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INTRODUCTION

This article is one of a series addressing to 
unifed approach to use the asymmetric configu-
rations of composite, having a mechanical cou-
plings in order to create the desired behaviour of 
element. In this case to obtain the elastic element. 
It is worth emphasizing here that thin-walled 
structures made of laminates provide great flex-
ibility in their design behaviour.

Among the most popular we can mention de-
signing a sequence of layers for predictability de-
flection of structures subjected to operational load. 

Many scientist papers described the influence 
of the symmetrical laminate layer arrangement 
on the behavior of thin-walled structures. For 
example Debski et al. [1,2] carried out the com-
pression tests of CFRP (Carbon Fiber Reinforced 
Polymer) thin-walled structures with different 
kind of cross-section and with different layer con-
figuration. Kubiak et al. [3] tested the influence 
of different layer arrangements (symmetrical and 

nonsymmetrical) of GFRP (Glass Fiber Rein-
forced Polymer) polymer on the distortional post-
bucklin behavior of open section beams. Banat 
and Mania [4] presented an analysis of the sym-
metric configurations of FML until failure. Wys-
mulski tested sensitivity of compressed compos-
ite channel columns with different configurations 
to eccentric loading [5,6]with each layup having 
eight plies symmetric to the midplane. The col-
umns were subjected to compressive loads, in-
cluding an eccentric compressive load applied 
relative to the center of gravity of their cross-sec-
tion. Simple support boundary conditions were 
applied to the ends of the columns. The scope of 
the study included analyzing the effect of load ec-
centricity on the buckling mode, bifurcation load 
(idealized structure.

Recently, more attention has been focused 
on composites in an asymmetrical configura-
tion. This kind of laminates with complex me-
chanical couplings can find application not only 
the aerospace sector, with which they have been 
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traditionally associated. They offer great potential 
as for example an enabling technology in very 
large offshore wind turbine blades. Ch. York in 
his recent research [7] has shown that is some un-
explored laminate design area containing differ-
ent kind of mechanical coupling, which includes 
all interactions between extension, bending, 
shearing and twisting. Furthermore, he analyzed 
laminate stacking sequences which are immune 
to thermal warping distortions [8]. York and Lee 
[9] performed experimental validation of recently 
identified laminates possessing Hygro-Thermally 
Curvature Stable or HTCS properties [10]. Teter 
et al. [11] analyzed the effect of individual ele-
ments of the B submatrix on the load-carrying ca-
pacity of a hybrid column. Some examples of an-
alytical work on the nonlinear analysis of plates, 
with asymmetric configurations, has been assem-
bled in work [12] and [13]. A detailed descrip-
tion of stiffness matrix couplings for asymmetric 
laminates are presented in works Altenbach [14] 
and Samborski [15,16].

To assess the performance benefits, such as 
twist angle, interactions between Extension, 
Shearing, Bending and Twisting couplings of 
nonsymetric composites, the investigations of 
those structure are necessairy. What is more, suit-
able ply design can not only endow laminates 
with special coupling effect [17,18], but also can 
improve mechanical properties of laminates [19]. 
The analyses in this area may help to raise interest 
in the potential for exploiting mechanically cou-
pled materials, particularly from a manufacturing 
perspective. Applications of the unique couplings 
inherent in asymmetric laminates can provide de-
sign advantages. 

This study concerns thin-walled composite 
plate element, made of fibrous composite mate-
rials with different sequences of laminate layers, 
which includes all possible interactions between 
extension, shearing, bending and twisting. These 
complex mechanical couplings are not present 
in conventional materials, such as metals, and 
therefore, represent an important and significant 

enabling technology. The scope of the research 
includes the problems of nonlinear stability and 
failure of laminate coupled profiles subjected 
to uniform compression. The novelty of this re-
search is to perform a parametric study with dif-
ferent nonsymmetrical layer arrangements with 
selected couplings, in order to check their influ-
ence on post-buckling behavior. Special attention 
has been paid to validation the effect of extension-
bending and extension-twisting coupling.

EXPERIMENTAL TESTS

Research subject and laminate material
properties

The samples for experimental tests were 
made of CFRP pre-preg manufactured using 
a standard autoclave technique. The samples 
had three layers arrangements in asymmetric 
configurations and with three considered fibre 
alngles (30°, ±45°, 60°). Additionally, the layer 
arrangement of plate core was also considered 
in the analytical calculations (N4). The laminate 
configurations were characterized by selected 
mechanical couplings thanks to them the con-
sidered plate element can work as elastic ele-
ment (Tab. 1). The selection was based on the 
works of Ch. York [7,8]. To get the flexural-
torsional buckling mode as the natural the low-
est mode of buckling extension–twisting (E-T) 
and extension-bending (E-B) coupled laminate 
class has been chosen for consideration. This 
procedure were more described in previous ar-
ticles [13,20,21]. The thickness of each single 
layer was constant – 0.105 mm. The overall di-
mensions of considered plate with the layer ar-
rangement sequence are presented in Figure 1. 
The plate element were weakned by central rect-
angular cut-out with rounded radius. The radius 
was constant and in considered case one type of 
cut-out had been choosen (b×a = 40×100) [22]. 

The material properties of CFRP laminate used 
for samples have been determined in experimental 

Table 1. The laminate configurations under consideration
Case ID Layers No. Layer configuration Laminate type [23] Considered Ѳ [o]

N1 18 [03/Ѳ/-Ѳ/0/-Ѳ/Ѳ/-Ѳ/Ѳ/-Ѳ/Ѳ/90/Ѳ/-Ѳ/903]T ASBltDS 30, 45, 60

N2 14 [Ѳ/-Ѳ/0/Ѳ/-Ѳ/0/Ѳ/-Ѳ/Ѳ/-Ѳ/0/Ѳ/-Ѳ/0]T ASBFDF 30, 45, 60

N3 12 [Ѳ/-Ѳ/-Ѳ/Ѳ/0/Ѳ/-Ѳ/Ѳ/-Ѳ/-Ѳ/Ѳ/0]T ASBFDF 30, 45, 60

N4 (core ) 2 [Ѳ/-Ѳ]T ASBtDS 30, 45, 60

Note: Ѳ – fibre angle, N1, N2, N3 – symbols of configurations.
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tests according to ISO standards, which has been 
well described in paper [24]. The obtained material 
properties are presented in Table 2.

Axial compression tests

To validate the developed numerical models 
and to validate E-T and E-B couplings influence 
on plate behaviour, as well as to choose the most 
interesting cases for leading the parametric study, 
the experimental axial compression tests have 
been performed.

The experimental tests were performed on 
an Instron universal testing machine modern-
ized by Zwick-Roel and equipped with specially 
designed grips (Fig. 2). The experimental tests 
were performed in room temperature at a con-
stant velocity of the cross-bar equal 2 mm/min. 
During the tests, force loading, plate displace-
ment and plate deflection in the perpendicular 
direction to the vertical stripes of the plate in 
the middle of the height of the stripe was mea-
sured. The values of the force loading the system 
and displacements at the load application points 
were obtained directly from the machine sen-
sors. In addition, the DIC (Digital Image Cor-
relation) technique (Aramis system produced by 

GOM company) was used to determine the de-
flection of the plate in the entire range of loads. 
What is more, the twist/rotation value was deter-
mined using the measurment of displacements 
of two points (dZ) located at the same height of 
the strip (see Fig. 2b,d). Based on the difference 
in deflections, we are able to estimate the level 
of twisting/rotation of the plate strips. The entire 
test stand presented in Figure 2. More informa-
tions about experimental tests are described in 
previous articles [21,25].

NUMERICAL MODEL

The numerical model has been developed in 
the commercial Abaqus software using the finite 
element method, which is now very widely used 
[26–30]. The tested plate elements were subjected 
to axial compression. The material properties of 
each layer of CFRP are the same as determined by 
experimental studies (Table 2). The FEM model, 
like geometry, the way of loading, boundary con-
ditions were adopted as close as possible to those 
in the experimental test stand (Fig. 2). 

All plate elements corresponded to the 
tested specimens and were modelled using 

Fig. 1. (a) The considered composite plate dimensions with (b) layer arrangement

Table 2. The material properties of the considered composite material

Young’s modulus [MPa] Shear modulus
[MPa] Poisson’s ratio Tensile strength

[MPa]
Shear strength

[MPa]
Compression strength

[MPa]
E1

(0ᵒ)
E2

(90ᵒ) G1,2 V12
FTU1
(0ᵒ) FTU2 (90ᵒ) FSU

(45ᵒ)
FCU1
(0ᵒ)

FCU2
(90ᵒ)

143530 5826 3845 0,36 2221 49 83,5 641 114
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4-noded shell elements (S4R) with six de-
grees of freedom at each node. The numerical 
model with boundary conditions is presented 
in Figure 3. 

A two-stage solution was considered. The 
first part of FE modelling was the linear buck-
ling analysis which allows to determine buck-
ling loads with corresponding obtained the 
lowest bending-torsional buckling modes. The 
obtained buckling modes have been used as a 

shape of initial geometrical imperfection. In 
the second step, the nonlinear analysis using 
the Newton–Raphson method was peformed. 
The nonlinear analyses were carried-out with 
the progressive failure algorithm [31–33]. The 
results of sample calculations are presented as 
a shape of buckling form and graphs showing 
the relation between load and deflection. More 
details about numerical analysis and the way 
of discretization presented in articles [20,32].

Fig. 2. (a) Experimental test stand, (b) Aramis software view with selected 
points, (c) specially designed grips, (d) zoom of measured points

Fig. 3. (a) Discrete model with applied boundary conditions and load, 
(b) considered laminate plate with exemplary layer arrangement N3(45)
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PARAMETRIC STUDY

The parametric study was performed to vali-
date extension-bending and extension-twisting 
couplings in plate element. According to the 
Classical Laminate Theory (CLT), the depen-
dence between internal forces and deformations 
makes it possible to predict the behavior of the 
plate under selected loads. The relation between 
laminate constitutive equation have the following 
form [8,34–37]:

  	 {{𝑁𝑁}{𝑀𝑀}} = [
[𝐴𝐴] [𝐵𝐵]
[𝐵𝐵] [𝐷𝐷]] {

{𝜀𝜀}
{𝜅𝜅}} 

{
  
 

  
 
{
𝑁𝑁𝑥𝑥
𝑁𝑁𝑦𝑦
𝑁𝑁𝑥𝑥𝑥𝑥
…
}

{
𝑀𝑀𝑥𝑥
𝑀𝑀𝑦𝑦
𝑀𝑀𝑥𝑥𝑥𝑥

}
}
  
 

  
 

=

[
 
 
 
 
 
 79847.55 29686.80 0
29686.80 152524.47 0

0
⋯

0
⋯

32968.87
⋯

⋮ −39681.60    0 174.63
⋮                   0    39681.60 486.24
⋮        174.63     
 ⋯      ⋯             

486.24
⋯

0
⋯

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
⋮      34074.13 4567.69       0
⋮        4567.69 43635.87       0
⋮          0           0 5544.68]

 
 
 
 
 
 

=

{
𝜀𝜀𝑥𝑥
𝜀𝜀𝑦𝑦
𝛾𝛾𝑥𝑥𝑥𝑥
…
}

{
Ƙ𝑥𝑥
Ƙ𝑦𝑦
Ƙ𝑥𝑥𝑥𝑥

}

                                        

{
  
 

  
 
{
𝑁𝑁𝑥𝑥
𝑁𝑁𝑦𝑦
𝑁𝑁𝑥𝑥𝑥𝑥
…
}

{
𝑀𝑀𝑥𝑥
𝑀𝑀𝑦𝑦
𝑀𝑀𝑥𝑥𝑥𝑥

}
}
  
 

  
 

=

[
 
 
 
 
 
 77387.69 28801.25 0
28801.25 91923.07 0

0
⋯

0
⋯

31353.97
⋯

⋮    5658.12   −1079.48 −873.13
⋮ −1079.48   −3499.17 −2431.22
⋮  −873.13   
 ⋯      ⋯             

−2431.22
⋯

−1079.48
⋯

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
⋮      15717.90   4846.35       73.34
⋮        4846.35 15450.81        204.22
⋮        73.34     204.22 5306.03 ]

 
 
 
 
 
 

=

{
𝜀𝜀𝑥𝑥
𝜀𝜀𝑦𝑦
𝛾𝛾𝑥𝑥𝑥𝑥
…
}

{
Ƙ𝑥𝑥
Ƙ𝑦𝑦
Ƙ𝑥𝑥𝑥𝑥

}

                                        

{
  
 

  
 
{
𝑁𝑁𝑥𝑥
𝑁𝑁𝑦𝑦
𝑁𝑁𝑥𝑥𝑥𝑥
…
}

{
𝑀𝑀𝑥𝑥
𝑀𝑀𝑦𝑦
𝑀𝑀𝑥𝑥𝑥𝑥

}
}
  
 

  
 

=

[
 
 
 
 
 
 47086.99 28358.47 0
28358.47 90693.14 0

0
⋯

0
⋯

30546.52
⋯

⋮    5658.12   −1079.48 −174.63
⋮ −1079.48   −3499.17 −486.24
⋮    −174.63   
 ⋯      ⋯             

   −486.24
⋯

−1079.48
⋯

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
⋮      7516.83   3506.25       146.69
⋮        3506.25  11202.64       408.45
⋮         146.69    408.45      3795.72]

 
 
 
 
 
 

=

{
𝜀𝜀𝑥𝑥
𝜀𝜀𝑦𝑦
𝛾𝛾𝑥𝑥𝑥𝑥
…
}

{
Ƙ𝑥𝑥
Ƙ𝑦𝑦
Ƙ𝑥𝑥𝑥𝑥

}

                                        

 	 (1)

where: N and M – internal forces and moments, 
ε and the mid-plane κ – strains and 
curvatures of the laminate respectively A, 
B, D – are the stiffness matrices.

Asymmetric laminates are characterized by 
the occurrence of additional asymmetric cou-
plings when particular terms of the coupling 
stiffness matrix are equal to B11 ≠ 0, B12 ≠ 0 and 
B22 ≠ 0 (normal loads – flexural loads) or B66 ≠ 
0 (shearing load – torsional strain) and B16 ≠ 0 
and B26 ≠ 0 (normal load – torsional strain). Each 
of the matrices with the “0” index consists of 
zeros obviously. The B coupling matrix, besides 
the B0 variant, can has additionally five different 

forms of couplings: Bl, Bt, Blt, BS and BF, which 
were described in detail by York [7,38,39]. Due to 
mechanical couplings, it is possible to shape the 
mechanical properties of composite elements by 
designing the required couplings of strain states. 
This conception was employed to find solutions for 
changing the lowest form of buckling from bend-
ing to higher flexural-torsional form and thanks to 
this it made it possible to get elastic element. Ac-
cording to the international literature [8,23,38,39], 
the used notations for the ABD laminate stiffness 
matrix are presented in Table 3. The considered in 
the study cases of layer arrangements are presented 
in Table 1. Analytical calculations performed for 
three nonsymmetrical layer configurations the 
range of layer orientation angle θ from 0 to 90 de-
grees with a 15-degree step.

Constitutive realtions

The constitutive relations are useful for con-
firmation occurring couplings, and to gain qualita-
tive insight into the relative twist from additional 
join terms. Eq. 2-4 present the results of analyti-
cal calculations of constitutive relations for the 
three considered configurations (N1, N2, N3) for 
an exemplary fiber angle Ѳ=60o. The calculations 
were carried out using a Matlab program. 

Table 3. Subscript identification method of composite laminate stiffness matrices proposed by the ESDU (1994) [23]
Subscript identification ESDU 

(1994) [23] Response – based labelling Matrix form 

AS Simple laminate; no coupling 
[
𝐴𝐴11 𝐴𝐴12 0
𝐴𝐴21 𝐴𝐴22 0
0 0 𝐴𝐴66

] 

AF Shear-Extension coupling; S-E 
[
𝐴𝐴11 𝐴𝐴12 𝐴𝐴16
𝐴𝐴21 𝐴𝐴22 𝐴𝐴26
𝐴𝐴61 𝐴𝐴62 𝐴𝐴66

] 

BS Extension-Bending and Shearing-Twisting coupling; E-B, S-T 
 [

𝐵𝐵11 𝐵𝐵12 0
𝐵𝐵21 𝐵𝐵22 0
0 0 𝐵𝐵66

] 

BF Extension-Bending, Shearing-Bending,  
Extension-Twisting and Shearing-Twisting; E-B, S-B, E-T, S-T [

𝐵𝐵11 𝐵𝐵12 𝐵𝐵16
𝐵𝐵21 𝐵𝐵22 𝐵𝐵26
𝐵𝐵61 𝐵𝐵62 𝐵𝐵66

] 

Bt Extension-Twisting and Shearing-Bending coupling; E-T, S-B 
 [

0 0 𝐵𝐵16
0 0 𝐵𝐵26
𝐵𝐵61 𝐵𝐵62 0

] 

Bl Extension-Bending coupling; E-B 
[
𝐵𝐵11 0 0
0 𝐵𝐵22 0
0 0 0

] 

Blt Extension-Bending, Extension-Twisting and Shearing-Bending 
coupling; E-B, E-T, S-B 
 

[
𝐵𝐵11 0 𝐵𝐵16
0 𝐵𝐵22 𝐵𝐵26
𝐵𝐵61 𝐵𝐵62 0

] 

DS Simple laminate; no coupling 
[
𝐷𝐷11 𝐷𝐷12 0
𝐷𝐷21 𝐷𝐷22 0
0 0 𝐷𝐷66

] 

DF Twisting-Bending coupling; T-B 
[
𝐷𝐷11 𝐷𝐷12 𝐷𝐷16
𝐷𝐷21 𝐷𝐷22 𝐷𝐷26
𝐷𝐷61 𝐷𝐷62 𝐷𝐷66

] 
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Laminates N2 and N3 demonstrates that 
Bending-Twisting behaviour is developed 
because B16, B26 ≠ 0. Hence the addition of 
Bending-Twisting coupling stiffnesses D16 and 
D26 in N2 and N3 laminate causes Twisting be-
cause of Bending.

Layer arrangements with their 
ABD matrix terms

In Figures 4-7 presented the ABD laminate 
stiffness matrix elements variation, for lami-
nates with different angle of fiber orientation 
(Ѳ=0o÷90o with 15o step). The presented curves 
can be used to estimate which angles θ of the 
layer arrangements have the extremal value of 
elements in the coupling stiffness matrix and 
can have the highest influence on coupled de-
flection and twist.

Based on the obtained results, can be ob-
served how the values of ABD stiffness matrix 
elements change with the θ angle. Analyzing 

the shape of the graphs can be observed that 
for all considered configurations the graphs 
shape obtained for [A] element is almost iden-
tical for N2 and N3 layer arrangement and for 
N1 the curves for A11 and A22 components are 
slightly shifted. A similar situation is for [D] 
element and in N2 and N3 case for [B] ele-
ment. However, it should be emphasized here 
that the number of layers for all selected con-
figurations is different. What is more, very 
similar shape of graphs in N2 and N3 cases re-
sults from the same matrix form and coupling 
response. It can be noted also, that introducing 
the additional couplings change the shape of 
curves. The all components of [B] element are 
constant for all angles. The change of angle 
does not influence on level of this element. 
The graphs shape of components of [B] and 
[D] laminate stiffness matrices with “16” and 
“26” (Bending-Twisting couplings terms) in-
dex for N2 and N3 cases are almost symmetric 
in relation to each other.

The ABD matrix for N1(60o) configuration is given in Eq. 2 and represents E-B-E-T-S-B coupling.{{𝑁𝑁}{𝑀𝑀}} = [
[𝐴𝐴] [𝐵𝐵]
[𝐵𝐵] [𝐷𝐷]] {

{𝜀𝜀}
{𝜅𝜅}} 

{
  
 

  
 
{
𝑁𝑁𝑥𝑥
𝑁𝑁𝑦𝑦
𝑁𝑁𝑥𝑥𝑥𝑥
…
}

{
𝑀𝑀𝑥𝑥
𝑀𝑀𝑦𝑦
𝑀𝑀𝑥𝑥𝑥𝑥

}
}
  
 

  
 

=

[
 
 
 
 
 
 79847.55 29686.80 0
29686.80 152524.47 0

0
⋯

0
⋯

32968.87
⋯

⋮ −39681.60    0 174.63
⋮                   0    39681.60 486.24
⋮        174.63     
 ⋯      ⋯             

486.24
⋯

0
⋯

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
⋮      34074.13 4567.69       0
⋮        4567.69 43635.87       0
⋮          0           0 5544.68]

 
 
 
 
 
 

=

{
𝜀𝜀𝑥𝑥
𝜀𝜀𝑦𝑦
𝛾𝛾𝑥𝑥𝑥𝑥
…
}

{
Ƙ𝑥𝑥
Ƙ𝑦𝑦
Ƙ𝑥𝑥𝑥𝑥

}

                                        

{
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𝑁𝑁𝑥𝑥𝑥𝑥
…
}

{
𝑀𝑀𝑥𝑥
𝑀𝑀𝑦𝑦
𝑀𝑀𝑥𝑥𝑥𝑥

}
}
  
 

  
 

=

[
 
 
 
 
 
 77387.69 28801.25 0
28801.25 91923.07 0

0
⋯

0
⋯

31353.97
⋯

⋮    5658.12   −1079.48 −873.13
⋮ −1079.48   −3499.17 −2431.22
⋮  −873.13   
 ⋯      ⋯             

−2431.22
⋯

−1079.48
⋯

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
⋮      15717.90   4846.35       73.34
⋮        4846.35 15450.81        204.22
⋮        73.34     204.22 5306.03 ]

 
 
 
 
 
 

=

{
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{
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}
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⋮ −1079.48   −3499.17 −486.24
⋮    −174.63   
 ⋯      ⋯             

   −486.24
⋯

−1079.48
⋯

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
⋮      7516.83   3506.25       146.69
⋮        3506.25  11202.64       408.45
⋮         146.69    408.45      3795.72]

 
 
 
 
 
 

=

{
𝜀𝜀𝑥𝑥
𝜀𝜀𝑦𝑦
𝛾𝛾𝑥𝑥𝑥𝑥
…
}

{
Ƙ𝑥𝑥
Ƙ𝑦𝑦
Ƙ𝑥𝑥𝑥𝑥

}

                                        

   (2)

The ABD matrix for N2(60o) configuration is given in Eq.3 and represents E-B-S-B-E-T-S-T-T-B 
coupling.

{{𝑁𝑁}{𝑀𝑀}} = [
[𝐴𝐴] [𝐵𝐵]
[𝐵𝐵] [𝐷𝐷]] {

{𝜀𝜀}
{𝜅𝜅}} 

{
  
 

  
 
{
𝑁𝑁𝑥𝑥
𝑁𝑁𝑦𝑦
𝑁𝑁𝑥𝑥𝑥𝑥
…
}

{
𝑀𝑀𝑥𝑥
𝑀𝑀𝑦𝑦
𝑀𝑀𝑥𝑥𝑥𝑥

}
}
  
 

  
 

=

[
 
 
 
 
 
 79847.55 29686.80 0
29686.80 152524.47 0

0
⋯

0
⋯

32968.87
⋯

⋮ −39681.60    0 174.63
⋮                   0    39681.60 486.24
⋮        174.63     
 ⋯      ⋯             

486.24
⋯

0
⋯

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
⋮      34074.13 4567.69       0
⋮        4567.69 43635.87       0
⋮          0           0 5544.68]

 
 
 
 
 
 

=

{
𝜀𝜀𝑥𝑥
𝜀𝜀𝑦𝑦
𝛾𝛾𝑥𝑥𝑥𝑥
…
}

{
Ƙ𝑥𝑥
Ƙ𝑦𝑦
Ƙ𝑥𝑥𝑥𝑥

}

                                        

{
  
 

  
 
{
𝑁𝑁𝑥𝑥
𝑁𝑁𝑦𝑦
𝑁𝑁𝑥𝑥𝑥𝑥
…
}

{
𝑀𝑀𝑥𝑥
𝑀𝑀𝑦𝑦
𝑀𝑀𝑥𝑥𝑥𝑥

}
}
  
 

  
 

=

[
 
 
 
 
 
 77387.69 28801.25 0
28801.25 91923.07 0

0
⋯

0
⋯

31353.97
⋯

⋮    5658.12   −1079.48 −873.13
⋮ −1079.48   −3499.17 −2431.22
⋮  −873.13   
 ⋯      ⋯             

−2431.22
⋯

−1079.48
⋯

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
⋮      15717.90   4846.35       73.34
⋮        4846.35 15450.81        204.22
⋮        73.34     204.22 5306.03 ]

 
 
 
 
 
 

=

{
𝜀𝜀𝑥𝑥
𝜀𝜀𝑦𝑦
𝛾𝛾𝑥𝑥𝑥𝑥
…
}

{
Ƙ𝑥𝑥
Ƙ𝑦𝑦
Ƙ𝑥𝑥𝑥𝑥

}

                                        

{
  
 

  
 
{
𝑁𝑁𝑥𝑥
𝑁𝑁𝑦𝑦
𝑁𝑁𝑥𝑥𝑥𝑥
…
}

{
𝑀𝑀𝑥𝑥
𝑀𝑀𝑦𝑦
𝑀𝑀𝑥𝑥𝑥𝑥

}
}
  
 

  
 

=

[
 
 
 
 
 
 47086.99 28358.47 0
28358.47 90693.14 0

0
⋯

0
⋯

30546.52
⋯

⋮    5658.12   −1079.48 −174.63
⋮ −1079.48   −3499.17 −486.24
⋮    −174.63   
 ⋯      ⋯             

   −486.24
⋯

−1079.48
⋯

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
⋮      7516.83   3506.25       146.69
⋮        3506.25  11202.64       408.45
⋮         146.69    408.45      3795.72]

 
 
 
 
 
 

=

{
𝜀𝜀𝑥𝑥
𝜀𝜀𝑦𝑦
𝛾𝛾𝑥𝑥𝑥𝑥
…
}

{
Ƙ𝑥𝑥
Ƙ𝑦𝑦
Ƙ𝑥𝑥𝑥𝑥

}

                                        

   (3)

The ABD matrix for N3(60o) configuration is given in Eq. 4 and represents E-B-S-B-E-T-S-T-T-B 
coupling.
 

{{𝑁𝑁}{𝑀𝑀}} = [
[𝐴𝐴] [𝐵𝐵]
[𝐵𝐵] [𝐷𝐷]] {

{𝜀𝜀}
{𝜅𝜅}} 

{
  
 

  
 
{
𝑁𝑁𝑥𝑥
𝑁𝑁𝑦𝑦
𝑁𝑁𝑥𝑥𝑥𝑥
…
}

{
𝑀𝑀𝑥𝑥
𝑀𝑀𝑦𝑦
𝑀𝑀𝑥𝑥𝑥𝑥

}
}
  
 

  
 

=

[
 
 
 
 
 
 79847.55 29686.80 0
29686.80 152524.47 0

0
⋯

0
⋯

32968.87
⋯

⋮ −39681.60    0 174.63
⋮                   0    39681.60 486.24
⋮        174.63     
 ⋯      ⋯             

486.24
⋯

0
⋯

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
⋮      34074.13 4567.69       0
⋮        4567.69 43635.87       0
⋮          0           0 5544.68]

 
 
 
 
 
 

=

{
𝜀𝜀𝑥𝑥
𝜀𝜀𝑦𝑦
𝛾𝛾𝑥𝑥𝑥𝑥
…
}

{
Ƙ𝑥𝑥
Ƙ𝑦𝑦
Ƙ𝑥𝑥𝑥𝑥

}

                                        

{
  
 

  
 
{
𝑁𝑁𝑥𝑥
𝑁𝑁𝑦𝑦
𝑁𝑁𝑥𝑥𝑥𝑥
…
}

{
𝑀𝑀𝑥𝑥
𝑀𝑀𝑦𝑦
𝑀𝑀𝑥𝑥𝑥𝑥

}
}
  
 

  
 

=

[
 
 
 
 
 
 77387.69 28801.25 0
28801.25 91923.07 0

0
⋯

0
⋯

31353.97
⋯

⋮    5658.12   −1079.48 −873.13
⋮ −1079.48   −3499.17 −2431.22
⋮  −873.13   
 ⋯      ⋯             

−2431.22
⋯

−1079.48
⋯

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
⋮      15717.90   4846.35       73.34
⋮        4846.35 15450.81        204.22
⋮        73.34     204.22 5306.03 ]

 
 
 
 
 
 

=

{
𝜀𝜀𝑥𝑥
𝜀𝜀𝑦𝑦
𝛾𝛾𝑥𝑥𝑥𝑥
…
}

{
Ƙ𝑥𝑥
Ƙ𝑦𝑦
Ƙ𝑥𝑥𝑥𝑥

}

                                        

{
  
 

  
 
{
𝑁𝑁𝑥𝑥
𝑁𝑁𝑦𝑦
𝑁𝑁𝑥𝑥𝑥𝑥
…
}

{
𝑀𝑀𝑥𝑥
𝑀𝑀𝑦𝑦
𝑀𝑀𝑥𝑥𝑥𝑥

}
}
  
 

  
 

=

[
 
 
 
 
 
 47086.99 28358.47 0
28358.47 90693.14 0

0
⋯

0
⋯

30546.52
⋯

⋮    5658.12   −1079.48 −174.63
⋮ −1079.48   −3499.17 −486.24
⋮    −174.63   
 ⋯      ⋯             

   −486.24
⋯

−1079.48
⋯

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
⋮      7516.83   3506.25       146.69
⋮        3506.25  11202.64       408.45
⋮         146.69    408.45      3795.72]

 
 
 
 
 
 

=

{
𝜀𝜀𝑥𝑥
𝜀𝜀𝑦𝑦
𝛾𝛾𝑥𝑥𝑥𝑥
…
}

{
Ƙ𝑥𝑥
Ƙ𝑦𝑦
Ƙ𝑥𝑥𝑥𝑥

}

                                        

   (4)
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Fig. 4. Elements (a) [A], (b) [B] and (c) [D] of laminate stiffness matrix value for case N1(θ)

Fig. 5. Elements (a) [A], (b) [B] and (c) [D] of laminate stiffness matrix value for case N2(θ)

Fig. 6. Elements (a) [A], (b) [B] and (c) [D] of laminate stiffness matrix value for case N3(θ)

Fig. 7. Elements (a) [A], (b) [B] and (c) [D] of laminate stiffness matrix value for case N4(θ) - core
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VALIDATION OF NUMERICAL MODEL 
BY EXPERIMENTAL TESTS

The numerical model has been validate 
by results of experimental tests. Exemplary 
results for plate with N3(45o) layer arrange-
ment obtained experimentally and numerically 
are presented in Figure 8 and 9. For all con-
sidered samples the displacement, deflection 
results from FEM analysis and experimental 
tests were very similar. This also applied the 
buckling mode.

Additionally, in Figure 10 presented the 
exemplary post-critical equilibrium paths P – t 
(load – time) compared with acoustic emission 
signal for N1(45) configuration, obtained ex-
perimentally. What is more, in damage initia-
tion point and failure point presented shape of 
plate showing the deflection level of strips. 

Fig. 8. Comparison of plate deflection for N3(45o) obtained (b) experimentally, (c) numerically

Fig. 9. Compression load vs. displacement for N3(45) 
sample obtained numerically and experimentally

Fig. 10. Post-critical equilibrium paths P – t (load – time) compared with acoustic emission signal – 
specimen N1(45)exp together with shape of plate located in damage initiation point and failure point

Layers arrangement influence on 
load-deflection curves

In Figures 11-13 presented the relations be-
tween compression force and twist/rotation value 
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This was due to less precise preparation of sam-
ples for the Aramis system as well as system set-
tings and available light.

Analyzing all cases it could be noted that 
the highest stiffness with the lowest rotation 
value was obtained for layer arrangement with 
angle of 60o, what is confirmed on graphs pre-
sented the ABD laminate stiffness matrix ele-
ments variation (Fig. 4-7). It can be observed 
that type of layer arrangement and type of 
couplings influence on postcritical behavior 
tested elements as well on rotation value. In 
all considered cases, the rotation value is in-
creasing significantly when load is around the 
buckling load. What is more it can be observed 
that introduce the laminate coupling responses 
lead to an increase in twisting response of the 
specimen. Based on obtained results there is 
clear evidence that coupling interactions take 
place, and that these serve to augment the 
twisting response.

CONCLUSIONS

This study has presented an experimen-
tal and analytical validation for asymmetric 
laminate designs with matched couplings like: 
Extension-Twisting and Extension-Bending 
coupling, which were used to design elastic el-
ement. The research study has been focused on 
the ply sequences expected to have the stron-
gest effect on getting the flexural-torsional 
buckling mode as the natural the lowest mode 
of buckling of plate element. 

Based on the obtained results, it can be 
concluded that there is clear evidence that cou-
pling interactions occur in asymmetric layer ar-
rangements, which serve to enhance torsion and 
bending reactions. When extension-bending and 
extension-twisting coupled laminates is used to 
construct bending-twisting coupled structures, 
the extension-bending and extension-twist cou-
pled effect will cause bending and torsional de-
formation of opposite direction for one and the 
other strip of plate. Indeed, the experimentally 
and analytically validated simulations have con-
firmed the performance Extension-Twisting and 
Extension-Bending coupling.

The performed analysis indicate an area of re-
search that is worth further analysis - how by ap-
propriate selection of matrix components we can 
influence on the structures behavior.

Fig. 11. Compression load vs. rotation value 
for plate with layups denoted as N1(θ) 

E-B-E-T-S-B

Fig. 12. Compression load vs. rotation value 
for plate with layups denoted as N2(θ) 

E-B-S-B-E-T-S-T-T-B

Fig. 13. Compression load vs. rotation value 
for plate with layups denoted as N3(θ) 

E-B-S-B-E-T-S-T-T-B

for all tested configurations. For some samples, 
measurements were made for two strips of the 
plate - on one side and on the other side. Unfor-
tunately, points were not captured for all samples. 
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