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INTRODUCTION

The continuous improvement of aircraft en-
gines efficiency depends highly on the develop-
ment and application of new heat-resistant mate-
rials for the critical components of high pressure 
turbine. Currently single crystal (SX) nickel-ba-
sed superalloys castings are used for the manu-
facturing of hot sections elements, such as blades 
and vanes. The Bridgman-Stockbarger method is 
most often used process in production of SX com-
ponents. Application of the starter block and grain 
selector in the ceramic mold, and proper selection 
of the solidification process conditions enables 

production of castings without grain boundaries. 
Hence, such materials can be treated very roughly 
as imprefect single crystals. The SX castings ex-
hibit much higher creep resistance and are able 
to operate at higher temperature – up to 1150 °C, 
compared to conventional polycrystalline nickel-
based superalloys [1-5].

The crystal structure of single crystals nickel-
based superalloys has a significant influence on 
their mechanical properties at high temperature. 
The essential parameter of Bridgman-Stockbar-
ger SX casting process is withdrawal rate of the 
ceramic mold. Selection of proper withdrawal 
rate enables manufacturing of castings featuring 
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high perfection of the crystal structure. The ele-
mental parameter used to define the degree of 
crystal structure perfection is the value of the 
deviation angle αz between the crystallographic 
direction [001] and the withdrawal direction of 
the blade. The high value of αz (>15°) can signi-
ficantly reduce the creep resistance of SX turbine 
blades [6-11] (Fig. 1).

The crystal structure perfection and creep 
strength of single crystal castings can be im-
proved by modification of superalloys chemical 
composition. A number of multicomponent nick-
el-based superalloys have been developed to al-
low obtaining single crystal structure during the 
casting process. Presently, SX nickel superalloys 
are manufactured mainly by Cannon Muskegon 
and General Electric [12-17].

Due to the complex chemical composition 
of superalloys, single crystal nickel-based su-
peralloys are classified in six generations [12, 
13]. The chemical composition of single-crystal 
superalloys of the 1st generation, compared to 
conventional, directionally crystallized alloys, is 
characterized by the lack of elements segregat-
ing to grain boundaries – C, B and Zr [14]. In 
the 2nd generation superalloys, the addition of Re 
(approx. 3%) was introduced [16]. 3rd genera-
tion superalloys are characterized by a higher Re 

content (up to 5÷6%) and a lower Cr content [18]. 
The fourth generation of single-crystalline nickel 
superalloys is characterized by a Ru content com-
pared to the previous ones. The development of 
the 5th and 6th generation of nickel superalloys 
is aimed at increasing their operating temperature 
and reducing defects in their structure [19]. Al-
loying elements of superalloy can be classified in 
terms of their influence on the microstructure and 
properties, i.e. on:
	• forming strengthening of solid solution (γ phase  

matrix) – Ni, Co, Cr, Mo, Re, Ru and W,
	• forming precipitations of the strengthening 

phase γ‘ – Al, Ta and Ti.

Currently the second-generation CMSX-4 
superalloy is most often used for production of 
high pressure turbine blades in aircraft engines. 
The CMSX-4 alloy is distinguished by signifi-
cant concentration of Re (approx. 3%) which in-
creases the dispersion of the γ′ phase precipitates, 
reduces the mismatch between lattice constants 
value of the γ and γ′ phase (a0γ and a0γ′) and pro-
motes the γ phase solution strengthening effect. 
Recently, a new CMSX-4®Plus superalloy has 
been developed as a prospective one. The CMSX-
4®Plus alloy has increased concentration of Re 
(approx. 5%) and Co compared to the CMSX-4 

Fig. 1. The influence of the crystal orientation of MAR247 nickel superalloy on their creep strange [1]

Table 1. The chemical compositions of CMSX-4 and CMSX-4®Plus SX superalloys

Alloy
Chemical compositions, % wt.

Cr Co Mo W Ta Al Ti Hf Re Ni

CMSX-4 6.5 9.0 0.6 6.0 6.5 5.6 1.0 0.1 3.0 bal.

CMSX-4®Plus 3.5 10.0 0.6 5.0 8.0 5.7 0.9 0.1 4.8 bal.
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alloy (Table 1). Increased rhenium concentration 
is expected to strengthen the γ phase and improve 
creep resistance of the superalloy [18-20]. Clas-
sification of the CMSX-4®Plus does not include 
placement in any of the six generations. However 
according to the it is most similar to the third – 
generation of superalloys [18]. 

The mechanical properties at high tempera-
ture of SX superalloys are also influenced by the 
presence of casting defects, e.g. shrinkage and 
gas porosity. The porosity is formed as a result of 
solidification shrinkage or gas entrapment during 
the crystallization of molten metal. The shrinkage 
porosity is formed mainly in the interdendritic ar-
eas of the casting. The size and relative volume 
of pores depend on the conditions of the crystal-
lization process. The pore size increases with the 
distance between primary dendrite arms. There-
fore, in the case of nickel-based superalloys it is 
important to determine the porosity of the casting 
as well as primary dendrite arms spacing (PDAS) 
[21-24]. Data on the acceptable level of poros-
ity in single-crystal castings is guarded by global 
manufacturers of nickel superalloy turbine blades.

Durability of nickel-based SX blades depends 
strongly on their creep resistance. The characteris-
tics of the high temperature deformation are deter-
mined in the creep tests and creep-rupture test. The 
analysis of obtained creep curves is used to deter-
mine the creep speed at specified time. Analysis of 
creep test results is useful in prediction of turbine 
blade service time and maintenance intervals of the 
turbine [3]. Hence, it is recommended to use math-
ematical models to characterize the creep process. 

This paper presents the effect of directional 
solidification process parameters (withdrawal 
rate) of the CMSX-4®Plus nickel superalloy on the 
crystal structure perfection and creep strength. The 
research described in the article focuses on com-
paring the obtained high temperature properties of 
CMSX4®Plus alloy castings and the conventional 
second generation CMSX-4 alloy. The analysis 
of microstructure, porosity, crystal perfection and 
mechanical properties as well as the development 
of suitable mathematical models for the creep re-
sistance measured during the experiment as a func-
tion of time were carried out. The models were built 
for both investigated materials, i.e., CMSX-4 and 
CMSX-4®Plus alloys. They were used for verifica-
tion purposes in the task of developing models of 
creep and for performing computations for various 
structural analyzes which consider creep phenom-
ena of investigated alloys.

The equations representing creep in function 
of time should describe the relation between mea-
surable factors precisely enough and be simple as 
well as reliable in the cases of considered mate-
rials. Therefore, several candidate models were 
taken into consideration. They were computed 
as well as arranged in sequence and analyzed in 
order to select the best model among those taken 
into account. That model represents an acceptable 
balance between goodness of fit and parsimony of 
the model. 

One of the results of performed research is the 
determination of the steady state creep rate . That 
parameter is used for computations concerning 
structural analyzes of machine parts, especially 
high pressure turbine blades and vanes working 
at elevated temperatures (usually up to 1100 °C). 
That parameter should be computed based on the 
obtained experimental data within the range in 
which the variation of collected data, i.e., the rate 
of stroke associated with creeping deformation in 
time is limited and can be approximated using a 
linear function. The approximation of data should 
be done heteroscedascity-robust, if possible, to ob-
tain the regression model with unbiased standard 
errors of ordinary least squares (OLS) coefficients 
also under heteroscedasticity [25]. In other words, 
the approximation of collected experimental data 
should be done in such a way that the OLS estima-
tors are characterized by unbiased standard errors 
even in the case when the variance of the residual 
term in a regression model is not constant [26-28]. 
That case may take place, e.g., when the model 
is not correctly specified or collected data belong 
to wide range of observed values. Therefore, ap-
plication of the heteroscedascity-robust estima-
tion technique may improve that important feature 
of mathematical model of creep deformation of a 
sample in function of time. It can also improve, 
compared to the standard OLS techniques, the de-
termination of the steady state creep rate ε̇.

The aim of the work was to compare two 
single crystal nickel superalloys differing mainly 
in the Re content, on the perfection of the crys-
tal structure and mechanical properties – creep 
resistance.

MATERIALS AND METHODS

Single crystal CMSX-4 and CMSX-4®Plus 
superalloys rods in as-cast condition were stu-
died. The lost-wax casting method, including 
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multilayer ceramic mould preparation, was used 
to produce single crystal castings. The directional 
solidification process based on Bridgman met-
hod was carried out in a vacuum furnace ALD 
VIM-IC 2 E/DS/SC (ALD Vacuum Technolo-
gies GmbH, Hanau, Germany). The withdrawal 
rate (vw) of mould applied was 3 and 5 mm/min. 
The temperature gradients in solidification made 
with Bridgman method and withdrawal rates of 
3 and 5 mm/min were 33 and 22 K/cm, respec-
tively. The single crystal casting processes were 
carried out in the Department of Materials Sci-
ence and Research and Development Laboratory 
for Aerospace Materials at Rzeszow University of 
Technology.

Microstructure evaluation of superalloys was 
performed by light microscopy (LM) using Lei-
ca DMI 3000M (Leica Microsystems, Wetzlar, 
Germany) metallographic microscope and Lei-
ca Application Suite v3.7 image analysis soft-
ware. Samples for LM observation were prepa-
red by chemical etching in a solution containing 
3g MoO3, 100 cm3 HCl, 100 cm3 HNO3 and 100 
cm3 H2O. The mean primary dendrite arm spacing 
(PDAS) was determined for the cross section of 
SX rods. The porosity was measured on non-et-
ched metallographic samples by LM at the mag-
nification of 50x. For each casting 10, 2.8 mm2 
areas (images) were analyzed. The volume frac-
tion (Vv), and the size distribution (area of pore 
plane section AA) of pores was determined using 
planimetric method.

Determination of crystal orientation was con-
ducted using OD-EFG-1 X-ray diffractometer 
(Freiberg Instruments, Freiberg, Germany). Crys-
tal orientation analysis of CMSX-4 and CMSX-
4®Plus was determined using Ω-scan method [7]. 
The αz angle – deviation of the [001] crystallogra-
phic direction from the withdrawal direction Z, 

was measured on the cross-section of the SX rods 
to obtain the 2D maps of its deviation.

Creep tests were carried out to determine the 
creep resistance of single crystals of the CMSX-4 
and CMSX-4®Plus nickel superalloy. AG LFMZ-
30 (Walter + Bai, Löhningen, Switzerland) ma-
chine was used. The tests were carried out ac-
cording to the ASTM E-139-11 standard, using 
round samples as specified in the ASTM E8 stan-
dard (Fig. 2). 

The samples were heated to the temperature 
of 982 °C and held at that temperature for 1 hour. 
After annealing, the specimens were loaded with 
a constant axial force causing the initial tensile 
stress σ = 151.8 MPa. The temperature measure-
ment during the test was determined with the S-
type thermocouple – PtRh10-Pt. The test was the 
basis for determining time to destruction.

RESULTS AND DISCUSSION

Microstructure and creep 
resistance of superalloys

The microstructure analysis of as-cast single 
crystal rods showed that directional crystallizati-
on process produces dendritic structure with fully 
developed primary and secondary dendrite arms 
both in CMSX-4 and CMSX-4®Plus alloys (Fig. 3).  
The withdrawal rate of ceramic mould during cas-
ting process (3 and 5 mm/min) was found to de-
termine the shape of the dendrites and PDAS. On 
the contrary, for the CMSX-4 superalloy PDAS 
decreased from 391 to 355 µm (Fig. 3a, c) with 
the increase of withdrawal rate from 3 to 5 mm/
min (Tab. 2). Similar trend was described in [20], 
where it was found that PDAS decreased in the 
range of the withdrawal rate between 1 and 5 mm/
min and then increased for castings produced at 

Fig. 2. Dimensions of the samples used for creep tests
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the withdrawal rate between 5 and 7 mm/min. For 
CMSX-4®Plus nickel superalloy PDAS increased 
from 318 to 360 µm (Fig. 3b, d) for the withdrawal 
rates 3 and 5 mm/min, respectively. It can be the-
refore assumed that in the case of CMSX-4®Plus 
superalloy, the trend to increase PDAS should 
occur already at the withdrawal rate range of 3-5 
mm/min which is lower than in the case of con-
ventional single crystal CMSX-4 superalloy (5÷7 
mm/min) [21]. However it is little information 
published on the properties of the CMSX-4®Plus 
superalloy and especially its PDAS. The presented 
research tries to fill at least to some extent that gap. 
It can reasonably be expected that the increased 
concentration of heavy elements such as rhenium 
and cobalt in the CMSX-4®Plus superalloy causes 

that the PDAS will increase at a lower single crys-
tal withdrawal rate.

The crystal orientation measurements of sin-
gle crystals CMSX-4 and CMSX-4®Plus nickel-
based superalloys castings indicate the influen-
ce of chemical composition and the withdrawal 
rate on the value of the αz angle (Fig. 4). For the 
CMSX-4 superalloy rods produced at withdrawal 
rate of 3 mm/min the value of the angle αz falls 
within the range from 6 to 7.4° (Fig. 4a). Similar 
values of αz were obtained for that superalloy cast 
at withdrawal rate of 5 mm/min (Fig. 4c). In case 
of CMSX-4®Plus nickel superalloy and withdra-
wal rate 3 mm/min, the value of the angle αz was 
in the range of 4.6 to 6.4° (Fig. 4b). Hence, the 
deviation of the αz angle on the cross-section is 
slightly higher for the new CMSX-4®Plus alloy. 
Application of withdrawal rate 5 mm/min for 
CMSX-4®Plus resulted in decrease of αz value to 
2.2–5° (Fig. 4d). Although the mean value of αz 
was reduced by c.a. 2°, the deviation of its va-
lue increased to 2.8°. It can therefore be assumed 
that for CMSX-4®Plus superalloy, the increase of 
withdrawal rate leads to the increase in the de-
viation of the αz angle. Similar values of the αz 
angle in CMSX-4 and CMSX-4®Plus superalloys 
are also reported in papers [7, 10, 20, 24]. 

Fig. 3. Dendritic microstructure (LM) of single crystal CMSX-4 (a, c) and CMSX-4®Plus (b, d) 
superalloys rods produced at different withdrawal rate: a, b) 3 mm/min, c, d) 5 mm/min

Table 2. The distance between primary dendrite arm 
spacing of the CMSX-4 and CMSX-4®Plus nickel 
superalloys

Superalloy 
Withdrawal rate 

vw, mm/min 
Primary dendrite arm 

spacing PDAS, μm (σ)

CMSX-4
3 391 (19)

5 318 (15)

CMSX-4®Plus
3 355 (23)

5 360 (18)
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Fig. 4. Value of the αz angle on the cross-section of the CMSX-4 (a, c) and CMSX-4®Plus  
(b, d) superalloys produced at different withdrawal rate: a, b) 3 mm/min, c, d) 5 mm/min

Table 3. The distance between PDAS of the CMSX-4 and CMSX-4®Plus nickel superalloys
Alloy Withdrawal rate vw, mm/min Mean volume fraction of pores Vv, % Standard deviation σVv, %

CMSX-4
3 0.202 0.044

5 0.185 0.036

CMSX-4®Plus
3 0.070 0.024

5 0.069 0.021

Based on the crystal orientation measure-
ments of the CMSX-4 and CMSX-4®Plus nickel-
based superalloys, it can be concluded that all 
castings meet the typical industrial criterion of 
their usability – the αz angle value < 10÷15°.

The mean volume fraction of pores Vv of the 
both SX has been determined. Results showed 
a higher Vv content of the CMSX-4 superalloy 
(Table 3). 

In the case of both CMSX-4 and CMSX-
4®Plus castings the application of different with-
drawal rates, i.e., 3 and 5 mm/min did not led 
to changes of the Vv value. Analysis of the SX 
castings porosity showed significant differences 
in the number of pores and their size in CMSX-
4 compared with CMSX-4®Plus. In the case of 
CMSX-4 superalloy castings, regardless of the 
withdrawal rate, the majority of pores were in the 
range of 10–50 µm2 (Fig. 5). At the withdrawal 
rate 5 mm/min single cases of pores over 200 µm2 

were observed. Although samples produced at the 
withdrawal rate of 3 mm/min showed lower poro-
sity, i.e., smaller number of pores, the formation 
of large area pores > 200 µm2 was also observed. 

CMSX-4®Plus castings showed the bigger 
porosity at the withdrawal rate of 3 mm/min. The 
pores size was in the range of 0–50 µm2. A small 
number of pores with the area bigger than 100 
µm2 was observed in rod cast both at the with-
drawal rates of 3 and 5 mm/min (Fig. 6). Mo-
reover, it was found that withdrawal rate in the 
range 3–5 mm/min has a negligible influence on 
the volume fraction of pores. Similar observati-
ons for CMSX-4 superalloy were established in 
the paper [21].

It can be concluded that CMSX-4 is charac-
terized by higher volume fraction of pores com-
pared to CMSX-4®Plus. Additionally CMSX-4 
has exhibited higher mean area of pore plane 
section AA.
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The obtained creep test results showed sig-
nificant differences in the mechanical properties 
of CMSX-4 and CMSX-4®Plus nickel superal-
loys. CMSX-4 superalloy, castings produced at 
the withdrawal rate of 3 mm/min showed slight-
ly better creep resistance compared to castings 
made at the withdrawal rate of 5 mm/min, i.e., 
108 and 99 h, respectively. The creep test re-
sults obtained for CMSX-4®Plus, showed that 
the time to failure was similar for single crystals 
produced at withdrawal rates of 3 and 5 mm/min. 
The time to failure was between 206 and 212 
h (Table 4), which also was much higher value 
compared to the conventional CMSX-4. Simul-
taneously, more than twice creep resistance for 

CMSX-4®Plus superalloy was obtained than de-
veloped in papers [18, 19]. 

The creep tests and porosity measurement re-
sults indicate the influence of the number and size 
of pores on the creep strength and time to failure. 

Fig. 5. The number of pores and their average area measured in the cross-section of the CMSX-4 casting

Fig. 6. The number of pores and their average area measured in the cross-section of the CMSX-4®Plus casting

Table 4. The time to failure CMSX-4 and CMSX-
4®Plus nickel superalloys. Creep test: σ = 151.8 MPa, 
T = 982 °C

Superalloy
Withdrawal rate 

vw, mm/min
Time to failure, h

CMSX4
3 108

5 99

CMSX-4®Plus
3 206

5 212
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CMSX-4 superalloy produced at the withdrawal 
rate of 3 mm/min, exhibited 9 h longer time to 
failure compared to the one made at 5 mm/min. 
That fact can be associated with a higher mean 
area of pore plane section AA. in the case of the 
CMSX-4®Plus superalloy. Similar observation 
was made for CMSX-4®Plus superalloy, where 
lower porosity in single crystals cast at withdra-
wal rate of 5 mm/min showed time to failure ex-
tended by 6 h compared to the castings produced 
at 3 mm/min.

The statistical models of experimental data 

Mathematical models used for the approxi-
mation of collected experimental data were po-
lynomial models denoted STi, where i represents 
the degree of polynomial. The lowest degree of 
polynomial used for modeling creep phenomenon 
in the whole range of the time of experiment was 
3 (model ST3). The intermediate degree was 4 
(model ST4) and the highest degree was 5 (model 
ST5). The general structure of polynomial model 
in the most developed form taken into account, 
i.e. model ST5, is represented by the following 
formula:

𝑆𝑆𝑆𝑆(𝑡𝑡𝑡𝑡) = 𝑎𝑎𝑎𝑎0 + 𝑎𝑎𝑎𝑎1 · 𝑡𝑡𝑡𝑡 + 𝑎𝑎𝑎𝑎2 · 𝑡𝑡𝑡𝑡2 + 
+ 𝑎𝑎𝑎𝑎3 · 𝑡𝑡𝑡𝑡3 + 𝑎𝑎𝑎𝑎4 · 𝑡𝑡𝑡𝑡4 + 𝑎𝑎𝑎𝑎5 · 𝑡𝑡𝑡𝑡5  

 

(1)

where: S(t) – stroke in mm as a function of time 
in hours; 				     
t – time of observation in hours; 	 
a0, a1, a2,…, a5 – estimated coefficients 
of the regression model (Eq. 1). 

The model (Eq. 1) is nonlinear in general. 
However, taking into consideration the consecu-
tive monomials t0, t1, t2,…,t5 as the appropri-
ate base interpolation functions in the regression 
model and the independent variables, the model 
becomes linear and the estimators a0, a1, a2,…, a5 
of the regression model (Eq. 1) can be determined 
using linear approach and the Least Squares (LS) 
criterion [27-29]. The results of computations 
for each of the investigated four material cases 
(MCs) of tested material samples are presented 
in Tables 5-6. They are denoted: 3CMSX4 for 3 
mm/min CMSX-4 sample, 3CMSX4+ for 3 mm/
min CMSX-4®Plus sample, 5CMSX4 for 5 mm/
min CMSX-4 sample and 5CMSX4+ for 5 mm/
min CMSX-4®Plus sample.

In all considered regression models the esti-
mated polynomial coefficients were statistically 
significant at the 1% level as far as the p-value 
representing the probability value for the statisti-
cal test is concerned. Analysis of computed es-
timators leads to the general conclusion that the 
successive coefficients ai with indices changing 
from 0 to 5 decrease their values. The larger the 
index number, the smaller the value of the coef-
ficient, compared to the largest value of the cal-
culated coefficients, i.e., the constant estimator. 
However, one should not eliminate coefficients 
with small values from the model as they are mul-
tipliers of monomials with increasing exponents. 
Such monomials increase for all values t bigger 
than 1. Due to this fact, removing the regressors 
with small estimators from the model leads to sig-
nificant errors in the estimation of experimental 

Fig. 7. Measured (Stroke measured) and estimated (Stroke forecast) values of stroke in function of time S(t)  
(Eq. 1 and Table 4) with the 95% confidence intervals computed at the discrete values of time associated with the 
measurement serial numbers for the models: a) 3 mm CMSX-4 and b) 5 mm CMSX4
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data using the regression model. Therefore, the 
above mentioned coefficients with small values 
were not eliminated from the mathematical model 
defined with Eq. (1).

Basic information about observations and 
some important heteroscedasticity-robust stan-
dard errors of developed regression models ref-
erenced in Table 5 are presented in Table 6. The 
standard errors of regression are more than 500 
times smaller in the models MC 1 and 2 and more 
than 200 times smaller in the models MC 3 and 4 
compared to the corresponding sums of squared 
residuals. Moreover, the fact that the adjusted R2 
parameter is in all cases equal to about 0.99 and 
that the Fisher-Snedecor test, called F-statistic 
leads to the corresponding p-values (F) below 
0.05 allows to reject the null hypothesis that the 
developed regression ST5 models S(t) (Eq. 1) are 
insignificant at least at the 5% level. That value of 
the significance level α = 0.05 is the probability of 
rejecting the null hypothesis when it is true. That 
value is usually applied in industrial experiments.

Both measured and estimated values of stroke 
in function of time with the 95% confidence in-
tervals computed for the models 3mmCMSx4 and 
5mmCMSX4 (Table 5) at the discrete values of 
time associated with the measurement serial num-
bers are shown in Figs. 7a and 7b, respectively.

The computed adjusted R2 parameter (Table 6)  
can be interpreted as one of indicators for model 
selection. It is an acceptable balance between 

goodness of fit and thriftiness of the model. By 
definition the adjusted R2 for linear models com-
puted according to the LS criterion is defined by 
the following formula [27-29]:

𝑆𝑆𝑆𝑆(𝑡𝑡𝑡𝑡) = 𝑎𝑎𝑎𝑎0 + 𝑎𝑎𝑎𝑎1 · 𝑡𝑡𝑡𝑡 + 𝑎𝑎𝑎𝑎2 · 𝑡𝑡𝑡𝑡2 + 
+ 𝑎𝑎𝑎𝑎3 · 𝑡𝑡𝑡𝑡3 + 𝑎𝑎𝑎𝑎4 · 𝑡𝑡𝑡𝑡4 + 𝑎𝑎𝑎𝑎5 · 𝑡𝑡𝑡𝑡5 

𝑅𝑅𝑅𝑅�2 = 1 −
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑅𝑅𝑅𝑅/(𝑛𝑛𝑛𝑛 − 𝑘𝑘𝑘𝑘) 
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where: n – the number of observations in the sample;  
k – the number of estimated parameters; 
SSR – the sum of squared residuals; 	  
TSS – the total sum of squares for the de-
pendent variable. That coefficient consid-
ers the number of regressors in the sense 
that it penalizes the models with increas-
ing number of parameters. In that sense it 
represents the goodness of model selec-
tion better than the unadjusted R2, defined 
by the following formula:
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The standard error of regression given in Table 
6 can be calculated using the following formula:
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The F-statistic is applied to find out, using 
statistical approach based on the F-Snedecor 
test, whether the regressors being independent 

Table 5. The estimated coefficients of regression models with polynomial structure ST5 defined with Eq. (1) 
representing measured stroke S(t) [mm] as a function of time t [h], based on collected data form creep experiments 
for all investigated material cases MC with different materials

Case (MC), material and computed estimators for polynomial models ST5

MC Material a0 a1 a2 a3 a4 a5

1 3mmCMSX4 0.144247 0.110388 −8.02453e-3 2.30366e-4 −2.72088e-6 1.15855e-8

2 3mmCMSX4+ 0.096174 0.049026 −1.88698e-3 2.91450e-5 −1.83938e-7 4.22140e-10

3 5mmCMSX4 0.173670 0.0793415 −5.98661e-3 1.89303e-4 −2.46450e-6 1.17001e-8

4 5mmCMSX4+ 0.370613 0.053533 −1.88503e-3 2.76650e-5 −1.67750e-7 3.71885e-10

Table 6. Basic information about observations and some important heteroscedasticity-robust standard errors of 
developed regression models ST5 defined with Eq. (1) and referenced in Table 1 representing measured stroke S(t) 
[mm] as a function of time t [h]

Case (MC), material and heteroscedasticity-robust standard errors for polynomial models ST5

MC Material
Number of 

observations
Sum of squared 

residuals
Standard error 
of regression

Adjusted R2 F-statistic p-value(F)

1 3 mm CMSX4 1926 102.3661 0.2309 0.986783 F(5, 1920) = 22175.9 0.0

2 3 mm CMSX4+ 3327 90.72905 0.165287 0.995129 F(5, 3321) = 1980.348 0.0

3 5 mm CMSX4 1685 31.74419 0.137501 0.99358 F(5, 1679) = 42444.34 0.0

4 5 mm CMSX4+ 3542 245.6947 0.263561 0.987967 F(5, 3537) = 50522.95 0.0
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variables in the model have statistically signifi-
cant effect on the average value of the dependent 
variable, called also described variable. The H0 
hypothesis, a proposition, states that the described 
variable does not depend on any of the indepen-
dent variables, i.e., the corresponding coefficients 
a1, a2,…, am are all equal zero. The alternative 
hypothesis H1 is that the coefficients are different 
from zero. The p-value of the F-statistic can be 
compared with the assumed significance level α. 

In order to check the correctness of model se-
lection in the sense of choosing the model ST5 
from between considered models ST3, ST4 and 
ST5 a more general criterion than the above de-
scribed was also used. That was the Akaike infor-
mation criterion (AIC), usually applied in prac-
tice as the first model selection criterion when one 
is attempting to perform a prediction. It helps to 
assess the goodness of fit of a regression model, 
given a particular data set, while taking into con-
sideration how extended the model is, i.e. how 
many independent variables it contains [30-33]. 

The AIC focuses on a logarithm of a model’s 
maximum likelihood estimation. That logarithm 
is interpreted as a measure of fit. The likelihood 

is some measure of a quality of mapping ob-
served data by a developed model. That infor-
mation is included in the AIC formula with a 
negative sign. At the same time the AIC adds a 
penalty term for the complexity of the model as-
sociated with the number of independent vari-
ables. That information is in the AIC formula 
with a positive sign:
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+ 𝑎𝑎𝑎𝑎3 · 𝑡𝑡𝑡𝑡3 + 𝑎𝑎𝑎𝑎4 · 𝑡𝑡𝑡𝑡4 + 𝑎𝑎𝑎𝑎5 · 𝑡𝑡𝑡𝑡5 
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where: θ – the vector of model parameters; 	  
L(θ̂) – the likelihood of considered mo-
del based on collected data and evalua-
ted at the maximum likelihood estimate 
θ̂ of the vector θ; 			    
k – the number of estimated parameters 
in the developed model. Considering the 
goodness of fit first and simplicity of the 
model second the AIC helps with finding 
some solution, i.e., selecting a model 
from a given set of models representing 
relations following the data. Computed 
values of the Akaike information criterion 
for considered models ST3, ST4 and ST5 
are shown in Table 7.

Table 7. The Akaike information criterion (Eq. 5) computed for various considered regression models ST3, ST4 and 
ST5 and for experimental cases associated with creep phenomenon of different samples described in Tabs. 1 and 2

Case (MC), material and AIC for polynomial models ST3, ST4 and ST5

MC Material Number of observations AIC for model ST3 AIC for model ST4 AIC for model ST5

1 3 mm CMSX4 1926 2348.3 1165.8 −174.4

2 3 mm CMSX4+ 3327 3451.5 453.6 −2530.0

3 5 mm CMSX4 1685 592.2 −602.7 −1898.7

4 5 mm CMSX4+ 3542 3569.0 610.4 −2377.4

Fig. 8. Measured values of stroke/creeping deformation in function of time S(t) for the samples 3 mm 
min CMSX-4, 3 mm min CMSX-4 plus, 5 mm min CMSX-4 and 5 mm min CMSX-4 plus
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From the data given in Table 7 it follows that 
if the goodness of fit is a primary concern with 
consideration to the simplicity of the regression 
model the model ST5 is the best from all com-
puted models ST3, ST4 and ST5 as its AIC is the 
lowest in each investigated experimental case of 
creep. In other words, the model ST5 with the 
maximum likelihood is the one that “fits” the data 
the best with not too big number of independent 
variables, i.e., represents an acceptable balance 
between the risk of underfitting and the risk of 
overfitting.

In order to determine the steady state creep 
rate  from experimental data the vector of data 
was cut at both ends to limit the analysis to the 
steady state range in which the creeping defor-
mation as a function of time can be approximat-
ed with a linear regression model. Therefore, as 
far as the time of experiment is concerned, in 
the cases “3 mm CMSX4” and “5 mm CMSX4” 
the range of analyzed data was limited to < 3, 
45 > hours. In the cases “3 mm CMSX4 plus” 
and “5 mm CMSX4 plus” the range of analyzed 
data was limited to < 3, 90 > hours (Fig. 8). The 
limitation of the time range when determining 
the steady state creep rate was related to the fact 
that in further calculations the experimental data 
should represent a linear function as much as 
possible. 

The determination of steady state creep rate ε̇

The steady state creep rate ε̇ was determined 
as the slope in the linear regression model. The 
estimators of the developed regression models 
ST1 defined with Eq. (1), i.e., intercept a0 and the 
steady state creep rate ε̇, with some important sta-
tistical characteristics – heteroscedasticity-robust 
standard errors and model goodness of fit indica-
tors as well as related 95% confidence intervals 
(95%CI) for computed estimators – are presented 
in Tabs. 8 and 9.

In all considered linear regression models 
ST1 the estimated polynomial coefficients (Ta-
bles 8 and 9) are statistically significant at the 1% 
level as far as the p-value representing the pro-
bability value for the statistical test is concerned 
(Table 9). The standard errors of regression are 
in average 10 times less than in the case of ST5 
regression models (Tables 6 and 7). Moreover, 
the adjusted R2 parameter is in all cases not less 
than 0.96 which means very well goodness of fit. 
The Fisher-Snedecor tests, F-statistic, with the p-
values (F) less than 0.01 allow to reject the null 
hypothesis that the developed regression ST1 mo-
dels S(t) (Eq. 1) are insignificant at least at the 1% 
level. That value of the significance level α = 0.01 
is the probability of rejecting the null hypothesis 
when it is true [34-36].

Table 8. Basic information about number of observations and coefficients of linear regression model, intercept 
and steady state creep rate ε̇ with important heteroscedasticity-robust standard errors and model goodness of fit 
indicators of developed linear regression models ST1 defined with Eq. (1) representing measured stroke S(t) [mm] 
as a function of time t [h]

Material, heteroscedasticity-robust standard errors and creep rate for polynomial models ST1

Material No of 
observ.

Intercept 
a0

Creep rate ε̇ Standard error 
of regression

Adjusted 
R2 F-statistic p-value(F)

3 mm CMSX4 682 0.408939 8.82649e-3 0.022387 0.958675 F(1, 680) = 12596.83 0.0

3 mm CMSX4+ 1350 0.282165 5.67663e-3 0.028465 0.961075 F(1, 1348) = 20956.31 0.0

5 mm CMSX4 657 0.321862 11.6487e-3 0.024058 0.972331 F(1, 655) = 15288.64 0.0

5 mm CMSX4+ 1383 0.637349 6.28199e-3 0.028295 0.970265 F(1, 1381) = 30305.63 0.0

Table 9. Computed values of estimators for the intercept a0 and creep rate ε̇ with their related p-values as well as 
95% confidence intervals (95%CI) of developed linear regression models ST1 defined with Eq. (1) representing 
measured stroke S(t) [mm] as a function of time t [h]

Intercept a0 and creep rate ε ̇with p-values and 95% confidence intervals for polynomial models ST1

Material Intercept a0 p-value(a0) 95%CI(a0) Creep rate ε̇ p-value(ε)̇ 95%CI(ε)̇

3 mm CMSX4 0.408939 0.0 (0.405520, 0.412357) 8.82649e-3 0.0 (0.00867208, 0.00898090)

3 mm CMSX4+ 0.282165 0.0 (0.278759, 0.285571) 5.67663e-3 0.0 (0.00559971, 0.00575356)

5 mm CMSX4 0.321862 0.0 (0.317553, 0.326171) 11.6487e-3 0.0 (0.0114637, 0.0118337)

5 mm CMSX4+ 0.637349 0.0 (0.634329, 0.640369) 6.28199e-3 0.0 (0.00621120, 0.00635278)
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Fig. 9. The developed linear model ST1 i.e., stroke (creeping deformation) in function of time S(t) for the sample 
3 mm min CMSX-4 which allowed to determine the steady state creep rate ε̇ in that case with 95% confidence 
intervals for the dependent variable

Fig. 10. The developed linear model ST1 i.e., stroke (creeping deformation) in function of time S(t) for the sample 
3 mm min CMSX-4 plus which allowed to determine the steady state creep rate ε̇ in that case with 95% confidence 
intervals for the dependent variable

Fig. 11. The developed linear model ST1 i.e., stroke (creeping deformation) in function of time S(t) for the sample 
5 mm min CMSX-4 which allowed to determine the steady state creep rate ε̇ in that case with 95% confidence 
intervals for the dependent variable
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The developed linear models ST1 which all-
owed to determine the steady state creep rate  for 
all investigated samples with different materials 
are presented in graphs with 95% confidence in-
tervals for the dependent variable, i.e., stroke. 
They are shown in Figs. 9-12.

CONCLUSIONS

The use of the materials presented in the 
manuscript are most often used for production of 
high pressure turbine blades in aircraft engines. 
One of the characteristics of the CMSX-4®Plus 
superalloy is the increased concentration of Re. 
Expected use of these material such as manufac-
ture of turbine blades in aircraft engines should 
have the following characteristics: withdrawal 
rate at 3 mm/min, low pore content – especially 
large ones and steady state creep rate as small as 
possible [1, 3]. 

The microstructure and crystal structure per-
fection of the CMSX-4 and CMSX-4®Plus super-
alloy single crystal (SX) castings produced at the 
withdrawal rate of 3 and 5 mm/min was evalu-
ated. Based on obtained results the following con-
clusions can be formulated:
1.	Increasing the withdrawal rate of casting from 

3 to 5 mm/min leads to a decrease in primary 
dendrite arm spacing (PDAS) in the CMSX-4 
superalloy, while an increase in the case of the 
new CMSX-4®Plus.

2.	The CMSX-4 and CMSX-4®Plus castings have 
a similar crystal orientation with the deviation 

angle αz < 10°. The withdrawal rate has no 
significant effect on the angle αz.

3.	Formation of pores with an average area of 
plane section bigger than 10 µm2 was observed 
in the conventional CMSX-4 superalloy, while 
their size was considerably smaller in the new 
CMSX-4®Plus superalloy and ranged from 0 to 
10 µm2.

4.	The CMSX-4®Plus superalloy castings pro-
duced at the withdrawal rates of 3 and 5 mm/
min showed approximately two times longer 
time to failure during the creep test compared 
to the CMSX-4 superalloy castings manufac-
tured at the same process parameters.

5.	The least steady state creep rate ε̇ was observed 
for the sample produced from CMSX-4®Plus 
sample cast superalloy at the withdrawal rate 
of 3 mm/min while the biggest, almost two 
times bigger, for the sample produced from 
CMSX-4 superalloy at the withdrawal rate of 
5 mm/min. The above partial conclusions al-
low to draw the general conclusion that me-
chanical properties at high temperature of the 
CMSX-4®Plus are better compared to CMSX-
4 superalloy. However, turbine blades made of 
CMSX-4®Plus must be manufactured at rela-
tively small withdrawal rates, approximately 
1–3 mm/min.
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Fig. 12. The developed linear model ST1 i.e., stroke (creeping deformation) in function of time S(t) for the sample 
5 mm min CMSX-4 plus which allowed to determine the steady state creep rate ε̇ in that case with 95% confidence 
intervals for the dependent variable
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