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INTRODUCTION

Many types of the currently designed thin-
walled load-bearing structures use an increasingly 
popular method of increasing their rigidity, which 
is using integral rod elements forming a kind of 
grid. This type of solution called “isogrid” is used 
in particular in the structures subjected to large 
deformations caused by the loss of stability. In-
tegral stiffeners allow to significantly increasing 
the value of critical loads at a relatively low in-
crease of the structure mass. This feature caused 
the isogrid to become a commonly used solution 
in the load-bearing structures for which the crite-
rion of low mass is of fundamental importance, 
i.e. in aviation constructions. 

The problem of the loss of stability of the 
thin-walled working covering appeared with the 
beginning of the use of aeronautical semi-mono-
coque and monocoque structures. The attempts to 
completely eliminate the phenomenon of buckling 
led to a significant increase in the weight of the 
structure; therefore, various ideas for stiffening 
appeared, among which the initially most com-
mon solution was using a fluted sheet metal (e.g. 
in Junkers Ju-52 and Ford Trimotor aircrafts).

The increase in the knowledge of design 
methods and the nature of certain physical phe-
nomena over time has allowed for the adoption 
of the construction doctrine, which is still used 
today in the case of metal structures, according 
to which the phenomenon of loss of covering 
stability is permissible if it has an elastic charac-
ter and occurs locally within a segment limited 
with skeletal elements such as frames and string-
ers [1,10,12] (Fig.1).

Acceptance of the admissibility of this phe-
nomenon entails the risk of permanent deforma-
tions resulting from the fatigue effects. There-
fore, it has become strongly advisable to reduce 
the amount of critical deformations by seeking 
the solutions that increase the rigidity of the 
covering without a growth, or with a minimal 
increase in its mass. The simplest of them turned 
out to be the use of the above-mentioned fluted 
sheet; however, this variant of stiffening caused 
a significant decrease of the aerodynamic prop-
erties of the aircraft. Another way to increase 
the rigidity of airframe coatings was to perform 
deep pressing [4,5,6]. 

The development of manufacturing tech-
niques, and in particular the emergence of precise, 
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numerically controlled machine tools, created 
the possibility of free shaping of cover elements, 
which resulted in an increased use of integral 
isogrid stiffeners (Fig.2). 

Integral stiffeners have also found applica-
tion in the coverings made of various types of 
composites. In the case of aviation load-bearing 
structures, this solution is an alternative to the 
sandwich structures containing additional layers 
of polymer foams or other materials preventing 
the loss of covering stability [13,17]. 

A comprehensive research on the properties 
of this solution was initially conducted by NASA. 
Over time, the issue of integral stiffeners began to 
become popular also in university centers, which 
resulted in its appearance of many scientific pub-
lications [9,15,18]. 

When analyzing the geometric forms of the 
utilised types of isogrid stiffeners, it should be 
noted that the vast majority of them are based on 
the use of rectilinear beam elements. Depending 
on the variant of the solution used and the type 
of the load, the critical elements of the stiffening 
grid are either its elements or the nodes connect-
ing them. In general, the higher the density of the 
integral stiffening grid, the lower the likelihood of 
unwanted deformations; however, increasing its 
density is directly related to the increase in the 
mass of the structure. Assuming that the mass of 
stiffeners can only constitute a certain percentage 
of the mass of the coverage fragment, it seems 

particularly important to adopt the most effective 
geometric form of the grid.

In this study, an unusual, innovative solution 
involving the use of stiffening elements in the 
form of curvilinear rods creating a repeatable pat-
tern was proposed. Although the scientific publi-
cations include the studies on curvilinear isogrid 
[], the solutions analyzed there are fundamentally 
different from those proposed in this study. Two 
variants of the structure were subjected to the 
non-linear numerical analyses: the reference one, 
based on a typical solution, containing rectilinear 
elements, and the examined one, using a grid of 
curvilinear elements. 

The results of the analysis showed that in the 
case of the proposed new solution, the obtained 
form of critical deformation results in a more fa-
vorable distribution and lower values of stress. 
The presented results constitute a preliminary 
analysis aimed at determining the advisability 
of conducting broader research on similar struc-
tures, in particular conducting the experimental 
research of a specific spectrum of variants of 
the proposed solution. The applied geometric 
model was adopted with the available research 
tools in mind.

Purpose and scope of the study

The subject of comparative analysis were two 
numerical models of thin-walled system rein-
forced with isogrid stiffening (Fig. 3–4). 

Fig. 1. Acceptable, local form of loss of coverage stability

Fig. 2. Examples of typical variants of isogrid stiffeners
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The first version of the model, treated as the 
reference, is based on a typical solution with 
rectilineal elements of the stiffening grid. In the 
second version, an isogrid made of curvilinear el-
ements was used. Both models were in form of 
cuboid with side of 184 mm length. Because per-
forming the experiments with use of printed mod-
els is planned in the next stage of the research, 
the dimensions of the model walls correspond-
ing to a size of a working space of a 3D printer 
were selected.

The front and rear walls served as ribs and had 
a constant thickness of 2 mm. The side walls were 
0.4 mm thick, while the cross-sectional dimen-
sion of both isogrid variants, corresponding to 
the normal direction to the wall plane, was 1 mm. 
In turn, the dimension parallel to the plane of the 
cross-section wall of the stiffening elements was: 

1.2 mm for the reference structure and 0.6 mm for 
the tested structure (Fig. 4, 5).

The model stiffened by curvilinear isogrid 
had twice as many grid elements as the reference 
model, with twice smaller the cross-sectional area 
and therefore, both models had the same mass. 
In both cases, an identical mounting and load 
scheme was adopted (Fig. 6). The models were 
subjected to torsion by applying a pair of forces 
of 200N. The fixing was carried out by eliminat-
ing the translational degrees of freedom on the di-
rections of the three axes of the reference system 
of the selected nodes within the rear wall of the 
model. In addition, displacements in the plane of 
the frontal frame of its central node were blocked.

Although the planned experiments assume 
use of typical 3D printing materials, the ini-
tial numerical analysis used the physical con-
stants corresponding to polycarbonate, which is 

Fig. 3. Numerical models of the analyzed systems: a) reference model, b) model with curvilinear isogrid

Fig. 4. Geometric models of the side walls of the analyzed system: a) reference model, 
b) model with curvilinear grid
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a commonly used model material. Therefore, a 
linear-elastic model was adopted, described by 
constants: E = 2150 MPa, v = 0.38.

Under the adopted conditions, the side walls 
are sheared due to the twisting of the system, 
which leads to a loss of stability due to the ap-
pearance of a draw field in the diagonal direction 
of the wall. Therefore, the static properties of cur-
vilinear beams, which are significantly influenced 
by the size of the radii of curvature of the grid 
elements, can have a decisive impact on the dis-
tribution of stress [16].

The considered geometric form of the exam-
ined variant of integral stiffening results from the 
preliminary assumptions and its modification is 
assumed in the course of further research in order 
to determine the most favourable solution from 
the point of view of both the form of deformation 
and stress distribution.

Numerical calculations

The considered problem was characterized 
by a non-linearity of a geometric nature, resulting 
from the large deformations caused by the loss of 
stability of the studied systems. All calculations 
were performed using the MSC PATRAN/MARC 
software, based on the finite elements method [2].

From a numerical point of view, the essence 
of solving a non-linear problem is to determine 
the instantaneous static equilibrium of the system 
resulting from the relationship between a set of 
parameters determining the state of the structure 
(the state parameters) and a set of load related pa-
rameters (the control parameters). Therefore, the 
static equilibrium of the system occurs when the 
matrix equation of the residual forces is met in the 
following form:

𝑟𝑟(𝑢𝑢, Λ) = 0 (1)
In this equation r is a residual vector, i.e. a 

vector with components corresponding to the 
unbalanced components of forces at the current 
state of deformation of the system, while  and  
are: vector of state parameters and matrix of con-
trol parameters related to the load, respectively 
[3,7,8,11].

Equation (1) can take the form of monopa-
rameter residual force equation in which the con-
trol parameter matrix is replaced by a single pa-
rameter . on which all load components affect-
ing the structure depend:

𝑟𝑟(𝑢𝑢, 𝜆𝜆) = 0 (2)
The application of the iterative correction 

phase corresponds to the fulfillment of an addi-
tional equation, i.e. increment control equation, 
also called constraints equation, specifying the 
conditions adopted by the user for determining 
the instantaneous equilibrium. If the incremen-
tal values of the state parameters and the control 

Fig. 5. Cross-sections of wall fragments in the area of the stiffening: a) reference model, 
b) model with curvilinear grid

Fig. 6. Diagram of load and application 
of the constraints
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parameter corresponding to the transition from 
the state n to state n +1 are defined as: 

	 Δ𝑢𝑢𝑛𝑛 = 𝑢𝑢𝑛𝑛+1 − 𝑢𝑢𝑛𝑛 and Δ𝜆𝜆𝑛𝑛 = 𝜆𝜆𝑛𝑛+1 − 𝜆𝜆𝑛𝑛 

the equation of constraints can be written as:
𝑐𝑐(Δ𝑢𝑢𝑛𝑛, Δλn) = 0 (3)

Equation (3) is a hypersurfacing equation in 
the hyperspace of the state, corresponding to suc-
cessive equilibrium states determined as load in-
creases, called the system’s equilibrium path. It 
can be saved in a changed form:

0gT 


ua  (4)

where:

u
a





cT

 ; 




cg  (5)

In the case of the discussed analyses, the 
Newton-Raphson prediction method with an 
added corrective strategy based on state control 
was used.

In both the reference and the tested structure, 
the finite element grid consisted of bilinear thin-
walled shell elements with six degrees of free-
dom in each of the nodes. In both cases, a grid 
consisting mostly of quadrangular elements was 
used. The presence of triangular elements was 
allowed in the areas where specific geometric 
form prevented the division into quadrangles. 
The number of nodes for both models was similar 
and amounted to: 51488 – for the reference struc-
ture and 60603 – for the model with curvilinear 
isogrid (Fig. 7). As a result of the non-linear nu-
merical analyses, the displacement distributions 
were obtained (Fig. 8). In order to subject the 
results obtained for both solutions to a detailed 

comparative analysis, the respective walls of the 
systems were isolated (Fig. 9).

In order to clearly show the differences be-
tween the results of analyses, all the statements 
were prepared using the same colour scale ranges 
for the both analyzed systems. Attention should 
be paid to the significant differences in the distri-
butions presented above. In both cases, the gen-
eral form of critical deformation was manifested 
by the formation of three folds with the orienta-
tion corresponding to the direction of the drawing 
field. The main difference was in the proportions 
between the extent of the folds and their depths.

In the case of the structure under study, the 
maximum displacement in the area of the central 
fold was only about 8% larger than of the reference 
structure. At the same time, the deformation area 
was clearly larger, resulting in lesser curvature and 
therefore lower stresses due to the flexural effect. 
In the lower fold area (according to Figure 9), the 
maximum displacement in the reference structure 
was nearly 70% higher than in the system with cur-
vilinear isogrid. The described differences seem to 
result mainly from the static properties of the beams 
constituting the integral stiffener. The advantages 
of the proposed solution are also confirmed by the 
distribution of reduced stress, according to the Hu-
ber-Mises-Hencky hypothesis (Fig. 10).

The numerical analysis showed that the maxi-
mum stress values for a structure with a curvilin-
ear isogrid are only approx. 40% in relation to the 
reference structure. Additionally, the much more 
favorable nature of the distribution is noteworthy, 
lower levels of stress in the fold area on the di-
agonal wall and the lack of their concentration in 
the corners. In the central part of the wall, in the 

Fig. 7. Finite element grids: a) reference model, b) model with curvilinear isogrid
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area of the covering without stiffening, the larg-
est value of reduced stress is approx. 70% of the 
value for the reference structure, and the nature of 
the distribution is significantly more favourable, 
without a clear gradient.

CONCLUSIONS

The presented results of the non-linear nu-
merical analyses prove that the proposed variant 
of stiffening the structure with curvilinear isogrid 
has significant advantages compared to the tradi-
tional solutions. It should be emphasized that the 
segments of airframe coverings are subjected to 
repeated critical deformation cycles under operat-
ing conditions. Therefore, there is a concern that 
in the case of too large stress gradients in these 
systems, the fatigue damage may occur [14]. 
The search for new solutions should therefore be 
based on the criterion of seeking to reduce the 

maximum values and stress gradients. An effec-
tive way to achieve this goal seems to be adopting 
the appropriate variant of integral stiffening. The 
presented solution allows for a clear improve-
ment in the nature of stress distribution without 
the need to increase the mass of the structure.

The described problem concerns not only the 
structures made of isotropic materials, but also 
the composites in which damage resulting from 
cyclic loads may mean delamination of the struc-
ture and the associated rapid reduction of its load-
bearing capacity, leading to destruction.

The proposed variant of integral stiffening is 
one of many possible solutions. Because the static 
properties of its constituent elements have a deci-
sive influence on the effectiveness of the stiffen-
ing grid, the factors of deformation and stress dis-
tribution are their radius of curvature. Therefore, 
it seems advisable to carry out further numerical 
analyses of subsequent solution variants, aim-
ing at determining the impact of the geometric 

Fig. 9. Distributions of total displacements in the side wall areas of the analyzed systems a) reference model, 
b) model with curvilinear isogrid

Fig. 8. Distributions of total displacements: a) reference model, b) model with curvilinear isogrid
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parameters of the curvilinear isogrid on the me-
chanical properties of the examined system. As 
a result, it will be possible to obtain the most fa-
vourable solution from the point of view of the 
said criterion. It also seems necessary to conduct 
an experiment that is a factor verifying the cor-
rectness of the analysis of the final solution.
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