
INTRODUCTION

Friction is a complex phenomenon that com-
monly occurs in nature and has a signifi cant im-
pact on the work of many mechanical devices. 
Therefore, at their design stage, it is extremally 
important to select the appropriate friction model 
that reproduces all relevant friction phenomenon 
in this case and ensure suffi  cient compliance of 
the computational results with actuality. Friction 
models available in literature explain diff erent ex-
perimentally observed friction phenomena, such 
as: static friction, break-away force and dynamic 
friction [1, 2, 3], pre-sliding displacement [4], 
Stribeck eff ect [5, 6], hysteretic eff ects [7, 8] or 
stick-slip movement [9, 10]. Each friction model 
has strengths and weaknesses, but its usefulness 
depends on the specifi c physical and operational 
conditions [11]. This paper focuses on selecting
the appropriate friction model to the computational 

analyses of stick-slip phenomenon and of the im-
pact of tangential longitudinal vibrations on it. The 
complexity of the analyzed phenomenon requires 
the adoption of a friction model that refl ects alike 
the stick-slip vibrations, the stages of their elimi-
nation and the subsequent eff ect of a decrease in 
friction force. Therefore, the selected model has 
to describe particular friction phenomena e.g. pre-
sliding displacement or Stribeck eff ect. 

The appearance of self-excited relaxation vi-
brations i.e. stick-slip movement is an undesir-
able phenomenon that hinders the work of ma-
chines, reduces the performance and the safety of 
operation in a wide range of engineering applica-
tions [12, 13]. In particular, the stick-slip phe-
nomenon causes uneven sliding movement and 
reduces positioning accuracy of moving units 
of mechanical systems e.g. in machine tools or
manipulators [14, 15, 16]. Stick-slip vibration is 
also common in the drilling processes in the oil 
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and gas industry. This is an example of torsional 
vibration with apparent detrimental effects on the 
drilling process [13, 17]. This movement causes 
premature wear of drilling tools, which consider-
ably reduces the quality of drilled shafts [13, 18] 
and is a source of failure [19, 20]. In addition, 
it reduces the efficiency of drilling operations 
by reducing velocity of penetration [17, 21, 22]. 
From these reasons, it significantly increases the 
costs of drilling operations [23, 24]. The stick-
slip phenomenon is also a source of unpleasant 
sounds that can be heard in everyday life e.g. the 
creaking of hinges in the door, the squeak of the 
tram wheels at the bend and the squeak of chalk 
on the blackboard [25, 26].

The appearance of stick-slip vibration can 
be caused by an increase in friction force dur-
ing standstill [16, 27], due to the large difference 
between the static and kinematic friction coef-
ficient [15, 28, 29, 30, 31], low sliding velocity 
or low drive stiffness [32, 33]. The presence of 
these vibrations can be allowed provided that the 
amplitude of the vibration is small enough [26]. 
However, it is intended to eliminate them com-
pletely or at least reduce the intensity of these 
vibrations. There are several ways to eliminate 
stick-slip phenomenon in sliding motion. Good 
effects are obtained by using special materials 
for friction pair, optimizing friction surfaces 
microgeometry, reducing normal pressures [6, 
25], changing sliding friction to rolling friction 
[16] or applying lubrication [34]. The intensive 
experimental tests of possibilities to eliminate 
stick-slip movement by introducing forced vi-
brations in different directions in the contact 
zone are also carried out [26, 28, 29, 31, 35÷40]. 

Comparative analyses of the usefulness of dif-
ferent friction models for simulation tests of stick–
sip is presented in the paper Haessig and Friedland 
[41], Liu et al. [42] and Pennestrì et al. [11]. The 
main attention in these works was focused on as-
sessing the suitability of these models to describe 
stick-slip movement. However, the complexity of 
the issue of the impact of vibration on stick-slip 
phenomenon means that not all simulation mod-
els are able to reproduce them. Hence, the purpose 
of this paper is to assess the suitability of several 
selected friction models for simulation tests of the 
stick-slip phenomenon and its partial or total reduc-
tion under the influence of longitudinal tangential 
vibration forced into the friction pair contact zone. 
The first of the adopted models is the Dahl [43] 
model used by Gutowski and Leus [44] to estimate 

changes in friction force in sliding motion of rigid 
body on a vibrating base. The next three adopted 
friction models are: the Karnopp model [41, 45], 
the Reset Integrator model [41, 46] and the LuGre 
model [30], which were developed to describe the 
friction force in stick–slip movement. 

The paper presents the principal mathemati-
cal relationships based on which computational 
models have been developed in the Matlab-
Simulink environment. Simulation tests were 
carried out on these models and next the re-
sults of them were compared with the results 
of experimental tests. The experimental tests 
were carried out on a specially constructed test 
stand described in paper Leus and Abrahamow-
icz [36]. Designated values Root Mean Square 
Error (RMSE) and qualitative analyses of the 
compliance of simulation and experimental tests 
allowed to assess which of the adopted friction 
models best reflects both the stick–slip phenom-
enon and its partial or total reduction under the 
influence of forced longitudinal vibrations. 

PRINCIPAL MATHEMATICAL 
RELATIONSHIPS. FRICTION MODELS

A special calculation model was developed to 
assess the suitability of selected friction models 
for simulating stick-slip motion and its partial or 
total reduction obtained by forcing longitudinal 
tangential vibrations in the contact zone (Fig. 1). 
In this model, the upper body A with mass m is 
shifted on the support B at the given velocity vd 
by a drive system with stiffness kd. The support 
B can be introduced into vibration at any time, on 
a direction parallel to the direction of the shifted 
body movement. The distribution of forces acting 
on this body is shown in Figure 2.

The equation of sliding motion of a body A 
along the 0x axis has the following form:

𝑚𝑚𝑥̈𝑥 = 𝐹𝐹𝑑𝑑 − 𝐹𝐹𝑓𝑓 (1)

where: m – the mass, x – the acceleration of the 
body A, Fd – the drive force, Ff  – the 
friction force. 

The drive force is determined from the fol-
lowing dependence:

𝐹𝐹𝑑𝑑 = 𝑘𝑘𝑑𝑑(𝑣𝑣𝑑𝑑 ∙ 𝑡𝑡 − 𝑥𝑥) (2)

where: kd – the stiffness coefficient of the drive 
system, vd – the drive velocity, x – the dis-
placement of the body A, t – the time.
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The method of determining the value of the 
friction force depends on the adopted friction mod-
el. In this paper the calculations were based on four 
friction models, i.e. the Dahl model, the Karnopp 
model, the Reset Integrator model and the LuGre 
model. In developed procedures it has been also 
assumed that the vibrating movement of the base 
on which the upper body is shifted, is a harmonic 
movement and can be described by the relationship:

𝑢𝑢 = 𝑢𝑢𝑜𝑜 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔 ∙ 𝑡𝑡) (3)

where: ω – the angular velocity expressed as follows:

𝜔𝜔𝜔𝜔 = 2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 (4)
where:	 uo – the amplitude, f – the frequency of 

forced vibration. 

Thus, the velocity of forced vibrations u̇ is 
described by the following equation:

𝑢̇𝑢𝑢𝑢 = 𝑣𝑣𝑣𝑣𝑎𝑎𝑎𝑎 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔 ∙ 𝑡𝑡𝑡𝑡) (5)

where:	 v𝑎 – the amplitude of forced vibration 
velocity. 

It is a function of both basic vibration param-
eters: the amplitude uo and the frequency f, hence:

𝑣𝑣𝑣𝑣𝑎𝑎𝑎𝑎 = 𝑢𝑢𝑢𝑢𝑜𝑜𝑜𝑜 ∙ 𝜔𝜔𝜔𝜔 (6)

Dahl model 

The Dahl model [43] is commonly described 
as a dynamic friction model. It assumes that fric-
tion force Ff  is proportional to the elastic strain  
of the contact zone, which is measured in the slip 
plane, in the direction of the relative movement of 
the contacting surfaces:

𝐹𝐹𝐹𝐹𝑓𝑓𝑓𝑓 = 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 ∙ 𝑠𝑠𝑠𝑠 (7)

where: kt – the stiffness coefficient of contact in 
the tangential direction. 

In the Dahl model, it is assumed that the elas-
tic component  of the contact strain can be deter-
mined from a differential relationship presented 
in the following form [43]:

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= 𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟 ∙ �1 −
𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡
𝐹𝐹𝐹𝐹𝐶𝐶𝐶𝐶
∙ 𝑑𝑑𝑑𝑑𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟) ∙ 𝑑𝑑𝑑𝑑�

𝜅𝜅𝜅𝜅

 (8)

The Coulomb friction force Fc  is expressed 
as follows:

𝐹𝐹𝐹𝐹𝐶𝐶𝐶𝐶 = 𝜇𝜇𝜇𝜇 ∙ 𝐹𝐹𝐹𝐹𝑁𝑁𝑁𝑁 (9)
where:	 vr – the relative velocity of sliding body 

and vibrating support, μ  –  the coeffi-
cient of static friction. 

Fig. 1. The physical model of friction system – realization of sliding motion and vibration excitation

Fig. 2. The distribution of forces acting on the shifted body; F̅d – the drive force, F̅f – the fric-
tion force, F̅z – the external load, F̅N – the normal support’s reaction, F̅g – the force of gravity
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The κ parameter in the above equation is a co-
efficient that depends on the properties of the ma-
terial. Bliman [47] reports that for brittle materials 
the magnitude of this parameter is in the range 
0 < κ < 1, while for ductile materials it is κ = 1.

The relative velocity vr is the superposition of 
the absolute velocity of the shifted body A and the 
velocity of the vibrating support B. According to 
the markings in Figure 1, this relationship has the 
following form:

𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟 = 𝑥̇𝑥𝑥𝑥 − 𝑢̇𝑢𝑢𝑢 (10)

Karnopp model 

The Karnopp static friction model [45, 46] 
distinguishes two phases of sliding friction i.e. 
sick and slip, which are described by separate 
equations as follows: 

𝐹𝐹𝐹𝐹𝑓𝑓𝑓𝑓 = �
 min(|𝐹𝐹𝐹𝐹𝑑𝑑𝑑𝑑|,𝐹𝐹𝐹𝐹𝑆𝑆𝑆𝑆)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟)  𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 |𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟| ≤ 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟) 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 |𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟| > 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷  (11)

where: FS – the maximum static friction force, 
Fslip – the sliding friction force, DV – the 
limiting velocity of the assumed zeros ve-
locity interval 〈−DV, DV〉.

The stick phase occurs if the relative veloc-
ity vr of the sliding body and support does not 
exceed a narrow range of zeros velocity interval. 
In this range, it is assumed that the relative ve-
locity is equal to zero (vr = 0). The friction force 
opposes the drive force Ff = −Fd until the drive 
force Fd exceeds the maximum static friction 
force FS. If the driving force Fd exceeds the value 
of the force FS, the shifted body begins to accel-
erate. As a result, the zeros velocity interval is 
exceeded and the transition to slip phase occurs. 
In this phase, the friction force could correspond 
to Coulomb’s friction force and be independent 
of the relative velocity vr [41].

Reset Integrator model 

The friction Reset Integrator model was pro-
posed by Heassing and Friedland [41] to improve 
the efficiency of numerical calculations compared 
to Bristle friction model. Also in this model, the 
contact can be presented as a single bristle, and 
the friction force depends on the elastic strain s of 
the contact zone and the velocity ṡ of this elastic 
deformation, whereby: 

(12)

where: s0 – the pre-determined maximum value 
of elastic strain s. 

The value of friction force is determined 
as follows:

𝐹𝐹𝐹𝐹𝑓𝑓𝑓𝑓 = �1 + 𝑎𝑎𝑎𝑎(𝑠𝑠𝑠𝑠)� ∙ 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 ∙ 𝑠𝑠𝑠𝑠 + 𝛽𝛽𝛽𝛽 ∙ 𝑠̇𝑠𝑠𝑠 (13)

where:

𝑎𝑎𝑎𝑎(𝑠𝑠𝑠𝑠) = � 𝑎𝑎𝑎𝑎 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 |𝑠𝑠𝑠𝑠| ≤ 𝑠𝑠𝑠𝑠0
0 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒𝑒𝑒

  (14)

The coefficient 𝑎(s) models the phenome-
non of friction increase during standstill, β is the 
damping factor determined from the following 
dependence [41]:

𝛽𝛽𝛽𝛽 = 0.707 ∙ �𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 ∙ 𝑚𝑚𝑚𝑚 (15)

When sliding occurs the velocity s ̇ = 0, 
which determines constants value of elastic 
strain s equal maximum value s0 and the friction 
force is expressed as follows: 

𝐹𝐹𝐹𝐹𝑓𝑓𝑓𝑓 = 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 ∙ 𝑠𝑠𝑠𝑠𝑜𝑜𝑜𝑜 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟) (16)

During sticking velocity ṡ = vr and the friction 
force is determined by the following equation:

𝐹𝐹𝐹𝐹𝑓𝑓𝑓𝑓 = (1 + 𝑎𝑎𝑎𝑎) ∙ 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 ∙ 𝑠𝑠𝑠𝑠 + 𝛽𝛽𝛽𝛽 ∙ 𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟 (17)

LuGre model 

The LuGre [30] model is a development of 
the Dahl model. In this model, the friction force  
Ff is determined as a sum of three components 
referred successively to: the elastic strain s of 
the contact, the velocity s ̇ of this elastic defor-
mation and the relative velocity vr of sliding 
body and vibrating support:

𝐹𝐹𝐹𝐹𝑓𝑓𝑓𝑓 = 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 ∙ 𝑠𝑠𝑠𝑠 + ℎ𝑡𝑡𝑡𝑡 ∙ 𝑠̇𝑠𝑠𝑠 + ℎ𝑣𝑣𝑣𝑣 ∙ 𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟 (18)

where: kt and ht – the coefficients of contact stiff-
ness and damping in the tangential direc-
tion, hv – the viscous damping coefficient.

The rate ṡ of contact elastic strain is determined 
from the following relationship:

𝑠̇𝑠𝑠𝑠 =
𝑑𝑑𝑑𝑑𝑠𝑠𝑠𝑠
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= 𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟 −
|𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟|
𝑔𝑔𝑔𝑔(𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟) ∙ 𝑠𝑠𝑠𝑠 (19)

Where:

𝑔𝑔𝑔𝑔(𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟) =
1
𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡
∙ �𝐹𝐹𝐹𝐹𝐶𝐶𝐶𝐶 + (𝐹𝐹𝐹𝐹𝑆𝑆𝑆𝑆 − 𝐹𝐹𝐹𝐹𝐶𝐶𝐶𝐶) ∙ 𝑒𝑒𝑒𝑒−(𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟 𝑣𝑣𝑣𝑣𝑠𝑠𝑠𝑠⁄ )2� (20)𝑠̇𝑠𝑠𝑠 = � 0 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 (𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟 < 0 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑠𝑠𝑠𝑠 ≤ −𝑠𝑠𝑠𝑠0) 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 (𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟 > 0 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑠𝑠𝑠𝑠 ≥ 𝑠𝑠𝑠𝑠0)

𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒𝑒𝑒  
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where: FS – the static friction force, vs – the 
Stribeck velocity. 

The value of damping coefficient ht of con-
tact at tangential deflection, in case of lack of slid-
ing, is determined from relationship [46]:

ℎ𝑡𝑡𝑡𝑡 = 2 ∙ 𝜁𝜁𝜁𝜁 ∙ �𝑚𝑚𝑚𝑚 ∙ 𝑘𝑘𝑘𝑘𝑡𝑡𝑡𝑡 (21)

where: ζ  – the critical damping.

In the case of sliding this coefficient is a func-
tion of relative velocity vr and it can be described 
as follows [46]:

ℎ𝑡𝑡𝑡𝑡(𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟) = ℎ𝑡𝑡𝑡𝑡 ∙ 𝑒𝑒𝑒𝑒−(𝑣𝑣𝑣𝑣𝑟𝑟𝑟𝑟 𝑣𝑣𝑣𝑣𝑠𝑠𝑠𝑠⁄ )2  (22)

NUMERICAL ANALYSES AND ITS 
EXPERIMENTAL VERIFICATION

The numerical analyses were carried out in 
Matlab-Simulink environment on a specially 
developed computational program in which the 
friction models described above were used. The 
calculation procedures in the developed program 
have been grouped into several modules. Figure 3 
shows a block diagram of the main computational 
module, and Figure 4 shows the corresponding 
block diagrams of individual friction models.

Developed program allows to determine the 
time characteristics of drive force Fd, friction force 
Ff and kinematic quantities i.e. displacement x, ve-
locity ẋ and acceleration ẍ of the shifted body. The 
ode4 procedure based on the Runge-Kutta method 
was used to integrate the equations. The calculations 
were carried out for both motionless and vibrating 

support. The assumed initial conditions specified 
the zero displacement and velocity of moving body 
(x = 0 mm, ẋ = 0 mm/s) at time t = 0 s. The support 
vibrations were introduced after t = 10 s from the 
beginning of the movement.

Simultaneously with the numerical analyses, 
authors performed the experimental tests to verify 
the results of calculations. The experimental re-
searches were carried out on a special test stand, 
which was described in detail in the paper Leus 
and Abrahamowicz [36]. The test stand was de-
signed and build to determine the quantitative 
changes in the drive force Fd and the friction 
force Ff in sliding motion in the presence of lon-
gitudinal tangential vibrations introduced into the 
friction pair contact zone. The view of the me-
chanical part of this stand is shown in Figure 5.

The main part of this test stand is a friction 
pair of upper and lower specimen. The upper spec-
imen is shifted by the drive system on the lower 
specimen, which rests on roller guides and can be 
set into vibration movement at any time using a 
piezoelectric vibration exciter. The system records 
changes in the drive force Fd, which is necessary 
to initiate and maintain the sliding motion of the 
upper specimen. This force is measured by a ring 
dynamometer located between the shifted upper 
specimen and the carrier, which is a part of the 
drive system. At the same time, the accelerations 
of both specimens along the axis of forced vibra-
tion are measured also the displacements of the 
upper specimen and the drive system are recorded.

In the experimental tests, as in the numeri-
cal analyses during shifting the upper specimen, 
the initially motionless lower specimen is set 
into vibration movement. The carrier moves at a 

Fig. 3. The block diagram of the main computational module developed in the Matlab-Simulink environment
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pre-determined velocity vd, and the lower speci-
men vibrates with a pre-determined frequency f 
and amplitude of vibration velocity v𝑎.

The following data were assumed in numeri-
cal analyses and corresponding experimental tests: 
mass of the shifted body m = 0.665 kg, external 
load Fz = 29.4 N, drive velocity vd = 1 mm/s, stiff-
ness coefficient of the drive system kd = 11700 N/m 
and frequency of forced vibrations f = 1500 Hz. 

The values of friction model's parameters ad-
opted in numerical analyses are given in Table 1. 

The selection of parameters and verification of 
Dahl and LuGre models were presented in de-
tail in the papers of Gutowski and Leus [44] and 
Abrahamowicz, Gutowski and Leus [39]. Param-
eters for the Karnopp and the Reset Integrator 
models were assumed on the base of paper Heass-
ing and Friedland [41]. The coefficient of static 
friction μ and the coefficient of contact stiffness 
kt was determined experimentally. The method of 
determining the coefficient has been described in 
detail in the papers of Leus and Gutowski [48].

Fig. 4. The block diagram of: a) Dahl model, b) Karnopp model, c) Reset Integrator model, d) LuGre model

Fig. 5. A view of mechanical part of the test stand: 1 – upper specimen, 2 – lower specimen, 
3 – fixed base, 4 – vibration exciter, 5 – drive stiffness adjustment system, 6 – ring dynamometer, 

7 – carrier, 8, 9 – displacement transducers, 10-13 – accelerometers
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Examples of the comparisons of drive force 
Fd time characteristics determined numerically 
and experimentally are presented in Figs. 6-9. 
The Root Mean Square Error (RMSE) was used 
to compare the results of numerical calculations 
with results of experimental tests. The value of 
this coefficient was calculated from the formula:

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = �
1
𝑛𝑛𝑛𝑛
� �𝐹𝐹𝐹𝐹𝑑𝑑𝑑𝑑E − 𝐹𝐹𝐹𝐹𝑑𝑑𝑑𝑑M�

2𝑛𝑛𝑛𝑛

𝑖𝑖𝑖𝑖=1
 (23)

where: FdE – the driving force determined ex-
perimentally, FdM – the driving force 
determined by model, n – the numer of 
experimental points.

The RMSE values were calculated for the 
runs of driving force Fd obtained in sliding mo-
tion, both on motionless (Fig. 6) and vibrating 
support (Fig. 7–9). The summary of the obtained 
Root Mean Squared Error values is presented in 
Table 2. The model for which the RMSE value 
was the lowest was considered the best model at 
given stage of movement.

In the first variant, which is illustrated in Fig-
ure 6, the upper specimen is shifted on motionless 
support – lower specimen. The presented compari-
sons of runs of the drive force indicate that in this 
case well consistency of the simulation and experi-
mental results were obtained for three of the four 
friction models used in calculations, i.e. Karnopp 
model (Fig. 6.b), Reset Integrator model (Fig. 6.c) 
and LuGre model (Fig. 6.d). Mentioned models re-
flect the abrupt changes in drive force Fd associated 

with the recurring cyclically phases in stick-slip 
movement. In contrast, the Dahl model (Fig. 6.a) 
does not show such behavior in time characteris-
tics of drive force because it does not have mecha-
nism for making the starting friction larger than the 
sliding friction [41]. In the analyzed motion with-
out ground vibrations, the lowest RMSE value was 
obtained for the LuGre model.

In the second variant presented in Figs. 7-9, the 
sliding motion of upper specimen was carried out 
in two successive stages. In the first stage, the up-
per specimen was shifted on motionless support, 
while in the second stage the support was intro-
duced into vibration. The presented time character-
istics of drive force were obtained for three differ-
ent values of vibration velocity amplitude v𝑎 , i.e.: 
v𝑎1 = 0.2 mm/s, v𝑎2 = 1.1 mm/s and v𝑎3 = 4 mm/s.

Figure 7 illustrates the runs determined for 
the first of the assumed amplitudes v𝑎1, whose 
value was selected to be lower than the prede-
termined value of drive velocity vd. Previous ex-
perimental studies conducted by the authors [36] 
indicate that the excitation of support vibrations 
parallel to the direction of sliding motion, in the 
range v𝑎 < vd, cause partial reduction of stick-slip 
phenomenon. It is manifested by a decrease in the 
amplitude of changes in the drive force, and thus 
a decrease in the amplitude of the abrupt jumps of 

Table 1. Adopted values of friction models parameters

Dahl

kt = 71.318‧106 N/m

κ = 1

FC = 8.3 N

Karnopp

DV = 0.01 mm/s

FS = 11.1 N

Fslip = 8.3 N

Reset Integrator

kt = 71.318‧106 N/m

β = 4.869‧103 Ns/m

s0  = 1.1‧10-4 mm

𝑎 = 0.34

LuGre

kt = 71.318‧106 N/m

ht = 1.377‧104 Ns/m

hv = 0 Ns/m

FC = 8.3 N

FS = 11.1 N

vs = 3.5‧10-4 m/s

Table 2. Root Mean Squared Error between the 
measured and calculated Fd for different models

No vibrations

Figure Model RMSE [N]

Fig. 6.

Dahl 1.495

Karnopp 0.784

Reset Integrator 0.884

LuGre 0.778

With vibrations

Figure Model RMSE [N]

Fig. 7.

Dahl 1.139

Karnopp 1.052

Reset Integrator 0.405

LuGre 0.563

Fig. 8.

Dahl 0.142

Karnopp 0.335

Reset Integrator 0.135

LuGre 0.191

Fig. 9.

Dahl 0.650

Karnopp 0.532

Reset Integrator 0.471

LuGre 0.429
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the shifted body. The degree of reduction of the 
stick-slip increases as the amplitude v𝑎 increases. 

In this range of v𝑎, the comparison of experi-
mental and simulation results shows that the good 
consistency was obtained for Reset Integrator 
model (Fig. 7c) and the LuGre model (Fig. 7d). In-
dicated models ensure compliance of experimen-
tal and computational runs of drive force at both 
stages of shifting i.e. without and with support’s 
vibrations, with a lower RMSE value obtained 
for the Reset Integrator model. When using in nu-
merical analyses the Dahl friction model (Fig. 7a), 
the excitation of support vibration does not change 
the value of friction force. It remains constant, as 
it was in the first stage (Fig. 6a). Otherwise, us-
ing the Karnopp friction model (Fig. 7b), forced 
vibration causes a change in the run of drive force. 
This model demonstrates almost total reduction of 
the stick-slip phenomenon, which does not agree 
with the experimental results. 

Total reduction of stick-slip movement oc-
curs when the amplitude of vibration velocity v𝑎 
is approximately equal or greater than the drive 

Fig. 6. Comparison of runs of the drive force Fd for 
various friction models at motionless support: a) Dahl 
model, b) Karnopp model, c) Reset Integrator model, 
d) LuGre model; vd = 1.0 mm/s

Fig. 7. Comparison of runs of the drive force Fd for 
various friction models: a) Dahl model, b) Karnopp 
model, c) Reset Integrator model, d) LuGre model; 
vd = 1.0 mm/s, v𝑎 = 0.2 mm/s, f =1500 Hz

velocity vd. This elimination is manifested by the 
sudden disappearance of abrupt changes in drive 
force, which are charateristic of stick-slip phe-
nomenon. Increasing the amplitude v𝑎 above the 
value of velocity vd leads to a further reduction in 
the value of driving force Fd necessary to initiate 
and maintain the sliding motion (Fig. 9).

Comparing the experimental and numerical 
runs presented in Figure 8 and Figure 9, it clearly 
seen that in range when v𝑎 ≥ vd Karnopp, Reset 
Integrator and LuGre ensure a qualitatively good 
compliance of the runs of driving force both in mo-
tion stage with and without supports vibrations. In 
the case shown in Figure 8, where there is complete 
stick-slip elimination, the lowest RMSE value was 
obtained for the Reset Integrator model. In turn, for 
the variant shown in Figure 9, with visible stage 
of reduction the driving force the lowest RMSE 
value was obtained for the LuGre model. Good 
compatibility, but only in the motion stage with 
forced vibration was also obtained for the Dahl 
model (Fig. 8a and Fig. 9a). In the papers of Leus 
and Gutowski [49] and Gutowski and Leus [44] it 
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was shown that the Dahl friction model allows the 
accurately estimate the level of drive force reduc-
tion in sliding motion in the presence of longitu-
dinal tangential vibrations. However, it is clearly 
seen from presented in this paper simulation and 
experimental results that it does not allow correct 
modeling of the stick-slip phenomenon. 

CONCLUSIONS

Presented in the paper the numerical analyses 
and their experimental verification allow to as-
sess which of the friction models is appropriate 
for modeling the stick-slip phenomenon and its 
partial or total reduction occurring as a result of 
the introduction of longitudinal tangential vibra-
tions into the contact zone of friction pair. The 
studies carried out using the computational pro-
cedures developed in Matlab-Simulink environ-
ment indicate that the numerically obtained time 
characteristics of drive force clearly depend on 
the adopted friction model. 

Analyses of numerical results using the Dahl 
model showed that this model is not able to re-
flect the stick-slip phenomenon. However, with 
this model, it is possible to predict the level of 
drive force reduction occurring after forcing 
longitudinal tangential vibrations with the am-
plitude of vibration velocity v𝑎 higher than the 
drive velocity vd (v𝑎 > vd).

The time characteristics of drive force, 
which were determined using the Karnopp 
model confirm that this model, according to its 
purpose, correctly reflects the stick-slip phe-
nomenon. This model also well predicts the 
degree of reduction of the driving force under 
the influence of forced vibrations with the am-
plitude of vibration velocity v𝑎 greater than the 
given drive velocity vd (v𝑎 > vd). However, 
this model does not reflect a partial reduction 
of drive force under the influence of tangential 
longitudinal vibrations when (v𝑎 < vd).

The best consistency of model and experi-
mental time characteristics of the driving force 
was obtained for the Reset Integrator and the 

Fig. 8. Comparison of runs of the drive force Fd for 
various friction models: a) Dahl model, b)  Karnopp 
model, c) Reset Integrator model, d) LuGre model; 
vd = 1.0 mm/s, v𝑎 = 1.1 mm/s, f =1500 Hz

Fig. 9. Comparison of runs of the drive force Fd for 
various friction models: a) Dahl model, b) Karnopp 
model, c) Reset Integrator model, d) LuGre model; 
vd = 1.0 mm/s, v𝑎 = 4.0 mm/s, f =1500 Hz
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LuGre models. Excellent adjustment of these 
models to the results of experimental tests is ob-
tained both in the variant of motion without sup-
port vibrations and in the presence of these vi-
brations. These models reflect both the stage of 
partial (when v𝑎 < vd) and total (when v𝑎 > vd) 
reduction of stick-slip vibrations.
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