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ABSTRACT

Natural frequency and mode shape are important features in the dynamic analysis of beam structures. They
are used in the analysis, design, and verification of beam structures. In dynamic problems, these character-
istics influence the dynamic response of the beam. This study presents the equations for the free vibration
analysis of prestressed Timoshenko beams and derives the characteristic equations to determine the natu-
ral frequencies and general mode functions using the modal analysis method. For each different boundary
condition of the beam, the corresponding characteristic equations and eigenforms are then obtained. Using
numerical methods, the change in natural frequencies is investigated and compared with the natural frequen-
cies of ordinary Timoshenko beams and Euler-Bernoulli beams. As the beams undergo pre-compression, the
gap in natural frequencies between the prestressed Timoshenko beam and the unstressed beam widens with
increasing prestress. The natural frequency of the pre-tensioned beam is higher than that of the beam without
pre-tension. This difference is most noticeable at the first order of the frequency, where it is most significant,
but it decreases quickly as the frequency order rises.
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INTRODUCTION need to be determined: the transverse displace-
ment and the rotation angle due to pure bending

For a long time, Timoshenko (TM) beam  [7-9]. To analyze the natural frequencies and

theory has been widely used [1-5] for the static
and dynamic analysis of elastic structures, such
as beams, concrete bridges, railway bridges,
and more. Unlike EulerBernoulli (EB) beam
theory [6], which ignores shear deformation
and rotational inertia, TM beam theory includes
both factors. Therefore, it is not possible to es-
tablish an analytic relationship between shear
force and moment in the TM beam. TM beams
are also known as thick beam theory or second-
order beam theory.

If the transverse bending vibration of the
EB beam is described by a partial differential
equation of deflection, then the vibrational equa-
tions of the TM beam are two partial differential
equations corresponding to two unknowns that

mode functions, the equations of free vibration
are used (with the right-hand sides set to ze-
ros). To analyze forced vibration, the right-hand
side equations are often used. There are various
methods for studying these problems, such as
the Ritz method, finite element method (FEM)
[10-12], finite difference method (FDM), and
modal analysis method (MAM).

In the problems of structural verification
and evaluation, the natural frequencies are
characteristics that need to be determined.
Studies have used piezoelectric accelerometers
[13] and experimental investigations [14] to
check the natural frequency and deflection of
reinforced concrete beams when the reinforce-
ment was corroded. The authors concluded that
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changes in natural frequency could determine
the extent of damage due to corrosion. The
authors in [15-18] have shown that natural
frequency and vibration patterns are inherent
properties of beam structures. They are directly
proportional to stiffness, inversely proportional
to mass, and depend on boundary conditions.
Any change in natural frequency indicates a
change in structural properties, such as damage
or enhancement. In [19], it was demonstrated
that evaluating natural frequency is an easy and
convenient method with valuable findings for
assessing the overall structural condition.

Natural frequency and natural form are
two characteristics of beams that are also used
to analyze forced vibrations of beams using
MAM [7-9, 20, 21]. Additionally, in dynamic
problems, changes in frequencies can influ-
ence oscillation properties, potentially moving
oscillations from the far-resonant region to the
near-resonant region, or vice versa. Therefore,
it is essential to define these characteristics.
For ordinary beams, these characteristics have
been studied quite extensively. However, for
prestressed beams, which are reinforced by ap-
plying pre-tension or pre-compression forces
to enhance load-bearing capacity, reduce bend-
ing, and decrease deflection, previous studies
are less complete.

Prestressed EB beams have been the subject
of many studies [22—-33]. In [24], the impact of
longitudinal force on the change in natural fre-
quencies and mode shapes of prestressed EB
beams was investigated using a beam model
with two supports. In [25], it was shown that
when a beam is pre-compressed, its frequency
decreases, leading to a corresponding decrease
in stiffness. This effect is referred to as “soft-
ening of beams due to pre-compression.” Re-
search in [26] used FEM combined with experi-
ments to evaluate the effect of prestress on the
natural frequencies of beams with free bound-
aries. In [27], the natural frequency and mode
shapes of EB beams with cracks and prestress-
ing were determined. Subsequently, reference
[28] investigated the dynamic response of such
beams under the action of a moving body. In
[34], the authors demonstrated how to deter-
mine the natural frequency of simply supported
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prestressed concrete beams using STAAD.Pro,
employing EB beam theory. The results were
then compared with analytical solutions for un-
prestressed EB beams. They also showed that
the frequency change increases as the order of
oscillation increases.

In [35], the influence of the magnitude of
the prestressing force on the natural frequency
of beams (using EB beam theory) was inves-
tigated using mathematical tools. The study in
[36] examined how prestress forces affect the
modal characteristics of concrete beams. Re-
search on prestressed TM beams is still limit-
ed. In [29], the authors used the reverberation-
ray matrix approach to study the vibrations
of prestressed Rayleigh-Timoshenko beams
subjected to arbitrary forces. Reference [30]
explored the free vibration of a PTM beam
placed on a Winkler elastic foundation using
FEM, but the natural frequencies were not de-
termined in that study.

Prestressed TM beams, subjected to ten-
sion or compression, are very common in
practice, especially in concrete structures.
The traditional steel beam is heavier than the
prestressed steel beam with the same dimen-
sions and load capacity [37]. Furthermore, the
span and load-carrying capacity of beams can
be improved through prestressing. Therefore,
prestressed structures have been applied not
only to new constructions but also to exist-
ing ones, such as bridges, aircraft, and so on
[38—40]. Therefore, it is necessary to consider
changes in the natural frequency law due to
prestressing factors. However, this issue has
not yet been thoroughly studied because the
complexity of the prestressed TM beam model
makes it a challenging problem. In this study,
the vibration equations for prestressed TM
beams are examined using the MAM method,
and the characteristic equations and general
mode functions are obtained. By substituting
the boundary conditions into the general form,
this study also derives the formula for each
beam corresponding to each boundary condi-
tion. The Newton-Raphson method can then
be used to solve the nonlinear algebraic char-
acteristic equations that determine the natural
frequencies of the beams.
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GENERAL EQUATIONS

Vibration equations of the prestressed Timoshenko beam

Considering the PTM beam model as shown in Figure 1. The geometric axis of the beam remains
straight without deformation. Neglect torsional and axial vibrations. Beams only perform bending
vibrations under the action of distributed force. Thus, transverse displacement, cross-sectional rotation,
bending moment, and shear force are functions of the x-coordinate and t-time, they are denoted by

w,t)o(,t).M(,t)and O (x,t) respectively.

q(x,0)

Figure 1. Beam subjected to distributed force

For the TM beam, the cross-section's rotation angle (¢) equals the total of the rotation angles brought
on by the bending strain (¢) and the shear strain (y). For EB beams, the angle component is zero due to

ignoring the effect of shear strain.

ow
tan(p=az(p=¢+y (1)

The transverse vibration equations of the beam [7-9, 20, 21] have the form:

Pwkt) 00(t) _

PA() ——5— - ——— =q(x) (2)
2
p1) LG ED o) =) (3)
ot ox

where: A(x) and /(x) are the area and inertia moment of cross-sectional respectively, and p is the mass
density.

v

1 2 Axis of beam

X

Neutral line

Figure 2. Normal strain of a beam segment

Considering a beam segment as shown in Fig. 2, the bending moment and shear force are determined
by the formula [41]:

M= [zo.dA; O =kKkGA(x) IKGA(x)/a—W—(}ﬁ/ 4
PR Y ox

where: G is the shear modulus and « is the correction shear factor.
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In the case of TM beams. The axial stress is determined by Hook's law in the form:

op

0= Ee (x,2,0), e, (x,2,1) = . %)

where: E is Young’s modulus, ¢,, is the normal strain of the beam due to bending displacement.

Substituting expressions (4) and (5) into Equations 2 and 3 we get:

2 2
o DG a [ B ) ©
FGt) ow,t) O’¢ (1)
rl or _KGA/ Ox -q7+EI ox? ™

Thus, we obtain two partial differential equations of ordinary Timoshenko beams with two unknowns
w(x, t) and @(x, t). In the case of PTM beams, the normal strain ¢, (¥, z, ¢) in the x-direction:

Ea(X2,0) = e9(¥) Ten (X2 (8)

where g(x) is the initial normal strain caused by prestressing. Considering the position of the cross-
section with x-coordinates, the proportional long strain is:

&9(%,2,0) = €9(x) )

here ¢, (x,z,t) is the normal strain added when the beam is deformed. These strains are linear in the
elastic domain, and the initial strain from prestressing and the strain from bending together make up the
total normal strain.

Substituting Equation 5 into Equation 8, ignoring the higher-order infinity, we have:

(X, Zt) = &9(x)z @ (10)
Ox

Substituting Equation 10 into Equation 4 we get:

op
M=Eg, /sz -E— /z2dA (11)
4 ox/

The following equations are used to calculate the z. - coordinate (center of the dx-element) and the
inertia moment of inertia of the cross-section:

Azc= /Asz ()= /A;ZdA (12)

If the beam is not deformed, z~ = 0, and if it is deformed, z- = w.
Substituting Equation 12 into Equation 11, we get:

M (x,t)=EA (x)eow-EI (x )% (13)

Assume that the neutral axis and the axis of symmetry are the same, and by substituting Equation 4
and Equation 13 into Equation 2 and Equation 3, the cross-section of the beam is constant, and the beam
is homogeneous, then 4, /, and ¢, are constants.

The motion equations have the form:

sz(x,t) G o¢
pA EY xGA /—axz “r =q(x,t) (14)
Pot) W ow
p[(x)T—Ely-KGA (aa—x—¢/+80EAa—0 (15)
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Eigenvalues and mode functions
Free vibration equations of the PTM beam have the form:

Fwt) ’w o )_
R 16
pA or w64 /sz ox (16)
62¢(x 1) ¢ (6w ow
- -4 )+ —= (17)
pl(x)——— Ia 5 -kGA p= ¢) egEA p= 0
For normal TM beams, their solutions have the variable dissociation [7, 8], according to the expression:
wx,t)=W(x).T(t) (18)
P(x,0)=D(x).T(1) (19)

For PTM beams, we use a lemma to prove the ability to dissociate solutions. Taking the derivative
of Equation 17 concerning the variable x, and then substituting it into Equation 16, we get:

3 2

p[a ¢(x,t)+80 ow (x,t)_ a¢ &, t) a w(x, t) (20)
oxor ox? ox3 or

From Equation 16, we can also derive:

0 Fw pd Fwx0)

Z_ .7 2
ox ox? kGA o
From Equation 21, we can calculate the derivatives:
83¢ o*w pd dw(x, 0 o) 3 *w  pd d*w(xD) (22)
o' ox' kGA ox2or T oxor  ox?of kGA ot
Substituting Equation 22 into Equation 20 we have:
o*w pA o*'wi,t) wi,t)
- + & A
ox20r kGA ot ox? 23)
£ o*w pA o*wit) y wit) 0
o kG e )T o
Simplifying we get a partial derivative of the fourth order of w(x,2):
dwt) pP1dtwit ow? (Gt
EI—+pI/]+ W(xz) e w(4x )+80 vy (j)
kG 6x28t kG Ot Ox (24)
Aﬁw@ﬁi
L™
Continuing the first-order derivative of Eq. (17) for the x-variable, we get:
ow Ow ¢
A——-kGA [ —-=— /=0 25
P oo™ / ox3 ox? (23)

From Equation 15, we derive the components and their derivatives. After that by substituting into
Equation 25, the same transformation, we have:

o'y o'y p1d'y ¢ ¢
-EI— +pl [— / — tepEA—-pA—

o' kG o kG ol ax? P o

Thus, Equation 24 and 26 are dissociation equations written for each variable. Moreover, these

equations have the same form. Therefore, the solutions Equation 18 and 19 are still valid for RTM
beams. Derivative from Equation 18 and 19 and substituting into the Equation 16 and 17, we get:

KGW(x) KG(D(x) T(t)

p W(X) p Wx) T()
SOEAW(x)+EIQ5 (x)+KGAW(x) kGA T(t)
pld(x)  pld(x)  pId(x) pl T(1)

=0 (26)

27

(28)
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Since the right sides of Equation 27 and 28 depend on ¢ and their left sides depend on x, both sides
must be constants. Hence, we put:

Tt
LLUS (29)
Ut
Substituting Equation 28 into Equation 26 and 27, we get:
KkGW' (x)-kGP (x)+a’pW(x)=0 (30)
EID"(x)+ (kGA-e)EADW (x)+ (@’ pl-kGA )D(x)=0 (31)
From Equation 30, we have:
, , ’p
D (x)=W (x)+— W(x) (32)
kG
Deriving Equation 31 concerning x and then substituting 31 into that result, we get the Equation:
1 gd\ w'p A
9y ( ) 2.2 +a? = 33
W(GEplewaGEIWO (33)
The characteristics of Equation 33 are:
W +b)7+e=0 (34)

ith b= ( J ot [P A 35
Wi G p“"l P ExG EI (35)

Replacing k = 4%, we have the Equation:
K +bk+c=0 (36)

If ¢ = 0 then:

2
w’p A kGA
G El O | Tor 37

The symbol w, is called cut-off frequency. This is a mathematical value; practically, no natural
frequency of a beam will be equal to this value.
If ¢ # 0 then the delta determinant of Equation 36 is positive definite:

/(G Jp‘“ ‘M/ g)G EI/ (38)

gpAd
== (F- () ) e
Due to |gy| <1, then 4 > 0. The solutions of Eq. (35) are:
= —b+\/A_ <= —b-\/Z (39)
2 2
We consider two frequency regions:
In frequency region w < w,: From Equation 35 and Equation 37, deducing ¢ <0. Since k = 22, we have:

= ‘bzﬂ >0 = 2,=p, =-p(B>0) (40)
and kz:'b'\/zq) = A =i& Ay=-i& (41)
In frequency region @ > w,: From Equation 35 and Equation 37, deducing ¢ < 0. We have:
k= 'b;\/"_ <0 = A,=in, Ay=-in
k= _b';/z <0 = J3=iE dy=-i& (42)

130



Advances in Science and Technology Research Journal 2024, 18(8), 125-141

Vb ﬁ>+_ _ b
ﬂ Va3 :a.»:_ Vi

The solutions of Equation 30 and 31 are determined according to the four eigenvalues: 4;,4,, 43, 44,
as follows:
In frequency region @ < w,: The form of the solutions:
W(X) = C[€l1x+C2€izx+C3€]'3X+C4€A4xzcleﬁx+C2€-ﬁx+C3€[§x+C4e-i§x (43)
W(x) = C1" 1" +Cre"* +C3¢" 3 +C 1" =C 1"+ Cre P +Cie™+Che™  (44)

Using Euler's formulas, we get the trigonometric form:

W(x) = a; sinh fx+a, cosh fx+a;zsinx+ay, cosEx (45)

@(x)= d; sinh f x+d, cosh fx+d; sinEx+d,cos Ex (46)
where: the constants a; and d; (i =1, 2, 3, 4) are determined by the boundary conditions. The constants
a; and d; are also not independent since the functions W(x)and @(x) are not independent.

Substituting Equation 45 and 46 into Equation 30, identifying the trigonometric functions on both sides,
we get:

w?p
(KGalﬁ’Z kGdyf+a’p aj) 0= dr=a,; (,B+ Gp > =ahg (47)

")
(KGa2ﬁ2 kGd,f+w’p ag) 0=d;=a, <ﬂ+ ;) = axhg (48)

2
(—a3EZKG+KGd4cf+w2p a3):0 = ds=a; (cf —2) = ajff (49)
a)z
(-xGa, & -kGdsé+a’p a;)=0 = dy=-a, &z | = (50)
where hy=(B+0’p/(xGp) ): [~ (g-pr/(KGg)) (51)
Substituting equations from Equation 47 to Equation 50 into Equation 46, we get the mode functions:
W(x) = a; sinh fx+a,cosh fx+a;zsinéx+ay,cosEx (52)
D(x) = ashpsinh fx+a;hy cosh,Bx-aJé sin é‘x+a3fé coséx (53)
In frequency region @ > w,: The form of the solutions:
W(x) = C;e"™ +C,e ™ +C;e/~ +C e (54)
D(x)=Ce™+Cre ™ +Ce/ S +Clye ™ (55)
Using Euler's formulas to trigonometric form and similar transformations, we get mode functions:
W(x) = b; sinnx+b,cosnx+bzsinéx+b,coséx (56)
D(x) = -be’7 sinnx+blf” cosn x-bf.sin §x+b3f§cos éEx (57)
where f, =(n-a’p/(xGn) ) (58)

Thus, the mode functions of the PTM beam are determined by Equation 52 and Equation 53 in case
o < w., and by Equation 56 and Equation 57 in case of v > w,.

CALCULATION OF NATURAL FREQUENCIES AND MODE SHAPES
Simply supported PTM beam

Based on the boundary conditions of each type of beam, the characteristic equation and particular
mode functions can be derived from the general mode functions, as shown in the system of equations
from Equation 52 to Equation 57. As illustrated in Figure 1, The simply supported (SS) PTM beam has
both transverse displacement and bending moment equal zeros at x =0 and x = [:

Ww(0,0= 0; M(0,0)=Edeyw(0)-E1"%2 = (59)

131



Advances in Science and Technology Research Journal 2024, 18(8), 125-141

w(l.y)= 0; M(Lt)=Edeyw()-EISZ =0 (60)
Substituting Equation 18 and Equation 19 into Equation 59 and Equation 60, we obtain:
w(0)=0; ®'(0)=0; W(1)=0; ®'(1)=0 (61)

In frequency region © < w,:

The natural frequencies: Substituting Equation 52 and 53 into Equation 61, we get:

W(0) = a,+a,=0 (62)
@ (0) = Pashg-af.=0 (63)
W(l) = a; sinh § [+a, cosh ff [+azsiné [+a, cos £ 1=0 (64)

() = Bashg cosh Bl+pa;hgsinh l—g“a4f€u cos g“l—fajfgv siné /=0 (65)

From Equation 62 and Equation 63, we have:

a,=a,=0 (66)

Substituting Equation 66 into Equation 64 and Equation 65, we get:
a; sinh fl+azsiné[=0 (67)
paihgsinh fl-Casf. sin1=0 (68)

Since the solutions a; and @3 are non-zero, then there must be:

sinh 8/ sin¢!
Bhpsinh 1 -é/% siné/

(69)

~0 & (&.+phg) sin &I sinh f1=0

Equation 69 is the characteristic equation, solving this equation, we obtain the natural frequencies
w; < ., (=1, 2,...). Mode shapes — multiplying both sides of the Equation 67 by ¢f. and then adding to

Equation 68, we get:
aj (&+phg )sinh p1=0 (70)
From Equation 43 and Equation 51, we have fffﬁhﬁ:Z v/A>0 and sinh 8 />0

We infer that a;=0. Therefore, to have a solution where a; # 0 then a3 # 0. Substituting a;=a,=a,=0;
az # 0 into Equation 52 and Equation 53, we get the mode shapes:

W)= azsin(jax/l); @(x) = agficos(jnx/l) (71)
In frequency region @ > w,:

Natural frequency: Substituting Equation 56 and Equation 57 into Equation 61, using the same
method as proved above, we get:

(&t ) singIsini=0 (72)

Substituting Equation 42 into Equation 72 and solving it, we get the natural frequencies: w; > w,,
(k=1, 2,...). Mode shapes — from Equation 56 and Equation 57, using a similar method, we have:

W(x) = b, sin(nnx/l); @(x) = bl}:7 cos (nmx/l) (73)
Numerical results

In [7], the characteristics of un-prestressed TM beams were investigated using a numerical-analytic
method, and in [31], these characteristics of the EB beam were determined in analytical forms.
Consequently, in this study, the results from references [7] and [31] are selected for comparison.
Numerical calculations are performed with the set of parameters as shown in reference [7]: /=1m, 4 =
bxh=0.02x0.08m? E=2.1x10"N/m?, G=28.1x1010 N/m?, p = 7860 kg/m?, x = 0.5. According
to Equation 37, we can determine the cut-off frequency, ®,=98291.71 rad/s (15643.62 Hz), and the
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number of natural frequencies, Np less than the cut-off frequency, Nz = 73. To compare the numerical
results with EB beam, we use the formula to determine the natural frequencies of EB beams [31]:

w=(=) |=, withk=123.. (74)

[ pA

The mode shapes of transverse displacement and cross-sectional rotation of the SS PTM beam are
depicted in Figures 3 and 4, respectively. Calculation results are indicated in Table 1.

<kn>2 EI

x[m]

Figure 3. Mode shapes of the transverse displacement of the SS PTM beam

Mode 1 «eseees Mode 2 Mode 3 % Mode 4 |

x[m]

Figure 4. Mode shapes of the cross-sectional rotation of the SS PTM beam

As shown in Table 1, in the case without prestressing, the results for the TB beam show good
agreement with those in reference [7]. It can be seen from Table 1 that, as the beam is subjected to pre-
compression (g9<0), the natural frequencies of the PTM beams are reduced compared to those of the
normal TM beams. The more compressed the beam, the lower the frequencies. This is called “softening”

Table 1. Natural frequencies of SS PTM beam

No. EB[31] TM (rad/s) PTM (rad/s) (b-a)a
(rad/s) £=0(a) 7] £5=-10 £, = -5.10" (b) £, =10 (%)
1 1178.141 1159.497 1159.4 1148.428 1103.046 1170.460 4.87
2 4712.566 4436.759 4436.8 4426.191 4383.668 4447.301 1.20
3 10603.274 9357.616 9357.6 9347.665 9307.755 9367.558 0.53
4 18850.265 15409.984 15410.0 15400.680 15363.412 15419.283 0.30
5 29453.539 22182.504 22183.0 22173.824 22139.071 22191.182 0.20
6 42413.096 29389.344 - 29381.241 29348.809 29397.446 0.14
7 57728.937 36845.603 - 36838.026 36807.706 36853.178 0.10
8 75401.061 44435.880 - 44428.781 44400.375 44442.979 0.08
9 95429.468 52089.639 - 52082.972 52056.300 52096.305 0.06
10 117814.15 59764.516 - 59758.242 59733.142 59770.789 0.05
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in prestressed beams. When the beam is pre-tensioned (¢)>0), its natural frequency increases compared
to the normal beam. The natural frequencies of PTM beams and TM beams show the greatest difference
at the first frequency (about 4.9% for ¢y = -5 x 10'4). This discrepancy decreases rapidly as the frequency
order increases. Under pre-compression (g9 < 0), the PTM beams deviate more from EB beams
compared to when they are subjected to pre-tension (g, > 0). For the same TM beam, the natural
frequency under pre-compression is greater than that under pre-tension

Figures 3 and 4 illustrate four mode shapes of the natural frequency of the simply supported PTM
beam under pre-compression (g9 = -0.001). These mode shapes are appropriate for this type of boundary
condition.

Clamped—-free PTM beam

Boundary conditions of the clamped—free (CF) PTM beam are displayed in Figure 5. At x = 0, the
displacement and rotation are both zero:

w(0,)=0 = W(0)=0; ¢(0,t)=0 = &(0)=0 (75)

w(0,) =0 O(LH=0
#(0,1)=0 M) =0

/

zV
Figure 5. Clamped-free (CF) beam

At x =1, the torque and shear force are equal to zero, using the same method as indicated in the simply
supported PTM beam, we have:
. g4 )
EAeyw-EI$ =0=> OT WA)-® (1)=0
KGA[w'(L1)-$(1.Y]=0=>W'(1)-D(1)=0
In frequency region o < w,:
Natural frequency: Substituting the Equations 52 and 53 into Equations 75 and 76, we get:
a +a4=0 (77)
alhﬁ+a3f§=0 (78)
(od/1-Bhy) ay sinh p1+ (eoA/IBhy) ay cosh p1+ (epd/1+EF.) as sinél
+ (c0AHE, Jay cos E1=0
a,(B-hg) cosh f I+ay(p-hg) sinh f 1+a; (&1, cos Elay (&1, sinél=0  (80)

From Equation 77 and Equation 78, we get:

as=-a,, a;z =-a1hﬁ/fé (81)

Substituting Equation 81 into Equation 79 and Equation 80, we get:
(od/1-phy) ay sinh 1+ (eoA/Iphy) a; cosh B1-

(eoar+&t,) (hytt.) ay siné - (epd/14EF, ) ay cos E1=0
a,(B-hg) cosh fI+ar(p-hy) sinh f1-a; (hyif.) (&) cos 1
+ay (&, Jsing1=0
For the solutions a; and a: to be non-zero, the following condition must hold:
(eod/r-phy) sinh B 1- (epd/1+F.) (gt ) sinét (epA/1-phy) cosh B I (eod/I+eF,) cos 1 »
(B-hg) cosh 1= (hy/s.) (&) cosél (B-hg) sinh p1+ (1, ) siné

(76)

(79)

(82)

(83)
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< [ (eoarrpny) sinh 1= (egar1+&1.) (gt ) sin 1] [ (B-1g) sinh p1+ (&7, sin ]

- (eoA/1-Bhy Jeosh B I- (o A1+, eos ELI[ (B-hg )cosh 1- % (&1, )cosél J=0 (84

Equation 84 is the characteristic equation that determines the natural frequency, which is a nonlinear
algebraic equation. We determine the frequencies by solving Equation 84 using the Newton-Raphson
method, where w; are the values to be determined: w; with j=1, 2, ...such that w;<w,.

Mode shapes — from the Equation 82 and Equation 83, we deduce the coefficients corresponding to w;:

)
(ﬂj—hg)) coshﬂj l—% (éj—fé’)) Ccos fj /

G—__, 0 -0, . (85)
ay =-a; N ~N -a; g
(ﬁj-hg)) smhﬁj I+ (éj-fé’)) smfj [ /
)
) . h . ) .
G __ 0 8 D__ 0 _ 0 (86)

as =-a; f(j) Jay =ay=arg;
¢

in which

=yl 12l =l () 87)

. nP
(ﬁj—hl(;’)) coshp, l—fé ( j—fg)) cos &/ (s8)

% (B-1) sinh 1+ (&) sin g, 1
Substitute the coefficients in Eq. (52) and Eq. (53), we get mode shapes:
W) =a (sinh g x-+g cosh f x- (h 4P ) sin & x-g cosx)  (89)
0,x) =0 (hg,sinh f x+h{ coshp x+f.g sin& x-h cos&x)  (90)
In frequency region w > w,:
Natural frequency — substituting Equation 56 and Equation 57 into the boundary conditions Equation 75

and Equation 76, using the same method, we get:
The characteristic equation to determine the natural frequencies is:

((coarrenf, ) sinn 1-(eprieit, ) (1 41,) sin& 1] [(nf, ) sing 1- (&1, ) siné

+/(90A/I+;7f”)cos nl- /30/1/]—1-{]2)005 fl//ﬁy—fn)cos n Z—J];Z (f—fé,)cos ¢l /=0 On

Using the numerical method to solve the Equation 91, we will find the frequencies
w; with k=1, 2,... such that w, > w,.
Mode shapes — the mode shapes can be determined from the following equations:
i) = b (sinn, xtz cos g x- (949 sin &, x-z cos £x) (92)

Di(x) = bgk) (—zk/f1k) sin nkx+ff7k) cos 17, x+z;f.sin ka-f}gk) cos {x) (93)
where

]7{7k) Zf;7 (a)k); fék) Zfé(wk),' szf(wk); ﬁk:ﬁ(wk); (94)
(niety” ) cosn 1 (171) (6A”) cos

e (1 t®) sing, 1- (59 ) sine, 1 )
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Numerical results

The characteristics of the CF beam are as follows: /=7.62m, 4 =5.90 x 10> m?, E=2.14 x 10" N/m?,
G =8.18 x 10" N/m?, I =4.58 x 10 m*, mass of beam, m = 350 kg, x = 5/6. The calculation results are
compared with the EB beam in [31], where their frequencies are determined by analytical solution:

2 |EI
=_ |= 96
where A is the solution of the characteristic Equation:
cosAcoshd +1=0 97)
i \ Mode 1 wrreeeeess Mode 2 Mode 3 % Mode 4|

W(x)

x[m]
Figure 6. Mode shapes of the transverse displacement of the CF PTM beam

¥ (x)

Mode 1 wwweeeees Mode 2 Mode 3 % Mode 4

-2.5
0 1 2 3 4 5 6

x[m]
Figure 7. Mode shapes of the cross-sectional rotation of the CF PTM beam

The outcomes of the computation are indicated in Table 2. The mode shapes of transverse
displacement and cross-sectional rotation of the CF PTM beam are illustrated in Figures 6 and 7,
respectively. The findings shown in Table 2 demonstrate that as the frequency order changes, the change
in the difference of natural frequencies in the CF PTM beam is similar to that of the SS PTM beam. The
first natural frequency also exhibits the greatest discrepancy (about 6.23% corresponding to
¢y =-3x10™). The difference decreases rapidly as the order of the natural frequency increases. The mode
shapes of the CF PTM beam under &, = -3x107, as shown in Figures 6 and 7, are appropriate for this
type of boundary condition.

Clamped-support PTM beam

Boundary conditions of clamped—support (CS) PTM beam are shown in Figure 8. At x=0, both
displacement and rotation are zero.
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Table 2. Natural frequencies of CF PTM beam (Hz)

PTM (a), (Hz) TM (b), (Hz)
No. " ~ " - EB[31], (Hz) | (a-b)b (%)
& =-10 g =-3.10 £ =10 &=0
1 4.356362 4.166201 4.550521 4.443 4.451 6.23
2 27.34684 26.87677 28.1266 27.651 27.899 2.80
3 76.12447 75.92555 77.23382 76.507 78.119 0.76
4 147.1811 146.6947 148.0214 147.417 153.082 0.49
5 238.5178 237.8973 239.0906 238.661 253.057 0.32
6 347.8383 347.3198 348.5030 347.981 378.023 0.19
7 472.9603 472.3832 473.6794 473.0928 527.9831 0.15
8 611.6868 611.1239 612.3842 611.7969 702.9361 0.11
9 761.9678 761.3886 762.6613 762.0745 902.8825 0.09
10 922.1156 921.5734 922.5140 922.1267 1127.822 0.06
w(0,6)=0 w(,H)=0

$#(0,0)=0 M(H)=0

1 i
zy .
Figure 8. Clamped—support (CS) beam

w(0,0)=0=>W(0)=0; ¢(0,1)=0=>D(0)=0 (98)

At x =, both displacement and moment are zero. Similar to the SS beam, we have:
W()=0,® (1)=0 (99)
In frequency region @ < w,:

Natural frequency — by substituting Equation 52 and Equation 53 into Equation 98 and Equation 99. The
characteristic equations to determine frequencies are:

(sinh g - (hyt,) siné1) (i cosh f1+¢f cos 1)

100
~(cosh g 1-cos EL) (Bhysinh f 1+ Ehysin 1) =0 (100)
(/)
Wi(x) =a; (smhﬂ xtg; cosh,B X- f(’) smé x-g; cos¢; x) (101)

0,0 =a (hg;sinh f x+h{ coshp x+f.g sin& x-h cosx)  (102)
where

h=hy(0); 121 )); &=E(e)); B=(e)); (103)

WD NN o :
g:(hﬁ /fé’ )smfjl—smhﬁjl (104)
J coshf, [-cos¢;
In frequency region @ > w,:
Natural frequency — substituting Equation 56 and Equation 57 into the boundary conditions Equation 98
and Equation 99. The characteristic equation to determine the natural frequencies is:

(sing 1~ (1, /1.) sin¢1) (-nf; cos n 1+ cos 1) (105)

-(cosnl-cos&l) [—r[fn sinnl+§f’7 sinfl)=0
Mode shape:

Wix) = bgk) (sin 1N, Xtz cosm, x- (ffyk)/fék)) sin &, x-zj cos ﬁx) (106)
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Di(x) = bgk) (-zkff7k) sin nkx+ff7k) cos nkx+zkf§ sin ékx—ff?k) cos fx) (107)
where
1=, @0: /0~ (@) §=E): B=B@p): (108)
. (f;k)/fék)) sing, [+sinyn, [ (109)
cosn, l-cosg 1
Table 3. Natural frequencies of the CS PTM beam (Hz)
PTM (Hz) ™ (Hz)
No. EB[31](Hz) | (a-b)b (%)
g,=-1-10" | g =-2-10"(a) g,=1-10" g,=2:10" £,= 0 (b)
1 19.042 18.680 19.744 20.086 19.396 19.522 3.69
2 61.770 61.366 62.569 62.964 62.171 63.264 1.29
3 127.273 126.857 128.100 128.511 127.687 131.995 0.65
4 213.626 213.209 214.458 214.873 214.043 225,720 0.39
5 318.628 318.213 319.455 319,867 319.041 344.438 0.26
6 439.987 439.578 440.803 441.211 440.395 488.150 0.19
7 575.474 575.073 576.277 576.677 575.875 656.854 0.14
8 880.780 880.394 881.550 881.935 881.165 850.552 0.09
9 1047.12 1046.74 1047.87 1048.255 1047.50 1069.24 0.07
10 1220.66 1220.29 1221.40 1221.768 1221.03 1312.92 0.06

Numerical results

The properties of the CS beam are similar to
those of the CF beam. The calculation results are
compared with the EB beam in [31], where the
solution of the characteristic equation is:

tand — tanh4 =0 (110)

The results of natural frequency for different
beams are indicated in Table 3. Mode shapes of
displacement of the CS PTM beam and the rela-
tive error in natural frequencies between the CS

PTM beam and CS TM beam are illustrated in
Figures 9 and 10, respectively.

According to the findings in Table 3, the change
in natural frequencies of the CS PTM beam presents
the same tendency as the SS and CF PTM beams.
The four mode shapes of the CS PTM beam under
pre-compression (g, = -2-10) are shown in Figure 9
and are consistent with this type of boundary condi-
tion. It can be seen in Figure 10 that the relative dif-
ference increases as the prestress increases and sig-
nificantly decreases as the frequency order increases.

Figure 9. Mode shapes of displacement of CS PTM beam
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6 8 10 Mode

Figure 10. Relative error in natural frequencies between CS PTM beam and CS TM beam

CONCLUSIONS

This study employs the vibration equations
developed for the Timoshenko beam and applies
them to the prestressed Timoshenko beam using the
modal analysis method. This study also investigates
characteristic equations to identify the natural fre-
quencies and mode shapes for distinct prestressed
Timoshenko beam models, namely: simply support-
ed beam, clamped-free beam, and clamped-support
beam, using the general form of mode functions
with specific boundary conditions. Other types of
beams with different boundary conditions at the end
edge can also be examined using the same method
as described for the above boundary conditions.

Numerical calculations have been carried out
for various beam models, and the results have
been compared with Timoshenko beams and
Euler-Bernoulli beams. The calculations yield
similar results for Timoshenko beams when the
prestress of the prestressed Timoshenko beams is
zero. Additionally, the results show a good agree-
ment with the Euler-Bernoulli beam.

When the beams are pre-compressed, as the
prestress increases, the difference in natural fre-
quencies of the prestressed Timoshenko beam in-
creases compared to the Timoshenko beam. The
natural frequency of the pre-tensioned beam is
greater than that of the beam without pre-tension-
ing. The difference is most pronounced at the ini-
tial frequency and is considered the most signifi-
cant. However, this difference diminishes rapidly
as the frequency order increases.

In this study, the natural frequency of the pre-
stressed PTM beam has been examined using the
modal analysis method. However, it is possible to
investigate the forced vibration of this beam us-
ing the same applied method. This investigation
could be considered as a further study.
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