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APPENDIX. FORMULATION OF THE PROBLEM 

The study utilized classical laminate plate theory (CLPT) [30,31,33]. It was assumed that the plate 

materials were subject to Hooke’s law.  

According to CLPT’s kinematic assumptions regarding the displacement of a thin laminate plate, the 

plate’s arbitrary displacements can be written as: 

𝑢̃(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢(𝑥, 𝑦, 𝑡) − 𝑧𝑤,𝑥(𝑥, 𝑦, 𝑡)  

𝑣̃(𝑥, 𝑦, 𝑧, 𝑡) = 𝑣(𝑥, 𝑦, 𝑡) − 𝑧𝑤,𝑦(𝑥, 𝑦, 𝑡)  

𝑤̃(𝑥, 𝑦, 𝑧, 𝑡) ≡ 𝑤(𝑥, 𝑦, 𝑡).   (A.1) 

where u, v, w – displacements of the plate middle surface in the x, y and z directions. A reduced 

expression (… ),𝑥 = 𝜕(… )/𝜕𝑥, (… ),𝑦 = 𝜕(… )/𝜕𝑦 was used.  

For each of the plates, the following strain-displacement equations describing in-plane strains can be 

written  

𝜀𝑥̃(𝑥, 𝑦, 𝑧, 𝑡) = 𝜀𝑥 + 𝑧𝜅𝑥      𝜀𝑦̃(𝑥, 𝑦, 𝑧, 𝑡) = 𝜀𝑦 + 𝑧𝜅𝑦  

2𝜀𝑥𝑦̃(𝑥, 𝑦, 𝑧, 𝑡) = 𝛾𝑥𝑦̃(𝑥, 𝑦, 𝑧, 𝑡) = 2𝜀𝑥𝑦 + 𝑧𝜅𝑥𝑦 = 𝛾𝑥𝑦 + 𝑧𝜅𝑥𝑦      

    (A.2) 

where  

𝜀𝑥 = 𝑢,𝑥 + 0.5𝑤,𝑥
2    𝜀𝑦 = 𝑣,𝑦 + 0.5𝑤,𝑦

2    2𝜀𝑥𝑦 = 𝛾𝑥𝑦 = 𝑢,𝑦 + 𝑣,𝑥 + 𝑤,𝑥𝑤,𝑦 

   (A.3) 

and 

𝜅𝑥 = −𝑤,𝑥𝑥    𝜅𝑦 = −𝑤,𝑦𝑦    𝜅𝑥𝑦 = −2𝑤,𝑥𝑦 

         (A.4) 

The in-plane strains 𝜀𝑥 , 𝜀𝑦, 𝛾𝑥𝑦 vary linearly through the thickness h.  

Constitutive equations describing the plate have the form [30,31,33,38]: 

{
{ 𝑁 }
{ 𝑀 }

} = [
𝑨 𝑩
𝑩 𝑫

] {
{𝜀}
{𝜅}

}    

    (A.5) 

where the stiffness matrix:  

[
𝑨 𝑩
𝑩 𝑫

] =

[
 
 
 
 
 
𝐴11 𝐴12 𝐴16 𝐵11 𝐵12 𝐵16

𝐴21 𝐴22 𝐴26 𝐵21 𝐵22 𝐵26

𝐴61 𝐴62 𝐴66 𝐵61 𝐵62 𝐵66

𝐵11 𝐵12 𝐵16 𝐷11 𝐷12 𝐷16

𝐵21 𝐵22 𝐵26 𝐷21 𝐷22 𝐷26

𝐵61 𝐵62 𝐵66 𝐷61 𝐷62 𝐷66]
 
 
 
 
 

    

   (A.6) 

The submatrix A is known as extensional stiffness, the submatrix D is bending stiffness, and the 

submatrix B is coupling (or interaction) stiffness.  

According to Hamilton’s principle, out of all possible motion types a system can perform in a time 

interval (t0, t1), conservative systems perform a motion for which the variational operation  reaches a 

stationary value, i.e.  

𝛿𝛹 = 𝛿 ∫ 𝛬𝑑𝑡 = 𝛿 ∫ (𝐾
𝑡1

𝑡0
− 𝛱)𝑑𝑡 = 0

𝑡1

𝑡0
.  (A.7) 

The quantities in Eqs.(A.7) denote the following:  – Lagrange function, K – kinetic energy of the 

system,  – total potential energy of the system. The total potential energy  of the i-th thin 

rectangular composite plate can be expressed as: 

 𝛱 = 𝑈 − 𝑊 = 0.5∫ (𝜎𝑥𝜀𝑥 + 𝜎𝑦𝜀𝑦 + 𝜏𝑥𝑦𝛾𝑥𝑦)
𝛺

𝑑𝛺 − {∫ [𝑁𝑥
0(𝑦)𝑢 + 𝑁𝑥𝑦

0 (𝑦)
𝑏

0
𝑣]𝑑𝑦| 𝑥=0

𝑥=𝑙 + 

∫ [𝑁𝑦
0(𝑥)𝑣

ℓ

𝑜
+ 𝑁𝑥𝑦

0 (𝑥)𝑢]𝑑𝑥| 𝑦=0
𝑦=𝑏

}   (A.8) 

where U – internal energy of elastic deformation; W – work of external loads; 𝑁𝑥
0, 𝑁𝑦

0, 𝑁𝑥𝑦
0  – pre-

buckling external load in the plate middle surface,  = L b h = S h was employed in the above relation. 

The kinetic energy of a thin inhomogeneous composite plate, considering Eqs.(A.1), is: 

𝐾 = 0.5 ∫ 𝜌(𝑢̃,𝑡𝑡
2 + 𝑣̃,𝑡𝑡

2 + 𝑤̃,𝑡𝑡
2 )𝑑𝛺

𝛺
.  (A.9) 

The Lagrange function for the entire system is equal to the sum of functions  for all components. 

After grouping the terms containing the same variations and equating each group of terms to zero (due 

to the mutual independence of the variations), the following equations were obtained: 
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∫ ∫ {[𝑁𝑥,𝑥 + 𝑁𝑥𝑦,𝑦] + (−ℎ𝜌0𝑢,𝑡𝑡 + ℎ2𝜌1𝑤,𝑥𝑡𝑡)}𝑆

𝑡1

𝑡0
𝛿𝑢𝑑𝑆𝑑𝑡 = ∫ ∫ 𝑋1𝛿𝑢𝑑𝑆𝑑𝑡

𝑆
= 0

𝑡1

𝑡0
  

∫ ∫ {[𝑁𝑦,𝑦 + 𝑁𝑥𝑦,𝑥] + (−ℎ𝜌0𝑣,𝑡𝑡 + ℎ2𝜌1𝑤,𝑦𝑡𝑡)}𝑆

𝑡1

𝑡0
𝛿𝑣𝑑𝑆𝑑𝑡 = ∫ ∫ 𝑋2𝛿𝑣𝑑𝑆𝑑𝑡

𝑆
= 0

𝑡1

𝑡0
     (A.10) 

∫ ∫ {[𝑀𝑥,𝑥𝑥 + 𝑀𝑦,𝑦𝑦 + 2𝑀𝑥𝑦,𝑥𝑦 + (𝑁𝑥𝑤,𝑥),𝑥 + (𝑁𝑦𝑤,𝑦),𝑦 + (𝑁𝑥𝑦𝑤,𝑥),𝑦 + (𝑁𝑥𝑦𝑤,𝑦),𝑥] +
𝑆

𝑡1

𝑡0

[−ℎ𝜌𝑜𝑤,𝑡𝑡 − ℎ2𝜌1(𝑢,𝑥𝑡𝑡 + 𝑣,𝑦𝑡𝑡) + ℎ3𝜌2(𝑤,𝑥𝑥𝑡𝑡 + 𝑤,𝑦𝑦𝑡𝑡)]} 𝛿𝑤𝑑𝑆𝑑𝑡 = ∫ ∫ 𝑋3𝛿𝑤𝑑𝑆𝑑𝑡
𝑆

= 0
𝑡1

𝑡0
  

for x=const 

∫ ∫ [𝑁𝑥 − 𝑁𝑥
0(𝑦)]𝛿𝑢𝑑𝑦𝑑𝑡|𝑥=𝑐𝑜𝑛𝑠𝑡 = 0

𝑏

0

𝑡1

𝑡0
   

∫ ∫ [𝑁𝑥𝑦 − 𝑁𝑥𝑦
0 (𝑦)]𝛿𝑣𝑑𝑦𝑑𝑡|𝑥=𝑐𝑜𝑛𝑠𝑡 = 0

𝑏

0

𝑡1

𝑡0
  

∫ ∫ 𝑀𝑥
𝑏

0
𝛿𝑤,𝑥𝑑𝑦𝑑𝑡|𝑥=𝑐𝑜𝑛𝑠𝑡 = 0

𝑡1

𝑡0
   (A.11) 

∫ ∫ [(𝑀𝑥,𝑥 + 2𝑀𝑥𝑦,𝑦 + 𝑁𝑥𝑤,𝑥 + 𝑁𝑥𝑦𝑤,𝑦) + (ℎ2𝜌1𝑢,𝑡𝑡 − ℎ3𝜌2𝑤,𝑥𝑡𝑡)]𝛿𝑤𝑑𝑦𝑑𝑡|𝑥=𝑐𝑜𝑛𝑠𝑡 = 0
𝑏

0

𝑡1

𝑡0
  

for y=const  

∫ ∫ [𝑁𝑦 − 𝑁𝑦
0(𝑥)]𝛿𝑣𝑑𝑥𝑑𝑡|𝑦=𝑐𝑜𝑛𝑠𝑡 = 0

𝐿

0

𝑡1

𝑡0
  

∫ ∫ [𝑁𝑥𝑦 − 𝑁𝑥𝑦
0 (𝑥)]𝛿𝑢𝑑𝑥𝑑𝑡|𝑦=𝑐𝑜𝑛𝑠𝑡 = 0

𝐿

0

𝑡1

𝑡0
  

∫ ∫ 𝑀𝑦
𝐿

0
𝛿𝑤,𝑦𝑑𝑥𝑑𝑡|𝑦=𝑐𝑜𝑛𝑠𝑡 = 0 

𝑡1

𝑡0
   (A.12) 

∫ ∫ [(𝑀𝑦,𝑦 + 2𝑀𝑥𝑦,𝑥 + 𝑁𝑦𝑤,𝑦 + 𝑁𝑥𝑦𝑤,𝑥) + (ℎ2𝜌1𝑣,𝑡𝑡 − ℎ3𝜌2𝑤,𝑦𝑡𝑡)]𝛿𝑤𝑑𝑥𝑑𝑡|𝑦=𝑐𝑜𝑛𝑠𝑡 = 0
𝐿

0

𝑡1

𝑡0
  

for the plate corner, i.e. for  x=const and y=const 

∫ 2𝑀𝑥𝑦𝛿𝑤𝑑𝑡|𝑥=𝑐𝑜𝑛𝑠𝑡|𝑦=𝑐𝑜𝑛𝑠𝑡 = 0
𝑡1

𝑡0
   (A.13) 

If we impose a constraint that at t0 and t1 the displacement variations are equal to zero at all points of 

the structure, then the boundary conditions are automatically satisfied.  

In Equations (A.10)-(A.13), the following denotations are used: 

𝜌0 =
1

ℎ
∫  𝜌(𝑧) dz

ℎ/2

−ℎ/2
           𝜌1 =

1

ℎ2 ∫  𝜌(𝑧) z dz
ℎ/2

−ℎ/2
            𝜌2 =

1

ℎ3 ∫  𝜌(𝑧) z2 dz
ℎ/2

−ℎ/2
         (A.14) 

For a plate with symmetric transverse nonhomogeneity we have 1 = 0, whereas for a symmetrically 

homogenous plate the following relationships are satisfied 0 = , 1 = 0 and 2 = /12. The system of 

equations in Eqs.(A.10) is a system of variational equations of motion. In turn, Equations (A.11)-

(A.13) describe the boundary conditions for x=const, y=const and for the plate corner (i.e. x=const, 

y=const), respectively.  

Differential equations of motion for a multi-ply composite plate, resulting directly from Eqs.(A.10), 

have the form: 

𝑁𝑥,𝑥 + 𝑁𝑥𝑦,𝑦 + [−ℎ𝜌0𝑢,𝑡𝑡 + ℎ2𝜌1𝑤,𝑥𝑡𝑡] = 0  

𝑁𝑥𝑦,𝑥 + 𝑁𝑦,𝑦 + [−ℎ𝜌0𝑣,𝑡𝑡 + ℎ2𝜌1𝑤,𝑦𝑡𝑡] = 0  

𝑀𝑥,𝑥𝑥 + 𝑀𝑦,𝑦𝑦 + 2𝑀𝑥𝑦,𝑥𝑦 + 𝑞 + (𝑁𝑥𝑤,𝑥),𝑥 + (𝑁𝑦𝑤,𝑦),𝑦 + (𝑁𝑥𝑦𝑤,𝑥),𝑦 + (𝑁𝑥𝑦𝑤,𝑦),𝑥 + [−ℎ𝜌𝑜𝑤,𝑡𝑡 −

ℎ2𝜌1(𝑢,𝑥𝑡𝑡 + 𝑣,𝑦𝑡𝑡) + ℎ3𝜌2(𝑤,𝑥𝑥𝑡𝑡 + 𝑤,𝑦𝑦𝑡𝑡)] = 0 (A.15) 

For a plate with symmetric transverse density, with rotational inertia omitted, the equations in Eqs. 

(A.15) become considerably simplified because 0 = , 1 = 0 and 2 = 0. A further simplification of 

the equations in Eqs.(A.15) can be made in a case when the tangential inertial forces parallel to the 

plate’s midplane are not taken into consideration, i.e., the terms h0u,tt and h0v,tt are omitted 

respectively in the first two equations in Eqs.(A.15). Such a simplification is possible for short plate 

structures.  

In a natural frequency analysis, i.e. in a linear problem, Equations Eqs.(A.15), according to Eqs.(A.2)-

(A.6), have the form: 

𝐴11
𝜕2𝑢

𝜕𝑥2 + 2𝐴16
𝜕2𝑢

𝜕𝑥𝜕𝑦
+ 𝐴66

𝜕2𝑢

𝜕𝑦2 + 𝐴16
𝜕2𝑣

𝜕𝑥2 + (𝐴12 + 𝐴66)
𝜕2𝑣

𝜕𝑥𝜕𝑦
+ 𝐴26

𝜕2𝑣

𝜕𝑦2 − 𝐵11
𝜕3𝑤

𝜕𝑥3 − 3𝐵16
𝜕3𝑤

𝜕𝑥2𝜕𝑦
−

(𝐵12 + 2𝐵66)
𝜕3𝑤

𝜕𝑥𝜕𝑦2 − 𝐵26
𝜕3𝑤

𝜕𝑦3 + [−ℎ𝜌0𝑢,𝑡𝑡 + ℎ2𝜌1𝑤,𝑥𝑡𝑡] = 0  

𝐴16
𝜕2𝑢

𝜕𝑥2 + (𝐴12 + 𝐴66)
𝜕2𝑢

𝜕𝑥𝜕𝑦
+ 𝐴26

𝜕2𝑢

𝜕𝑦2 + 𝐴66
𝜕2𝑣

𝜕𝑥2 + 2𝐴26
𝜕2𝑣

𝜕𝑥𝜕𝑦
+ 𝐴22

𝜕2𝑣

𝜕𝑦2 − 𝐵16
𝜕3𝑤

𝜕𝑥3 − (𝐵12 +

2𝐵66)
𝜕3𝑤

𝜕𝑥2𝜕𝑦
− 3𝐵26

𝜕3𝑤

𝜕𝑥𝜕𝑦2 − 𝐵22
𝜕3𝑤

𝜕𝑦3 + [−ℎ𝜌0𝑣,𝑡𝑡 + ℎ2𝜌1𝑤,𝑦𝑡𝑡] = 0  
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𝐷11
𝜕4𝑤

𝜕𝑥4 + 4𝐷16
𝜕4𝑤

𝜕𝑥3𝜕𝑦
+ 2(𝐷12 + 2𝐷66)

𝜕4𝑤

𝜕𝑥2𝜕𝑦2 + 4𝐷26
𝜕4𝑤

𝜕𝑥𝜕𝑦3 + 𝐷22
𝜕4𝑤

𝜕𝑦4 − 𝐵11
𝜕3𝑢

𝜕𝑥3 − 3𝐵16
𝜕3𝑢

𝜕𝑥2𝜕𝑦
−

(𝐵12 + 2𝐵66)
𝜕3𝑢

𝜕𝑥𝜕𝑦2 − 𝐵26
𝜕3𝑢

𝜕𝑦3 − 𝐵16
𝜕3𝑣

𝜕𝑥3 − (𝐵12 + 2𝐵66)
𝜕3𝑣

𝜕𝑥2𝜕𝑦
− 3𝐵26

𝜕3𝑣

𝜕𝑥𝜕𝑦2 − 𝐵22
𝜕3𝑣

𝜕𝑦3 − 𝑁𝑥
𝜕2𝑤

𝜕𝑥2 −

2𝑁𝑥𝑦
𝜕2𝑤

𝜕𝑥𝜕𝑦
− 𝑁𝑦

𝜕2𝑤

𝜕𝑥2 + [−ℎ𝜌𝑜𝑤,𝑡𝑡 − ℎ2𝜌1(𝑢,𝑥𝑡𝑡 + 𝑣,𝑦𝑡𝑡) + ℎ3𝜌2(𝑤,𝑥𝑥𝑡𝑡 + 𝑤,𝑦𝑦𝑡𝑡)] = 0   

            

              (A.16) 

 


