the shock wave that travels 
through the donor and is attenuated through the 
gap. The pressure attenuated by the gap deter-
mines whether the transmitted shock wave will 
trigger an acceptor or not. If the acceptor is 
detonated, a hole is created at the witness plate. 
The thickness of the gap thickness is adjusted, 
in order to determine its critical value. A critical 
gap thickness for which the acceptor has 50% 
probability of being detonated marks the shock 
sensitivity of the acceptor [21–24]. The critical 
gap/barrier thickness determined during the gap 
test can be used to define the shock wave initia-
tion capacity of explosives as well as to compare 
their detonation sensitivity. [13, 15, 16, 25–27]

Beside the classic experimental tests, recently 
(thanks to the rapid growth of the computational 
power of modern computers) numerical methods 
are often used to simulate the gap tests. It allows 
to reduce the costs of analyses as well as to gather 
more information about the entire phenomenon, 
e.g. pressure, density or velocity distribution at 
different times. Various numerical methods are 
used in analysis of explosive shock sensitiveness. 
In the work [19] finite difference technique was 
used to simulate gap-test of Composition B. Two-
dimensional Eulerian hydrodynamic code was 
used in the work [20] to simulate sympathetic det-
onation. The authors found that critical gap length 
and the charge weight approximately have a lin-
ear relationship with a logarithmic scale. Ls-Dyna 
and ALE multi-material formulation were used in 
the work [28] to simulate a blunt brass projectile 

Figure 3. Examples of barrier shapes and their position in an explosive shell: (a) explosive shell, (b) (c) barrier 
variants
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impacting COMP-B charges without and with 
metal cover plates. The minimal velocity of the 
projectile required to detonation of the explosive 
was evaluated and compared with experimen-
tal data. In the works [29, 30] shock initiation 
experiments on the explosives Composition B 
and C-4 were simulated with the use of Ignition 
and Growth reactive flow model implemented in 
LS-Dyna. Typical gap tests test was simulated 
in work [25] to obtain the shock wave critical 
initiation pressure of RDX-based mixed explo-
sive, HMX-based mixed explosive, and RDX/ 
AP/Al-based propellant mixed explosive. The 
results indicated that the shock wave sensitivity 
and initiation capacity of RDX-based and HMX-
based mixed explosives are higher than TNT. In 
the work [31] the authors experimentally ana-
lyzed desensitization of high explosive charges 
in water gap test and then successfully simulated 
the phenomenon using the Lee–Tarver material 
model. On the basis of the results the conclusion 
was drawn that that precursor waves in gap test 
assemblies can affect the detonation propagation 
distance. Numerical model of the small scale gap 
test was proposed in the work [8]. Simulation of 
the small scale gap test were carried out in the 
LS-Dyna software. On the basis of the calcula-
tions results the detonation characteristics were 
determined for the mixed explosives. On the ba-
sis of the literature review it can be concluded 
that numerical simulations constitute a helpful 
tool supporting experimental analyses of explo-
sives shock sensitivity and gap-tests. The main 

aim of the work presented in the article was to 
analyze the effectiveness of the proposed solu-
tion intended to prevent modification of currently 
used artillery shells in a way allowing their use 
as IEDs. The research included experimental 
gap-tests as well as numerical reproduction of 
the phenomenon in the Impetus AFEA software. 
Analyses were carried out to determine a criti-
cal thickness of the special safety barrier placed 
between the fuse and the explosive in artillery 
shells in order to block the access to the explo-
sive after unscrewing the fuse.

MATERIALS AND METHODS

Experimental methodology

The experimental tests have been performed 
at Military Institute of Armament Technology 
(MIAT) proving ground, in Poland. Simple modi-
fication of the conventional gap-test procedure 
was used. Figure 4 presents a gap test assembly.

In the presented assembly electric detona-
tor constituted a donor charge. A gap/barrier was 
made of high-strength steel plate with hardness 
of 63–65 HRC and thickness varied from 2 to 3.5 
mm. A cylinder made of TNT was an acceptor. 
After assembling components were placed at the 
steel plate of the 6 mm thickness. The witness 
plate was placed at the steel tube. Eight types of 
donors were prepared for the tests (Fig. 5). They 
had body made of different materials – aluminum 

Figure 4. Experimental gap-test: (a) assembled, (b) disassembled
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alloy and copper, different shapes of frontal part 
of the detonators – flat or with spherical cavity, 
and they were filled with different explosives: 
HMX or RDX.

Materials

HMX and RDX – donor explosives

HMX, or octahydro-1,3,5,7-tetranitro-
1,3,5,7-tetrazocine, is a powerful high explosive 
with excellent stability and performance char-
acteristics. It belongs to the nitramine class of 
explosives and is widely used in military and in-
dustrial applications. HMX is known for its high 
density, high detonation velocity, and low sensi-
tivity to impact and friction, making it a valuable 
component in various munitions and propellants.
 • molecular weight – approximately 296.15 g/mol;
 • density – ranging from 1.91 to 1.97 g/cm³;
 • melting point – around 276–277 °C.

HMX is a key ingredient in several high-per-
formance explosive formulations. The synthesis 
of HMX involves the nitration of hexamethy-
lenetetramine.  RDX, or cyclotrimethylenetrinit-
ramine is a powerful high explosive from the 
category of nitramines. RDX is widely used in 
military and industrial applications due to its high 
stability, insensitivity to shock and friction, and 
excellent explosive performance. 
 • molecular weight – approximately 222.10 g/mol
 • density – ranging from 1.80 to 1.82 g/cm³.
 • melting point – around 204–205 °C.

RDX is a key component in various explosive 
formulations. The synthesis of RDX typically 

involves the nitration of hexamine (hexamethy-
lenetetramine) in the presence of concentrated 
nitric acid and acetic anhydride. In the conducted 
research, ERG detonators were used, in which 
RDX or HMX charges were pressed to a density 
ranging from 1.4 to 1.42 g/cm3

TNT – acceptor explosive

Trinitrotoluene, commonly known as TNT, 
is a chemical compound with the molecular for-
mula C7H5N3O6. It is a pale yellow, crystalline 
solid that is renowned for its explosive properties. 
TNT is produced by the nitration of toluene and is 
widely used as a high explosive in various appli-
cations, including military, industrial, and mining. 
It is relatively stable under normal conditions but 
can be detonated by a shock or heat. TNT has been 
a crucial component in the development of explo-
sives and is employed in the manufacturing of 
munitions, dynamite, and other explosive devices. 
Its controlled and predictable properties make it a 
valuable explosive for a range of applications.

In this research, TNT charges pressed at 
a pressure of 300 MPa were used as acceptors. 
Examples of these charges, their dimensions and 
masses, and the determined density values are 
given in Table 1.

Copper and Al – ERG detonator body

The tests used ERG fuzes with two versions 
of aluminum or copper shells. The physico-chem-
ical properties of these materials are given in Ta-
bles 2 and 3.

POM-C – donor retainer

The donor retained in the study was made 
of polyacetal copolymer POM-C (TECAFORM 
AH) inert material. POM-C is a high-perfor-
mance engineering plastic characterized by its 
excellent mechanical and chemical properties. 
POM-C is a thermoplastic material, which means 
it can be repeatedly melted and solidified without 
significant degradation of its properties. POM-C 
exhibits high tensile strength, stiffness, and im-
pact resistance. This makes it suitable for appli-
cations where mechanical performance is crucial. 
POM-C has low friction properties, making it an 
excellent material for applications where sliding 
or rotating parts are involved. It also has good 
wear resistance, contributing to its durability. 
POM-C has good dimensional stability, maintain-
ing its shape and size under different temperature 

Figure 5. Analyzed detonator variants: (a) made of 
aluminum alloy and copper; (b) with and without a 

cavity in the frontal part
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and humidity conditions. POM-C is known for 
its ease of machinability. It can be machined into 
precision components with tight tolerances. Ap-
plications of POM-C include gears, bearings, 
bushings, precision mechanical components, 
automotive parts, and various industrial compo-
nents where a combination of high strength, low 
friction, and durability is required. Structural for-
mula and basic properties of POM-C were shown 
in Table 4. The mechanical properties of POM-C 
have been already determined by the team of the 
authors in work [32] where quasi-static tension 
and compression tests were carried out in order to 
collect data (force-displacement curves) allowing 

subsequent definition and validation of numerical 
models of the POM-C material.

NC10 / 1.2201 steel - barrier

The tests used barriers made of NC10 steel, 
hardened to a hardness of 60 to 63 HRC. The 
composition and physical properties of this steel 
are given in Table 5.

S235JR steel – structural components

S235 is a designation in the EN 10025 stan-
dard for a structural steel grade with the minimum 

Table 1. Examples of TNT charges
Nb. Nb. charge Ø [mm] h [mm] m [g] V [cm3] rh0 [g/cm3]

1 14 / 32 42.17 44.9 100.43 62.711 1.601

2 15 / 33 42.15 44.74 100.36 62.428 1.608

3 16 / 34 42.17 44.93 100.36 62.753 1.599

4 17 / 35 42.19 44.78 100.31 62.603 1.602

5 18 / 36 42.16 44.93 100.38 62.723 1.600

6 19 / 37 42.15 44.9 100.41 62.651 1.603

7 20 / 38 42.16 44.98 100.36 62.793 1.598

8 21 / 39 42.18 44.82 100.42 62.629 1.603

9 22 / 40 42.14 44.89 100.22 62.608 1.601

10 23 / 41 42.18 44.79 100.32 62.587 1.603

11 24 / 42 42.19 45.01 100.3 62.924 1.594

12 25 / 43 42.23 45.09 100.39 63.156 1.590

Medium density 1.600

Standard deviation 0.005

Table 2. Chemical composition and mechanical properties of the copper material
Cu Bi O2 Pb Density, [g/cm3] Young modulus, [GPa]

99.9 min. 0.0005 max 0.04 max 0.005 max 8.9 127

Table 3. Chemical composition (%) and mechanical properties of the PA4 / 6082 aluminum alloy
Si Fe Cu Mn Mg Cr Zn Ni Zr Ti

0.7 0.45 0.08 0.4 0.6 0.23 0.18 - - 0.08

1.3 0.55 0.12 1 1.2 0.27 0.22 - - 0.12

Hardness: Density 
[g/cm3]

Table 4. Mechanical properties of the POM-C material [48]
Density
[g/cm3]

Yield strength
[MPa]

Tensile strength
[MPa]

Young modulus 
[GPa]

Shear Modulus, 
[GPa]

Hardness
(Rockwell M)

Elongation at 
break, %

1.41 67 67 2.8 1.1 88 32
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yield strength of 235 MPa. S235 steel is common-
ly used in construction and structural engineer-
ing applications due to its good combination of 
strength and weldability. The alloy composition 
and basic physical properties of this material are 
presented in Table 6.

EXPERIMENTAL RESULTS AND ANALYSIS

Evaluation of the effectiveness of detonation 
of the TNT charge through the steel plate bar-
rier was carried out on the basis of traces left 
on the steel plate, the so-called witness. If the 
donor (ERG electric detonator) initiated the ac-
ceptor (TNT cylinder) into detonation, a hole 
with a diameter of several cm was formed in the 
steel plate (Fig. 6a). In the absence of success-
ful initiation of the TNT cube by the donor, the 
plate bore little or no signs of deformation (Fig. 
6b). The partition, on the other hand, was dam-
aged depending on its thickness and the type of 
igniter used (Fig. 6c).

The results obtained from the tests of TNT 
initiation through the barrier as a function of the 
type of detonator (fuse) and the thickness of the 
barrier are shown in Table 7.

It was assumed that the absence of initiation 
to detonation of a TNT charge in three tests for 
one plate thickness by a given version of the ERG 
detonator, is a positive result of the test. It proves 
that the required effectiveness of blocking the ef-
fects of the ERG detonator on the TNT charge is 
met by the barrier. 

On the basis of the tests, it should be noted 
that in the case of the use of a detonator with a flat 
frontal surface, no initiation of the TNT charge 
was observed even for the thinnest 1.5 mm thick 
barrier used during the tests. In the case of a cop-
per detonator with a shaped (with a cavity) front 
part, the limiting thickness of the barrier prevent-
ing detonation is in the range of 2.0–2.5 mm for 
1.24 g RDX and 2.5–3.0 mm for 1.18 g HMX.

For an aluminum detonator with a shaped 
face section, the limiting thickness of the barrier 
preventing detonation is in the range of 2.5–3 
mm for 1.18 g HMX and 3–3.5 mm for 1.06 g 
RDX. Obtaining initiation for a detonator with 
RDX through a thicker barrier than for a detona-
tor with HMX may be due to several reasons. 
One of them is the difference in the accuracy of 
making the cumulative cavity in the detonator 
casing. In addition, there may have been a slight 
difference in the size of the explosive weight. 

Table 5. Chemical composition (%) and mechanical properties of the NC10 / 1.2201 steel
C Si Mn Cr Mo Ni Cu W S max P max

1.5 0.15 0.15 11 Max Max Max - - -

1.8 0.4 0.45 13 0.04 0.1 0.13 - 0.03 0.03

Hardness in a softened state, HB Hardness in heat-treated condition, HRC

255 60

Table 6. Chemical composition (%) and mechanical properties of the S235JR(10025-2) steel
C Mn P S N Cu

≤ 0.17 ≤ 1.40 ≤ 0.035 ≤ 0.035 ≤ 0.12 ≤ 0.55

Minimum yield strength Re, (MPa) Strength limit, Rm (MPa)

Figure 6. Deformations of witness plate: a – in case of detonation of TNT, b – in case of no detonation of TNT
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The detonators for the tests were not made using 
a laboratory method and, therefore, the tolerance 
range of their manufacturing was adopted ac-
cording to the technical documentation of such a 
product. Therefore, such a result should be con-
sidered accidental.

The results of the study showed that deto-
nators with a shaped face part initiate TNT 
charges through significantly thicker (at least 
three times) steel barriers compared to the ac-
tion of detonators with a flat face. This is due 
to the fact that the spherical indentation of the 
detonator’s face section allows the energy of the 
detonation products to be concentrated along the 
axis of symmetry and the formation of a kind of 
shaped charge jet, while in the flat case there is 
a divergent shock wave loading. In both cases, 
the ability to initiate the detonation of a TNT 
charge is a function of the thickness of the steel 
barrier, which reduces both the velocity of the 
jet elements and the intensity of the shock wave, 
which constitute the effective load capable of 
causing detonation of the charge.

The conducted research should be taken as 
the first step in the area of determining the dimen-
sional and material characteristics of the barriers 
blocking access to explosives deployed in muni-
tions, through which it will not be possible to ef-
fectively excite them with an ERG-type detonator. 

The results of the research make it possible 
to take measures to introduce such a barrier into 
products containing explosive material. This will 
significantly reduce the possibility of its acquisi-
tion for terrorist purposes or the use of such de-
vices for adaptation to an improvised explosive 
device (IED).

NUMERICAL SIMULATIONS

Modeling procedure

Numerical reproduction of the gap tests were 
carried out in the Impetus AFEA software [33]. A 
three-dimensional (3D) model with two symme-
try planes was developed with a γSPH formula-
tion [34]. The γSPH formulation allows simulat-
ing high strains of materials without the problems 
related to the mesh distortions. The γSPH™ is a 
modernized version of the classic smooth particle 
hydrodynamic method (SPH), with a strong em-
phasis on eliminating characteristic drawbacks 
related primarily to instability phenomena during 
stretching and perturbed and distorted pressure 
fields. In addition, the γSPH™ solver makes full 
use of GPU technology for parallel calculations 
on single or multiple GPUs. By using the power 
of GPU for calculations, engineering problems 
consisting of tens of millions of particles can be 
solved in a very short time.

Numerical model of the analyzed phenom-
enon was shown in Figure 7. All components of 
simulations were described by γSPH particles. 
Filling the components with particles requires 
only the creation of surface meshes determining 
the volume of the components. It is required that 
the surface meshes are made of triangular shell el-
ements with normal vectors directed outside the 
defined volume. Then the algorithm is able to cor-
rectly fill the volume with particles according to 
the user-defined density (distance between neigh-
boring particles). Discretization of the initial mod-
el (subsequently filled with γSPH particles) was 
performed using ALTAIR HyperMesh software. 
Numerical model of the gap-test consisted of 10 
parts with the appropriate materials assigned.

Table 7. Results of experimental tests
Type of the donor Thickness of the barier, [mm]

Body material Explosive 
material

Shape of 
frontal part 1.5 2.0 2.5 3.0 3.5

Al RDX 1.06 g Flat - -  -  -

Al RDX 1.06 g Cavity +  + + -  + -  -  -

Al HMX 1.18 g Flat -  -  -

Al HMX 1.18 g Cavity + -  -  -

Cu RDX 1.24 g Flat - -  -  -

Cu RDX 1.24 g Cavity + +  + -  -  - -

Cu HMX 1.18 g Flat -  -  -

Cu HMX 1.18 g Cavity -  +  - -  -  -

Note: + detonation, - no detonation.



341

Advances in Science and Technology Research Journal 2025, 19(1), 333–348

Additionally, fixed sensors were defined 
along the axis, that had the ability to register 
the most important physical parameters of the 
analyzed phenomenon – in this case, measure-
ments of the pressure present in both the explo-
sives and the barrier were crucial. Finally all the 
components of simulation were discretized with 
4 500 000 γSPH™ particles.

Constitutive equations

A few different material models available in 
Impetus AFEA software [35] were used in the 
simulations. Parameters of the material models 
were adopted from literature and ANSYS Auto-
dyn [36] software material libraries. Three gen-
eral types of materials were modeled in the work:
 • Metals – steel, copper and aluminum alloys 

that were used in structural components (do-
nor body and barrier);

 • Explosives (RDX or HMX in donor and TNT 
in acceptor charges);

 • POM-C plastic material.

Structural components

The material model proposed by Johnson and 
Cook (J-C) [37] was used to describe the behaviour 
of the metallic components in the analysed phe-
nomenon It is defined with the following formula:

 𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

 (1)

where: σ – Von Mises equivalent stress, A – qua-
si-static yield strength of the material at 
room temperature, B – strength constant, n 
– strength exponent, ε – equivalent plastic 
deformation, 𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀

�̇�𝜀0
) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟

𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟
)

𝑚𝑚
]   （1） 

 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

  – plastic strain rate, 𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

0 – 
initial strain rate, C – strain rate sensitivity 
coefficient, m – temperature softening co-
efficient, Tm – melting temperature of the 
material, Tr – reference temperature (nor-
mal temperature), T – current temperature.

The JC material model was supplemented 
with the Cockcroft-Latham (CL) failure criterion. 
Ductile damage in CL damage model is described 
by the following equation:

 

𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

 (2)

where: σ1 is the maximum principal stress. The 
complementing tensile damage is defined 
as:

 

𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

 (3)

where: 

𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

 is defined as:

 

𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

 (4)

where:  is the maximum deviatoric 
principal stress and p is the pressure. 

Figure 7. Numerical model of the analyzed phenomenon
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With βs = 0, 

𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

 equals the maximum prin-
cipal stress. Tensile fracture/spalling term 
only contributes to the damage growth if 

. The material is assumed 
to fail when one of the damage parame-
ters reaches 1 [35].

Gruneisen equation of state (EOS) which is 
usually used for describing materials in the high 
velocity impacts scenarios was used in the simu-
lations. The EOS defines pressure for the mate-
rials that are compressed or expanded. The EOS 
includes the effects of internal Energy via the 
Gruneisen parameter. The Gruneisen equation of 
state with cubic shock-velocity as a function of 
particle velocity (𝑣𝑝) defines pressure for com-
pressed materials as [35]]:
 • for compressed materials:

 

𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

 (5)

 • for expanded materials:
 

𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

 (6)
where: C – intercept of the vs(vp) curve (in ve-

locity units), S1, S2 and S3 – unitless coef-
ficients of the slope of the vs(vp) curve, γ0 
– unitless Gruneisen gamma coefficient, α 
– unitless, first order volume correction to 
γ0, μ = (ρ/ρ0)-1, 𝐸 – specific internal energy. 

Values of material parameters of the metallic 
components of the analyzed phenomenon were 
presented in Table 8.

Explosive and detonation products

The donor explosive was described with JC 
flow model and Jones-Wilkins-Lee equations of 
state (JWL). The Lee-Tarver (LT) reactive burn 
model was used to model the acceptor explosive re-
sponse. The LT model is used whenever it is uncer-
tain whether the HE will react, there is a finite time 
required for a shock wave to build up to detonation, 

and/or there is a finite thickness of the chemical re-
action zone in a detonation wave [35, 38]. In the LT 
model the JWL equation of state defines the pres-
sure in the unreacted explosive as [35]:

 

𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

 (7)

where: Au, Bu, R1, R2, ωu are unreacted JWL con-
stant 𝑉u is the relative volume of the unre-
acted material and eu is the specific inter-
nal energy of the unreacted material.

Another JWL equation of state defines the 
pressure in the reaction products as:

 

𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

 (8)

There is assumed be a pressure equilibrium 
between the phases in a mixture of unburned 
and burned material p ≡ pu ≡ pr. This is achieved 
by adjusting the relative volumes of the phases 
while maintaining: As the chemical reaction con-
verts unreacted explosive to reaction products, 
these JWL equations of state are used to calcu-
late the mixture of unreacted explosive and reac-
tion products defined by the fraction reacted F(F 
= 0 implies no reaction, F = 1 implies complete 
reaction). The temperatures and pressures are as-
sumed to be equal (𝑇u = 𝑇r, 𝑝u = 𝑝r) and the rela-
tive volumes of the phases equal:

 

𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

 (9)

where: V is the relative volume of the mixture, i.e. 
the ratio of initial to current density:

 

𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

 (10)

The chemical reaction rate for conversion of 
unreacted explosive to reaction products consists 
of three physically realistic terms:

 

𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

 (11)

Table 8. Material parameters of the metallic components used in simulations
Parameter RO, [g/cm3] G, [GPA] v A, [MPa] B, [MPa] n C m S1 γ Source

OFHC copper 8.96 46 0.33 90 292 0.31 0.03 1.09 1.49 2.02 [36]

Al2024 2.7 28 0.31 352 440 0.42 0.01 1 1.33 2.0 [36]

S235jr steel 7.85 77 0.3 235 350 0.26 0.014 1 1.49 2.17 OWN

NC11LV steel 7.85 77 0.33 860 500 0.26 0.014 1 1.73 1.67 OWN
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 • an ignition term in which a small amount of 
explosive reacts soon after the shock wave 
compresses it

 

𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

 (12)

 • a slow growth of reaction (hot spots) as this 
initial reaction spreads;

 

𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

 (13)

 • a rapid completion of reaction at high pressure 
and temperature.

 

𝜎𝜎 = (𝐴𝐴 + 𝐵𝐵𝜀𝜀𝑛𝑛) (1 + 𝐶𝐶𝐶𝐶𝐶𝐶 �̇�𝜀
�̇�𝜀0

) [1 − ( 𝑇𝑇−𝑇𝑇𝑟𝑟
𝑇𝑇𝑚𝑚−𝑇𝑇𝑟𝑟

)
𝑚𝑚

]   （1） 
 
 

𝐷𝐷𝑑𝑑 = 1
𝑊𝑊𝑐𝑐

∫ max(0, 𝜎𝜎1) 𝑑𝑑𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒
𝑝𝑝𝜀𝜀𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝

0      (2) 
 
 

𝐷𝐷𝑡𝑡 = 1
𝑡𝑡𝑠𝑠

∫ (�̅�𝜎1/𝜎𝜎𝑠𝑠)𝛼𝛼𝑠𝑠𝑑𝑑𝑑𝑑𝑡𝑡
0       (3) 

 
�̅�𝜎1 = 𝜎𝜎1

𝑑𝑑𝑒𝑒𝑑𝑑 − (1 − 𝛽𝛽𝑠𝑠)𝑝𝑝       (4) 
 

 
𝑃𝑃 =

𝜌𝜌0𝐶𝐶2𝜇𝜇 [1 + (1 − 𝛾𝛾0
2 ) 𝜇𝜇 − 𝑎𝑎

2 𝜇𝜇2]

[1 − (𝑆𝑆1 − 1)𝜇𝜇 − 𝑆𝑆2
𝜇𝜇2

𝜇𝜇 + 1 − 𝑆𝑆3
𝜇𝜇3

(𝜇𝜇 + 1)2]
+ 

 

+ (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 

(5) 

 
 𝑃𝑃 = 𝜌𝜌0𝐶𝐶2𝜇𝜇 + (𝛾𝛾0 + 𝑎𝑎𝜇𝜇)𝐸𝐸 (6) 

 
 

𝑝𝑝𝑢𝑢 = 𝐴𝐴𝑢𝑢 (1 − 𝜔𝜔𝑢𝑢
𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢

) 𝑒𝑒−𝑅𝑅1,𝑢𝑢𝑉𝑉𝑢𝑢 + 

+𝐵𝐵𝑢𝑢(1 − 𝜔𝜔𝑢𝑢
𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢

)𝑒𝑒−𝑅𝑅2,𝑢𝑢𝑉𝑉𝑢𝑢 + 𝜔𝜔𝑢𝑢𝑒𝑒𝑢𝑢 
(7) 

 
 

 𝑝𝑝𝑟𝑟 = 𝐴𝐴𝑟𝑟 (1 − 𝜔𝜔𝑟𝑟
𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟

) 𝑒𝑒−𝑅𝑅1,𝑟𝑟𝑉𝑉𝑟𝑟 + 

+ 𝐵𝐵𝑟𝑟(1 − 𝜔𝜔𝑟𝑟
𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟

)𝑒𝑒−𝑅𝑅2,𝑟𝑟𝑉𝑉𝑟𝑟 + 𝜔𝜔𝑟𝑟𝑒𝑒𝑟𝑟  
(8) 

 
 

 𝑉𝑉 = (1 − 𝐹𝐹)𝑉𝑉𝑢𝑢 + 𝐹𝐹𝑉𝑉𝑟𝑟 (9) 
 
 

 𝑉𝑉 = 𝜌𝜌0
𝜌𝜌  (10) 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑑𝑑1
𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 + 𝑑𝑑𝑑𝑑3
𝑑𝑑𝑡𝑡   (11) 

 
 𝑑𝑑𝑑𝑑1

𝑑𝑑𝑡𝑡 = {𝐼𝐼(1 − 𝐹𝐹)𝑏𝑏(𝜌𝜌0
𝜌𝜌 − 1 − 𝑎𝑎)𝑥𝑥 ∶  𝐹𝐹 ≤ 𝐹𝐹1

0 ∶  𝐹𝐹 > 𝐹𝐹1
  (12) 

 
 𝑑𝑑𝑑𝑑2

𝑑𝑑𝑡𝑡 = {𝐺𝐺1(1 − 𝐹𝐹)𝑐𝑐𝐹𝐹𝑑𝑑( 𝑝𝑝
𝑝𝑝0

)𝑦𝑦 ∶  𝐹𝐹 ≤ 𝐹𝐹2

0 ∶  𝐹𝐹 > 𝐹𝐹2
  (13) 

 
 𝑑𝑑𝑑𝑑3

𝑑𝑑𝑡𝑡 = {
0 ∶  𝐹𝐹 < 𝐹𝐹3

𝐺𝐺2(1 − 𝐹𝐹)𝑒𝑒𝐹𝐹𝑔𝑔( 𝑝𝑝
𝑝𝑝0

)𝑧𝑧 ∶  𝐹𝐹 ≥ 𝐹𝐹3
  (14) 

 
1.  

 (14)

where: I, b, a, x – constants in ignition term of 
reaction equation;G1, c, d, y – constants 
in growth term of reaction equation; G2, 
e, g, z – constant in completion term of 
reaction equation.

The parameters of the donor and acceptor 
explosives used in simulations were shown in 
Tables 9, 10. Due to the lack of verified material 
parameters for TNT they were adopted like for 
Comp-B explosive.

NUMERICAL SIMULATION RESULTS AND 
ANALYSIS

The main aim of the simulations was repro-
ducing of the gap test experiments performed 
earlier and comparison of results obtained nu-
merically and experimentally. In case of small 
differences between the results, the methodology 
based on numerical simulation could constitute an 

effective tool supporting experimental procedures 
of gap tests. Therefore numerical reproduction 
of the gap tests were carried out in the Impetus 
AFEA software [33]. Similar like in experiments 
the presence/absence of detonation in acceptor 
explosive was assessed. Due to the lack of some 
factors confirming the detonation, which are 
characteristic to experiments (visible light, heat, 
shockwaves, sound) in numerical simulations it 
was confirmed in different way. Firstly the most 
obvious deformation and damage of the simula-
tion components were compared. The results of 
simulation of the gap tests for the detonators with 
aluminum body and semi-spherical cavity were 
shown in Figures 8–9. In case where no detona-
tion was observed only the components of electri-
cal fuse and its retainer were destroyed (Fig. 8). 
The barrier and the components below the barrier 
remained almost untouched. 

In case of detonation the structural compo-
nents of the testing stand were completely de-
stroyed and a large perforation hole (radius of 
about 4 cm) was created in a witness plate (Fig. 
9), similar like in experiments (Fig. 6a).

In the Figure 10 the comparison of pressure 
waves propagation for the mentioned two vari-
ants of barrier thickness (2.0 mm and 2.5 mm) 
were shown. Detonation was observed only in 
case of the thinner barrier.

Secondly the shock wave criterion for deto-
nation was used based on the value of Chapman-
Jouquet (C-J) pressure. The C-J pressure is the 
point where the Rayleigh line is tangent to the Hu-
goniot. At pressures below the C-J pressure, deto-
nation, or deflagration, may also occur. Above the 
C-J pressure only detonation occurs. The value 
of C-J pressure for acceptor explosive- TNT was 
defined to 24 GPa. Therefore the pressure in the 
explosives was monitored during the analyses by 

Table 9. Material parameters of the donor explosives – HMX and RDX
RO, g/cm3 D, km/s PCJ, GPa A, GPa B, GPa R1 R2 ω EO, kJ/m3 VO SOURCE

RDX 1.72e 7.98 29.5 524 7.67 4.2 1.1 0.34 8500 1 [36]

HMX 1.891 9.1 42 778 7.07 4.2 1 0.3 10500 1 [36]

Table 10. Material parameters of the acceptor explosive – TNT
Au Bu R1,u R2,u ωu Ar Br R1,r R2,r ωr e0,r p0 a b

485 -0.039 11.3 1.13 0.8938 5.242 0.0767 4.2 1.1 0.5 0.085 1 0.0367 0.667

c d e g I x y z F1 F2 F3 G1 G2

0.667 0.333 0.222 1 40 7 2 3 0.022 0.7 0 140 1000
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Figure 8. The course of the Gap-test simulation process and deformation of components 
for the “no detonation” case (2.5 mm thick barrier)

Figure 9. The course of the Gap-test simulation process and deformation of components 
for the detonation case (2-mm thick barrier)
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Figure 10. Fringe of the pressure history variable for the barrier of the 2.5 mm and 2.0 mm thickness

defining sensors located along the axis of symme-
try. The initial location of the sensors was shown 
in Figure 6. The pressure plots recorded at the fol-
lowing tracers were shown in Figure 11 and 12 for 
the variants without and with detonation respec-
tively. It is clearly visible that in case of detonation 
(Fig. 10) the maximum pressure increased nearly 
linearly with distance into the TNT, i.e. moving 
from the bottom surface of the barrier (Sensor 11) 
to more distant from the barrier (sensor 19) and 

were close to the C-J pressure. Such characteris-
tic peaks of pressure were not observed in case of 
thicker barrier and no detonation case (Figure 11).

According to described methodology of sim-
ulations analyses were carried out for all the vari-
ants of detonators that were used in experiments 
and high correlation was obtained. Built and 
verified against experimental data, the numerical 
model of the analyzed phenomenon can provide 
effective support for experimental methods
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Figure 11. Tracer nodes pressure histories for 2.5 mm thick barrier and no detonation

Figure 12. Tracer nodes pressure histories for 2.0 mm thick barrier and detonation

CONCLUSIONS

On the basis of the works presented in the ar-
ticle, the following conclusions can be drawn:

A numerical model of the phenomenon of 
detonation propagation from the donor to accep-
tor charges separated by a metal barrier was built. 
The model was verified against available data, 
and the high agreement between simulation and 
experimental results makes it possible to use the 
model to support experimental testing.

Two models of the igniter were examined. In 
the first model, the frontal part is flat, while in the 
second model, the front has a spherical cavity. For 
both models of the igniter, a series of computer 
simulations were performed for a steel barrier of 
different thicknesses. The results for both models 

differ for the same barrier thickness. The second 
solution more effectively ignite the donor charge 
through a barrier in (maximum barrier thickness 
for which the detonation was observed equaled 
2.0 mm). The advantage of a fuse with a spherical 
cavity lies in the concentration of explosive ener-
gy near the axis of the fuse, similar to cumulative 
charges and EFP projectiles. The results of analy-
ses of TNT charge initiation through the steel 
barrier indicate little significance of the material 
used for the ERG electric igniter casing (alumi-
num and copper casings were used).

Experimental tests have shown that the mini-
mum thickness of a steel plate with a hardness of 
63 HRC that effectively protects the TNT charge 
from being detonated by an ERG-type detonator 
is 3.5 mm. It is proposed to conduct such tests, for 
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explosives other than TNT. The method used for 
the study, which uses ERG-type electric detona-
tors as standard stimuli to produce shock loads, 
can be used to test the sensitivity to shock stimu-
lation of other high explosives. Explosives with 
low sensitivity to shock loading would require a 
large-scale “gap test” method.
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