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INTRODUCTION

Unmanned ground vehicles are land robots 
that move without a human being on board [1]. 
They have found application in many areas, both 
military and civilian, where human presence 
would be difficult or even pose a threat to his life. 
In the military field, UGVs are used, among oth-
ers, to transport supplies, ammunition, and other 
materials to the battlefield, conduct reconnais-
sance missions, collect information without en-
dangering the health of soldiers or evacuate the 
wounded from the battlefield [1–4]. In turn, in the 
civil field of UGV, there are, among others: used 
in rescue operations, e.g. during disasters, to au-
tomate logistics processes, i.e. transport of mate-
rials in warehouses and factories, in agriculture, 

where they are used to monitor crops, apply 
pesticides, and harvest [5–7]. UGVs can operate 
under difficult conditions and thus contribute to 
increasing the efficiency and safety of various ac-
tivities, both hazardous to people but also during 
the automation of repetitive, simple activities. In 
the context of UGVs, two key problems should be 
distinguished, i.e. navigation and control. which 
are complex issues including, among others: de-
termining the current position of the vehicle (lo-
cation), determining the movement trajectory and 
its implementation [8].

Some of the UGVs can operate fully autono-
mously. Autonomous operation means that the 
vehicle can move independently in its working 
environment using a set of sensors designed for 
this purpose [9]. The mentioned operating mode 
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is not the only one used in UGVs, which can also 
be controlled remotely or using teleoperation 
[10]. In the case of remotely controlled vehicles, 
the operator has full control over the vehicle, ob-
serves its operation and surroundings from a safe 
distance, and controls its systems using the con-
troller [10]. In turn, teleoperated UGVs are an ex-
tension of the functionality of remotely controlled 
vehicles. In the case of autonomous UGVs, the 
operator’s role is only to supervise the implemen-
tation of tasks. Autonomous vehicles are equipped 
with several sensors that enable them to observe 
the surroundings and locate in the field [11–12].

An additional group of UGVs are following ve-
hicles, which have the functionality of following a 
guide (so-called follow me) [13–14]. When moving, 
the guide (operator, vehicle) indicates the route to 
the machine following him. The advantage of this 
solution is that the operator does not have to manu-
ally control the vehicle, which follows the guide us-
ing signals from a sensor or set of sensors mounted 
on it [10, 13–14]. The solutions discussed comple-
ment the basic functionality of teleoperated ground 
vehicles. Working in this mode UGV follows the 
guide using on-board observation systems. In the 
guide-following mode, the movement path of a 
UGV is generated based on the designated position 
of the guide, which is within the range of observa-
tion sensors installed on the vehicle. The operator 
follows the guide, while the vehicle steering system 
recreates its path, with an assumed delay (without 
any necessary actions on the part of the operator), 
considering the dimensions of the vehicle and main-
taining a safe distance to the guide [15–17].

The main task of the guide is to follow the 
route passable by the vehicle. The tasks of the 
onboard control system are to identify the guide, 
determine its route, locate other objects in the 
vicinity of the vehicle and steer the machine 
along the designated route. The implementation 
of these functionalities is ensured by the guide 
following system, which includes the following 
subsystems: guide location, guide route determi-
nation, environmental observation, navigation, 
and control. The guide localisation subsystem 
is a key component of guide following systems 
[17–18]. It ensures the determination of the posi-
tion of a moving guide. Its essence can be im-
plemented based on various technologies, rang-
ing from vision, laser, and ultrasonic systems to 
wireless communication systems. Technologies 
for observing humans and their surroundings are 
the basis for the functioning of guide following 

systems [17]. Ultra-Wideband (UWB) technol-
ogy is an often used solution for vehicle locali-
sation [19–21] and guide-following applications 
[22–23], offering real-time localisation with cen-
timeter-level precision [24]. It is known for its 
low energy consumption, interference immunity 
(minimally affecting existing radio systems), and 
high resilience to multipath signal effects in both 
line of sight (LOS) and non-line of sight (NLOS) 
scenarios [25–26]. However, UWB systems have 
some limitations, including a restricted range due 
to their low-power and dependence on the sur-
roundings [27]. Additionally, the proximity of 
UWB devices to the human body can negatively 
impact their accuracy and operational range [28].

The aim of the article paper was to determine 
the guide localisation errors for selected locali-
sation algorithms, taking into account the actual 
noise in UWB measurements. Simulation studies 
of the guide localisation system were focused on 
the selection of a localisation algorithm charac-
terised by minimal localisation errors. The article 
was organised into 5 parts: introduction, materials 
and methods, results, discussion, and conclusions.

MATERIALS AND METHODS

Preliminary experimental research

The key task enabling the realisation of simula-
tion studies is to determine the measurement noise 
parameters simulating the actual disturbances af-
fecting the UWB modules. A Decawave TREK1000 
set [29], which consists of five UWB modules, was 
used in the conducted research. The developed sys-
tem consists of four anchors and one tag that per-
form continuous distance measurements.

UWB modules were deployed on the ve-
hicle (anchors) and the guide (tag). The system 
provides information about the distance from in-
dividual anchors to the tag. On their basis, it is 
possible to determine the position of the guide 
relative to the coordinate system associated with 
the UGV. The measured value is given in milli-
metres and updated at a frequency of 10 Hz. The 
refresh rate depends on the configuration of the 
module’s operating band, which can be set in the 
range from 3.5 to 6.5 GHz [17]. UWB modules 
use a two-way ranging method called two way 
ranging (TWR) [30], a variation of the time of 
arrival (TOA) method. In order to compare the 
simulation and experimental results, the total 
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location errors were determined using geometric 
methods. The UGV “Dromader” was adopted for 
the research. Four anchors of the UWB system: 
K1, K2, K3, K4 were mounted on the UGV (Fig-
ure 1), and the tag was mounted on a tripod.

Anchors K1, K2, K3 and K4 were mounted on 
the UGV in a configuration that ensured direct vis-
ibility between the tag and each of the anchors. It 
was assumed that the research would involve 80 
measurement series with a duration of 45 s, con-
sisting of placing a stationary tag at previously 
determined measurement points. For the research, 
the x-y coordinate system was adopted, which was 
associated with the stationary UGV [31]. In turn, 
Figure 2 shows a diagram of the arrangement of 80 

measurement points P1 – P80, spaced 0.5 m apart, 
where distance measurements were conducted.

In the case of simulation studies, for each 
of the points, the xG(t), yG(t) projections of the 
guide position on the x, y axes of the coordinate 
system associated with the UGV were generated. 
Then, knowing the location of the anchors and 
the xG(t), yG(t), the theoretical distances from the 
anchors were determined:

	
 

𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
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4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	 (3)

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	 (4)

In order to obtain distance courses simulating 
the actual readings of UWB modules, the follow-
ing relationship was used:

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	 (5)

where: dsi – the simulated distance between i-th an-
chor Ki (i = 0, 1, 2, 3) and the tag, dti – the 
distance between i-th anchor Ki (i = 0, 1, 
2, 3) and tag determined with the use of 
(1), (2), (3), (4), zi – disturbance of the i-th 
anchor measurement Ki (i = 0, 1, 2, 3).

On the basis of the manufacturer’s documen-
tation of the UWB module, the maximum error 
of distance measurements in the TREK1000 set 
is 0.1 m [29]. On this basis, it was assumed that 
the disturbances in anchor distance measure-
ments zi (i = 0, 1, 2, 3, 4) are characterised by 

Figure 2. Diagram of the arrangement of measurement points P1 – P80 [23]

Figure 1. Selected UGV with anchors K1, K2, K3, 
K4. Own elaboration based on [10]
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a standard deviation of 0.02 m and is generated 
independently for each anchor. Moreover, it was 
assumed that the disturbance was characterised 
by a normal distribution. The distances deter-
mined during the simulation were statistically 
modelled without analysing the impact of the 
vehicle and module assembly.

Determining the location of the tag (in the 
x-y coordinate system) is possible using meas-
urements from pairs of anchors lying on oppo-
site sides of the UGV: (1,2), (1,4), (3,2), (3,4). 
In this way, a total of four label locations are 
obtained: K12, K14, K32, and K34, the final 
location of which can be determined using the 
arithmetic mean: Kav.

Then, the marginal positions P10, P20, 
P30, P40, P50, P60, P70, P80 were selected for 

further research. On the basis of the indications 
from the modules, the values of the average to-
tal errors eav were determined for the mentioned 
measurement points.

During the experimental research, propri-
etary software for receiving data from UWB 
modules made in Matlab/Simulink was used. 
Moreover, Figure 3 shows the results of the 
average total error for selected measurement 
points. The analysis of the obtained experimen-
tal test results (Figure 3) shows that the average 
total location error in determining the position 
of the guide at a distance of 5 m from the UGV 
(P10) does not exceed 0.13 m, at a distance of 
10 m from the UGV (P40) does not exceed 0.24 
m, while at a distance of 20 m from UGV (P80) 
it is no more than 0.48 m.

Figure 3. Values of average total errors eav for selected measurement points in the case of experimental studies. 
Own elaboration based on [10]

Figure 4. Values of average total errors eav for selected measurement points in the case of simulation studies. 
Own elaboration based on [10]
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The analysis of the obtained simulation re-
sults (Figure 4) shows that the average total error 
in determining the position of the guide at a dis-
tance of 5 m from the UGV (P10) does not exceed 
0.13 m, at a distance of 10 m from the UGV (P40) 
does not exceed 0.24 m, while at a distance of 20 
m from UGV (P80) it is no more than 0.54 m.

Figure 5 shows a comparison between the results 
of simulation tests with the results of experimental 
tests for analogous measurement points in the case 
of averaged positions from all anchors - Kav. The 
next step was to determine the ∆e parameter value, 
which is the absolute difference between the simu-
lation and experimental values (Figure 6) obtained 
according to the following relationship:

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	 (6)

The analysis of the results obtained (Fig-
ure 6) for both tests shows minor differences 
between the simulation and experimental re-
sults (max. difference value approx. 0.03 m). 
The tests of the localisation subsystem showed 
small values of total errors in the results of 
simulation and experimental tests (Figure 5), 
which allows concluding that the generated dis-
turbance waveforms in the case of simulation 
tests, i.e. a normal distribution with a standard 
deviation of 0.02 m, reflect the real noises that 
are properties of the measurement systems in 
UWB modules [10].

As a result, the research showed that the total 
location errors also increase along with the dis-
tance between the guide and the UGV due to the 
limited accuracy of UWB module measurements.

Figure 5. Summary of the results of simulation and experimental tests for selected measurement points. 
Own elaboration based on [10]

Figure 6. Summary of the results of the absolute value of the difference in total errors of simulation and 
experimental tests for selected measurement points. Own elaboration based on [10]
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Simulation research

The basis for determining the mathematical 
model of selected location algorithms is to de-
termine the basic geometric relationships neces-
sary to process distance measurements from the 
UWB modules. After placing the anchors on the 
vehicle, their location should be described in the 
selected coordinate system. For this purpose, it 
was assumed that all anchors (A1, A2, A3, A4) are 
located on the UGV, and their configuration is 
shown in Figure 7. In turn, the tag is attached to 
the moving guide. The tag and anchors are po-
sitioned as described in the cartesian coordinate 
system xyz at the following points: guide G (xG, 
yG, zG); anchor no. 1: A1 (x1, y1, z1); anchor no. 2: 
A2 (x2, y2, z2); anchor no. 3: A3 (x3, y3, z3); anchor 
no. 4: A4 (x4, y4, z4). Relationships (1), (2), (3), 
and (4) describe elementary geometric relation-
ships between the position of the guide (point G) 
and the position of anchors (points A1, A2, A3, A4) 
in the two-dimensional x-y coordinate system.

Selected location algorithms

Various positioning algorithms are used for 
UWB positioning, including the Kalman filter 
[32–33], trilateration [34–37], genetic algorithms 
[38], fuzzy logic [39, 40], optimisation methods 
[17, 38], hybrid methods [41], etc. Three charac-
teristic methods for determining the location of 

the guide were selected in the work: trilateration, 
geometric methods, and the Levenberg-Mar-
quardt algorithm. The most frequently used solu-
tion in UWB positioning systems is trilateration 
due to the linear relationship between the input 
signals (d1, d2, d3, d4) and the searched guide lo-
cation (xG, yG). A solution that does not require 
linearisation, but is much less computationally 
complex, is geometric methods that use only two 
equations to determine the location of the guide 
[31]. As in the case of trilateration, geometric 
methods determine the location directly from the 
dependencies implemented in the method [17]. 
In turn, the most computationally complex algo-
rithms use optimisation methods to determine the 
location that minimises the objective function, 
which requires several iterations. One of the op-
timisation methods widely used in practice is the 
Levenberg–Marquardt algorithm due to the ro-
bustness, efficiency, and flexibility of the solution 
[10]. Localisation algorithms are also of great 
importance in the context of many transportation 
problems [42–43].

The selected methods constitute three sepa-
rate approaches to solving the problem of guide 
location, selected based on the analysis of exist-
ing solutions. Further, the following abbreviations 
were adopted to describe the mentioned methods: 
geometric methods (GEO), trilateration (TRI), 
and Levenberg-Marquardt algorithm (LM).

Figure 7. Anchor configuration on the UGV. Own elaboration based on [10]
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Geometric method

The geometric method (GEO) relies on the fact 
that the relationships (1), (2), (3), and (4) are quad-
ratic equations with two variables (xG, yG), enabling 
the determination of the guide’s position using just 
two selected equations. It is also necessary to as-
sume that the guide is always positioned ahead of 
the UGV. Not all pairs of anchors are suitable for de-
termining the guide’s location. This can be achieved 
using anchor pairs: (1,3), (1,4), (2,3), and (2,4), 
which are situated on opposite sides of the UGV. 
However, using anchor pairs (1,2) and (3,4) leads to 
significant numerical errors due to the anchors be-
ing positioned too close. The position of the guide 
can be determined from four pairs of anchors: (1,3), 
(1,4), (2,3) and (2,4), where the arithmetic mean is 
the final position of the guide [xL, yL]

T: 

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	 (7)

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	 (8)

where:	 [xGij, yGij]
T – the position of the guide de-

termined by the pair of (i, j) anchors.

Trilateration

Trilateration (TRI) is a fundamental algo-
rithm used in UWB positioning. Dependencies 
(1), (2), (3), and (4) are non-linear equations due 
to the unknowns (xG, yG), which makes it difficult 
to directly determine the position of the guide. 
In the case of the discussed dependencies, the 
use of simple analytical transformations leads 
to a linear system of equations in closed form. 
For this purpose, a reference anchor needs to be 
adopted. The following differences between the 
reference anchor (anchor no. 1) and the rest of 
the anchors are then determined:

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	 (9)

where:	kj = xj
2 + yj

2, j = 2, 3, 4.

In the 2D case under consideration, in which 
the number of anchors n = 4, the guide position 
can be determined using the least squares method:

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	 (10)

where:

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	 (11)

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	 (12)

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	 (13)

The mathematical model of the trilateration 
(9) uses simulated distance values dsi (i = 1,2,3,4) 
to take into account the influence of disturbance 
on the localisation results.

Levenberg–Marquardt algorithm 

The Levenberg–Marquardt (LM) algorithm 
is an optimisation technique that combines the 
concepts of the Gradient Descent (GD) and the 
Gauss-Newton (GN) methods. It is particularly 
effective for solving non-linear least squares 
problems, which are common in UWB position-
ing. The problem of determining guide location 
can be presented as follows: a system of four non-
linear dependencies Gi(x) (i = 1, 2, 3, 4) is given:

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	 (14)

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	(15)

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	(16)

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	 (17)

It is an iterative algorithm, which starts with 
an initial guess x0 =  [xo, yo]

T for the parameters. 
It aims to iteratively solve a set of equations 
Gi(x) = 0 (i = 1, 2, 3, 4) by minimising the cost 
function g(x) defined as follows:

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	 (18)

The algorithm calculates iteratively the Jaco-
bian matrix J(xk), which is used to determine the 
direction and magnitude of the parameter updates 
dk, guided by a damping factor μk that controls the 
process according to the following relationship:

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	 (19)

where: J(xk) – Jacobian matrix of G(xk), at itera-
tion k, dk – search direction vector, μk – 
scalar damping parameter. 

The described method achieves a compromise 
between GD and GN. It functions according to the 
GD when the solution is far from the initial guess, 
which ensures stability and convergence of the 
process. In turn, it switches to the GN, when the 
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solution gets closer to the estimate, taking advan-
tage of the quick rate of convergence.

Description of simulation research

The simulation studies carried out consider a 
scenario in which the guide moves along seven 
rectilinear motion paths set at a specific angle in 
relation to the x-axis of the x-y coordinate system. 
It was assumed that the angles mentioned are 0°, 
30°, 60°, 90°, 120°, 150° and 180°. The described 
movement takes place in a limited space of 400 
m2 (-10 m < x < 10 m, 0 m < y < 20 m), as shown 
graphically in Figure 8.

The choice of the 2D system was due to the 
fact that in the case of the guide-following system 
on the flat terrain, vertical movement of the trans-
mitter (z-axis) is negligible. During the move-
ment of the guide, the UGV remains stationary, 
while the arrangement of anchors is consistent 
with the configuration shown in Figure 7. Never-
theless, the proposed configuration of the anchor 
arrangement allows for 3D localisation. In further 
studies, however, the variant with the 2D system 
was selected, which is the basis for later path de-
termination and movement planning.

In real UWB systems, the anchor positions 
must meet a number of assumptions regarding 
their spatial arrangement. In the case of a 2D sys-
tem, they should be spaced as far apart as possi-
ble, which guarantees greater receiver-transmitter 
visibility, while the necessary condition for their 
proper arrangement in 2D is that it is impossible 
to draw a straight line through which the anchor 
positions pass. Otherwise, localisation in this case 
is impossible. Similarly, in the case of the 3D sys-
tem, where the anchor positions cannot be located 
on the same plane.

The movement of the guide in the UGV op-
erating area causes a change in the indications of 
simulated distance measurements observed from 
individual anchors. In order to reflect real mea-
surements, the simulated anchor distance values 
were disturbed with normally distributed noise 
and a standard deviation of 0.02 m. The men-
tioned parameters were determined based on the 
test results described in the subsection regarding 
noise parameters of the location system. In turn, 
in order to determine the impact of the tested al-
gorithms on the localisation results, the signal fil-
tering process was omitted. Additionally, it was 
assumed that there were no data packet losses 
(no signal loss), the presence of a condition of 
direct visibility of modules (LOS) and the mod-
ule sampling frequency of 10 Hz (value of the 
sampling frequency of the UWB modules of the 
TREK1000 set) [10].

In the next stage, the locations of the guide 
were determined using three previously selected 
and described algorithms: GEO, TRI, and LM. In 
order to evaluate the localisation results, the fol-
lowing values were determined:
	• total location error:

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	(20)

where:	 xz(t), yz(t)– values of the assumed x and y 
coordinates of the guide, at time t, xG(t), 
yG(t) – the values of the x, and y coordi-
nates of the guide determined using locali-
sation algorithms, at time t. 

	• quality indicator:

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 

	 (21)

where: Q – quality indicator [17].

Figure 8. Generated guide location for paths 1–7
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	• average value of the quality indicator:

	

 
𝑑𝑑𝑡𝑡1 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 (1) 

𝑑𝑑𝑡𝑡2 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 (2) 

𝑑𝑑𝑡𝑡3 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 (3) 

𝑑𝑑𝑡𝑡4 = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 (4) 
 

𝑑𝑑𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑡𝑡𝑡𝑡 + 𝑧𝑧𝑖𝑖 (5) 
 

∆𝑒𝑒 = |𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒| (6) 
 

𝑥𝑥𝐺𝐺 = 𝑥𝑥𝐺𝐺13 + 𝑥𝑥𝐺𝐺14 + 𝑥𝑥𝐺𝐺23 + 𝑥𝑥𝐺𝐺24
4  (7) 

yG = 𝑦𝑦𝐺𝐺13 + 𝑦𝑦𝐺𝐺14 + 𝑦𝑦𝐺𝐺23 + 𝑦𝑦𝐺𝐺24
4  (8) 

 
𝑑𝑑𝑡𝑡1

2 − 𝑑𝑑𝑡𝑡𝑡𝑡
2 = 2𝑥𝑥𝐺𝐺(𝑥𝑥𝑗𝑗 − 𝑥𝑥1) + 

+2𝑦𝑦𝐺𝐺(𝑦𝑦𝑗𝑗 − 𝑦𝑦1) + 𝑘𝑘1 − 𝑘𝑘𝑗𝑗 
(9) 

 
XT = (ATA)−1ATY (10) 

 

𝑌𝑌 = [
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠2
2 − 𝑘𝑘1 + 𝑘𝑘2

𝑑𝑑𝑠𝑠1
2 − 𝑑𝑑𝑠𝑠3

2 − 𝑘𝑘1 + 𝑘𝑘3
𝑑𝑑𝑠𝑠1

2 − 𝑑𝑑𝑠𝑠4
2 − 𝑘𝑘1 + 𝑘𝑘4

] 

 

(11) 

𝐴𝐴 = [
2(𝑥𝑥2 − 𝑥𝑥1) 2(𝑦𝑦2 − 𝑦𝑦1)
2(𝑥𝑥3 − 𝑥𝑥1) 2(𝑦𝑦3 − 𝑦𝑦1)
2(𝑥𝑥4 − 𝑥𝑥1) 2(𝑦𝑦4 − 𝑦𝑦1)

] (12) 

𝑋𝑋𝑇𝑇 = [𝑥𝑥𝐺𝐺
𝑦𝑦𝐺𝐺

] (13) 
 

𝐺𝐺1(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥1)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦1)2 − 𝑑𝑑𝑠𝑠1. (14) 

𝐺𝐺2(x) = √(𝑥𝑥𝐺𝐺 − x2)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦2)2 − 𝑑𝑑𝑠𝑠2. (15) 

𝐺𝐺3(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥3)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦3)2 − 𝑑𝑑𝑠𝑠3. (16) 

𝐺𝐺4(x) = √(𝑥𝑥𝐺𝐺 − 𝑥𝑥4)2 + (𝑦𝑦𝐺𝐺 − 𝑦𝑦4)2 − 𝑑𝑑𝑠𝑠4. (17) 
: 

𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥

𝑔𝑔(𝑥𝑥) = 𝐺𝐺1(𝑥𝑥)2 + 𝐺𝐺2(𝑥𝑥)2 + 
+ 𝐺𝐺3(𝑥𝑥)2 + 𝐺𝐺4(𝑥𝑥)2 

(18) 

 
(𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐽𝐽(𝑥𝑥𝑘𝑘) + 𝜇𝜇𝑘𝑘𝐼𝐼)𝑑𝑑𝑘𝑘 = 

= −𝐽𝐽(𝑥𝑥𝑘𝑘)𝑇𝑇𝐺𝐺(𝑥𝑥𝑘𝑘) (19) 

 

𝑒𝑒𝑇𝑇(𝑡𝑡) = √(𝑥𝑥𝑧𝑧(𝑡𝑡) − 𝑥𝑥𝐺𝐺(𝑡𝑡))2 + (𝑦𝑦𝑧𝑧(𝑡𝑡) − 𝑦𝑦𝐺𝐺(𝑡𝑡))2
 (20) 

 
𝑄𝑄 = ∑ 𝑒𝑒𝑇𝑇(𝑡𝑡) (21) 

 

𝑄𝑄𝑎𝑎𝑎𝑎 =
∑ 𝑒𝑒𝑇𝑇(𝑡𝑡)

𝑛𝑛  (22) 	 (22)

where: n – number of distance measurements for 
individual paths [17].

The evaluation of the results of simulation 
studies is based on indicators regarding total 
location errors, i.e. Q (dependency 20) and Qav 
(dependency 21), thus omitting the analysis of 
differences in location errors directly on the x 
and y axes of the x-y coordinate system.

RESULTS

The results of simulation studies for guide 
paths no. 1-7 are presented in Figures 9–15, 
which show the total location errors for the GEO, 
TRI, and LM algorithms.

In turn, Figure 16 shows the collective lo-
calisation results of the analyzed algorithms for 
guide path no. 1–7. In order to qualitatively sum-
marise the obtained localisation results, Figure 17 

presents the results of quality indicators for TRI, 
LM and GEO for the analysed guide paths, while 
Figure  18 shows the average Qav values for the 
mentioned algorithms, which were determined 
based on the results for guide paths no. 1–7.

The LM algorithm obtained the lowest value 
of the average quality index Qav (21.15 m). In turn, 
the value obtained using TRI is approximately 1.6 
times greater than the above indicator (34.28 m), 
and the value obtained using GEO (81.08 m) is 
approximately 3.8 times greater than the value 
obtained using LM.

DISCUSSION

The key feature of localisation algorithms is 
their accuracy, which is linked to localisation er-
rors. In connection with the above, total locali-
sation errors were determined for all considered 
algorithms. Due to the variability of the total er-
ror values for individual paths and algorithms, a 
quality indicator was determined as the sum of 
total errors. It was assumed that the most accurate 

Figure 9. The course of the total location errors eT(t) for path no. 1

Figure 10. The course of the total location errors eT(t) for path no. 2
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Figure 11. The course of the total location errors eT(t) for path no. 3

Figure 12. The course of the total location errors eT(t) for path no. 4

Figure 13. The course of the total location errors eT(t) for path no. 5

algorithm should be characterised by the mini-
mum value of errors, in the discussed case of the 
average quality indicator. In this context, the most 
accurate algorithm was LM, and the least accu-
rate algorithm was GEO. 

Figure 9–15 shows the total errors for all the 
analysed algorithms for paths no. 1–7. In the case 
of paths no. 1, 2, 6 and 7, it can be easily noticed 

that the values of the total errors for the GEO al-
gorithm are much higher than for TRI and GEO. 
This is due to the fact that the measurement noise 
has the greatest impact on the solution of the qua-
dratic equation (the basis of this algorithm) for 
the “extreme” paths, i.e. the ones furthest from 
path no. 4 (in the direction of the y-axis). The 
difference in error values is not as noticeable for 
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Figure 14. The course of the total location errors eT(t) for path no. 6

Figure 15. The course of the total location errors eT(t) for path no. 7

Figure 16. The results of the guide location for paths 1–7. Own elaboration based on [10]

paths no. 3, 4 and 5. The GEO method generat-
ed the largest location errors for marginal paths 
no. 1 and 7, while in the case of the TRI and LM 
methods, the largest errors occurred in the case 
of paths no. 3, 4 and 5. The GEO method, due to 
the least complex mathematical model and high 
susceptibility to interference, obtained the highest 
value of the average quality index Qav.

Figure 16 presents a graphical summary of 
localisation results for all analyzed paths. Also 
in this case it can be seen that the most accu-
rate localisation concerns the LM and TRI algo-
rithms, for which the obtained path is consistent 
with the reference path. In the case of the GEO 
algorithm, a clear deviation towards paths no. 1, 
2, 6, and 7 can be seen. 
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Figure 17. Results of quality indicators Q for guide paths no. 1–7. Own elaboration based on [10]

Figure 18. Results of average quality indicators Qav for selected localisation algorithms. Own elaboration based on [10]

CONCLUSIONS

The intentional disturbance introduced in the 
simulated distance measurements of individual 
anchors has a significant impact on the total loca-
tion errors in the case of algorithms LM, TRI and 
GEO (Figures 9–16).

The TRI and LM algorithms maintain the as-
sumed linearity of the target path (Figure 16) and 
are characterised by moderate total error values. 
The computational complexity of the optimisa-
tion methods (LM) guarantees better accuracy, 
but at the cost of computation time. TRI, on the 
other hand, has a linear mathematical model, 
which guarantees high speed of operation, but at 
the cost of accuracy. TRI is also more exposed to 
the occurrence of measurement noise.

The most accurate in the context of guide lo-
cation among the analysed algorithms was LM, 
which results from the most complex mathemati-
cal model requiring iterative calculations to deter-
mine the guide location. 

The large discrepancy in the obtained results 
(Figure 16) indicates the need to use signal filter-
ing (for guide localisation results) in the process-
ing of experimental data.
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