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ABSTRACT

In this paper, we establish the strong consistency and the Bahadur representation of sample quantiles for
p*-mixing random variables. Additionally, the asymptotic normality and the Berry-Esseen bound of sample
quantiles for p*-mixing random variables are presented. Moreover, numerical simulation is presented to ilus-
trate obtained results.
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INTRODUCTION

Mathematical modeling of phenomena is a very valuable way of describing phenomena
occuring in nature and being a result of human activity. In the study of random phe-
nomena we use statistical and probabilistic tools, therefore it is important to be able to
determine the distribution and parameters of the tested feature on the basis of a sam-
ple from the studied population. Quantiles are a useful tool in many fields of science,
especially economics and finance, where one of the most popular risk measures, the VaR
(Value at Risk) measure, is based on the definition of the quantile. If {Y;, k > 1} is a
strictly stationary dependent process with marginal distribution function F', then 1 — p
level VaR is defined as

VaR, = inf{z : F(z) > p}

for positive p close to 0. The estimation of quantiles is a popular topic in modern statistics
researches.

Let {X,,n > 1} be a sequence of identically distributed random variables defined on
a fixed probability space (€2, F,P) and a distribution function F'. The p-th quantile of F

is defined as @, = inf{x : F'(z) > p}, where 0 < p < 1. Let F,(x) = %ZI[Xi < z],
i=1
x € R, n > 1 be the empirical distribution function, @, , = inf{z : F,(z) > p} be the
sample p-th quantile. We put Q,, = X, [np|+1, Where (X1, Xy, 9, ..., X, ) is the ordered
sample of (Xi,..., X,,) and |z] denotes integer part of x.
Bahadur [1] first established an elegant representation for sample quantile by means of
empirical distribution function based on independent and identically distributed samples.

Theorem 1.1. [1] Let 0 < p < 1 and {X,,,n > 1} be a sequence of independent identically
distributed random variables with distribution function F. Assume that F' has at least two
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derivatives at some neighborhood of Q, and F'(Q),) = f(Q,) > 0. Then

= ——F"(Qp)_p n_% ogn a.s
Qnp = Cp 7@, + O( logn)) -S. (1)

In many statistical models the elements in the sample are not always independent.
Thus the assumption of independence should be replaced by the assumption that there is
some structure of dependence in the sample. Hence, many researchers are investigating
the Bahadur representation for sample quantiles in dependent samples. In papers [2], [3],
[4], [5] and [6] ¢-mixing sequences were analyzed, in [7], [8] and [9] a-mixing sequences
were investigated. In [10] NA sequences and in [11] NOD sequences were discussed.

The aim of this article is to check whether the results obtained in the previously
mentioned papers are still true in the case of p*-mixing sequence of random variables.

Definition 1.1. A sequence of random variables {X,,n > 1} is called p*-mizing, if the
mixing coefficient

p*(n) =sup{p(S,T):S,T C N, dist(S,T) >n} — 0

as n — 0o, where

[Cov(X,Y)| }
S.T) = . X € Ly(a(S)),Y € Ly(o(T)) b,
P8 T) =sup{ ST e X € La(o(8).Y € Lo (T)
dist(S,T) = 'IélinT |7 —i| and o(S) and o(T) are the o-fields generated by {X;,i € S}
1€9,)€

and {X;,j € T}, respectively.

Example 1.1. Let {¢,} be a sequence of i.i.d. random variables with zero mean and

finite variance. Define X,, = Zaken_k for some positive integer m and constants ay,
k=0

kE=0,1,....m. Then {X,} is known as a moving average process with older m. It can be

easily verified that {X,} is a p*-mizing process.

Example 1.2. Let {X,,,n > 1} be a strictly stationary, finite-state, irreducible and aperi-
odic Markov chain. Then it is a p*-mizing process with p*(k) = o(e~ %) for some C > 0.

Remark 1.1. Note that increasing functions defined on disjoint subset of a p*-mizring
field { Xy, k € N4} with mizing coefficients p*(s) are also p*-mizing with coefficients not
greater that p*(s).

Numerous authors established a number of limit results for p*-mixing sequences of
random variables. For example in [12] the central limit theorem was presented. In [13],
[14] and [15] the moment inequalities were obtained and in [16] the complete convergance
of weighted sums for p*-mixing sequences of random variables was investigated.

The following properties of p*-mixing structures presented as lemmas will be significant
in our subsequent discussions.

Lemma 1.2. [17] Let ¢ > 2 and {X,,,n > 1} be a sequence of p*-mizing random variables
with EX,, =0 and E|X,|? < oo for every n > 1. The for alln > 1,

> X q < Cq{ZE|Xk|‘1+ (ZEX,?)}
k=1 k=1 k=1

where C, > 0 depends only on q and the p*-mizing coefficients.

FE max
1<m<n
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Lemma 1.3. Let {X,,n < 1} be a p*-mizing sequence of random variables with finite

variances, p and q be two integers. Let n = Zg;;ﬁfﬁg}rgﬂ X; for1 <1< k. Then

k k
‘E exp <z Z tml> — H E exp(it;m)
=1

=1

[SIE
N[

3

Remark 1.2. Based on Zhang [19], above Lemma is the special case of Theorem 3.3.

<4 Y [ulll{ = Covtnmy) + 165" ()(Var(n)

1<i<j<k

(Var(n;))

Lemma 1.4. [6] Suppose that {&,,i > 1} and {n,,i > 1} are two sequences of random
variables. Let {B,,n > 1} be a positive constant sequence with B, — 0, as n — oco. If
SUP_ s cucoo [Fe, (1) — @(u)| < CB,, then for any e > 0,

SUp [ Fe, g, (u) = @(u)| < OB + & + P(lna| > €)].

—oo<u<oo

MAIN RESULTS

Let us consider the Bahadur representation of sample quantiles when the sample is
taken from a p*-mixing structure population.

Theorem 2.1. Let {X,,n > 1} be a sequence of p*-mixing random variables with a
common distribution function F' and quantile Q),. Assume that F' possesses a positive
continuous density f in some neighborhood ®, of @), such that

0 <sup{f(z);z € ®,} < 0. (2)

Then for any § > }l

P( sup |[Fu(w) = F(z) = (Fu(@y) = )| = O(n™49), n—00) =1,

€T

where 3, = [Qp — con_%”, Qp + con_%“s] for some cq > 0.

Proof. Let {a,,n > 1} and {b,,n > 1} be two sequences defined as follows
a, =con 2  for some ¢y >0, b, = LniJ +1

and
Golw) = Fula) = Fu(@,) — F(2) +p.

Then, for each n € N and any integer j we define

MNjn = Qp + j@nbﬁla Ujn = F(Uj+1,n) - F(ﬂj,n) and 3j,n = [le,m 77j+1,n]‘

Note that F), and F' are nondecreasing functions. Hence we get for o € J;,

Gn<x> S Fn(nj+1,n> - Fn(Qp) - F(nj,n> +p S Gn(nj—i-l,n) + Qjn
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and
Gn(z) > Fa(jn) — Fu(@p) — F(Njz1n) +0 = Gu(Njn) — Q.

Therefore

sup [y (2) = F(2) = (Fa(Qp) —=p)| < max {|Gn(njn)]} +  max {a;.}.

x€Tn —bn<j<bn —bp<j<bn—1
By The Mean Value Theorem and (2) we get
_ 3
A = F(js10) = F(jn) < Cjrn — jn) = Canb, < On~it?

Hence, we have

> P((sup Fu(x) — F(x) = (Fu(@) ~p)| = con ™)
n=1 rxEIn
> 0 —346
< >
5 s, = 31

Additionally, we have that
I n
Gn(nj,n) = Fn(ﬁj,n) - Fn(Qp) - F(nj,n) +p= ﬁ Z <Y;Qp - Yvi(j7 ))
i=1

where Y% = B(I[X; < Q) = I[X: < Q) and Y"" = E(I[X; < 1)) = I[X; < ]
—b, < j < b, are p*-mixing random variables.
From Markov’s inequality and Lemma 1.2 that for r > max{2, <}

ZP( Sup | (x) = F(w) = (Fa(@p) = )| = con™1*7)

$€jn

Sci Z (|G 77jn\>—” 4+5> :Ci bzn OZ(YQI) .J’v”>‘>%0ni+5)

n=1 j=—by, n=1 j=—b,
00 bn
S W DME W TY
n=1 j=—by
00 bn n n
23309 (P<|Z¥Qp| > %n%a) +P<|2Yiu,n>| > %”H))
n=1j=—b, i=1 i=1

8

w E(ISL ) B(ISL )
CZ Z l n4+6)r + (niﬁs)r ]

n=1 j=—by,

oo
™ 1 I
<C E 20,ni7" < C E niti=o < oo
n=1 n=1
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The next theorem presents the strong consistency of @), , i.e. of an estimator of the
quantile @),.

Theorem 2.2. Suppose that assumptions of Theorem 2.1 hold. We assume that f'(x) is
defined in some neighborhood ®, of Q,,

fl(x)y <M, x€D, (3)
Then for any 0 < 6 < %
P(Qn,p - Q= O(n’%ﬂ;), as n— oo) = 1. (4)
Proof. We note that

ZP[|Qn,p — @y = 5n_%+6}
n=1

Z |:Qn,p Z Qp + 5n_%+6:| + Z P|:Qn,p S Qp — €n_%+5] = [1 —+ [2.
=1

n=1

Let & = I1(X; < Qp+en —3t "~ F(Q, + ETL_%—M) for 1 <14 < n. Hence, we have

-y P{Quy > @y +en 447} = S P{ S I < @y +en ) < npl + 1}
n=1 n=1 =1

— ZP{ Eni < |np|l +1—nF(Q,+ sn_%+5)}. (5)

Using Taylor’s expansion: F(Q), + en~2t0) = p+ f(Qp)en_%Jr‘S + o(n~2%) we can
obtain that there exists some constant c(e) > 0, depending only on &, such that for a
sufficiently large n

iP(ifM < |np| +1—=nF(Q, +en 2t ) ZP<Z@” n2+5) (6)

Hence, from (5),(6), Markov’s inequality and Lemma 1.2, for r > max{2, £}, we obtain

that
I <ZP(Z$M (e)nit?) < ZP(‘Z@”
< Oin—@“)w‘ Sl
n=1 =1

> c(e n2+5>

< czn—%w [(nEggl)% + nE|§n1|T} < cZﬂ" <
n=1 n=1

It can be similarly shown that I, = Z P[an <@Qp—en 2+‘1 < o0.

By the Borel-Cantelli lemma we get thesis (4). O
Theorem 2.3. Assume that assumptions of Theorem 2.2 hold. Then for any 0 < § < %
we have,

F, —
P(Qmp =Qp — M + O(n_%JF‘S), as n — oo) =1. (7)
(@)
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Proof. We have that F,(Q,,) = n '(|np] + 1) < p+ n~'. Using Taylor’s expansion we
obtain for 0 < 0 < 1

1
F(Qn,p) =p+ f(Qp)(Qn,p - Qp) + if/(Qp + H(Qn,p - Qp))(@n,p - Qp)2~
From (3) and Theorem 2.2 it follows that

|Fn(Qn,p) - F(Qn,p) + f(@p)(@n,p - Qp)’

1 _ _
< §|f/(Qp + 0(Qnp — Qp))[(Qnp — Qp)2 +nl = o(n 1+26)' (8)
By (8) and Theorem 2.1, we get that with probability 1,

[F(@p)(@Qnp = Qp) + Fn(@Qyp) — |

< ‘F"(Q"»P> - F<Qn,p> + f(@p)(Qn,p - Qp)l + |Fn(Qn,p) — F(Qn’p) — (Fn(Qp) _ p)‘
< o(n™"¥) 4 sup | Fu(r) = F(x) = (Fu(@,) — p)| = O(n %),

Iejn

which gives f(Qp)(Qnp— Qp) + Fn(Qp) —p = O(n~1%%), when n — co. Then, we get (7).
]

Now we focus on uniformly asymptotic normality of the sample quantile for p*-mixing
random variables. We will prove four lemmas which will be necessary in our further
considerations. To this purpose, we will use the methods and notation previously used in
[20] and [6]. Let {p,,n > 1} and {g,,n > 1} be sequences such that for p, — oo, ¢, — o©
as n — oo and for sufficiently large n

Pt qn<n, 0< g, <c<oo. (9)

MOI‘QOVGI‘, Wwe assuime

1 -1 % - * * -1
t=q

Put o2 := Var[l(X; < Q,)] + ZiC’ov[I(Xl <@Qp), I(X; <Qp)] >0 and

J=1

nt \/ﬁo_p .
Note that Y;,; are also p*- mixing and E|Y,;|? < Cn™%,
n r R
Put S, .= ZYW — vn( (Qp) n(Qp))

i=1 Tp
Additionally let
m(pn+Qn)_Qn m(pn+Qn)
i=m(pn+gn)—pn—gn+1 i=m(prn+gn)—qn+1
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kn kn
n
Then S, =S + 5" Yrm + y. . where k, = { J + 1.
2 vt D =y
Set )
J wq *
Nn =D Gy Von = —p"(7) +p7(),
j=1 j=n
o 1
* 1 3 3
Yan = > p*(8),  Yam =1 ?pi, (Zp (annw,")”.
t=qn

Lemma 2.4. Let {X,,,n > 1} be a sequence of p*-mizxing random variables with a common
distribution function F' and a density function f continuous in some neighborhood ®,, of
Qp satisfying (2)-(3). Let {pn,n > 1} and {g,,n > 1} satisfy (9). Then for any r > 2,

E|Sy" < C(yn)? (10)
and
P(IS1] > (1) ) < C(310) 705, (11)
Proof. From Lemma 1.2 we get
m(pn+qn) r
m=1i=m(pn+qn)—qn+1
m(pn-+an) - m(pn+gn)
[y Y omiey Y )
m=1i=m(pn+qn)—qn+1 m=1i=m(pn+qn)—qn+1

r
2

< C{ [(k’nqn)EYfl}; + knan!le’"} < C[npﬁlqnn’l] = C(71n)?,

which proves (10). Using Markov inequality and (10) we get (11):

[N

7’2 r
P(1831 > (1) ™57 ) < (1) T EIS]" < Coa) 705,
]

Lemma 2.5. Let {X,,,n > 1} be a sequence of p*-mizxing random variables with a common
continous distribution function F. Then

[ES; — 1] = O(720).

_ 2
Proof. By definition of S,, we have |[ES? — 1| = E{\/ﬁ[F(QP)Q Fn(@p)]} 1’.
o
p
It suffices to prove that |E{Vvn[F(Q,) — F.(Q,)]}* — 012)| = O(7v2n).

Put Z; = I(X; < @Q,). Then we obtain

P m e @) - PO < @) = P 13- p2)
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[ZVWZ +QZZCOU Zi, Z; } =VarZ, —1—22 (1 — %)Cov(Zl,Zj).

J=1 j+1 Jj=1
By the definitions of p*(i) and Z; we have

|Cov(Z1, Z;)|
(VarZ)YV?(VarZ;)'/?

|Cov(Zy,Z;)| = (VarZ,))?(VarZ;)"?

< p*(4) - (Va'r’Zl)l/z(VarZ )1/2 < Cp*(j). (12)

Therefore we can state

| E{Vn[F(Qp) — Fu(Qp)]} — oy

)Vaer + 22 <1 — —)C’ov(Zl, Z;) —VarZ, — 22001} Zy, Z;)

n
j=1 J=1
n . 00 n—1 . [e)
<23 21Cou(21,2))| +2 Y |Cov(Z1, 2) < C( D 25" () + D ")) = Coaa):
j=1 j=n+1 Jj=1 j=n
]
Put
kn
B, = Z Var(yn). (13)
i=1

Lemma 2.6. Let {X,,n > 1} be a sequence of p*-mizing random variables with a com-
mon continuous distribution function F' and mizing coefficients {p*(n),n > 1}satisfying

Yoo p(n) <oo. Then
[Bu =1 = O (7, + 720 + 700 )

Proof. We will use the following properties.

kn k'n_]- n
=1 =1 j=i+1
kn—1  kn
i=1 j=i+1
Hence, from (14) we have
k=1 kn
B,=E(S)* -2 Z Z Cov(Yni, Ynj)- (15)
i=1 j=i+1
By (15) we obtain
kn—1 kn
[Bu =1l = E(S)* =23 > Covlynisyng) — 1
i=1 j=i+1
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kn—1 kn
<IBE(S,)” =1 +2) Y 1Co0(ynisyni)| = I + L. (16)
i=1 j=i+l

Using Lemma 2.5 we have
E(S;z)2 = E(Sn - SZ)Q = ESZ - 2E(Snsg) + E(S;DQ
= B(S})* = 2E(S,5,) + 1+ O(q20). (17)
Additionally, by (17), Holder’s inequality and Lemma 2.4 we get
= [E(S)* = 1] < B(S;)* + 2ABS)*(B(S))) + O(y20) = 00y +720). (18)

Based on (12) we get

kn—1 kn
12 =2 E E ’COU(ym’;yn]’)‘
i=1 j=i+1
kn—1 kn 1(Pn+qn)—qn J(Pn+an)—q

S 2 ; :Z B Z ‘ Z n |Cov<Yn57Ynt)|'

kn—1 kn i(pn+qn)_Qn j(pn +Qn)_Qn

cot Yy Y >

i=1 j=i+1 Szi(pn+Qn)—pn_Qn+1 t:j(Pn+Qn)_pn_Qn+1

k‘n—l pn+Qn qn [oe)
50 SHIND SRS DY U RSSO pp RN
i=1 s=i(pn+qn)—pn—qn+1t=an t=qn
1

Remark 2.1. From Lemma 2.6 it follows B,, < C'.

Assume that {ynm, 1<m<k,} are 1ndependent copies of {ynm, 1<m<k,}.

Put S : Zynm We see that B, = Z Var(yn,,) Z Var(Ypm) = By, and

m=1

u
s (1) V57 \VB,

Lemma 2.7. Let {X,,,n > 1} be a sequence of p*-mizxing random variables with a common
continuous distribution function F. Then

sup  |F s; (u) — CI)(U)’ = O(Van) (20)
—oo<u<oo ! /BX
and
sup ’Fs; (u) — Fs; (U)‘ = O(Yan + V5n)- (21)
—oo<u<oo
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Proof. By Berry-Esseen theorem we get

_3
swp |y (1) = ®(w)| < CB* Y Elyj

—0o<u<00 v Bn

Hence, by Remark 2.1 it is sufficient to show that Z Ely: P = O(van).
m=1
From Lemma 1.2 we get

kn kn kn m(pn""q’ﬂ)_q’ﬂ 3
D Bl =Y Elyunl =) E > Yo
m=1 m=1 m=1 1 i=m(pn+qn)—Pn—gn+1
3 2.3 n o _s 3 _1 1
< Cha [puEYul* + (0, BY)E| < O n78pi = Ondpi = O(ma). - (2)
Dn

The proof of (20) is completed.
Next, we will use the Esseen inequality (presented in [21])

sup  |Flgr (u) — Fay (u)

—oo<u<oo

<

T

T
</
-T

where x(t) = Eexp(itS),), ¥(t) = Eexp(itS}) and T, ¢ > 0.

kn kn
Note that ¥ (t) = H FEexp(ity;,,) = H E exp(itynm). By Lemma 1.3, we obtain

m=1 m=1

N[

(0~ 0] <82 3" |~ Covlyam ) + 165" (0) (Var(n)* (Var(ysy)

1<m<j<kn

<82 Y Cov )t D 1607 (0)(Var(m))F (Var(yay)) | = SEE{L 41},
1<m<j<kp 1<m<j<kn

(24)
Then by (19) we get

L< Y |Co0(am ynj)| < C Y p (1) (25)
1<m<j<knp t=q

Additionally, using Lemma 1.2 we can show that

* 1 1 *
L<Cp(g) Y, (Byn,)?(Byi)? < Cp(g)kilpa EY, + paEY]

1<m<j<kn

< Cp(gn)kppan™" < Cp*(ga)npy, " (26)
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By (24), (25), (26) we can easily show that

M‘dt < CTQ(Z,O +p (qn)npgl)- (27)

t=q

Moreover, by (20) and Mean Value Theorem we have

sup |Fsz (u +y) — Fsz(u)] <

s (750 (50|

70 o (Gl g () -+ ()] < o (o).
_P —® <C{n zpi+
(Bn B, Vi \V/ By B,/ ) 29)
By (28) we get immediately that
11 1
Ay =T sup /|FS (u+y) — Fs: (u )]dy<C( 2%4——). (29)
—oo<u<co T
%
Hence, taking (27) and (29) we get
I |
SgplFs;<u) — Fs:(u)] < C( (Zp *(gn)np,, ) +n7IpE + f)- (30)
Putting T' = (Zp *(qn)np,, )7§ in (30) we get (21). O

Theorem 2.8. Let {X,,,n > 1} be a sequence of p*-mizing random variables with a com-
mon continuous distribution function F and mizing coefficients {p*(n),n > 1} satisfying
> p(n) < co. Suppose that assumptions (2)-(3) hold. Let sequences {p,,n > 1} and
{qn,n > 1} satisfy (9). Then for any r > 2,

sup
—oo<u<oo

‘P<\/ﬁ(an — Q) _ u) = ()

p =0 ((7171) 2(11” + Yon + V3n + Van + 7571)-
f(Qp)

Proof. From Theorem 2.3 we have

F(Qp) B Fn(Qp)

Qnp — Qp = as n — 00.

f(@p)

Hence, it is enough to show that

sup |Fg, (u) — ®(u)| = O((%n) M0 4 Yon + Y3n + VYan + %m)-

It follows from Lemma 1.4, for &€ = (71,,)2079 , that

sup | F, (1) — ()| < sup |y 55(u) ~ D(u)| < ClBu+ (1) + PS> (1) 777 )],
(31)
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where based on Lemma 1.4 £, — 0 and sup |Fs (u) — ®(u)| < CB,. Using Mean Value

Theorem, we can obtain the form of j,.

sup | F (u) = ®(u)| < sup(|Fi (u) — Fs; ()] + |y () = @ (= )1+ 12 =) = @)

—u))?

[U+Q(L
e |\/B.-1l.

u u
< sup |For (u)—F: (u)|+sup | F s (—)—@(—) +C
_Sgp| 51, (u)—Fay (u)] sgp\ -\ U5 NGER ! sup

2
*", one can see that

u
VB,
By properties of function f(x) = |z|e”

—u))?

U B [u+06( 7;%"
2

w75

Additionally, by Lemma 2.6 and Lemma 2.7 we get

<C.

e

sup | Fs; (u) — ®(u)] < C|By — 1| +sup | Fy, (u) — Fo; (u)| +sup [Fs;_(u) — @ (u)]

V' Bn

1
- C('YQn + Yon + Y3n + Yan + 7577,)-

Hence )

. By assumptions of Theorem 2.8 v;, — 0, as n — oo for i = 1,2,3,4,5.
Therefore relations (31), (32) and (11) imply

1 r T
sup | Fs, (u) — ®(u)| <71, + Y20 + Y30 + Yan + Yon + (710) 200 + P(|SZ| > (Y1n) 2(1”))

1 T I8
<C [vfn + Yon + Yan + Van + Von + (%n)“““] <C [(71n) 20 + Yo, + Yan + Yan + VSn} -
O

\/ﬁ(QnU,f - QP) i N(
f(@p)

Remark 2.2. From Theorem 2.8 we get 0,1) as n — oo.

Additionally, we can also obtain the following conclusions concerning the rate of normal
approximation for different type of mixing coefficients.

Corollary 2.8.1. Let {X,,n > 1} be a sequence of p*-mizing random variables with
pf(n) = O(n™%), a > 1 and distribution function F. Suppose that assumptions (2) and
(3) hold. Then for any 0 < k < g,

\/E(Qn,p — Qp)
73,

=O0(n"s"").

sup ‘P(

—oo<u<oo

< u) — O(u)

Proof. Let p, = |n3], ¢, = [n3], a > 1. Let us note that for sufficiently large r > 2 we get
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Moreover,
1 & = .
< - 1—a ~fa> < 1-a _ —=+K
’an_C<nZ] —l—Z] <Cn O(n~s"),
7j=1 j=n
0o . 1
Y3 = Z p(t) < On's" = O(n_éﬂ), Vin = n"ipl <On s = O(n_%Jr”).
t=qn

Dl
wl
IA
Q
S
i
I
<
N
T
N

* * 1 —

Von = (Zp (t) +p (Qn)n2pn
t=q

UJ

Corollary 2.8.2. Let {X,,n > 1} be a sequence of p*-mizing random variables with
p*(n) = O(e™™"), for some s > 3, a distribution function F and a density function f.
Suppose that assumptions (2) and (3) Then for any 0 < 7 < }l

sup ‘P(\/E(Qn&p — Q) < u) — ®(u)

—oo<u<oo T(O

.
= =O0(n"5*).
f(@Qp)

Proof. Putting p, = Ln%j, gn = |logn]| and using the standard estimations for any

0 < & < ; we obtain that there exists 0 < 7 < 1 such that 7, = O(n—i“) as

k€ {2,3,4,5} and (y1,) 200 = O(n~1+7).
O

SIMULATION

As already mentioned in the Example 1.1, the moving average process shows a p*-
mixing property. Let n; “u (‘w / miﬂ, \/ mi—‘,-l>’ where m is fixed positive integer. In this

simulation we put m = 10. Then for each 7 > 1 X = Z Ni+k 1s & sequence of p*-mixing
k=0
random variables. Using R software we compute 1000 times statistic U, = v/n(Qnp, —Q,)-

2
According to Corollary 2.2 statistic U, 4N (0, ( Tr ) ) To verify this we present

f(@p)

Quantile-Quantile plots in Figures 1-4. for different sizes of samples respectively for
n = 200, 500, 1 000, 2 000.

+++
2 0 2 2 0 2
Theoretical Theoretical

Figure 1: Sample n = 200 Figure 2: Sample n = 500
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2 0 2 -2 0 2
Theoretical Theoretical

Figure 3: Sample n = 1000 Figure 4: Sample n = 2000

To ilustrate result in Theorem 2.2 i.e. the consistency of the sample quantile we
compute in every case Mean Squared Error (M SE) and bias for values of @, — Q).

Table 1: Bias and MSE of sample quantiles

| | =200 | n.=500 [ n=1000 | n = 2000 |
0.00562 [ 0.00236 | 0.00147 | 0.00082
0.00097 | 0.00041 | 0.00021 | 0.00010

Bias
MSE

The table 1 shows that the bias and the M SE decreases as the sample size increases.
This simulation basically agree with the main results established in section 2.

CONCLUSIONS

In our article, we obtained the Bahadur representation for sample quantiles from a
population with p*-mixing structure, thus we extend the scope of applicability to another
population with a next dependent structure. We showed not only the consistency, the
asymptotic normality and the Berry-Essen bound results about sample quantiles but also
we provide the rate of convergence of sample quantiles to population counterparts. It

was proved that the rate of normal approximation is O(n_%“) for any 0 < k < % if

mixing coefficients satisfy p(n) = O(n=®) for some o > 1 and O(n"177) for any 0 <
T < }L if mixing coefficients decay exponentially. The presented simulation corresponds to
the proven theorems. The simulation shows that the distribution of @, , — @, statistic
convergances to the normal distribution as the sample size increases and also @), is the
strongly consistent estimator of @),,.
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