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INTRODUCTION

There is a very wide range of polymer matrix 
components on the market, which offer new op-
portunities in the design of fibre composite prop-
erties. At the same time, it forces us to develop 
new procedures for the moulding and manufac-
ture of resin systems, especially the curing pro-
cess [1, 2]. The improved strength properties of 
fibre composites are largely dependent on the po-
lar structure of the epoxy ring (oxirane), which 
for epoxy resins is polyaddition [3] (or ionic 
polymerisation) based on the diglycidyl ether of 
bisphenol A (DGBEA) [4, 5]. Non-uniform cur-
ing of the resin system leads to degradation of the 
matrix or can result in incomplete curing due to 
non-compliance with reaction parameters (such 
as a non-linear increase in internal temperature 

due to the exothermic chemical reaction of the 
epoxy, leading to the so-called ‘resin system life’ 
being exceeded [6], or entrapment of volatiles or 
voids, respectively. The heat flow as a function 
of temperature [7, 8] (for DGEBA obtained from 
DSC scanning calorimetry) determines the nature 
of the curing reaction as a result of a multi-step 
reaction (due to the occurrence of gelation and 
glass transition [9, 10]).

It should be emphasised that the destruction 
process is most influenced by normal and tangen-
tial interlaminar stresses (τ), which visually cause 
the free edge to ‘swell’ [11, 12]. White and Hahn 
[13, 14] or Ciriscioli et al. [15] have proposed an 
optimal temperature cycle and algorithm that can 
reduce (minimise) the residual stresses and void 
inside the composite structure, respectively. In 
recent years, the understanding of the boundary 
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effect [16, 17] as a result of these defects, has 
tended to focus on illustrating and bridging these 
phenomena [18], by replacing traditional open-
mould composite fabrication methods [19, 20] 
(such as ‘wet’ lamination, spray-on resin system 
with chopped fibre, or long) with ‘infusion under 
vacuum’ moulding methods.

During the injection moulding process in vac-
uum methods, temperature and pressure affect the 
crystallisation kinetics of the polymer matrix, as 
a result of changes in the flow conditions in the 
plasticising system [21, 22]. Therefore, two rather 
important issues in modelling the flow of a resin 
system are often addressed in the literature:
	• precise temperature history prediction 

[23–25], which prevents the resin system from 
turning into a gel before the mould is filled 
(or the resin system curing too quickly in the 
composite [26–28]);

	• prediction and measurement of flow patency 
to determine with reasonable accuracy the 
temperature and velocity of the resin system 
in the mould [29–31].

Failure to meet technological parameters in-
cluding the level of postcuring results in a higher 
probability of delamination at the edges of the 
specimens (especially in the layers [32]). Under-
standing this phenomenon in laminates leads to 
the analysis of ply alignment in the composite 
(and, thus, consideration of stress distributions in 
the structure [33]).

One option for describing damage accumula-
tion through simple relationships using the static 
and fatigue properties of fibrous composites is 

Markov Networks [34]. However, such an appli-
cation is not a new idea [35–37].

Random variables, or random vectors, de-
scribe static phenomena, whereas stochastic 
processes describe processes (phenomena) that 
change over time, as defined by the term ‘chain’ 
[38–40] (the discrete time parameter case, as 
opposed to the continuous parameter case, with 
which the term ‘process’ is associated). The fa-
tigue process is discussed and addressed [41–45] 
in many stochastic (phenological) models.

Fractographic analysis using Macek [46, 47] 
method which employed roughness analysis is 
original attempt for fatigue fractures evaluations.

STRENGTH ASPECTS OF LAMINATE 
WITH CONSIDERATION OF THE 
MARKOV CHAIN THEORY

In the model, the fatigue failure of a speci-
men consisting of n fibres embedded in a matrix 
is based on the estimation of a certain critical 
micro-volume.

The elongated fibres, or fibre bundles (work-
ing in the elastic – rigid range) and the plastic 
matrix (in which plastic deformations accumulate 
during cyclic loading), work together. Markov 
chain theory [40] includes not only the work of 
the matrix, but the other layers of fibres working 
along the load (with different angles of alignment 
in the elastic range). Also in the model, it is as-
sumed that with cyclic loading, the number r of 
elements working in the elastic range in the micro 
volume decreases by a certain value rR (Table 1).

Table 1. Example of the structure of the transformation matrix of probabilities [27]
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Understanding the destruction of a sample as 
a stationary Markov chain process in which the 
states are defined by the number of destroyed el-
ements along the axis (case A) and the number 
of plasticity boundaries with some value rY (case 
B), the probability transformation matrix can 
be represented as a set with (rY+1) blocks with 
(rR+1) internal states of each. The indices i and 
j of the input and output states, respectively, are 
expressed as parts of the local indices iY, iR, jY, jR. 
We assume binomial and log-normal distributions 
for the damaged elements operating in the elastic 
range and in the plastic range, respectively (one 
step at a time).

In contrast, the probability transition matrix 
(1), in which all probabilities below the diagonal 
are zero, describes the fatigue strength. Selected 
probabilities can form conditional probabilities.

 

(1)

where:	qi = 1 – pi, i = 1,…,r.

In this Markov chain there are r irreversible 
states and one absorbing state. Whereby the r ir-
reversible states are treated as r defects, the ac-
cumulation of which leads to the destruction of 
some critical micro-volume (the Markov chain 
reaches the absorbing state).

The generated probabilities of the variable T 
(i.e. the inverse of the transformation – Table 2) 
are defined by relation (6) and (7) with the cumu-
lative distribution function (8), respectively. The 
model parameters are shown in Table 2.

Consider that the product of the matrix Pi (9) 
and the vector b gives the column vector of the 
fatigue strength distribution. fatigue strength, 
the elements of which correspond to the initial 
(starting) states of the Markov chain (F(1) (t). F(2) 
(t),....F (r) (t)). In the general case, it can be used to 
determine the fatigue strength distribution func-
tion with a given probability distribution in the 
starting states  p  (  p if known, the fatigue strength 
distribution function has the form in the initial 
conditions p):

F t (t) = η Pt b (η) (10)

Table 2. Model parameters [45]
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The problem for consideration is to find the 
relationship between the probabilities, pi = 1,...,r 
with the values of the static strength distribution 
of the composite elements and the fatigue loads, 
respectively. It is assumed that in the first step of 
the Markov chain (e.g. 1 or 1000 cycles) one ele-
ment fails. If there are still working (R-i) parallel 
components (having one and the same distribu-
tion function), the static strength F(s), then the 
probability of the next failure (of the remaining 
components) is equal:

 iR
ii sFp ---= ))(1(1 (11)

where:	 R – initial number of elements;
	 i – number of destroyed elements;
	 si – stress (load on one element), corre-

sponding to a uniform load distribution 
among the remaining (R-i) elements.

We assume that in the general case:
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where:	 S – the initial (in the first step of the pro-
cess) load in each component;

	 Sf – the average stress that can still carry 
the load (at least at the beginning of the 
working components of the composite – 
the cumulative failure of the component 
that occurs in different sections).

If all the model parameters are known (for-
mulas 5, 7, 9), we can calculate the fatigue curve. 
Under the assumption that one step in the Markov 
chain corresponds to kM cycles, we use a modi-
fied formula:
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In this study, a log-normal strength distribu-
tion was assumed:

 )/))((()( 10 qq-F= sgsF (14)

where:	  (.)F  is a function of the standard normal 
distribution,

	 g(s)=log(s)

The model under consideration is now 
defined in the general case by the constant 

 ),,,,,( 10 fM SkRrqqh = , having in the gen-
eral case 6 components, where:  ,0q  1q – param-
eters of the static strength distribution of the 
composite elements (expected value and stan-
dard deviation of the strength logarithm); R – 
number of elements in the “critical volume” of 
the composite, the failure of which means com-
plete failure of the specimen; r – critical num-
ber of elements in the laminate (the value of r 
has a significant impact on the dispersion and 
fatigue strength variation factor); relationship 

 R
r=r  approximates the amount of damage 

(proportion of damage) in the specimen cross-
section corresponding to the total failure of the 
specimen; kM – number of cycles corresponding 
to one step of the Markov chain; Sf – residual 
strength of already damaged (in other sections) 
elements (this value depends on the number of 
layers and their orientation, or the properties of 
the matrix).

LOCAL STRESSES WITH ESTIMATED 
FATIGUE CURVE EQUATION 
AND RESIDUAL STRENGTH

The local stress in the model was determined 
by the number of destroyed elements working in 
the elastic range (such as case A, or case B), and 
the fatigue curve is determined by renumbering 
the states the composite is in [45].

After the destruction and elements working in 
the elastic range, the new value of this cross-sec-
tion (Table 3, relation 15) is fRi = fR(1-i/rR), and the 
probability transformation matrix takes the form 
16 with four conditions (Table 3).

EXPERIMENTAL DATA PROCESSING

In this study, the object of the research was 
a 4 – layer laminate moulded using the method 
of pressurised injection of a resin system (by 
sucking) into a mould using the vacuum bagging 
method (Vacuum bagging). The composition and 
technological parameters of the moulded 4 – lay-
er composite are illustrated in Table 4.

The bisphenol A-based epoxy matrix is char-
acterised by very low viscosity, excellent me-
chanical properties, chemical properties and ther-
mal strength (Table 5).
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From the fabricated 4-ply glass/epoxy lami-
nate with an average thickness of 1.8 ÷ 2.0 mm, 
specimens (according to EN 10002–1+ACI with 
a 200 mm measuring base) were cut for static ten-
sile testing on a SHIMADZU AGX-V 20kN ma-
chine at a speed of 2 mm/min.

In order to determine the effect of the postcur-
ing process, the rest of the samples were tested, 
respectively, by subjecting them to UV lamps at 
60°C (with light of 0.76W·m-2 × nm-1 at 340 nm 
wavelength) and additional annealing at 50°C for 

4h in accordance with ISO 4892–3 and the manu-
facturer’s recommendations.

RESULTS

The average strength of the 4-layer composite 
(from 5 samples – according to DIN-EN ISO 527) 
after accelerated postcuring with the UV QUV 
(Q-Lab QUV accelerated postcuring tester) im-
proved by approx. 18% (S = 126.47 MPa; Table 6), 

Table 3. Estimation of fatigue curve and residual strength by the values of local stressesd

Parameters Description

Local stresses

The cross-sectional area of the part (working in the plastic range) = const only its length depends on 
the number of elements that have reached the yield point. If both parts work in the elastic range, the 
equilibrium equation is of the form:
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where:
S – average normal stress, E – modulus of elasticity, where the subscripts R and Y stand for parts 
operating in the elastic and plastic ranges, respectively.

Fatigue curve 
equation
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where: Q – is a stochastic matrix describing the probability of transformation only among transients, 
I – is a matrix of unity, 0 – is a matrix containing the zeros (r-s) by s, R – is a matrix describing the 
probability of transformation from transition states to absorbing states in one step.
It can be shown that the probability transformation matrix with k – degrees  kP  takes the form:
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Components (i, j) of the matrix  kQ  describe the probability of reaching a transition state Sj after exactly 
k steps starting from the (transitional) state Si.

Conditions of the model

1.
	  ( ){ } ( ) 1--== QITEN ij

2.	  ( ){ } xt NTE ij == ,
  

	 where:  [ ]'1,...,1=x  is a columnar vector of units,

3.	  ( ) sqIN ttt --= 22   

	
where:  ( )( ){ }2isq TE=t .

4.	  NRB = .
where:
Tij – is the number of visits to state j, starting from state i,
Ti – is the absorption time (including the initial state) starting from state i, E(Ti), Var(Ti) – is the mean I variance of the absorp-
tion time if i is the state of the initial state,τ = { E(Ti}), τ2 = {Var(Ti)} – are corresponding column vectors, and is the index of the 
transition state, B = {bij} – is a matrix of absorption probabilities, bij – is the probability that the process will be absorbed in state 
j if the initial state is i.

 xt ×= N ,	 (18)

where:  ( ) 1--= QIN  base matrix of probabilities of states initial states; determines the expectation value and variations of 

the absorption time,  x  – is a column vector filled with 1.
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which cannot be said for the average strength of 
the samples before postcuring (S = 103.58 MPa). 
In addition, the tests revealed a smaller scatter in 
strength after accelerated postcuring on the tester 
(8%) than the samples before accelerated postcur-
ing (10–11%).

Postconditioning with 24 h fluorescence light 
from UV lamps in parts of the UVA, UVB and 
UVC spectrum for a moulded polymer matrix 
composite material showed a beneficial effect on 
the strength properties, related to the plasticisa-
tion of the matrix. The source of this behaviour is 
their complex microstructure [48], which makes 
polymers at the molecular level (i.e. chains, net-
work rings and their crystalline, amorphous and 
mixed combinations) sensitive to the effects of 
temperature, visible and ultraviolet light as well 
as water (moisture), atmospheric and chemical 
pollutants.

The deterioration process of the components 
of the composite structure as well as the compos-
ite itself should be complemented by an analysis 
of the influence not only of the load, but also of 
atmospheric (operational) factors that complete 
the sequential accumulation of damage. Having 
a well-cross-linked (post-cured) laminate, we can 
determine the influence [49–50] of aggressive 
factors (such as sulfur di- and trioxide SO2 and 
SO3, nitrogen oxides and carbon oxides), which 
in combination with moisture are inorganic acids. 
Also, during aging (which is a process of struc-
tural changes that occur in the polymer under the 
influence of long-term external factors) under 

natural climatic conditions, it is most often dif-
ficult to distinguish which factor has the domi-
nant influence, as they act simultaneously. All the 
above-mentioned chemical transformations are 
very complex and often proceed simultaneously.

Estimation of residual strength

Assuming that one step in the Markov chain 
corresponds to kM cycles (then kM is also an ele-
ment of the vector η) n the cyclic load, and the 
column vector of the average number of steps 
before the transformation (with different initial 
states – transitions), can be determined by equa-
tion 18 (see Table 3 [33]). The variance vector 
(equation 19) in the probability matrix (equation 
20) in the absorbing state (i.e., the components of 
the first row of matrix B) show the probability of 
different types of destruction (of elements operat-
ing in the elastic range with unacceptable elonga-
tion of the specimen in the plastic range, or under 
conditions of a combination of these destructive 
factors).

 ( ) sqIN ttt --= 22 (19)

where:	  ( ) Asq Iiii Î= ,)()( 2tt ,
	 IA – is a sequence of indices of irreversible 

states.

 { } NRBB ij == (20)

where:	 Bij – is the probability in the absorbing 
state of the process at the j-th state of the 
transformation, if the initial state is the 
i-th irreversible state.

Fatigue strength tp(S) determines the number 
of cycles through equation 21, (i.e., the probabil-
ity p of destruction at the initial normal stress S 
– fatigue curve),

Table 4. Technological parameters and components of a laminate moulded by the vacuum bagging method
Components of 4-layer laminate

1. Reinforcement, % 150 g/m2 glass fabric (PLAIN linen weave) with silicone preparation
2. Matrix, % epoxy resin LH 288, 50
3. Hardeners H 505

Technological parameters of the 4-layer laminate
4. Time of deformation, h 24
5. Gelation time, h (°C) 1.5 (23)
6. Aftercare, °C (h) 50 (10)

Table 5. Properties of LH 288 epoxy resin [36]

Condition Fluid
Epoxy equivalent, g/mol 180–196
Colour (Gardner) Max 3
Epoxy index, mol/1000g 0.51–0.56
Flash point, °C over 150
Viscosity at 25°C, mPa·s 500–900
Density, g/cm3 1.12–1.16
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while the vector of probabilities after n1 steps 
with stress S1, is defined as (only on unstressed 
specimens):

 
11nS
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1

,...)0,1( nP  (22)

The components of the probability distribu-
tion vector of unabsorbed (irreversible) Markov 
chain states are: 

 å
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where: 	  )(
11
knSp , k=1,…, 

	 m* – components of the vector  
11nS

p ; 
m* = (rY+1)(rR+1) – (rY+1+rR) – is the 
total number of unabsorbed (irreversible) 
states.

The last (rY+1+rR) components of the vector 
πn1

*, corresponding to the transformation states are 
equal to zero, since only specimens that were not 
destroyed after preloading were considered. For 

Table 6. Mechanical properties of the sandwich composite obtained by the vacuum bag method
No specimens ε, mm Smax, MPa E, GPa

Before accelerated postcuring of the laminate
A–11 1.56 108.01 5.92
A–12 1.64 105.85 6.14
A–13 1.74 95.94 5.54
A–14 1.79 92.72 5.24
A–15 1.48 115.37 6.12

Average 1.64 103.58 5.79
After accelerated postcuring of the laminate with fluorescent light in parts of the spectrum of the UVA, UVB i UVC

A–21 1.70 117.47 6.56
A–22 1.84 121.96 6.65
A–23 1.87 126.17 6.76
A–24 2.05 136.80 6.92
A–25 1.93 129.94 6.83

Average 1.88 126.47 6.74

Fig. 1. Estimation of the average fatigue strength of laminate before (+) and after 
accelerated postconditioning (о) for two stresses (S1, n1) =31.07 (38.98) МPa for 

30000 cycles; (S2, n2) = 41.43 (51.98) MPa for 10000 cycles, respectively
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such specimens, the stress distribution function 
σn1

II, at which there is a transition in one step of the 
Markov chain (corresponding to the destruction of 
the sample in the kM cycles), takes the form of:

 bxPxF nS
n

)()( *
111

p
s

= (24)

where:	  1Sx ³ ,  )(xP  – is the probability trans-
formation matrix at S = x.

Estimating the fatigue average E(T(S)) at any 
S (Table 7) allows to reproduce the fatigue curve 
quite accurately, that is to match (Fig. 1) the fa-
tigue curve data (T-N) with experimental results 
from the number of initial loads at two stress lev-
els K * Sstatist (K0.1 = 0.3; 0.4).

It can be seen that with the selected parameters 
of the model for lower stresses (Table 7, where ((S1, 
n1) = 31.07 МPа, 30000), and at higher stress signif-
icances ((S2, n2) = 41.43 МPа, 10000) after acceler-
ated postconditioning, we observe a slight increase 
in residual strength (Table 8) than before accelerated 
postconditioning (the effect depends on the duration 
of cyclic loading, i.e. the number of cycles).

For this purpose, it was assumed that the num-
ber of cyclic loads with fairly large values of is 
approximately equal to the minimum significance 
of fatigue strength at a certain load level obtained 
from calculations.

CONCLUSIONS

This paper presents a model for estimating 
the strength of a fibrous composite based on the 

critical micro-volume with consideration of the 
distribution of strength properties and degree of 
cure before and after accelerated post-curing with 
24-hour fluorescent light from UV lamps in the 
UVA, UVB and UVC parts of the spectrum, of 
a laminate using the vacuum bag method. The 
model was validated against literature and experi-
mental data.

The average strength composite after acceler-
ated postcuring with the UV QUV improved by 
approx. 18%, compared to samples before post-
curing. In addition, the tests revealed a smaller 
scatter in strength after accelerated postcuring 
amounting to 8% than the samples before accel-
erated postcuring (10–11)%.

The nonlinear internal heat source and heat 
transfer process result in inhomogeneity of tem-
perature and degree of cure inside the epoxy part. 
This work therefore provides a preliminary yet 
novel method to provide further insight into the 
curing process of the epoxy resin, which can im-
prove the mechanical and performance properties 
of the finished part by reducing deformation and 
residual stresses during the curing process.
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