APPENDIX. FORMULATION OF THE PROBLEM

The study utilized classical laminate plate theory (CLPT) [30,31,33]. It was assumed that the plate
materials were subject to Hooke’s law.

According to CLPT’s kinematic assumptions regarding the displacement of a thin laminate plate, the
plate’s arbitrary displacements can be written as:

ti(x,y,zt) =ulx,y,t) — zw,(x,y,t)

v(x,y,z,t) =v(x,yt) — zw,y(x, y,t)

w(x,y,z,t) =w(x,y,t). (A.1)
where u, v, w — displacements of the plate middle surface in the x, y and z directions. A reduced
expression (...) , = 9(...)/0x, (...) ;, = 0(...)/dy was used.

For each of the plates, the following strain-displacement equations describing in-plane strains can be
written

E(x,y,z,t) = & + zK, &(x,y,z,t) = ¢, + zK,
260 (%,,2,t) = Yoy (X, 7,2, 1) = 264y + ZKyy = Viy + ZKyy
(A.2)
where
& = Uy + 0.5w% gy = vy + 0.5w5 265y = Vay = Uy + Uy + Wow,,
(A3)
and
K = TWpix Ky = Wyy Kxy = —2Wxy
(A.4)

The in-plane strains &y, €y, ¥y, vary linearly through the thickness 4.
Constitutive equations describing the plate have the form [30,31,33,38]:
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where the stiffness matrix:
A11 A1z Aie Bin Bz Bis
A1 Ay Aye Byi By Byg
[A B] Ae1 Ae2 Ase Be1 Bsz Bee
B D

(A.5)

Be1 Besz Bss De1 Doz Des
(A.6)

The submatrix A is known as extensional stiffness, the submatrix D is bending stiffness, and the
submatrix B is coupling (or interaction) stiffness.

According to Hamilton’s principle, out of all possible motion types a system can perform in a time
interval (1, t;), conservative systems perform a motion for which the variational operation #reaches a
stationary value, i.e.

ty ty

5'{’=8ft0 Adt=é‘ft0 (K —IHdt = 0. (A7)
The quantities in Egs.(A.7) denote the following: A — Lagrange function, K — kinetic energy of the
system, /7 — total potential energy of the system. The total potential energy /7 of the i-th thin
rectangular composite plate can be expressed as:

b -
m=U-Ww=05 fg(gxgx +0yey + Txyyxy) an — {fo [NJ?(Y)U + N)?y(y) v]dy| ;CC;(I) +
£ =b

J, [N (v + N2, ()uldx| 5= (A.8)
where U — internal energy of elastic deformation; W — work of external loads; N,?,N;,),N,?y — pre-
buckling external load in the plate middle surface, 2= L b h =S h was employed in the above relation.
The kinetic energy of a thin inhomogeneous composite plate, considering Eqs.(A.1), is:
K =10.5 fﬂ p (U, + U5, + W2,)dA. (A9)
The Lagrange function for the entire system is equal to the sum of functions A for all components.
After grouping the terms containing the same variations and equating each group of terms to zero (due
to the mutual independence of the variations), the following equations were obtained:
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St Js AINws + Ny ] + (=hpottge + h2pyw )} SudSde = [ [ X,6udSdt = 0

S5 AINyy + Nay o] + (=hoove + h2pywy)} dvdSde = [ [ Xp8vdSde =0  (A.10)

ftt;l Js (M + Myyy + 2Myy oy + (Nyw) o + (Nywy) y + (NayWa) y + (NyWy)) o] +

[~hpow e — W20y (txee + Vyee) + B30 (Worer + Woyee )]} SwdSdt = ftf]l Js Xs6wdSdt =0

for x=const

S22 £y N, = N2 ()] 8udydt ] —conse = 0

S22 Jy INay = N8y (3)18vdydt]—conse = 0

ft’: [ My 8w dydt| ez const = 0 (A.11)

ti rb
ftol fo [(Mxx + ZMxy.y + N,w, + nyW,y) + (thlu,tt - hSPZW,xtt)]6Wdydt|x=con5t =0
for y=const

t, oL
ftol fo [Ny — NJ(,’ (X)]6vdxdt|y=const =0

t L

ftol fo [ny - N)?y(x)]6udxdt|y=const =0
t, rL

ftol fo My 6W,dedt|y=const =0 (A.IZ)
t L

ftol fo [(My,y + 2Myyx + Nyw,, + nyW,x) + (thlv,tt - h3p2W,ytt)]5dedt|y=const =0

for the plate corner, i.e. for x=const and y=const
t
ftol ZMxySWdtlxzconstlyzconst =0 (A.13)

If we impose a constraint that at 7y and ¢, the displacement variations are equal to zero at all points of
the structure, then the boundary conditions are automatically satisfied.
In Equations (A.10)-(A.13), the following denotations are used:

f hy2 p(z) dz p1= 1 fhf{/zz p(2) zdz P2 = h3f n/2 p(2) z* dz (A.14)
For a plate with symmetric transverse nonhomogeneity we have p; = 0, whereas for a symmetrically
homogenous plate the following relationships are satisfied py = p, p; = 0 and p> = p/12. The system of
equations in Eqs.(A.10) is a system of variational equations of motion. In turn, Equations (A.11)-
(A.13) describe the boundary conditions for x=const, y=const and for the plate corner (i.e. x=const,
y=const), respectively.
Differential equations of motion for a multi-ply composite plate, resulting directly from Eqs.(A.10),
have the form:
Nx,x + ny,y + [_hpou,tt + thlw,xtt] =0
ny,x + Ny,y + [_hpov,tt + thlw,ytt] =0
Mx,xx + My,yy + 2]\/Ixy,xy + q + (NxW,x),x + (NyW,y),y + (nyW,x),y + (nyW,y),x + [_hpoW,tt -
thl (U ee + V,ytt) + h3P2 (W xxer + W,yytt)] =0 (A.15)
For a plate with symmetric transverse density, with rotational inertia omitted, the equations in Egs.
(A.15) become considerably simplified because pp = p, p; = 0 and p; = 0. A further simplification of
the equations in Egs.(A.15) can be made in a case when the tangential inertial forces parallel to the
plate’s midplane are not taken into consideration, i.e., the terms Appu, and hppv, are omitted
respectively in the first two equations in Egs.(A.15). Such a simplification is possible for short plate
structures.
In a natural frequency analysis, i.e. in a linear problem, Equations Egs.(A.15), according to Egs.(A.2)-
(A. 6) have the forrn
A11a 2 +2A16a a +A66a 2 +A16a 5+ (A2 + Agg)

3w
66y+A266y Blla3 3B16 5220y ~

(Blz + 2366) =+ [ hPou ittt h .01Wxtt] =0

dx ayz 26 63/3
A16 9x2 S+ (A12 + A66) + A26 2y =+ A66 92 >+ 2A26 o a + Azz ayz B16 ax3 — (B2 +

aw 6w

2366) zay 26 3xay7 ~ B225,5 T [Thpovee + h2p1wyee] = 0
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(A.16)



